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Abstract: The paper deals with Cauchy problems for first-order systems of linear ordinary differential
equations with unknown data. It is assumed that the right-hand sides of equations belong to certain
bounded sets in the space of square-integrable vector-functions, and the information about the initial
conditions is absent. From indirect noisy observations of solutions to the Cauchy problems on a
finite system of points and intervals, the guaranteed mean square estimates of linear functionals on
unknown solutions of the problems under consideration are obtained. Under an assumption that
the statistical characteristics of noise in observations are not known exactly, it is proved that such
estimates can be expressed in terms of solutions to well-defined boundary value problems for linear
systems of impulsive ordinary differential equations.

Keywords: indirect noisy observations; estimation; Cauchy problems; impulsive ordinary differential
equations; guaranteed mean square estimates; linear functionals

1. Introduction

A general theory of guaranteed estimates of solutions to Cauchy problems for ordinary
differential equations under uncertainty was constructed in [1]. These results were further
developed in [2-5].

The paper focuses on elaborating the methods of estimating the state of the sys-
tems described by the Cauchy problems for linear ordinary differential equations with
incomplete data.

The formulations of the estimation problems under the conditions of uncertainty,
which are considered in this article, are new, and research in this direction has not been
carried out previously.

For solving these estimation problems, we use observations that are linear transforma-
tions of unknown solutions on a finite system of intervals and points perturbed by additive
random noises. Such a type of observation is caused by the fact that in many practically
important cases, unknown solutions cannot be observed in a direct manner.

From observations of the state of systems, we find optimal, in a certain sense, estimates
for functionals from solutions of these problems under the condition that the information
about initial conditions is missing and that the right-hand sides of equations and correlation
functions of random noises in observations are not known exactly, but it is only known
that they belong to the certain given sets in the corresponding function spaces.

In such a situation, the minimax estimation method turns out to be applicable and
preferable. In fact, choosing this approach, one can obtain optimal estimates not only for
the unknown solutions but also for linear functionals with respect to these solutions. In
other words, the desired estimates linear with respect to observations are such that the
maximal mean square error determined over the whole set of realizations of perturbations
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from the sets under consideration attains its minimal value. Traditionally, these kinds of
estimates are referred to as the guaranteed or minimax estimates.

We demonstrate that these problems can be reduced to the determination of minima of
quadratic functionals on closed convex sets in Hilbert spaces. Expressions for the minimax
estimates and for the estimation errors are determined as a result of the solution to this
problem with the use of the Lagrange multipliers method. It is shown that such estimates
are expressed in terms of solutions to certain well-defined uniquely solvable systems of
differential equations.

This paper continues our research cycle accomplished in [6,7], where the guaranteed
(minimax) estimation method has been worked out for estimating linear functionals over
the set of unknown solutions and data under the condition that unknown right-hand sides
of the equations and initial conditions entering the statement of the Cauchy problems
belong to a certain set in the corresponding Hilbert space (for details, see [8-12]).

2. Preliminaries

Let us first present the assertions and notations that will be frequently used in the text
of the paper.

If vector-functions f(t) € R"” and g(t) € R" are absolutely continuous on the closed
interval [ty, f5], then the following integration by the parts formula is valid

ta d d
(Fle2), (e = (g = (70, 0) o (g0, L)l
where by (-, -),, we denote the inner product in R" here and later on (see [13]).

Lemma 1. Suppose Q is a bounded positive (that is (Qf, f)ug > 0 when f # 0). Hermitian
(self-adjoint) operator in a complex (real) Hilbert space H with bounded inverse Q1. Then, the
generalized Cauchy-Schwarz inequality

(fr9)ul < Q£ Ni*(Qe)” (frg € H) @
is valid. The equality sign in (2) is attained at the element
Qlf
(Q £, )i

For a proof, we refer to [14] (p. 186).

g:

3. Setting of the Minimax Estimation Problem

We consider the following estimation problem. Let the unknown vector-function
x(t) € R" be a solution of the Cauchy problem

d);(tt) = A()x(t) + B(t)f(t), te(t,T), ®

x(i‘o) = Cuxyp, (4)

where A(t) = [a;;(t)] is an n x n-matrix and B(t) = [b;;(t)] is an n X r-matrix with entries
a;j(t) and b;;(t), which are square-integrable and piecewise continuous (here and in what
follows, a function is called piecewise continuous on an interval if the interval can be
broken into a finite number of subintervals on which the function is continuous on each
open subinterval (i.e., the subinterval without its endpoints) and has a finite limit at the
endpoints of each subinterval). C = [cij] is n x k-matrix with entries Cij € R,i=1,...,n,
j=1,...,k f(t) € R is a vector-function belonging to the space (L2(ty, T)), xo € R¥.

By a solution of this problem, we mean a function x(t) € (W3 (t, T))" that satisfies
Equation (3) almost everywhere (a.e.) on (to, T) (except on a set of Lebesgue measure 0)
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and the conditions (4). Here, W; (to, T) is the space of functions absolutely continuous on
an interval [t, T| for which the derivative that exists almost everywhere on (o, T) belongs
to space L2(to, T).

We suppose that the Cauchy data (xg, f(t)) are unknown and satisfy the condition
(x0, f(+)) € G, where by G; we denote the set

Gri= {F = (x0.f) € R x ({0, 1))+ [ (QuO(F(E) = o)), F(1) = folt))rdt < 1 }. ©)

T
fo

Here, matrix Q;(f) is a symmetric positive definite r x r matrix with real-valued
piecewise continuous entries on [ty, T] fo € (L%(0,T))", which is a prescribed vector-
function, and € is a prescribed positive number.

The problem is to estimate the expression

T

1) = [ (o(t) %(1)adt + (2, x(T))a, ©
0

from observations of the form (here, we denote vectors and matrices by y and H and

vector-functions and matrices-functions by y(-) and H(+)).

y](i’) :H](t)x(t)—i-(f](t), tEQ]‘, ]:1,,M, (7)

yi=Hix(t;)+¢, i=1,...,N, (8)

in the class of estimates

M N
I(x) =) /Q'Q/j(t)r”j(t))ldt + Y (i ui)m +c, )
=177 i=

1

linear with respect to observations (7) and (8); here, x(t) is the state of a system described
by the Cauchy problem (3) and (4), Iy € (L?(to, T))", a € R", H; are given m x n-matrices,
Hj(t) are given I x n-matrices where the elements are piecewise continuous functions on
Q;, u; € R™, and u;(t) are vector-functions that belong to (LZ(Qj))l, ceR

We suppose that

&:=1(61(),---,¢m(),G1,---,CN) € Ga,

where ¢; = (Cgl), ceey g,(,?)T and §;(+) = ((;‘5]) (), .. .,(;‘l(]) ()T are observation errors in (7)
and (8), respectively, that are realizations of random vectors §; = &;(w) € R™ and random
vector-functions §;(t) = ¢j(w,t) € R’ and G, denotes the set of random elements & whose
components ¢; and ¢;(-) are uncorrelated; that is, it is assumed that

E(&i, 0)m(5j(-),v()) 2y =0 Vo € R, 0(-) € (LX),

7

i=1,..N, j=1,...M;
have zero means, E¢; = 0 and E;(-) = 0, with finite second moments E|&|* and
E[&(+) ”%LZ(Q]-))I’ and unknown correlation matrices R; = E¢;¢] and Rj(t,s) = ]EC]-(t)cij(s),

satisfying the conditions

M

)3 /Qﬂ [Dj(t)R;(t, t)]dt < €2, (10)

j=179

and
N

ZTI‘ [DIRZ] < €3, (11)
i=1
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correspondingly (Tr D := Ez 1 dii denotes the trace of the matrix D = {dzj} i,ji= 1)- Here,
D;, i = 1,...,N, are symmetric positive definite m x m matrices with constant entries
and Dj(t), j = 1,...,M, are symmetric positive definite / x | matrices the entries that
are assumed to be piecewise continuous functions on Q, and €;, i = 2,3, are prescribed
positive numbers.

Set

wi=(u(-), ..., up (), u1, ..., un) € (L2(0)) x - x (L2(Qpm))! x RN*™ = H. (12)
The norm and inner product in space H are defined by

M

il = {3 1) iz z+2||uz|\Rm}
j=1
and
M N
(u,0) =Y (4j(-),vi(-)) Z i, vj)m Vu,v€H,
j=1 i=1
respectively.
Definition 1. The estimate
Q M N
M RUOLIONLED WURIRER: (13)
=1 i=1

in which vectors 1;, and a number ¢ are determined from the condition

inf _ (A
ueg}ceRa(u,c) o(i,¢),

where -
o(u,c) = sup E|l(x)—I(x)]
FEGl,§EG2
will be called the minimax estimate of expression (6).

The quantity
o= {o(n,¢)}/? (14)

will be called the error of the minimax estimation of 1(x).

We see that a minimax estimate minimizes the maximal mean-square estimation error
determined for the “worst” implementation of perturbations.

4. Representations for Minimax Estimates and Estimation Errors

In order to reduce the problem of determination of the minimax estimates to a certain
optimal control problem, one can introduce, for any fixed u € H vector-function, z(t; 1) as
a unique solution to the problem (here and in what follows, we assume that if a function is
piecewise continuous, then it is continuous from the left).

dz(t;u)
dt

= AT(O)z(tu) + Iy(t) 27(0 uj(t) forae. te(t,T), (15

Az(-;u) |t:t,- =z(t;+to;u) —z(t;u) = Hl-Tui, i=1,...,N, z(T,u)=a, (16)

where x (t) is a characteristic function of the set (), and U is denoted by the set

U= {u € H:CTz(ty;u) = o}. 17)
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It is easy to see that if U # @ then U is closed and convex set in the space H. The following
result is valid.

Lemma 2. Let U # @ (in the Appendix A, we give some sufficient conditions of non-emptiness
of the set U). Then determination of the minimax estimate of 1(x) is equivalent to the problem of
optimal control of the system governed by the Equations (15) and (16) with the cost function

() = e [y (Qu(D)z(tu),2(t;u))udt

(18)
M
ter X Jo, (D7 (£ (), i (D))t + €5 Z(D i, Ui)m — infyey,
= i=
where Qy(t) = B(t)Qy ' (t)BT (t).
Proof. Foreachi =1,...,N + 1, denote by z;(¢; u) the restriction of function z(t; u) to a

subinterval (t;_1,t;) of the interval (o, T) and extend it from this subinterval to the ends
t;_1 and t; by continuity. Then, due to (15) and (16),

80 AT (0)zy(5) + () — 3. xo, (DHT (B ()
=1 (19)

forae. te€ (tiq,t), i=1,...,N+1,

zip1(tpu) = zi(t;u) + Hlwy, i=1,...,N, zy(T;u) =a, Clzi(to;u) =0. (20)

Let x be a solution to the problem (3) and (4). From relations (6)—(8), (19) and (20), and
the integration by parts formula (1) with f(t) = x(t), g(t) = z;(t; u), we obtain

Mz

N+1 .t
I(x) = I(x) = ;/ﬁ1(x(t),lo(t))ndt+(a,x(T)) _1(%’ )
M
—Zi Joo, Wi (8), () )1t —
=

D+ Y / " (x(0), S AT () at 3" (x(t), HT i)
i1 n i=1

i=17ti-

Zéu Ui ng (§(1), uj(t)dt — c

N+1

ot L ().t = (x(8), 24(650),)



Mathematics 2021, 9, 3218 60f 17

i=1"ti-1 n
N N M

=Y (x(ti), ziga (b u) — zi (b ) ) — Y (& thi ) Z/Q‘(gj(t)/”j(t))ldt_c
i=1 i=1 j=1"%%

= (x(T),a)n + (x(to), z1(to; u) )n

~(x(t), 71 (i) +2( (b)) — (e(t), Zi(t ) )

+(x(tn), zn+1(EN) )n

N+1 o N
~Dat L [ (BOAE,z W) dt= Y (x(t), 7 (i) = z(t5w)

i=17ti-1 n i=1

i [\’_]z

c’;’,, Z/ (&), uj(t))dt —c.

Taking into account that

M=

(x(tic1),zi(ti—i;u))n + (x(tN), 2n41(EN) 0

=Y (x(tp), ziga (b ) )n + (x(EN), ZN41 (EN) (21)

i'=1
N
=Y (x(t:), zixa (ti; ) ),
i=1
from latter equalities, we have

—

1)~ 1(x) = (x(to), 21 (foi ) ) + Ij;*f S (Bf (), z6w)) dr

N M
- El(é‘ir Ui)m 7]';1 Joo, (G5(8), uj(£))udt — ¢

= (xo, CTz(tosu)) + [y (BIOF(E), 2(6w)) dt

n

(22)
N M
- igl(gi’ Ui)m — jgl foj((:j(t), u]'(t))ldt —c.
The latter relationship yields
E[l(x) - I(x)] = (x0, C"2(to; u))x + / 0, BT (1)z(5u)) di —c. (23)

Since vector xp in the first term on the right-hand side of (23) may be an arbitrary
element of space R¥, the quantity

E[I(x) — 1(x)]
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will be finite if and only if u € U, that is, if the first term on the right-hand side of (23)
vanishes. Therefore, we will further assume that u € U.
Taking into consideration the known relationship

Dr = E[]* — [En]? (24)

that couples the variance Dy = E[y — E7j]? of random variable 7 with its expectation Ez,
in which # is determined by the right-hand side of equality

T N M .
1) =10) = [ (BOF 0206500 de = Y (Euid = 1 [ (@00 (00nd ==,
1= J=17%7

to
which follows from (22), and from the noncorrelatedness of &; = (C%i), .. .,(',‘5,? )T and
&) = («jij)(~),. ..,Q‘l(j)(-))T, from the equalities (22) and (23), we find
a2 — T T . _ 2
E|l(x) — [(x)]? = '/to (£, (t)z(t,u))rdt c’
N M 2
) NEEDIES o NETORIONY
i=1 j=179;
T
- ‘/to (£~ fot), BT(1z(tw)) dt
T 2
+ [ (folh), BT (Hz(tw)) dt ]
to r
N 2 M 2
E[ Y@ +E[Y [ @0,
i=1 =179
Thus, .
inf o(u,c) = inf sup E[l(x)—I(x)]?
ceR ceR FGGl,@'EGz
T T 2
:éé‘ufafﬁa MU (£ —fo(t),BT(t)z(t;u))rdt—i—/to (fo(t),BT(t)z(t;u))rdt—c]
N 2 M 2
E iU m E i(t),ui(t))dt| ). 25
+ sup (B L (@ | + ]Jg/q@]( ) ui()))|) (25)
Set

yi= [ (£~ o) BT2(6)) dt,

fo
T
d:c—/ (folt), BT ()z(t;)) at.
to r
Then VF = (xo, f) € Gy, the generalized Cauchy—Schwarz inequality and (5) imply

}1/2

T
vl < [ @ OB 06w, BT(O(w),dr

1/2
<e’’L,

T
<[ [ @O0~ fo0), £6) — fole)) a1

where
}1/2

L= [/tOT(Ql(t)z(t;u),z(t;u))ndt
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The direct substitution shows that the last inequality is transformed to an equality at

F = (xp, f) € Gy, where
cl/2

f=hh+ 1 QBT (-)z(su).

Taking into account that

inf sup |y—d*=elL?
R
yi<er””L

we find

i sup [ [ (B7()2(600, )~ (1)

ceR FeGy r

+ (BT(t)z(t;u),fo(t))rdt - cr =12

to
T .
=e1 [ (@u(z(tu), z(G ), 26)
0
where the infimum over c is attained at
T
c= [ (BT(1)z(tu), folt)) at (27)
to r
Calculate the last term on the right-hand side of (25). Applying Lemma 1, we have
N 2 N N
E|Y (& u)m| <E|Y(D; ' ui)m- Y (Di&i,Ei)m
i=1 i=1 i=1
N N
= Y (D tui, i) - B | 3 (Dili, Ci)m (28)
i=1 i=1

Transform the last factor on the right-hand side of (28):

N
&[S (D) ]

Il
™=z
&=
~
INgE

3" 40el) ) A
jk °k ©j YAy ik k °j

i=1 i=1  \j=1k=1 i=1j=1k=1
N m m (i) N
=) ) ) dy rk] Tr [D;R].
i=1j=1k=1 i=1
Similarly,
M
E‘];/()j(é‘j(t),uj(t))ldt’ / By (£), (1))t ]ELZ/ &(H)dt

and
M
E ]; /Qj(Dj(t)éj( ,dt] 2/ Tr [D;(1)R; (t, £)]dt

In view of (10) and (11), we deduce from (28)

L (1 & +E\zfg (&(0) (et

i=

M
<e3 Zl( T 121 fQj(Dfl(f)uj(t)ruj(f))ldt-
i=



Mathematics 2021, 9, 3218 90f17

It is not difficult to check that here, the equality sign is attained at the element

£0 = (@0, ,e0,600),...,e90) e G

with

(0) _ 1/2771D u;
& 172’
= (0 )|
el/?
0 12D ()

D[ o (D7 ), ) 2]

where 7; and 7, are uncorrelated random variables such that Ey; = 0 and E|y;|> =
i =1,2. Hence,

s i=1. M,

2 M 2
+E| o (0500t
j=1

N
SUPgcg, (E‘i;(gi/ Ui)m

(29)
= €3 Z( i ull 1) + € Z fQ uj(t)luj(t))ldt'
i=
From (25)—(27) and (29), we obtain
inf sup E|l(x)— (x)|2 =I(u),
c€R pegy e,
where I(u) is defined by (18) and where the infimum over c is attained at
T
c= (BT(t)z(t;u), fo(t)) dt. (30)
to r

O

As a result of solving the optimal control problem formulated in Lemma 2, we come
to the following assertion.

Theorem 1. There exists a unique minimax estimate | ( ) of 1(x), which can be represented as

Z/ it zdt+2yz,l +e=1(2),

where

;(t) = e 'Dj()H;(H)p(t), j=1,...,M,

. . (31)
1; =€3 D,’Hl'p(ti), i=1,...,N,
Trnr
e= [ (BT(H2(), folt)) at, (32)
to r
and functions p, Z and £ are found from the solution of systems of equations
— B = AT(1)2() + o (t) — €5 zm Di(OH(t)p(t) forae. te (to,T),  (33)

Azl =e;'HIDiHp(t;), i=1,...,N, £(T)=a, C'%(to) =0, (34)
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dp(t) _ 5 s

Tl A(t)p(t) +€1Q1(H)2(t) forae. te (ty,T), (35)

p(to) = CA, (36)

and
) M
A = AT()p() — €5 Y xo, (DVHI (DD (D [H(D2(1) —j(1)] forae. te (t,T),  (37)
=1

Apli—y, = €5 'HI Di[Hi%(t;) —y;), i=1,...,N, p(T)=0, C'p(to)=0, (38

dil(tt) = A()2(t) + €101 (1)p(t) + B(t) fo(t) forae te (t,T), (39)
2(to) = C, (40)

respectively, where A € R* and ue R¥ are Lagrange multipliers. Problems (33)—(36) and (37)—(40)
are uniquely solvable. Equations (37)—(40) are fulfilled with probability 1.
The estimation error o is given by the expression

o= [I(p)]"/~ (41)

Proof. Applying the same reasoning as in the proof of Theorem 1 from [8] and taking into
account estimate (1.21) from [15], one can verify that the functional I(u) is strictly convex
and lower semicontinuous on U. Since

1) = e1 [T (Or(D2(t), 2(60))addt + € f_zdl o (D} (1) 0), (1)t

N
+e3 ¥ (Di_lui,ui)m >cllul|?3, YueU, c=const,
i=1

then, by Remark 1.2 to Theorem 1.1 (see [16]), there exists a unique element 7 € U such
that

I(0) = ulg{ll(u)

Applying the regularity condition (A1), we see that there exists a Lagrange multiplier
A € RF such that

d
EL\(LA{—O—TUHT:O:O VreR, VveH,

where by I} we denote the Lagrange function of problem (15), (16) and (18) defined by
I () = 1(w) +2(A, cTz(tO;u))k.

It follows from here that

T
0= (C/\,Z(to;v))n+el/ (Orz(£0), 2(£;0) ) uilt

to

M N
+ € 2/ (D; ' (1)a(t), v (1) )1t + €3 Y (D i, vi)m, (42)
j=174 i=1

where Z(t;v) is the solution of problem (15) and (16) atfy(t) = 0,4 = 0, and u = v. Next,
denote by p(t) the unique solution to the following problem

W _ aWp() +eiQu(z(tn) forae. te (),

p(to) = CA.
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Then .
mmﬂmwn+qlkéﬂmmzmwhw
N-+1
= (p(to),Z(to;v))n + i/ — (t)p(t),Zs(t;u)>ndt
N+1

= (P( tOr n+ Z( Zs tS/ )) - (P(tsfl)rzs(tsfl}u))n
+ /:1 (—W — AT(z(6u), () di)

N M
— = Y (p(t) 0w = Y- [ (p(t), H] (b)o;(e)) . (43)
i=1 j=17Y

From (30), (42) and (43), and it follows (31) and (32) and that the pair of functions
(2(t),p(t)) :== (z(t; 1)), p(t)) is a unique solution of problems (33)—(35).

Similarly, we can prove representation l(/x\) =1(%)
Prove (41). By virtue of relations CT2(ty) = 0, (18) and (32), we obtain

M N
+e;! Z% /Q_(Hj(t)P(t)rDj(t)Hj(t)P(t))ldt +es! Z;(Hip(ti)/DiHiP(ti»m
=1 i=

and

(A CTalto))e e [ (Qa(1)2(0), 200t

= (p(to), £(t0))n + T(%Et) - A(t)p(t),i(t)) dt

fo

NA+L ot
:WMWMﬁZ[A@?ﬁMWMMMt

s=1
N+1

= (p(to), 2(to))n + Z ((P(ts)fis(fs))n = (p(ts—1), Z5(ts1))n

+/:1(p dZs (1) —AT(t)fs(t))ndt)

N
=—€3121 ), Hi DiHip(t)u + (p(T), a)n
T —1
I RCORIGIT A Z/ HT (DD;()H;(1)p()) dt.

From two latter relations, (41) follows. O

5. 01-Optimal Estimates of Unknown Solution of the Cauchy Problem at the
Moment T

In this section, we will define an optimal, in a certain sense, estimate of unknown
solution x(t) of the Cauchy problem (3) and (4) at the moment T that is linear with respect
to observations (7) and (8) and show that this estimate of x(T) coincides with the function
£(t) obtained from the solution to problems (37)—(40) at the moment T.
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Let x.(T) be an estimate of x(T') linear with respect to observations (7) and (8), which
have the form

M N
=) [ Uar+ Yty + €
j=174 i=1

where U;(t) are n x I-matrices with entries that are square-integrable functions on );, and
U; are n X m-matrices, C € R".

Let My, (R) be the set of n x m-matrices with real elements, M,;;(R) be the set of n x I-
matrices with real elements, and LZ(Q;», M,,;) be the set of M,;;-valued square-integrable
functions on ();. Set

u .= (Ul(-),...,UM(-),ul,...,UN) eH,

where H := L%(Qq, M) x -+ x L2(Qp, Myy) X (M (R))N and let {ey,...,e,} be an
orthogonal basis of R". Let 07 (U, C) be the error functional of estimate x,(T), which has

the form
n

2 1/2
a(U,C)={Y, sup E|(T)~x(T)e)ul} .
s=1FeGy,(eCGy

Definition 2. An estimate

M . N . .
T) =Y / ;(t)y; () dt + Y Uy + C (44)
=17 j

i=1
for which matrix-functions ﬁj(-), matrices U;, and vector C are determined from the condition

inf u,Cc)=n(U,C
UG#}CGWW( ) =01 (U,C)

will be called a oy-optimal estimate of vector x(T'). The quantity
o =0 (l:l, é)
will be called the error of o1-optimal estimation.

Let 20)(t), p{®)(t) be the solution of problem (33)~(36) ata = es, s = 1,...,n, and
lo(t) =0.

Theorem 2. The o1-optimal estimate of vector x(T) is determined by (44) with

Zes® (HH[()Dj(t), j=1,.... M,

n
=€ Zes @ (pNYT(t)HI'D;, i=1,.. 26 Ses, (45)

where ¢) are defined by (32) at 2(t) = 20)(t), and symbol ® denotes the tensor product of a
column vector and a row vector.

Proof. Obviously,

n
2 - 2
o7 (U,C) > ) inf sup  E|(x(T) — x.(T), es)n]
=1 UeH,CeCn FEG1,§€G2 ¢ s

n o —

=z f E — (x(T), 2
_szluseglcseclfegfgecz [(x(T), es)n — (x(T), e5)n|



Mathematics 2021, 9, 3218 13 of 17

—

where (x(T), es)n is an estimate defined by (9) ata = e;,
us = ()T, T, a7, )T,

u](-s)(-) is the s-th row of matrix U]-('), j=1...M, ufs) is the s-th row of matrix U,
i=1,...,N, and ¢ is the sth coordinate of vector C,s = 1,...,n.
By Theorem 1, we have

—

inf sup  E|[(x(T),es)n — (x(T),es)n|2 = sup E|(x(T),es)n—(
us€H,s€Cpeg, e, FEG,E€Gy

ﬁ(T)/ es)n ‘2/
where £(t) is defined from a system of Equations (37)—(40).
Notice that the following equality

n —_—
—

B(T) = Y (R(T),ex)ues = 3 (x(T), ex)nes

s=1 s=1

J=170 /
where
29 (1) = &' DiOH(Hp (), j=1,..., M,
i) = e D (1), i=1,...,N,
| (o), BT (92 (),att + (2§, €2 (1))
Therefore,

NCCESIES ol) s RUCRADIE WSy

s=1"j=1

n M N
= L [X [ (0,6 DO H P (1) at + Y vies Diip® (4 + 9 e

¢
s=1"j=1"%% i=1
M n
= [ (e (H) (D (1), p) (1) e
Q/]*l s=1
N n
—0—22 631H Dlyl, nes—i—Zc
i=1s=1
M . N )
= Z/ ity () dt + Y Ui + €,
=179 i=1

where Hj(t), U;, and C are defined by (45). It follows from here that functional ¢7(U, C)
attains its minimum value on matrices aj(t) ji=1,...,M, U,i=1,..

., N, and on vector
C. This proves the theorem. [

Corollary 1. Vector £(T) is the oy-optimal estimate of vector x(T).
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Corollary 2.
n
of = Y (p(T), ).
s=1

Denote by o (U, C) the quantity defined by

o(U,C) = sup E|x(T) - x(T)].
FeGy,5€Gy

An estimate

N M
(1) = Y G+ ) [ Oty ae+C
i=1 =179
for which matrices U;, matrix-functions Uj (-) and vector C are determined from the condition

inf u,Cc)=o(l,C_C
UG??,’ICG]R" U( ) U( )

which is called an optimal mean square estimate of vector x(T). The quantity
¢ = [o(0, 62

is called the error of the optimal mean square estimation.
Parseval’s formula implies the inequality

o(U,C) < e (U,C).

Therefore, for the error of the optimal mean square estimation o, the following estimate

from above holds: .

o<y = { Z(pgs)(T)’es)}l/Z.

s=1

6. Conclusions

When elaborating the guaranteed estimation of solutions to the Cauchy problem in
the absence of restrictions on unknown initial data, we have reduced the determination of
the necessary minimax estimates to well-defined optimal control problems.

Using this approach, we have proved the existence of the unique minimax estimate
and obtained its representation together with that of the estimation error in terms of
solutions to the explicitly derived systems of impulsive ordinary differential equations.

The results and techniques of this study can be extended to a wider class of initial
value problems and, after appropriate generalization, to the analysis of such estimation
problems for linear partial differential equations of the parabolic and hyperbolic types that
describe evolution processes.
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Appendix A

Below, we shall provide some sufficient conditions providing the non-emptiness of
the set U. To do this, we begin with the following remarks. Define in the space H the
mapping D : H — RF by Du := CTz(ty; u). Then, since the solution of this problem can be
represented as z(t; u) = Z(t; u) +zo(t), where Z(t; u) is the solution of problem (15) and (16)
atip(t) = 0 and a = 0 and z((¢) is the solution of this problem at u = 0, the Frechet
derivative of the mapping D is a linear operator D € £(H;RF), defined by Du = CTz(t; u)
(see Example 1 on page 47 from [17]).

Suppose that the condition

ImD = R, (A1)

called the condition of regularity of the mapping D, is fulfilled. It is clear that from the
condition of regularity of the mapping D, it follows that U is a non-empty set.

Remark Al. Let the condition
u= {u € H:CTz(tg;u) :0} + O

be fulfilled. Then there exists i := (11(+), ..., Apm(+), 011, ..., 4N) € U such that the equality
M N
1) = Y [ 050, (1))t + Y. G ), (42)
=179 i=1

holds for all those xo € R¥ at which the following vector-functions
gi(t) = Hj(H)x(t), teQ;, j=1,...,M,

and the vectors
yAi:Hif(ti), i=1,...,N,
are observed, where %(t) solves the problem

dx(t)
dt

= A(t)x(t), te(t,T),
%(tg) = Cxp.

Proof. Let i € U. Since
M
Nﬂ:ZA%U dHZ L i)m = (CT2(to), X0k,
=174

where 2(t) = z(t;11) is a solution of problem (15) and (16) at u = i, then equality
CT%(tg) = 0 implies (A2). O

Remark A2. Let jy be a positive integer such that the system described by equation

B dzj, (t;u)

= AT(B)zj, (1) — xoy () Hj (Hu(t) (A3)

is controllable, that is, for all ty < tp and for all z1,z; € R" there exists a vector-function u(t) such
that zj (t1) = z1 and z (t2) = zo. Then, the set U is nonempty.

Proof. Let u(t) be such a function. Then it is possible to choose z; so that the conditions
zjy(tj,) = z1 and z;,(T) = a are fulfilled, where Q;; = (t;,,tj;+1), tjp+1 > tj,- Obviously,
in this case element u with components u;(t) =0,j =1,..., M, j # jo, u;,(t) = u(t), and
uj=0,j=1,...,N,belongs to U since the equalities z(ty) = 0, z(T) = ahold. O
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Corollary A1. Ifmatrices A(t) and H; (t) are time-independent, then system (A3) is controllable
if and only if the Kalman rank condition

rank(HT ATHT

Jo” Jo7 "

., (AT)”_lH]g) =7
holds.

Now, we provide sufficient conditions for non-emptiness of the set U. Introduce
matrix-function ®(f,s) as a unique solution to the problem

dd(t,s)
dt

= A(t)D(t,s), P(s,s)=E, t>s.

Denote by K;(t) and N; k x I and k x m-matrices, respectively, such that K]T(t) =
H]'(t)cp(t, tg)C and NiT = H;®(t;, to)C.

Proposition Al. The set U is non-empty if det Dt # 0, where

M N
det Dy = Z/ Ki(OK! (1) dt + Y NiNT. (Ad)
j=174 i=1

Proof. Let det Dt # 0. Show then that there exist vector-functions 7 ]-(t), j=1,...,M,and
vectors il;, i = 1,..., M, such that the equality CTi(tO) = 0 (or the equivalent equality
(CT2(tg), x0)x = O for an arbitrary vector xg € R¥) holds.

Notice that

N

T . — (%) — 3 0. ) _ 3. 1
(C z(to;u), x0)x = 1(%) Z/Q_(y](t),u](t)),dt Y- (i, ui)m.
=179

i=1
Introduce vector-function Z(t) as a unique solution to the problem

az(t
—% = AT(H)z(t) +1o(t) forae. te (t,T), z(T)=a.
Then I(%) = (CTz(ty), xo)k. It is easy to see that J;(t) = H;(t)%(t) = H;(t)®(t, to)Cxo,
j=1,...,M,and §; = H;®(t;,t9)Cxp,i =1,...,N. Hence,

Y _ (T= & (s Ry
(CTz(tosw), %o} = (CTz(to) = ) [ Ki(®yu(8)dt = Y- Now, x0)
j=17%4% i=1

Then a necessary and sufficient condition for the existence of u;(f) and ; such that
(CTz(tg;u), x0)x = O for all xg € R¥ is that the equation

M . N
Z/ Ki(yu;(t)dt + Y Nawy = CT2(to)
=179 i=1

be solvable.
We will look for a solution to this equation in the form u;(t) = K].T(t)d, u; = NTd,
where vector d is determined from the system of equations

Drd = CTZ(t()).

Since det D1 # 0 then there exists a vector d such that d = D+ 1CT%(ty). Therefore,
the element i with components #;(t) = K]-TD#CTZ(tO),j =1,...,M,1; = NiTDflcTZ(to),
i=1,...,N,belongs to theset U. [
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Proposition A2. Under condition (A4), the regularity condition of the mapping D in Equation (A1)

is fulfilled.
Proof. In fact, the previous reasoning leads to the conclusion that for function Z(t; u), the
equality
M N
CT(tg;u) = — Z/ K;(t)uj(t) dt — ) Nju;
j=174 i—=1

holds and condition (A1) is fulfilled if for any ¢ € R¥ the system

M . N
g=- Z / K](t)u](t) dt — Z Niu;
=17 i=1

has a solution. It is easy to see that the element u°

—K].T(-)Dflg,j =1,...,M, u? = —NZ.TDflg, i=1,...,N, satisfies this equation. [

€ H with components u?(-) =
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