
mathematics

Article

Attribute Service Performance Index Based on Poisson Process

Kuen-Suan Chen 1,2,3, Chang-Hsien Hsu 4,* and Ting-Hsin Hsu 5,*

����������
�������

Citation: Chen, K.-S.; Hsu, C.-H.;

Hsu, T.-H. Attribute Service

Performance Index Based on Poisson

Process. Mathematics 2021, 9, 3144.

https://doi.org/10.3390/math

9233144

Academic Editor: Francisco Chiclana

Received: 8 November 2021

Accepted: 5 December 2021

Published: 6 December 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Industrial Engineering and Management, National Chin-Yi University of Technology,
Taichung 411030, Taiwan; kschen@ncut.edu.tw

2 Department of Business Administration, Chaoyang University of Technology, Taichung 41349, Taiwan
3 Institute of Innovation and Circular Economy, Asia University, Taichung 41354, Taiwan
4 Department of Business Administration, Asia University, Taichung 41354, Taiwan
5 Department of Finance, National Taichung University of Science and Technology, Taichung 40401, Taiwan
* Correspondence: pci@asia.edu.tw (C.-H.H.); samhsu329@nutc.edu.tw (T.-H.H.)

Abstract: The purpose of a shop enhancing customer satisfaction is to raise its total revenue as the
rate of customer purchases in the shop increases. Some studies have pointed out that the amount
of customer arrival at a shop is a Poisson process. A simple and easy-to-use evaluation index
proposed for the Poisson process with the attribute characteristic will help various shops evaluate
their business performance. In addition, developing an excellent and practical service performance
evaluation method will be beneficial to the advancement of shop service quality as well as corporate
image, thereby increasing the profitability and competitiveness of the shop. As the surroundings
of the internet of things (IoT) are becoming gradually common and mature, various commercial
data measurement and collection technologies are constantly being refined to form a huge amount
of production data. Efficient data analysis and application can assist enterprises in making wise
and efficient decisions within a short time. Thus, following the simple and easy-to-use principle,
this paper proposes an attribute service performance index based on a Poisson process. Since the
index had unknown parameters, this paper subsequently figured out the best estimator and used
the central limit theorem to derive the confidence interval of the service efficiency index based
on random samples. Then, we constructed the membership function based on the α−cuts of the
triangular shaped fuzzy number. Finally, we came up with a fuzzy testing model based on the
membership function to improve the accuracy of the test when the sample size is small in order to
meet enterprises’ needs for quick responses as well as reducing the evaluation cost.

Keywords: confidence interval; fuzzy testing; membership function of fuzzy number; Poisson
process; service performance index

1. Introduction

Numerous studies have used questionnaires to conduct satisfaction surveys and
identified service items that need to be improved by means of performance evaluation
matrices. Improvements have been made to enhance customer satisfaction [1–3]. The
purpose of a shop improving customer satisfaction is to raise the percentage of customers’
purchases in the shops so as to increase its total revenue. On the whole, the amount of
customer arrival at a shop belongs to an attribute Poisson process [4,5]. A user-friendly
evaluation index for the Poisson process of the attribute characteristic can assist a shop
in assessing its business performance. An excellent and practical evaluation method for
service performance can be of help for the improvement of the shop’s service quality as
well as its image. Then, the shop can be profitable and competitive.

As noted by some study, the number of customers arriving at a shop gives a good
answer for the performance measurement of a company since it immediately influences
profitability and operating costs [6,7]. In early related research, Yang and Chen [8] pro-
posed a performance index approach for controlling service quality based on the Poisson
process. Some research pointed out that the number of customers arriving at a shop is a
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Poisson process [9–11]. Furthermore, Chen [5,12] used an operating performance index
for the Poisson process and an exponential distribution to develop a fuzzy testing model
based on confidence intervals. According to many scholars’ viewpoints, an index is a
simple and unitless management tool, which is very convenient for management and
communication [13–15]. Therefore, no matter whether it is the process quality index of the
manufacturing industry or the service performance index of the service industry, it is a
unitless and easy-to-use communication and management tool [16–20].

Based on the above-mentioned, this paper sets rules with an easy-to-use principle.
Furthermore, this paper refers to the performance index proposed by Yang and Chen [8]
to define an attribute service performance index based on the Poisson process. Since the
index has unknown parameters, this paper then finds the uniformly minimum variance
unbiased estimator (UMVUE) of the service performance index based on random samples.
Additionally, the UMVUE is regarded as the test statistic to measure whether the shop’s
operating performance reaches the required performance level.

Additionally, some studies have pointed out that various business data measurement
and collection technologies are frequently rectified to generate massive production data, as
internet of things (IoT) is growing more or more popular [21,22]. Efficient data analysis
and application can help companies make smart and efficient decisions in a short period of
time [23,24]. Based on some studies, data collection for the Poisson process is slow [4,5].
Furthermore, given enterprises’ needs for quick responses and cost considerations, the
sample size n of the random samples is usually not too large in practice, so the accuracy of
statistical inference will be affected [25,26]. In order to solve this problem, the fuzzy testing
method proposed by this paper is built on traditional statistical laws as well as designed
to incorporate the past production information or expert experience. Therefore, when
the samples are small, it is hoped that the testing accuracy can be remained unchanged
or improved. Additionally, another advantage of the fuzzy testing method based on the
confidence interval is that the existing measurement of simple random sampling can be
maintained during data collection, which is easier than the data collection of various fuzzy
numbers; also, the calculation of the data is relatively easy [1,19]. It can be said that it
takes into account the accuracy of the assessment and meets the needs of enterprises for
quick responses. Obviously, the evaluation model of this article contains more evaluation
information (e.g., the past production information or expert experience) than the traditional
statistical test. Therefore, it is more effective and practical than the traditional statistical
test in the case of a small sample size.

Furthermore, the evaluation model presented by this paper can grasp the timeliness.
Therefore, when the evaluation result is that the service operation performance is poor,
the opportunity for improvement can be immediately grasped. Since this fuzzy testing
method is constructed by deriving the confidence interval of the index, it can not only
reduce the risk of misjudgment due to sampling error, but also can be finally applied to a
case provided by this paper to explain its use for the application of the industry.

The other sections of this paper are organized as follows. In Section 2, we propose an
attribute service performance index based on the Poisson process and discuss its charac-
teristics. Next, we discover the uniformly minimum variance unbiased estimator of the
service performance index. In Section 3, we use the central limit theorem to derive the
confidence interval of the service efficiency index, and a confidence-interval-based fuzzy
testing method is proposed to assess the performance of the shop as well as determine
whether the process needs to improve. In Section 4, we present an application example
illustrating the applicability of the proposed approach. In Section 5, we make conclusions.

2. An Attribute Service Performance Index

As noted above, Yang and Chen [8] proposed a performance index approach for
managing service quality. Based on Chen and Yang [4], the spirit of index setting is
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simple and easy to use. Owing to this concept, this paper proposes an attribute service
performance index based on the Poisson process as follows:

Sλ=
λ

NL
, (1)

where λ is the process mean, and NL is the minimally required amount of customers
entering into the shop in a unit of time. Obviously, the process mean λ is bigger than
the minimally required number of customers NL, and then the value of attribute service
performance index Sλ is bigger than 1. When process mean λ is bigger, then the value of
the attribute service performance index is bigger as well.

We assume that X1, . . . , Xj, . . . , Xn are independent, identically distributed random
variables with a Poisson distribution process, denoted as Xj~P(λ). Then, the unbiased
estimator of attribute service performance index Sλ is expressed as follows:

S∗λ =
λ∗

NL
, (2)

where λ∗=T0/n=
(

∑n
j=1 Xj

)
/n. The characteristic function of T0 is

φT0(t) = E
[
eitT0

]
= E

[
eit∑n

j=1 Xj
]
=

n

∏
j=1

E
[
eitXj

]
=
[
φXj(t)

]n
=
[
exp
{

λ
(

eit − 1
)}]n

, (3)

then φT0(t) = exp
{

nλ
(
eit − 1

)}
, and T0 is distributed as a Poisson distribution, denoted as

T0~P(nλ). Obviously, the distribution of Xj is a one-parameter exponential type p. d. f. of
Xj, and can be rewritten as

fXj(xj) = C(λ)exp
{

Q(λ)T(xj)
}

h(xj), (4)

where xj is the observed value of random variable Xj and C(λ) = e−λ, Q(λ) = ln(λ),

T(xj) = xj, and h(xj) =
(
xj!
)−1 are independent of λ, j =1, 2, . . . , n. Then, the exponential

family is

g(x1, x2, . . . xn; λ) = Cn(λ)exp{Q(λ)T∗(x1, x2, . . . , xn)}h(x1, x2, . . . , xn), (5)

where h(x1, x2, . . . , xn)=∏j h(xj) = ∏j
(
xj!
)−1 and T∗(x1, x2, . . . , xn)=∑n

j=1 xj are complete
and sufficient statistics for λ. In fact, S∗λ is the function of T∗(x1, x2, . . . , xn) only,

E[S∗λ] = E
[

λ∗

NL

]
=

E[T0]

nNL
=

nλ

nNL
= Sλ (6)

and

E
[
(S∗λ)

2
]
=

E
[
T2

0
]

n2N2
L
=

E[T0(T0 − 1)] + E[T0]

n2N2
L

=
n2λ2 + nλ

n2N2
L

= S2
λ +

Sλ

nNL
(7)

Therefore, E
[(

S∗λ
)2
]
=S2

λ + Sλ/nNL<∞. Based on the Lehmann–Scheffé theorem, S∗λ
is the uniformly minimum variance unbiased estimators (UMVUE) of Sλ.

3. Fuzzy Hypothesis Testing Based on Service Performance Index

Suppose that R is the requirement performance value of the index Sλ. Then, we
consider the problem of the hypothesis test as follows:

H0 : Sλ ≥ R

H1 : Sλ < R,
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at a desired level of significance level β. Let

Z =
S∗λ − Sλ√
Sλ/nNL

, (8)

where Sλ is the expected value of S∗λ and
√

Sλ/nNL is the standard deviation of S∗λ. Then,
by the central limits theorem (CLT), Z approximates the standard normal distribution when
the sample size is large. Thus, the critical region is C =

{
S∗λ ≤ C0

}
, where critical value C0

is determined by

P{S∗λ ≤ C0|Sλ = R} = P
{

Z ≤ (C0 − R)√
R/nNL

}
= β . (9)

Therefore, the critical value C0 can be displayed as follows:

C0 = R−

√
R

nNL
× zβ . (10)

Let x1, . . . , xj, . . . , xn be the observed value of X1, . . . , Xj, . . . , Xn. Then, the observed
value of S∗λ is

S∗λ0 =
λ∗0
NL

, (11)

where λ∗0=
(

∑n
j=1 xj

)
/n is the observed value of λ∗. Then, the statistical test decision

rules are:

(1) Reject H0 if S∗λ0 ≤ C0, then the service performance needs to improve.
(2) Do not reject H0 if S∗λ0 > C0, then the service performance has no need to improve.

In practice, Sλ of
√

Sλ/nNL is usually replaced by S∗λ. Then,
(
S∗λ − Sλ

)
/
√

S∗λ/nNL
approximates the standard normal distribution when the sample size is large. Therefore,
we have

1− α = p

{
−zα/2 ≤

(
S∗λ − Sλ

)√
S∗λ/nNL

≤ zα/2

}
= p

S∗λ − zα/2 ×

√
S∗λ

nNL
≤ Sλ ≤ S∗λ + zα/2 ×

√
S∗λ

nNL

. (12)

Then, the 100(1− α)% confidence intervals (CI) of Sλ is

CI =

S∗λ − zα/2 ×

√
S∗λ

nNL
≤ Sλ ≤ S∗λ + zα/2 ×

√
S∗λ

nNL

. (13)

The observed value of CI is shown as follows:S∗λ0 − zα/2 ×

√
S∗λ0
nNL

≤ Sλ ≤ S∗λ0 + zα/2 ×

√
S∗λ0
nNL

, (14)

where zα/2 is the upper α/2 quintiles of N(0, 1). Based on Yu et al. [26], the α−cuts of
triangular shaped fuzzy number S̃λ is

S̃λ[α] =

{
[Sλ1(α), Sλ2(α)], 0.01 ≤ α ≤ 1

[Sλ1(0.01), Sλ2(0.01)], 0 ≤ α ≤ 0.01
(15)

where

Sλ1(α) = S∗λ0 − zα/2 ×

√
S∗λ0
nNL

(16)
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and

Sλ2(α) = S∗λ0 + zα/2 ×

√
S∗λ0
nNL

. (17)

Therefore, the triangular shaped fuzzy number is S̃λ= ∆(SL, SM, SR), where

SL = S∗λ0 − z0.005 ×

√
S∗λ0
nNL

, (18)

SM = S∗λ0, (19)

and

SR = S∗λ0 + z0.005 ×

√
S∗λ0
nNL

. (20)

Consequently, the membership function of S̃λ is:

η(x) =



0, i f x < SL

2×
(

1−Φ
(

S∗λ0−x√
S∗λ0/nNL

))
, i f SL ≤ x < SM

1, i f x = SM

2×
(

1−Φ
(

x−S∗λ0√
S∗λ0/nNL

))
, i f SM < x ≤ SR

1, i f SR < x

. (21)

Similar to S̃λ, the α−cuts of triangular shaped fuzzy number C̃0 is

C̃0[α] =

{
[C01(α), C02(α)], 0.01 ≤ α ≤ 1
[C01(0.01), C02(0.01)], 0 ≤ α ≤ 0.01

(22)

where

C01(α) = C0 − zα/2 ×

√
S∗λ0
nNL

(23)

and

C02(α) = C0 + zα/2 ×

√
S∗λ0
nNL

. (24)

Therefore, the triangular shaped fuzzy number is C̃0=∆(CL, CM, CR), where

CL = C0 − z0.005 ×

√
S∗λ0
nNL

, (25)

CM = C0, (26)

and

CR = C0 + z0.005 ×

√
S∗λ0
nNL

. (27)

Consequently, the membership function of C̃0 is:

η′(x) =



0, i f x < CL

2×
(

1−Φ
(

C0−x√
S∗λ0/nNL

))
, i f CL ≤ x < CM

1, i f x = CM

2×
(

1−Φ
(

x−C0√
S∗λ0/nNL

))
, i f CM < x ≤ CR

1, i f CR < x

. (28)
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Subsequently, according to Equations (21) and (28), the diagram of η(x) and η′(x) is
presented below (see Figure 1).

Figure 1. Membership functions of η(x) and η′(x).

Let set AT be the area in the graph of η′(x), such that

AT = { (x, α)|C01(α) ≤ x ≤ C02(α), 0 ≤ α ≤ 1} (29)

As noted by Yu et al. [26], since the calculation of AT is complicated, this study uses
dT to replace AT , where dT is the length of the bottom of AT , then dT=CR−CL is as follows:

dT = 2× z0.005 ×

√
S∗λ0
nNL

= 5.512×

√
S∗λ0
nNL

(30)

On the other hand, let set AR be the area in the graph of η(x) but to the right of the
vertical line x = S∗λ0, then

AR = { (x, α)|S∗λ0 ≤ x ≤ C02(α), 0 ≤ α ≤ a}, (31)

where

a = 2

[
1−Φ

(
C0 − S∗λ0√
S∗λ0/nNL

)]
, (32)

such that S∗λ0= C01(a) = C0 − za/2 ×
√

S∗λ0/nNL. Therefore, dR= CR− S∗λ0 is as follows:

dR = C0 + z0.005 ×

√
S∗λ0
nNL

− S∗λ0= 2.576×

√
S∗λ0
nNL

+ C0 − S∗λ0. (33)

Thus, the value of dS/dT can be calculated as follows:

dR
dT

=
2.576×

√
S∗λ0/nNL + C0 − S∗λ0

5.152×
√

S∗λ0/nNL
. (34)

Note that we let 0<φ1, φ2≤0.5, where the value of φ1 and φ2 can be determined
based on the past accumulated production data or expert experience [1]. Therefore, we let
0 < φ1 < φ2 < 0.5. As noted by Huang et al. [27] and Buckley [28], we may obtain the
following fuzzy testing rules:
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(1) If dR/dT≤φ1, then do not reject H0 and assume that Sλ ≥ R.
(2) If φ1<dR/dT<φ2, then do not make any decision on whether to reject H0 or not.
(3) If φ2≤dR/dT<0.5, then reject H0 and assume that Sλ < R.

4. A Practical Application

As mentioned earlier, the number of customers arriving at a shop provides a good
solution for the performance measurement of a company and is distributed as a Poisson
process. A shop sets the minimally required number of customers who enter into the shop
as NL = 10 in a unit of time. The required performance value of the index is bigger than
or equal to 1 (Sλ≥1), and the significance level is β = 0.05. Therefore, the problem of the
hypothesis test is listed as follows:

H0 : Sλ ≥ 1

H1 : Sλ < 1.

To proceed the above statistical test, the simple random samples are surveyed in the
shop of case study. The observed values of random samples with sample size n = 25 are
shown as follows:

x1 = 9, x2 = 7, x3 = 10, x4 = 6, x5 = 11,

x6 = 9, x7 = 14, x8 = 7, x9 = 7, x10 = 6,

x11 = 8, x12 = 10, x13 = 10, x14 = 9, x15 = 11,

x16 = 9, x17 = 8, x18 = 12, x19 = 11, x20 = 8,

x21 = 7, x22 = 10, x23 = 8, x24 = 7, x25 = 11,

then
λ∗0 =

(
∑25

j=1 xj

)
/25 = 9.0, (35)

S∗λ0 =
λ∗0
NL

= 0.90, (36)

and

C0 = R−

√
R

nNL
× zβ = 1−

√
1

25× 10
× 1.645 = 0.896. (37)

Based on the statistical test decision rule, do not reject H0, and the service performance
needs to improve. In fact, the value of S∗λ0 is equal to 0.9 or smaller than 1. However, the
conclusion is Sλ ≥ 1 because the sample size is relatively small, which leads to a longer
confidence interval, that is to say, it is caused by the sampling error. According to the study
of Chen [12], the probability of misjudgment is relatively high. Then, the fuzzy hypothesis
testing method proposed in this study can be used to evaluate the service performance.
Based on Equations (25)–(27), we have

CL = C0 − z0.005 ×

√
S∗λ0
nNL

= 0.896− 2.576×
√

0.90
25× 10

= 0.741 , (38)

CM = C0 = 0.896, (39)

and

CR = C0 + z0.005 ×

√
S∗λ0
nNL

= 0.896 + 2.576×
√

0.90
25× 10

= 1.051 . (40)
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Therefore, the membership function of C̃0 with C0 = 0.896 is:

η′(x) =


0, i f x < 0.741
2×

(
1−Φ

( 0.896−x
0.06

))
, i f 0.741 ≤ x < 0.896

1, i f x = 0.896
2×

(
1−Φ

( x−0.896
0.06

))
, i f 0.896 < x ≤ 1.051

1, i f CR < 1.051

. (41)

Similarly, based on Equations (18)–(20), we have

SL = S∗λ0 − z0.005 ×

√
S∗λ0
nNL

= 0.90− 2.576×
√

0.90
25× 10

= 0.745, (42)

SM = S∗λ0 = 0.90, (43)

and

SR = S∗λ0 + z0.005 ×

√
S∗λ0
nNL

= 0.90 + 2.576×
√

0.90
25× 10

= 1.054. (44)

Consequently, the membership function of S̃λ with S∗λ0=0.90 is:

η(x) =


0, i f x < 0.745
2×

(
1−Φ

( 0.90−x
0.06

))
, i f 0.745 ≤ x < 0.90

1, i f x = 0.90
2×

(
1−Φ

( x−0.90
0.06

))
, i f 0.90 < x ≤ 1.054

1, i f 1.054 < x

(45)

Therefore, the membership functions diagram of η′(x) with C0 = 0.896 and η(x) with
S∗λ0 = 0.90 is presented below (see Figure 2):

Figure 2. Membership functions of η′(x) with C0 = 0.896 and η(x) with S∗λ0 = 0.900.

Therefore,
dR = CR − S∗λ0 = 1.051− 0.900 = 1.151 (46)

and
dT = CR − CL = 1.051− 0.741 = 0.310 (47)
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Thus, the value of dR/dT can be calculated as follows:

dR
dT

=
0.151
0.310

= 0.487 (48)

Based on the past accumulated production data and expert experience, we take
φ1 = 0.2 and φ2 = 0.4. Then, according to the fuzzy testing rules, since dR/dT = 0.487 < 0.5,
we reject H0 and conclude that Sλ < 1. Based on the statistical test decision rule, do not
reject H0, and the service performance has no need to improve. In fact, the value of S∗λ0
is equal to 0.9 but smaller than 1. However, the conclusion is Sλ ≥ 1; this is because
the sample size is so small that the confidence interval becomes longer. That is to say,
the probability of misjudgment is relatively high because of the relatively large sampling
error. Therefore, through the fuzzy testing model proposed by this study, it seems that the
traditional statistical test is more reasonable from a practical point of view.

5. Conclusions

According to the principle of arranging an easy-to-use index, this paper proposed
an attribute service performance index built on a Poisson process. Because the service
performance index contained untraced parameters, this paper discussed the nature of
the index in Section 2 and found its best estimator from the random samples so that it
could be used as a test statistic. To satisfy enterprises’ needs for rapid responses and
cost considerations, in practice, the sample size n of random samples is usually not too
large. Therefore, it will affect the accuracy of the statistical test. In order to solve this
problem, this paper proposed a confidence-interval-based fuzzy testing model for a service
performance index. Since this method can be integrated into the past accumulated data
experience, it can maintain the accuracy of the evaluation when the sample size n is not
large. Moreover, because this method is built on the confidence interval, it can diminish
the risk of misjudgment caused by sampling errors. From the practical cases mentioned in
this paper, it is clearly seen that the fuzzy testing model proposed by this paper seems to
be more reasonable than the traditional statistical test method.

6. Limitations and Future Research

The fuzzy testing method proposed by this paper is designed to determine the value
of φ1 and φ2 by integrating the past production information or expert experience. Never-
theless, we are not sure which method is used to analyze the past production information,
and the expert experience cannot judge whether it is reliable. Hence, that shows that the
research limit of this paper is also the direction for future research.
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