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Abstract: Effects of sequential velocity and variable magnetic field on the phase change during hybrid
nanofluid convection through a 3D cylinder containing a phase-change material packed bed (PCM-
PB) system is analyzed with the finite element method. As the heat transfer fluid, 40% ethylene glycol
with hybrid TiO2-Al2O3 nanoparticles is considered. Impacts of the sequential velocity parameter (K,
between 0.5 and 1.5), geometric factor of the conic-shaped PCM-PB (M, between 0.2 and 0.9), magnetic
field strength (Ha number between 0 and 50) and solid volume fraction of hybrid nanoparticles
(vol.% between 0.02% and 0.1%) on the phase change dynamics are explored. Effects of both constant
and varying magnetic fields on the phase change process were considered. Due to the increased
fluid velocity at the walls, the phase change becomes higher with higher values of the sequential
velocity parameter (K). There is a 21.6% reduction in phase transition time (tF) between the smallest
and highest values of K both in the absence and presence of a constant magnetic field. The value of
tF is reduced with higher magnetic field strength and the amount of reduction depends upon the
sequential velocity parameter. At K = 1.5, the reduction amount with the highest Ha number is 14.7%,
while it is 26% at K = 0.5. When nanoparticle is loaded in the base fluid, the value of tF is further
reduced. In the absence of a magnetic field, the amount of phase-transition time reduction is 6.9%,
while at Ha = 50, it is 11.7%. The phase change process can be controlled with varying magnetic field
parameters as well. As the wave number and amplitude of the varying magnetic field are considered,
significant changes in the tF are observed.

Keywords: varying magnetic field; nanofluid; phase change process; sequential velocity; FEM

1. Introduction

Phase change material (PCM) applications have been considered in diverse energy
related systems for thermal management and energy storage. During the recent years, the
need for energy efficient products is growing due to the cost of energy and environmental
concerns. The application areas for PCMs include solar power, refrigeration, thermal
management in electronic devices, convective heat transfer and many others [1–3]. There is
a need for increasing the effectiveness of using PCMs and many different methods have
been offered. They are used with highly conductive fins, metal foams and nano-sized
particles [4–9]. PCM-packed bed (PB) systems are also used in applications, such as in
air conditioning, building, solar and many others, as they offer many advantageous [10].
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Different applications of PCM-PB system with existing numerical models and available corre-
lations have been reviewed in the work of [11]. The external flow conditions and geometric
modification in the container with PCM-installed systems can also be considered as potential
methods for increasing the effectiveness of PCM-PB systems. The velocity profile at the inlet
section may be used to control the phase change (PC) process in the PCM-installed systems.
Pulsating flow has been used in diverse applications for convective heat transfer (HT) control.
Theoretical [12], experimental [13,14] and numerical studies [15–17] have been performed to
show the impacts of flow pulsation and its parameters of the fluid flow and HT charac-
teristics. In a PCM-PB system, the velocity profile at the inlet can be made non-uniform
and the wall region velocity can be varied by using a sequential velocity. The wall region
velocity may be different from the interior domain velocity where PC is expected to be
fast. This will have impacts on the PC process near the walls. On the other hand, the
shape of the container where PCM is installed can also be varied. This will affect the flow
dynamics within the PCM region and number of encapsulated spheres. Therefore, the
phase transition time will be controlled. In this study, the PCM zone has a conic shape and
the geometric controlling parameter is the ratio of the conic base radius.

In another method for controlling the PC process dynamics, the magnetic field (MF)
can be used. These effects are relevant in many engineering applications, such as in
micro-pumps, glass float, coolers of nuclear reactor, geothermal energy and many different
systems [18–20]. In convective HT applications, an external MF can be used for controlling
the flow features and thermal performance improvements [21–24]. The effectiveness of
using MF can be further improved by using nano-sized particles in the HT fluid [25–27].
Some aspects such as non-Newtonian fluid behavior under MF effects have been studied
in [28–33].

Thermophysical properties including electrical and thermal conductivity will be
altered by using nano-sized particles. The technology of nanofluid has been implemented
in diverse energy systems, including solar power, refrigeration, electronic cooling and
many different areas [34–37]. In thermal energy storage, nano-sized particles have also
been used [38–41]. In applications with PCM-PB systems, the utilization of MF effects have
the potential to increase the PC process, especially near the wall regions. The utilization of
nano-sized particles in the HT fluid increases the electrical conductivity and effectiveness
of MF becomes more apparent. It also improves the thermal transport within the PCM-
installed zone while the phase transition is expected to be accelerated. The utilization of
MF effects and nanofluid for the PC process have been considered in several works [42–47].

In the present work, the MF effects will be used with nanofluid for PCM-PB system
considering the spatially varying MF. The uniform and non-uniform MF effects have
different impacts on the fluid flow and HT dynamics, as it has been shown in many
convective HT studies [48–50].

In this study, PC dynamics in a PCM-PB system is analyzed under spatially varying
MF and nanoparticle loading in the base fluid. A novel method of controlling the inlet
velocity of the HT fluid by using a sequential approach is adopted. The advantages of the
approach are that, it allows to vary the velocity near the wall regions and to control the
PC process in the vicinity of this zone. By combining the spatially varying MF effects and
sequential velocity parameters, the PC process will be improved while further performance
improvements will be achieved by using nano-sized particles in the base fluid. As diverse
applications exist for the utilization of the PCM-PB system, the proposed methods will
be helpful in the design, optimization, development of new systems and related thermal
energy storage technologies.

2. Mathematical Formulation

A cylindrical reactor with an embedded PCM-PB system is analyzed during nanofluid
convection under MF effects as shown in Figure 1. The PCM is contained in a conic-shaped
region with heights of h1 and h2, while the aspect ratio is defined as M = h1/h2. The
spherical-shaped encapsulated PCM is considered with a particle size of 20 mm. At the
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inlet section, a sequential velocity is defined. For half of the inlet, it is uniform with a value
of u1 while for the other half of the section, it is u0. The sequential velocity parameter is
described with K = u1/u0. This shows the significance of the velocity near the wall region
which is important to be considered for the PC process. The fluid temperature at the inlet
is Ti. The distance of the PCM-PB region from the inlet is H1, while H2 is the distance from
the exit. The radius of the cylindrical reactor is L = 2L0, while H is the height. A radially
acting MF is imposed within the whole computational domain. Constant and spatially
varying MF effects are used. In the case of spatially varying MF, a sinusoidal form with
wave number (N) and amplitude of A is considered as shown in Figure 2.

u0 u1

L0 L0

h1
h2

H1

H2
B⃗0

γ

z

r

PCM−PB

outlet

inlet

h1 /h2=M

u1 /u0=K

r=0,axis
symmetric

T=Ti
sequential velocity

adiabatic

Figure 1. Schematic view of the geometry with boundary conditions.
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Figure 2. Configurations for constant MF (a) and variable MF (b,c).

Hybrid TiO2-Al2O3 nanoparticles are used in the 40% ethylene glycol [51] which is
used as the HT fluid. The nanofluid shows Newtonian behavior and the effective thermal
conductivity (kn f )/viscosity (µn f ) property equations were derived by using experimental
data. They are given with the following expressions [51]:

kn f = 0.386e(2.27φ+0.002939T), (1)
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µn f = 7.1074 + 3.65φ− 0.14097T + 0.05176φT + 0.907φφ + 0.00092T2. (2)

The above given correlations are valid for 30–80 ◦C and 0.02–0.1%. In this range,
the nanofluid is also shown to behave as Newtonian. Effects of thermal radiation, Joule
heating, induced MF and displacement currents are ignored during the simulation. The
conservation equations in general form can be written as:

∇.u = 0 (3)

δ1
1
ε2

p
ρ(u.∇)u = ∇.

[
−pI + δ2

εp
µ
(
∇u + (∇u)T

)]
−δ3

(
µκ−1 + βpρ|u|

)
u + ~FM

(4)

ρCp
∂T
∂t

+ ρCpu.∇T = ∇.(k∇T), (5)

where Kozeny–Carmen permeability model is utilized:

κ =
d2

p

180

ε3
p

(1− εp)2 (6)

In the above equations, the values of δ1, δ2, δ3 become 1 for the PCM region, while they
are ε2

p, ε, 0 for the nanofluid region outside PCM. Lorentz forces due to the external MF are
included in the equations while it is acting in the radial direction as:

FM,r = 0, FM,z = −σwB2
0r. (7)

For the PCM zone, a function α is used which has values of 0 (T < (Tm − ∆Tm/2))
and 1 (T > (Tm + ∆Tm/2)). The energy equation with the following properties is used:

cp =
1
ρ

(
θρp1cp,p1 + (1− θ)ρp2cp,p2

)
+ L

∂αm

∂T
,

k = θkp1 + (1− θ)kp2, αm =
1
2
(1− θ)ρp2 − θρp1

θρp1 + (1− θ)ρp2
,

θ = 1− α, ρ = θρp1 + (1− θ)ρp2.

(8)

The phases are given with p1 and p2 while L denotes the latent heat of fusion. Between
the phases, a non-equilibrium HT interface is utilized, while phases and source terms
equations are stated as in the following.

A non-equilibrium H-T interface is used between the phases. Equations for phases
and source terms are given as [52,53]:

qs = −θpks∇Ts, qf = −(1− θp)k f∇Tf . (9)

θpρsCp,s
Ts

∂t
+∇.qs = qs f

(
Tf − Ts

)
+ θpQs, (10)

The terms qf and qs denote the conductive heat fluxes of phases, while qs f and Q are
the interstitial convective HT and source term. The related HT coefficient is described with
the following equation [52,53]:

1
hs f

=
2rp

k f Nu
+

2rp

βks
. (11)

The β value is 10 for spherical particles while the fluid-to-solid Nu number is written
as [54]:

Nu = 2 + 1.1Pr1/3Re0.6
p . (12)
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The particle Prandtl number (Pr) and Reynolds number (Re) are described by the
following:

Pr =
µcp, f

k f
, Rep =

2rpρ f |u f |
µ

. (13)

The inlet temperature of the nanofluid is taken as Ti = 345 K. The inlet temperature is
sequential and it has values of u1 and u0. A sequential velocity parameter K is defined
as K = u1/u0. The inlet temperatures near the wall and interior domain region can be
varied which can be used to control the PC process. An axis-symmetrical model is used
( ∂T

∂n = 0). The walls of the cylindrical container are adiabatic while a pressure outlet is
used at the exit. The value of the initial temperature is taken as 303 K. The PCM zone is
included in a conic-shaped region with an aspect ratio of M = h1/h2 and it is also varied
during the simulation. Both constant and spatially varying MF effects are considered. A
sinusoidal-shaped spatially varying MF is considered while the impacts of wave amplitude
and its number on the PC process are examined.

The Reynolds number (Re) and Hartmann number (Ha) are the relevant non-dimensional
numbers and they are described as:

Re =
ūHρ

µ
, Ha = B0H

√
σ

ρν
. (14)

where ū is the average velocity at the inlet section.
The solution of the above given equations is made by using a Galerkin weighted

residual Finite Element Method (FEM). Approximated field variables of interest are used
in the governing equations. The approximation is stated as in the following:

b =
Ns

∑
k=1

Φs
kBk (15)

where Lagrange finite elements of different orders are used for the approximation of any
field variable of interest (b). Φs and Bk denote the shape function and nodal value. The
weighted average of the residuals (R) is set to be zero as by using a wright function (W) as
in the following: ∫

V
WRdV = 0. (16)

The following convergence criteria is considered:∣∣∣∣Γn+1 − Γn

Γn+1

∣∣∣∣ ≤ η (17)

where n denotes the iteration number. The convergence criterion of η = 10−7 is set. The time-
dependent part is treated by using a second-order backward differentiation (BFD) algorithm.
The commercial computational fluid dynamics (CFD) code Comsol [53] is utilized.

Grid independence is tested by using different number of elements. Figure 3a shows
the full phase transition times (tF in minutes) for various grid sizes at two MF strengths.
Grid system G5 with 56,892 number of elements is selected for the subsequent computations.
The grid is refined at the interfaces and towards the walls. The grid distribution of the
computational model is given in Figure 3b.

For the validation purpose, two different studies are used. In the first work, convective
HT in a differentially heated cavity under MF effects is considered as in the study available
in [55]. Comparisons of the average Nu with different Ra numbers at Ha = 30 are shown
in Figure 4. The highest deviation below 3% between the results is obtained. In the second
validation study, results from [56] were used where PC dynamics in a differentially heated
cavity were examined. Comparisons of the solidified volume fraction which depends



Mathematics 2021, 9, 3019 7 of 18

upon the dimensionless time (t1), aspect ratio (Ar) and Rayleigh number (Ra) are shown in
Figure 5. The maximum deviation of −9.3% is observed.
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Figure 3. Grid-independence test results for various grid sizes at two different MF strengths (a) and
grid distributions of the model (b) (constant MF, M = 0.5, φ = 0.1%).
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Figure 4. Code validation 1: comparisons of the average Nu for different Rayleigh numbers at a
Hartmann number of 30. Results presented in [55] were used.
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Figure 5. Code validation 2: comparisons of the solidified volume fraction for PC dynamics in a
differentially heated cavity. Results presented in [56] were used.

3. Results and Discussion

Combined impacts of using sequential velocity and variable MF on the PC during
hybrid nanofluid convection through a 3D cylinder containing PCM-PB system is analyzed
with FEM. Impacts of sequential velocity parameter (K, between 0.5 and 1.5), conic shape
PCM-PB geometric factor (M, between 0.2 and 0.9), strength of MF (Ha number between 0
and 50) and solid volume fraction of hybrid nanoparticles (between 0.02% and 0.1%) on
the PC dynamics are numerically assessed.

The sequential velocity parameter (K) is used to define different velocity levels near
the walls and in the interior domain. Phase completion time is slow especially near the
walls which needs to be accelerated. Impacts of the sequential parameter (K) on the time
evolution of the liquid fraction (LFR) are shown in Figure 6. A higher value of K denotes a
higher velocity component near the wall of the inlet section. At higher times, phase change
(PC) accelerated especially in the interior domain. As the value of K is increased, it becomes
fast in those regions as well and, at t = 16 min for K = 1.5, full phase completion is observed.
The dynamics of the PC process is represented in terms of average liquid fraction (LFR)
and it is affected by the variation of K. A higher value of K results in a fast PC process and
a reduction of the full phase transition time (tF in minutes) is seen (Figure 7a,b).

This feature is observed either in the absence (Ha = 0) or presence of MF effects
(Ha = 50). In the absence of MF effects, the amount of reduction in tF is 32%, while this
is 22% when cases with the smallest and largest K values are compared. This shows that
the MF effects also become important when sequential velocities are considered at the
inlet section. Figure 8 shows the impacts of MF strength on the distribution of the time-
dependent liquid fraction. At higher times, the effects of using MF become apparent as the
LFR becomes higher near the walls. This is due to the enhanced effects of velocity near the
walls with higher MF while thermal transport is increased and the PC process is accelerated.
This will even become faster by increasing the sequential parameter (K) as shown in
Figure 8, where full phase completion is achieved at t = 16 min. The characteristics of the
dynamics for LFR with varying MF strengths depend upon the sequential parameter. As
the value is lower which indicates lower fluid velocities near the wall, the MF has positive
impacts at later times. As the MF strength is increased, the PC process is accelerated while
a reduction in the complete phase transition time is achieved (Figure 9c). The impacts of
MF on the PC is more pronounced, especially when the value of K is small where the fluid
velocity near the wall becomes smaller. At K = 0.5, the amount of reduction in tF is 26%
when cases with MF at Ha = 0 and Ha = 50 are compared. However, this value becomes
only 14.7% when configurations at K = 1.5 are considered.

Including nano-sized particles in the base fluid improves the thermal transport and
the PC process is expected to be fast. The dynamic features of the LFR are influenced
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by including nanoparticles and increasing their amount in the HT fluid as shown in
Figure 10a,b. A reduction in the full phase transition time (tF) is seen with higher solid
volume fraction (svf). The amount of reduction in tF also depends upon the MF strength. In
the absence of MF effects, there is 7% reduction in tF with the highest svf of nanoparticles
loading, while this is 12% when MF at the highest strength (Ha = 50) is considered. When
nanoparticles are used, both thermal and electrical conductivities are enhanced. As the MF
has positive impacts on the PC process due to the increased fluid velocity near the walls,
increasing the svf of nanoparticles in the fluid, further improves the performance of PC
under MF effects with higher strengths.

(a) K = 0.5, t = 4 (b) K = 0.5, t = 8 (c) K = 0.5, t = 12 (d) K = 0.5, t = 16

(e) K = 1, t = 4 (f) K = 1, t = 8 (g) K = 1, t = 12 (h) K = 1, t = 16

(i) K = 1.5, t = 4 (j) K = 1.5, t = 8 (k) K = 1.5, t = 12 (l) K = 1.5, t = 16

Figure 6. Effects of the sequential velocity parameter (K) on the distribution of liquid fraction (LFR)
at various time instances (t in minutes) (a–l) (constant MF, Ha = 15, M = 0.5, φ = 0.1%).
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Figure 7. Impacts of the sequential velocity parameter (K) on the time evolution of the liquid fraction
(LFR) (a) and complete phase transition time (b); effects of the conic aspect ratio (M) on the time-
dependent variation of phase completion time (c). In case (b,c), left and right y-axes show results for
Ha = 0 and Ha = 50 (constant MF, φ = 0.1%).

The MF can be constant as discussed above or it may be imposed as spatially varying.
We considered a sinusoidal shape in the radial direction for the MF strength. Its amplitude
is A and the number of waves denote the number of half sinus waves which is represented
by N. For comparisons, the constant magnetic field case is also considered for the PC
process. Figure 11 shows the complete phase transition time (tF) with varying amplitude
(A), wave number (b) and strength (c) of the spatially varying MF. When the amplitude
of spatially varying MF increases, the value of tF reduces which is due to the increased
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effects of MF within the domain. There is 11% variation in the value of tF for configurations
with the smallest (A = 0.1) and largest (A = 1) amplitudes. The values of tF first reduces
from N = 1 to N = 2 and, then, increases thereafter from N = 2 to N = 12. There is 16%
variation in the phase completion time when the wave number of the spatially varying MF
is altered. Both in the cases with constant MF and variable MF effects, the phase change
process becomes fast with higher MF strengths. The case of constant MF resulted in fast
transition times as it is expected due to the effectiveness of the MF within the PCM region.
The reduction amount of tF is 18% for the case of constant MF at the highest strength, while
this is only 11% for the varying MF case at Ha = 50.

(a) Ha = 0, K = 0.5, t = 4 (b) Ha = 0, K = 0.5, t = 8 (c) Ha = 0, K = 0.5, t = 12 (d) Ha = 0, K = 0.5, t = 16

(e) Ha = 50, K = 0.5, t = 4 (f) Ha = 50, K = 0.5, t = 8 (g) Ha = 50, K = 0.5, t = 12 (h) Ha = 50, K = 0.5, t = 16

(i) Ha = 50, K = 1.5, t = 4 (j) Ha = 50, K = 1.5, t = 8 (k) Ha = 50, K = 1.5, t = 12 (l) Ha = 50, K = 1.5, t = 16

Figure 8. Time evolution of liquid fraction (LFR) distribution for (Ha = 0, K = 0.5) (a–d), for (Ha = 50, K = 0.5) (e–h) and for
(Ha = 50, K = 1.5) (i–l) (constant MF, M = 0.5, φ = 0.1%).
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Figure 9. Impacts of MF strength on the dynamic features of the LFR at K = 0.5 (a), K = 1.5 (b) and on
the complete phase transition time (c). In case (c), left and right y-axes show results for K = 0.5 and
K = 1.5 (constant MF, M = 0.5, φ = 0.1%).
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Figure 10. Solid volume fraction (svf) of nanoparticles on the time-dependent variation of LFR at
Ha = 0 (a), at Ha = 50 (b) and on the phase completion time (c). In case (c), left and right y-axes show
results for Ha = 0 and Ha = 50 (constant MF, K = 1.5, M = 0.5).



Mathematics 2021, 9, 3019 14 of 18

A

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

tF
 (

m
in

)

15

15.5

16

16.5

17

17.5

varying MF

constant MF

(a) N = 3, Ha = 40

N

0 2 4 6 8 10 12

tF
 (

m
in

)

15

15.5

16

16.5

17

17.5

18

varying MF

constant MF

(b) A = 0.5, Ha = 40

Ha

0 5 10 15 20 25 30 35 40 45 50

tF
 (

m
in

)

15

15.5

16

16.5

17

17.5

18

18.5
varying MF

constant MF

(c) A = 0.5, N = 3

Figure 11. Impacts of varying MF amplitude (a), wave number (b) and MF strength (c) on the
variation of the complete phase transition time (K = 1.25, M = 0.5, φ = 0.1%).

4. Conclusions

A novel technique for fast phase transition and control is proposed for a PCM-PB
system with a 3D cylinder during hybrid nanofluid convection by using sequential velocity
and variable MF effects. The following conclusions can be drawn:
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• As the sequential velocity parameter (K) becomes higher, a fast phase transition occurs
due to the enhanced wall region velocity. When cases with the lowest and highest K
are compared, there is 21.6% reduction in the complete phase transition time (tF).

• Higher MF strength resulted in fast PC. The impact of MF on the PC process is
significant with lower values of K while at K = 0.5, tF is reduced by about 26% at the
highest MF strength.

• Nanoparticle utilization in the base fluid further improves the performance. This is
more effective in the presence of MF effects at the highest strength while 12% reduction
in the tF is obtained at the highest nanoparticle concentration.

• When spatially varying MF effects are considered, a 11% variation in the phase
completion time is observed when the cases with the largest and smallest wave
amplitudes are compared.

• When the wave number of the spatially varying MF effects are considered, 16%
variation in the tF is seen for the cases with the largest and smallest wave numbers.

• Sequential velocity and MF combination provides a novel way of controlling the PC
process with with the 3D cylindrical reactor with an installed PCM-PB system.

The present study shows that using sequential velocity and MF together, the PC
dynamics can be controlled effectively. As PCM-installed systems are relevant in many
technological applications ranging from thermal energy storage to thermal management
in solar energy, electronic cooling, waste heat recovery, heat exchanger design and many
others, the outcomes of the present work can be used for the design and optimization
of the PC process in diverse applications. The current work can be extended to include
different nanoparticles, shape effects of nanoparticles, different PCMs and different thermal
boundary conditions.
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Abbreviations

A wave amplitude
h heat transfer coefficient, (W/m2K)
H reactor height, (m)
Ha Hartmann number
k thermal conductivity, (W/mK)
K sequential velocity parameter
M geometric factor
N wave number
Nu Nusselt number
p pressure, (Pa)
Pr Prandtl number
Re Reynolds number
T temperature, (K)
u, v x-y velocity components, (m/s)
x, y Cartesian coordinates, (m)
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Greek Characters
α thermal diffusivity, (m2/s)
φ solid volume fraction
ν kinematic viscosity, (m2/s)
ρ density of the fluid, (kg/m3)
Subscripts
c cold
h hot
m average
nf nanofluid
p solid particle
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