
mathematics

Article

The Stability Analysis of A-Quartic Functional Equation

Chinnaappu Muthamilarasi 1,†, Shyam Sundar Santra 2,*,† , Ganapathy Balasubramanian 1,† ,
Vediyappan Govindan 1,†, Rami Ahmad El-Nabulsi 3,4,5,*,† and Khaled Mohamed Khedher 6,7,†

����������
�������

Citation: Muthamilarasi, C.; Santra,

S.S.; Balasubramanian, G.; Govindan,

V.; El-Nabulsi, R.A.; Khedher, K.M.

The Stability Analysis of A-Quartic

Functional Equation. Mathematics

2021, 9, 2881. https://doi.org/

10.3390/math9222881

Academic Editor: Dumitru Baleanu

Received: 25 June 2021

Accepted: 23 July 2021

Published: 12 November 2021

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

1 Department of Mathematics, Government Arts College for Men, Krishnagiri, Tamilnadu 635001, India;
muthamil22@gmail.com (C.M.); gbs_geetha@yahoo.com (G.B.); govindoviya@gmail.com (V.G.)

2 Department of Mathematics, JIS College of Engineering, Kalyani, West Bengal, 741235, India
3 Research Center for Quantum Technology, Faculty of Science, Chiang Mai University,

Chiang Mai 50200, Thailand
4 Department of Physics and Materials Science, Faculty of Science, Chiang Mai University,

Chiang Mai 50200, Thailand
5 Athens Institute for Education and Research, Mathematics and Physics Divisions, 8 Valaoritou Street,

Kolonaki, 10671 Athens, Greece
6 Department of Civil Engineering, College of Engineering, King Khalid University, Abha 61421, Saudi Arabia;

kkhedher@kku.edu.sa
7 Department of Civil Engineering, High Institute of Technological Studies, Mrezgua University Campus,

Nabeul 8000, Tunisia
* Correspondence: shyam01.math@gmail.com or shyamsundar.santra@jiscollege.ac.in (S.S.S.);

nabulsiahmadrami@yahoo.fr (R.A.E.-N.)
† These authors contributed equally to this work.

Abstract: In this paper, we study the general solution of the functional equation, which is derived
from additive–quartic mappings. In addition, we establish the generalized Hyers–Ulam stability of
the additive–quartic functional equation in Banach spaces by using direct and fixed point methods.

Keywords: additive–quartic functional equation; Hyers–Ulam stability; fixed point method

MSC: 39B52; 39B82

1. Introduction

The concept of stability for various functional equations arises when one replaces a
functional equation by an inequality, which acts as a perturbation of the equation. The first
stability problem of the functional equation was introduced by the mathematician S.M.
Ulam [1] in 1940. Since then, this question has attracted the attention of many researchers.
Note that the first solution to this question of Ulam was given by D.H. Hyers [2] in 1941 in
the case of approximately additive mappings. Thereafter, Hyers’ result was generalized by
Aoki [3] and improved for additive mappings, and subsequently improved by Rassias [4]
for linear mappings by allowing the Cauchy difference to be unbounded.

During the last eight decades, the stability problem of various functional equations
was studied and established by several mathematicians for different kinds of mappings in
various spaces, including random normed spaces and fuzzy Banach spaces [5,6], etc. For
various other results on the stability of functional equations, see [7–17]. Most of the proofs
of stability problems in the sense of Hyers–Ulam have used Hyers’ direct method. The
exact solution of the functional equation is explicitly obtained as the limit of a sequence,
which starts from the given approximate solution.

In 2003, Radu [18] introduced a new method, called the fixed point alternative method,
to investigate the existence of exact solutions and error estimations and established that
a fixed point alternative method is more essential to the solution of the Ulam stability
problem for approximate homomorphisms. Subsequently, some authors [19,20] applied the
fixed alternative method to investigate the Hyers–Ulam stability of several functional equa-
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tions in various directions [21,22]. To further explore the oscillation theory of functional
differential equations, we refer the readers to [23–28].

In 2020, C. Park et al. [29] obtained the general solution and proved the Hyers–Ulam
stability of the following quadratic–multiplicative functional equation of the form

f (st− uv) + f (sv + tu) = [ f (s) + f (u)][ f (t) + f (v)]

by using the direct method and the fixed point method. In the same year, Abasalt et al. [30]
established the system of functional equations defining a multi m-Jensen mapping to a
single equation. Using a fixed point theorem, they studied the generalized Hyers–Ulam
stability of such an equation. Moreover, they proved that the the multi m-Jensen mappings
are hyperstable.

Recently, Badora et al. [31] studied the Ulam stability of some functional equations
using the Banach limit. They also illustrated the results with the examples of the linear
functional equation in single variable and the Cauchy equation. In addition, Karthikeyan
et al. [32] discussed the solution in vector spaces, proved the Ulam–Hyers stability of the
quartic functional equation originating from the sum of the medians of a triangle in fuzzy
normed space by using both direct and fixed point methods, and proved the Ulam–Hyers
stability of the considered functional equation in paranormed spaces using both direct and
fixed point methods. For more, see also [33–35].

One of the most famous functional equations is the additive functional equation:

h(w + x) = h(w) + h(x). (1)

In 1821, it was first solved by A. L. Cauchy in the class of continuous real-valued
functions. It is often called an additive Cauchy functional equation in honor of Cauchy. The
theory of additive functional equations is frequently applied to the development of theories
of other functional equations. Moreover, the properties of additive functional equations are
powerful tools in almost every field. Every solution of the additive functional Equation (1)
is called an additive function.

In [13], Lee et al. considered the following functional equation:

h(2w + x) + h(2w− x) = 4h(w + x) + 4h(w− x) + 24h(w)− 6h(x). (2)

It is said to be a quartic functional equation because the quartic function h(x) = ax4 is a
solution of the functional Equation (2).

Based on the above investigations, the main purpose of this paper is to prove the
general solution of the additive–quartic functional equation of the form

h(ηw1 + η2w2 + η3w3) + h(−ηw1 + η2w2 + η3w3) + h(ηw1 − η2w2 + η3w3) + h(ηw1 + η2w2 − η3w3)

= 2
[

h(ηw1 + η2w2) + h(η2w2 + η3w3) + h(ηw1 + η3w3) + h(ηw1 − η2w2) + h(η2w2 − η3w3)

+h(ηw1 − η3w3)
]
− 2
[
η4(h(w1) + h(−w1)) + η8(h(w2) + h(−w2)) + η12(h(w3) + h(−w3))

]
−
[
η(h(w1)− h(−w1)) + η2(h(w2)− h(−w2)) + η3(h(w3)− h(−w3))

]
(3)

in different cases, where η is a fixed real number. It is easy to see that h(w) = aw and
h(w) = aw4 satisfies the functional Equation (3). Moreover, by using the direct and fixed
point method, we prove the generalized Hyers–Ulam stability of the additive–quartic
functional Equation (3) in Banach spaces.

2. General Solution of the Additive Functional Equation (3) (When h Is Odd)

In this section, the authors investigate the general solution of the additive functional
Equation (3).
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Lemma 1. Let W and X be real vector spaces. If an odd mapping h : W → X satisfies (3), then h
is additive.

Proof. Let h : W → X be a function which satisfies the functional Equation (3). Setting
(w1, w2, w3) by (0, 0, 0) in (3), we get h(0) = 0. Replacing (w1, w2, w3) by (w, 0, 0) in (3),
we get

h(ηw) = ηh(w), (4)

for all w ∈W. Replacing (w1, w2, w3) by (0, w, 0) in (3), we obtain

h(η2w) = η2h(w), (5)

for all w ∈W. Replacing (w1, w2, w3) by (0, 0, w) in (3), we get

h(η3w) = η3h(w), (6)

for all w ∈W. In general, by using (4), (5) and (6), for any positive integer a, we have

h(aw) = ah(w), (7)

for all w ∈W. One can easily verify from (7) that

h
(w

a

)
=

1
a

h(w), (8)

for all w ∈W. Replacing (w1, w2, w3) by
(

w
η , x

η2 , 0
)

in (3), we get

2h(w + x) + h(−w + x) + h(w− x) = 2h(w + x) + 2h(x− w) + 2h(−x) + 2h(w), (9)

for all w, x ∈W. Using oddness of h in (9), we get

0 = 2h(x− w)− 2h(x) + 2h(w), (10)

for all w, x ∈W. Setting w by −w in (10), we have

2h(x + w)− 2h(x) + 2h(−w) = 0, (11)

for all w, x ∈W. Using oddness of h in (11), we get

h(w + x) = h(w) + h(x), (12)

for all w, x ∈W.

3. General Solution of the Functional Equation (3) (When h Is Even)

In this section, we study the general solution of the quartic functional Equation (3) for
an even case.

Lemma 2. Assume that W and X are real vector spaces. If an even mapping h : W → X satisfies
the functional equation

h(2w + x) + h(2w− x) = 4h(w + x) + 4h(w− x) + 24h(w)− 6h(x), (13)
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for all w, x ∈W if only if h : W → X satisfies the functional equation

h(ηw1 + η2w2 + η3w3) + h(−ηw1 + η2w2 + η3w3) + h(ηw1 − η2w2 + η3w3) + h(ηw1 + η2w2 − η3w3)

= 2
[

h(ηw1 + η2w2) + h(η2w2 + η3w3) + h(ηw1 + η3w3) + h(ηw1 − η2w2) + h(η2w2 − η3w3) (14)

+h(ηw1 − η3w3)
]
− 2
[
η4(h(w1) + h(−w1)) + η8(h(w2) + h(−w2)) + η12(h(w3) + h(−w3))

]
−
[
η(h(w1)− h(−w1)) + η2(h(w2)− h(−w2)) + η3(h(w3)− h(−w3))

]
for all w1, w2, w3 ∈W.

Proof. Let h : W → X satisfy the functional Equation (2). Setting (w, x) by (0, 0, 0), we get
h(0) = 0. Replacing (w, x) by (0, x), we get

h(−x) = h(x) (15)

for all x ∈W. Setting (w, x) by (w, 0) and (w, w) in (2), we obtain

h(2w) = 16h(w) and h(3w) = 81h(w) (16)

for all w ∈W. In general, for any positive integer m, such that

h(mw) = m4h(w) (17)

for all w ∈ W. Replacing w and x by ηw1 + η2w2 and ηw1 − η2w2 in (2), respectively, we
have

h(3ηw1 + η2w2) + h(ηw1 + 3η2w2) = 64h(ηw1) + 64h(η2w2) + 24h(ηw1 + η2w2)− 6h(ηw1− η2w2) (18)

for all w1, w2 ∈W. Replacing ηw1 and η2w2 by ηw1 + η2w2 and 2η2w2 in (2), respectively,
we get

4h(ηw1 + η2w2) + 4h(ηw1) = h(ηw1 + 3η2w2) + h(ηw1 − η2w2) + 6h(ηw1 + η2w2)− 24h(η2w2) (19)

for all w1, w2 ∈W. Interchanging ηw1 and η2w2 in (19), we obtain

4h(η2w2 + 2ηw1) + 4h(η2w2) = h(η2w2 + 3ηw1) + h(η2w2 − ηw1) + 6h(η2w2 + ηw1)− 24h(ηw1) (20)

for all w1, w2 ∈W. Adding (19) and (20) and using (18), we get

4h(ηw1 + η2w2) + 4h(ηw1) + 4h(η2w2 + 2ηw1) + 4h(η2w2) = h(η2w2 + 3ηw1) + h(η2w2 − ηw1)

+ 6h(η2w2 + ηw1)− 24h(ηw1)+ h(ηw1 + 3η2w2)+ h(ηw1− η2w2)+ 6h(ηw1 + η2w2)− 24h(η2w2)

for all w1, w2 ∈W. Now, using Equation (18), we get

4h(ηw1 + η2w2) + 4h(η2w2 + 2ηw1) = 64h(ηw1) + 64h(η2w2) + 24h(ηw1 + η2w2)

− 6h(ηw1− η2w2)+ 12h(ηw1 + η2w2)+ h(ηw1− η2w2)+ h(η2w2− ηw1)− 28h(ηw1)− 28h(η2w2)

for all w1, w2 ∈W. Again using h(−w) = h(w), we have

h(ηw1 + 2η2w2)+ h(η2w2 + 2ηw1) = 9h(ηw1)+ 9h(η2w2)+ 9h(ηw1 + η2w2)− h(ηw1− η2w2) (21)

for all w1, w2 ∈W. Replacing z = ηw1 and x = η3w3 in (2), we have

h(2ηw1 + η3w3) + h(2ηw1 − η3w3) = 24h(ηw1)− 6h(η3w3) + 4h(ηw1 + η3w3) + 4h(ηw1 − η3w3) (22)

for all w1, w2 ∈W. Substituting z = η2w2 and x = η3w3 in (2), we get

h(2η2w2 + η3w3) + h(2η2w2 − η3w3) = 24h(η2w2)− 6h(η3w3) + 4h(η2w2 + η3w3) + 4h(η2w2 − η3w3) (23)
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for all w1, w2 ∈W. Adding (22) and (23), we obtain

9h(2ηw1 + η3w3) + 9h(2ηw1 − η3w3) + 9h(2η2w2 + η3w3) + 9h(2η2w2 − η3w3)

= 36h(ηw1 + η3w3) + 36h(ηw1 − η3w3) + 36h(η2w2 + η3w3) + 36h(η2w2 − η3w3) (24)

+ 216h(ηw1) + 216h(η2w2)− 108h(η3w3),

for all w1, w2, w3 ∈ W. Interchanging ηw1 = 2ηw1 + η3w3 and η2x2 = 2η2w2 + η3w3 in
Equation (21), we have

h(2ηw1 + 4η2w2 + 3η3w3) + h(4ηw1 + 2η2w2 + 3η3w3) = 9h(2ηw1 + η3w3) + 9h(2η2w2 + η3w3)

+ 9h(2ηw1 + 2η2w2 + 2η3w3)− h(2ηw1 − 2η2w2), (25)

for all w1, w2, w3 ∈ W. Substituting ηw1 and η2w2 by 2ηw1 − η3w3 and η2w2 = 2η2w2 −
η3w3
in (21), we get

h(2ηw1 + 4η2w2 − 3η3w3) + h(4ηw1 + 2η2w2 − 3η3w3) = 9h(2ηw1 − η3w3) + 9h(2η2w2 − η3w3)

+ 9h(2ηw1 + 2η2w2 − 2η3w3)− h(2ηw1 − 2η2w2), (26)

for all w1, w2, w3 ∈W. Adding (25) and (26) and using (2), we get

9h(2ηw1 + η3w3) + 9h(2rw2 + η3w3) = 9h(2ηw1 − η3w3) + 9h(2η2w2 − η3w3)

= 4h(ηw1 + 2η2w2 + 3η3w3) + 4h(ηw1 + 2η2w2 − 3η3w3) + 24h(ηw1 + 2η2w2)

− 6h(3η3w3) + 4h(2ηw1 + η2w2 + 3η3w3) + 4h(2ηw1 + η2w2 − 3η3w3) + 24h(ηw1 + η2w2) (27)

− 6h(3η3w3)− 144h(ηw1 + η2w2 + η3w3)

− 144h(ηw1 + η2w2 − η3w3) + 32h(ηw1 − η2w2),

for all w1, w2, w3 ∈W. By Equations (24) and (27), we obtain

36h(ηw1 + η3w3) + 36h(ηw1 − η3w3) + 216h(ηw1)− 54h(η3w3) + 36h(η2w2 + η3w3)

+ 36h(η2w2 − η3w3) + 216h(η2w2)− 54h(3η3w3) = 4h(ηw1 + 2η2w2 + 3η3w3)

+ 4h(ηw1 + 2η2w2 − 3η3w3) + 24h(ηw1 + 2η2w2)− 6h(3η3w3) + 4h(2ηw1 + η2w2 + η3w3) (28)

+ 4h(2ηw1 + η2w2 − 3η3w3) + 24h(2ηw1 + η2w2)− 6h(3η3w3)− 144h(ηw1 + η2w2 + η3w3)

− 144h(ηw1 + η2w2 − η3w3) + 32h(ηw1 − η2w2),

for all w1, w2, w3 ∈ W. Substituting ηw1 and η2w2 by 2ηw1 + η3w3 and η2w2 = 2η2w2 −
η3w3 in (21), we have

9h(2ηw1 + η3w3) + 9h(2ηw1 − η3w3) = h(2ηw1 + 4η2w2 − η3w3) + h(4ηw1 + 2η2w2 + η3w3)

− 9h(2ηw1 + 2η2w2) + h(2ηw1 − 2η2w2 + 2η3w3), (29)

for all w1, w2, w3 ∈ W. Putting ηw1 = 2ηw1 − η3w3 and η2w2 = 2η2w2 + η3w3 in (21),
we have

9h(2ηw1 − η3w3) + 9h(2η2w2 + η3w3) = h(2ηw1 + 4η2w2 + η3w3)

+ h(4ηw1 + 2η2w2 − η3w3)− 9h(2ηw1 + 2η2w2) + h(2ηw1 − 2η2w2 − 2η3w3), (30)
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for all w1, w2, w3 ∈W. Adding (29) and (30), we get

9h(2ηw1 + η3w3) + 9h(2ηw1 − η3w3) + 9h(2ηw1 − η3w3) + 9h(2η2w2 + η3w3)

= h(2ηw1 + 4η2w2 − η3w3) + h(4ηw1 + 2η2w2 + η3w3)− 9h(2ηw1 + 2η2w2) (31)

+ h(2ηw1 − 2η2w2 + 2η3w3) + h(2ηw1 + 4η2w2 + η3w3) + h(4ηw1 + 2η2w2 − η3w3)

− 9h(2ηw1 + 2η2w2) + h(2ηw1 − 2η2w2 − 2η3w3),

for all w1, w2, w3 ∈W. Using (2) in the above Equation (31), we get

9h(2ηw1 + η3w3) + 9h(2η2w2 − η3w3) + 9h(2ηw1 − η3w3) + 9h(2η2w2 + η3w3)

= 4h(ηw1 + 2η2w2 + η3w3) + 4h(ηw1 + 2η2w2 − η3w3) + 24h(ηw1 + 2η2w2)

− 6h(η3w3) + 4h(2ηw1 + η2w2 + η3w3) + 4h(2ηw1 + η2w2 − η3w3) + 24h(2ηw1 + η2w2) (32)

− 6h(η3w3)− 288h(ηw1 + η2w2)

+ 16h(ηw1 − η2w2 + η3w3) + 16h(ηw1 − η2w2 − η3w3),

for all w1, w2, w3 ∈W. Replacing η3w3 by 3η3w3 in (32), we get

9h(2ηw1 + 3η3w3) + 9h(2η2w2 − 3η3w3) + 9h(2ηw1 − 3η3w3) + 9h(2η2w2 + 3η3w3)

= 4h(ηw1 + 2η2w2 + 3η3w3) + 4h(ηw1 + 2η2w2 − 3η3w3) + 24h(ηw1 + 2η2w2)

− 6h(3η3w3) + 4h(2ηw1 + η2w2 + 3η3w3) + 4h(2ηw1 + η2w2 − 3η3w3) + 24h(2ηw1 + η2w2) (33)

− 6h(3η3w3)− 288h(ηw1 + η2w2)

+ 16h(ηw1 − η2w2 + 3η3w3) + 16h(ηw1 − η2w2 − 3η3w3),

for all w1, w2, w3 ∈W. Using (28) in (33), we have

9h(2ηw1 + η3w3) + 9h(2η2w2 − η3w3) + 9h(2ηw1 − η3w3) + 9h(2η2w2 + η3w3)

= 36h(ηw1 + η3w3) + 36h(ηw1 − η3w3) + 216h(ηw1)− 54h(η3w3) + 36h(η2w2 + η3w3)

+ 36h(η2w2 − η3w3) + 216h(η2w2)− 54h(η3w3) + 144h(ηw1 + η2w2 + η3w3) (34)

+ 144h(ηw1 + η2w2 − η3w3)− 32h(w1 − η2w2)− 288h(w1 + η2w2)

+ 16h(ηw1 − η2w2 + 3η3w3) + 16h(ηw1 − η2w2 − 3η3w3),

for all w1, w2, w3 ∈W. Substituting ηw1 = ηw1− η2w2 + 3η3w3 and η2w2 = ηw1− η2w2−
3η3w3 in (21), we have

9h(ηw1 − η2w2 + 3η3w3) + 9h(ηw1 − η2w2 − 3η3w3)

= 81h(ηw1 − η2w2 − η3w3) + 81h(ηw1 − η2w2 + η3w3) (35)

− 144h(ηw1 − η2w2) + 1296h(η3w3),

for all w1, w2, w3 ∈W. Dividing
(

16
9

)
on both sides of the last inequality, we get

16h(ηw1 − η2w2 + 3η3w3) + 16h(ηw1 − η2w2 − 3η3w3)

= 144h(ηw1 − η2w2 − η3w3) + 144h(ηw1 − η2w2 + η3w3) (36)

− 256h(ηw1 − η2w2) + 2304h(η3w3),
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for all w1, w2, w3 ∈W. Substituting (36) in (34), we obtain

9h(2ηw1 + 3η3w3) + 9h(2η2w2 − 3η3w3) + 9h(2ηw1 − 3η3w3) + 9h(2η2w2 + 3η3w3)

= 36h(ηw1 + η3w3) + 36h(ηw1 − η3w3) + 216h(ηw1)− 54h(η3w3) + 36h(η2w2 + η3w3)

+ 36h(η2w2 − η3w3) + 216h(η2w2)− 54h(η3w3) + 144h(ηw1 + η2w2 + η3w3) (37)

+ 144h(ηw1 + η2w2 − η3w3)− 32h(w1 − η2w2)− 288h(w1 + η2w2)

+ 144h(ηw1 + η2w2 − η3w3) + 144h(ηw1 − η2w2 + η3w3) + 2304h(η3w3),

for all w1, w2, w3 ∈W. Replacing ηw1 = 2ηw1 + 3η3w3 and η2w2 = 2ηw1 − 3η3w3 in (21),
we have

h(6ηw1 − 3η3w3) + h(6ηw1 + 3η3w3)

= 9h(2ηw1 + 3η3w3) + 9h(2ηw1 − 3η3w3) + 92h(4ηw1)− h(6η3w3), (38)

for all w1, w2, w3 ∈ W. Substituting ηw1 = 2η2w2 − 3η3w3 and η2w2 = 2η2w2 + 3η3w3
in (21), we get

h(6η2w2 + 3η3w3) + h(6η2w2 − 3η3w3)

= 9h(2η2w2 − 3η3w3) + 9h(2η2w2 + 3η3w3) + 9h(4η2w2)− h(6η3w3), (39)

for all w1, w2, w3 ∈W. Adding (38) and (39), we have

9h(2ηw1 + 3η3w3) + 9h(2η2w2 − 3η3w3) + 9h(2η2w2 − 3η3w3) + 9h(2η2w2 + 3η3w3)

= 324h(ηw1 + η3w3) + 324h(ηw1 − η3w3) + 1944h(ηw1)− 486h(η3w3) (40)

+ 324h(η2w2 + η3w3) + 324h(η2w2 − η3w3) + 1944h(η2w2)− 486h(η3w3)− 2304h(ηw1)

− 2304h(η2w2)− 2592h(η3w3),

for all w1, w2, w3 ∈W. From (37) and (40), the left-hand sides are equal, and we get

36h(ηw1 + η3w3) + 36h(η2w2 − η3w3) + 216h(ηw1)− 54h(η3w3) + 36h(η2w2 − η3w3)

+ 216h(η2w2)− 54h(η3w3) + 144h(ηw1 + η2w2 + η3w3) + 144h(ηw1 + η2w2 − η3w3)

− 32h(ηw1 − η2w2)− 288h(ηw1 + η2w2) + 144h(ηw1 − η2w2 − η3w3) (41)

+ 144h(ηw1 − η2w2 + η3w3)− 256h(ηw1 − η2w2) + 2304h(ηw1 − η2w2) + 2304h(η3w3)

= 324h(ηw1 + η3w3) + 324h(ηw1 − η3w3) + 1944h(ηw1)− 486h(η3w3)

+ 324h(η2w2 + η3w3) + 324h(η2w2 − η3w3) + 1944h(η2w2)− 486h(η3w3)− 2304h(ηw1)

− 2304h(η2w2) + 2592h(η3w3),

for all w1, w2, w3 ∈W. From the resultant Equation (41), we get

h(ηw1 + η2w2 + η3w3) + h(ηw1 + η2w2 − η3w3) + h(ηw1 − η2w2 − η3w3)

+ h(ηw1 + η2w2 − η3w3) = 2
(

h(ηw1 + η2w2) + h(ηw1 + η3w3) + h(η2w2 + η3w3)
)

(42)

+ 2
(

h(ηw1 − η2w2) + h(ηw1 − η3w3) + h(η2w2 − η3w3)
)

− 4
(

h(ηw1) + h(η2w2) + h(η3w3)
)

,

for all w1, w2, w3 ∈ W. Adding ηh(w1) + η2h(w2) + η3h(w3) on the two sides of (42) and
using the evenness of h, we obtain our desired result.



Mathematics 2021, 9, 2881 8 of 16

Conversely, h : W → X satisfies the functional Equation (3). Using the evenness of h
in (3), we have

h(ηw1 + η2w2 + η3w3) + h(−ηw1 + η2w2 + η3w3) + h(ηw1 − η2w2 + η3w3)

+ h(ηw1 + η2w2 − η3w3) = 2
(

h(ηw1 + η2w2) + h(η2w2 + η3w3) + h(ηw1 + η3w3)
)

(43)

+ 2
(

h(η2w2 − ηw1) + h(η3w3 − η2w2) + h(ηw1 − η3w3)
)

− 4η4h(w1)− 4η8h(w2)− 4η12h(w3),

for all w1, w2, w3 ∈ W. Setting (w1, w2, w3) by (0, 0, 0) in (43), we get h(0) = 0. Replacing
(w1, w2, w3) by (w, 0, 0), (0, w, 0) and (0, 0, w) in (43), we get

h(ηw) = η4h(w), h(η2w) = η8h(w) and h(η3w) = η12h(w) (44)

for all w ∈W. It is easy to verify from (44) that

h
(

w
ai

)
=

1
ai

h(w), i = 1, 2, 3 (45)

for all w ∈W. Replacing (w1, w2, w3) by
(

w
η , w

η2 , x
η3

)
in (43), we get

h(2w + x) + 2h(x) + h(2w− x) = 2h(2w)+

4h(w + x) + 2h(x− w) + 2h(w− x)− 8h(w)− 4h(x), (46)

for all w, x ∈W. Using the evenness of h in (46), we obtain

h(2w + x) + h(2w− x) = 4h(w + x) + 4h(w− x) + 24h(w)− 6h(x), (47)

for all w, x ∈W. Therefore, h is quartic.

4. Stability Results for (3) (Direct Method)

In this section, we present the generalized Hyers–Ulam stability of the functional
Equation (3). Throughout this section, let us consider W to be a normed space and X a
Banach space. Define a mapping A : W → X defined by

A(w1, w2, w3) = h(ηw1 + η2w2 + η3w3) + h(−ηw1 + η2w2 + η3w3)

+ h(ηw1 − η2w2 + η3w3) + h(ηw1 + η2w2 − η3w3)

− 2
[

h(ηw1 + η2w2) + h(η2w2 + η3w3) + h(ηw1 + η3w3)

+h(ηw1 − η2w2) + h(η2w2 − η3w3) + h(ηw1 − η3w3)
]

+ 2
[
η4(h(w1) + h(−w1)) + η8(h(w2) + h(−w2)) + η12(h(w3) + h(−w3))

]
+
[
η(h(w1)− h(−w1)) + η2(h(w2)− h(−w2)) + η3(h(w3)− h(−w3))

]
.

Lemma 3. Let h be a solution of the quartic functional Equation (3), j ∈ {−1, 1} and β : W3 →
[0, ∞) be a function such that

lim
k→∞

β(ηkjw1, ηkjw2, ηkjw3)

ηkj = 0,

for all w1, w2, w3 ∈W. Moreover, let A : W → X be a function satisfying the inequality

‖A(w1, w2, w3)‖ ≤ β(w1, w2, w3)
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for all w1, w2, w3 ∈W. Then, there exists a unique additive function B : W → X such that

‖h(w)− B(w)‖ ≤ 1
2η

∞

∑
k= 1−j

2

µ(ηkw)

ηk ,

where µ(w) = β(w, 0, 0). The mapping B(w) is defined by

B(w) = lim
l→∞

h(ηlw)

ηl

for all w ∈W.

Corollary 1. Let ς and t be non-negative real numbers. Then, there exists a function A : W → X
satisfying the inequality

‖A(w1, w2, w3)‖ ≤


ς,
ς
{

∑3
i=1 ‖wi‖t

}
,

ς
{

∏2
i=1 ‖wi‖t + ∑3

i=1 ‖wi‖3t
}

for all w1, w2, w3 ∈ W. Then, there exists B : W → X, which is a unique additive function such
that

‖h(w)− B(w)‖ ≤


ς

2|p−1|
ς‖z‖t

2|p−ηs | ; t 6= 1
ς‖z‖3t

2|p−η3s | ; t 6= 1
3

for all w ∈W.

Theorem 1. Let h be a solution of the quartic functional Equation (3) and j ∈ {−1, 1}. Let
β : W3 → [0, ∞) be a function such that

lim
k→∞

β(ηkjw1, ηkjw2, ηkjw3)

η4kj = 0, (48)

for all w1, w2, w3 ∈W and let Q : W → X be a function fulfilling the inequality

‖Q(w1, w2, w3)‖ ≤ β(w1, w2, w3), (49)

for all w1, w2, w3 ∈W. Then, there exists a unique additive function B : W → X such that

‖h(w)− R(w)‖ ≤ 1
4η4

∞

∑
k= 1−j

2

µ(ηkw)

η4k , (50)

for all w ∈W, where µ(w) = β(w, 0, 0). The mapping R(w) is defined by

R(w) = lim
l→∞

h(ηlw)

η4l , (51)

for all w ∈W.

Proof. Consider that j = 1. Replacing (w1, w2, w3) by (w, 0, 0) in (49), we get∥∥∥4η4h(w)− 4h(ηw)
∥∥∥ ≤ β(w, 0, 0), (52)
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for all w ∈W. It follows from (51) that∥∥∥∥h(ηw)

η4 − h(w)

∥∥∥∥ ≤ 1
4η4 β(w, 0, 0), (53)

for all w ∈W. Now, setting w by ηw and dividing by η4 in (53), we arrive at∥∥∥∥h(η2w)

η8 − h(ηw)

η4

∥∥∥∥ ≤ 1
4η8 β(ηz, 0, 0), (54)

for all w ∈W. Adding (53) and (54), we have∥∥∥∥h(η2w)

η8 − h(w)

∥∥∥∥ ≤ 1
4η4

[
β(w, 0, 0) +

β(ηz, 0, 0)
η4

]
,

for all w ∈W. In general, for any positive integer l, one can easily verify that∥∥∥∥∥h(ηlw)

η4l − h(w)

∥∥∥∥∥ ≤ 1
4η4

l−1

∑
k=0

µ(ηkw)

η4k ,

for all w ∈W and ∥∥∥∥∥h(ηlw)

η4l − h(w)

∥∥∥∥∥ ≤ 1
4η4

∞

∑
k=0

µ(ηkw)

η4k , (55)

for all w ∈W. To prove the convergence of the sequence
{

h(ηlw)
η4l

}
, replacing w by ηcw and

dividing η4c in (55), we get∥∥∥∥∥h(ηl+cw)

η4(l+c)
− h(ηcw)

η4c

∥∥∥∥∥ ≤ 1
4η4

l−1

∑
k=0

µ(ηk+cw)

η4(k+c)
→ 0 as c→ ∞, (56)

for all l, c > 0, w ∈W. Consequently,
{

h(ηl w)
η4l

}
is a Cauchy arrangement. Since X is Banach

space, there exists a mapping R : W → X to such an extent that

R(w) = lim
l→∞

h(ηlw)

η4l ,

for all w ∈W. Replacing l → ∞ in (55), we see that (51) holds for w ∈W. To prove that R
satisfies (3), replacing (w1, w2, w3) by (ηcz, η2cz, η3cw) and partitioning η4c in (49), we find

1
η4c

∥∥∥Q(ηcw, η2cw, η3cw)
∥∥∥ ≤ 1

η4c β(ηcw, η2cw, η3cw)

for all w1, w2, w3 ∈ W. Let c→ ∞ in the above inequality and the value of R(w), we find
that R(w1, w2, w3) = 0. Thus, R satisfies (3) for all wi ∈ W; i = 1, 2, 3 to show that R is
unique. Let S(w) be another quartic mapping satisfying (3) and (51), such that

‖R(w)− S(w)‖ ≤ 1
η4c {‖R(η

cw)− h(ηcw)‖+ ‖h(ηcw)− S(ηcw)‖}

≤ 1
4η4

∞

∑
l=0

∞

∑
l=0

µ(ηl+cw)

η4(l+c)
→ 0 as c→ ∞,

for all w ∈W and, also, R is unique. For j = −1, we obtain proof similar to that of Theorem 1.
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Corollary 2. Let ς and t be non-negative real numbers. The mapping A : W → X satisfying
the disparity

‖A(w1, w2, w3)‖ ≤


ς,
ς
{

∑3
i=1 ‖wi‖t

}
,

ς
{

∏2
i=1 ‖wi‖t + ∑3

i=1 ‖wi‖3t
} (57)

for all w1, w2, w3 ∈W. Then, there exists a unique additive mapping R : W → X such that

‖h(w)− R(w)‖ ≤


ς

4|η4−1|
ς‖w‖t

4|η4−ηt | ; t 6= 4
ς‖w‖3t

4|η4−η3t | ; t 6= 4
3

(58)

for all w ∈W.

5. Stability Result for (3) (Fixed Point Method)

In this section, we investigate the generalized Ulam–Hyers stability of the functional
Equation (3) fixed point method.

Lemma 4. Let A : W → X be mapping of this. There is a function β : w3 → [0, ∞) with the
conditions

lim
k→∞

β(ηk
i w1, ηk

i w2, ηk
i w3)

ηk
i

= 0

where

ηi =

{
η, i = 0;
1
η , i = 1

fulfilling the functional inequality

‖A(w1, w2, w3)‖ ≤ β(w1, w2, w3),

for all w1, w2, w3 ∈W. If there exists J = J(i) such that the function

z→ γ(w) =
1
2

β
(w

s
, 0, 0

)
has the property

γ(ηiw)

ηi
= Jγ(w),

for all w ∈W. Then, there exists a unique additive function R : W → X fulfilling the functional
Equation (3) and

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w)

for all w ∈W.

Corollary 3. Let ς and t be non-negative real numbers. Then, there exists a mapping A : W → X,
satisfying the disparity

‖A(w1, w2, w3)‖ ≤


ς,
ς
{

∑3
i=1 ‖wi‖t

}
,

ς
{

∏2
i=1 ‖wi‖t + ∑3

i=1 ‖wi‖3t
}
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for all w1, w2, w3 ∈W. Then, there exists a unique additive mapping R : W → X such that

‖h(w)− R(w)‖ ≤


ς

2|η−1|
ς‖w‖t

2|η−ηt | ; t 6= 1
ς‖w‖3t

2|η−η3t | ; t 6= 1
3

for all w ∈W.

Theorem 2. Let Q : W → X be a mapping for this. There is a function β : w3 → [0, ∞) with the
condition

lim
k→∞

β(ηk
i w1, ηk

i w2, ηk
i w3)

η4k
i

= 0 (59)

where

ηi =

{
η, i = 0;
1
η , i = 1

fulfilling the functional inequality

‖Q(w1, w2, w3)‖ ≤ β(w1, w2, w3), (60)

for all w1, w2, w3 ∈W. If there exists J = J(i) such that the function

w→ γ(w) =
1
4

β

(
w
η

, 0, 0
)

has the property
γ(ηiw)

η4
i

= Jγ(w), (61)

for all w ∈W. Then, there exists R : W → X fulfills (3) and

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w), (62)

for all w ∈W.

Proof. Let e be the complete metric on Ω, with the property that

e(q, r) = inf{k ∈ (0, ∞) : ‖q(w)− r(w)‖ ≤ kγ(w), w ∈W}.

It is easy to see that (Ω, e) is complete. Define S : Ω→ Ω by Sh(w) = 1
η4

i
h(ηiw) for all

w ∈W. For q, r ∈ Ω and w ∈W, we have

d(q, r) = k⇒ ‖q(w)− r(w)‖ ≤ kγ(w),

⇒
∥∥∥∥∥ q(ηiw)

η4
i
− r(ηiw)

η4
i

∥∥∥∥∥ ≤ 1
η4

i
kγ(ηiw),

⇒ ‖Sq(w)− Sr(w)‖ ≤ 1
η4

i
kγ(ηiw),

⇒ ‖Sq(w)− Sr(w)‖ ≤ Jkγ(w)

⇒ e(Sq(w), Sr(w)) ≤ kJ.

This implies e(Sq, Sr) ≤ Je(q, r). Hence, S is strictly contractive mapping on Ω with
Lipschitz constant J. It is follows from (52) that

‖4η4h(w)− 4h(ηw)‖ ≤ β(w, 0, 0), (63)
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for all w ∈W. It follows from (63) that

‖η4h(w)− h(ηw)‖ ≤ β(w, 0, 0)
4

, (64)

for all w ∈W. Using the above condition, for i = 0, it reduces to∥∥∥∥h(w)− h(ηw)

η4

∥∥∥∥ ≤ 1
η4 γ(w)⇒ ‖h(w)− Sh(w)‖ ≤ Jγ(w),

for all w ∈W. Hence, we get

e(Sh(w)− h(w)) ≤ J = J1−i, (65)

for all w ∈W. Replacing w by w
η in (64), we have∥∥∥∥η4g
(

w
η
− h(w)

)∥∥∥∥ ≤ 1
4

β

(
w
η

, 0, 0
)

, (66)

for all w ∈W. Using the above condition, for i = 1, we get∥∥∥∥η4g
(

w
η
− h(w)

)∥∥∥∥ ≤ γ(w)⇒ ‖Sh(w)− h(w)‖ ≤ γ(w),

for all w ∈W. Hence, we get

e(h(w)− Sh(w)) ≤ η4 = J1−i, (67)

for all w ∈W. From (65) and (67), we can conclude

e(h(w)− Sh(w)) ≤ J1−i < ∞, (68)

for all w ∈W. It follows a fixed point R : S→ Ω, such that

R(w) = lim
k→∞

h(ηk
i w)

η4k
i

, (69)

for all w ∈W. In order to prove that R : Z → X satisfies the quartic functional Equation (3),
the evidence is similar to that of Theorem 1. Since R is a unique fixed point S on the set
∆ = {g ∈ Ω/e(g, R) < ∞}, R is the unique function such that

e(g, R) ≤ 1
1− J

e(g, Sg),

that is,

e(g, R) ≤ J1−i

1− J

implies that

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w),

for all w ∈W.
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Corollary 4. Let ς and t be non-negative real numbers. If a function Q : W → X fulfilling the
functional inequality

‖Q(w1, w2, w3)‖ ≤


ς,
ς
{

∑3
i=1 ‖wi‖t

}
,

ς
{

∏2
i=1 ‖wi‖t + ∑3

i=1 ‖wi‖3t
} (70)

for all w1, w2, w3 ∈W. Then, there exists R : W → X such that

‖h(w)− R(w)‖ ≤


ς

4|η4−1|
ς‖w‖t

4|η4−ηt | ; t 6= 4
ς‖w‖3t

4|η4−η3t | ; t 6= 4
3

(71)

for all w ∈W.

Proof. Setting

β(w1, w2, w3) ≤


ς,
ς
{

∑3
i=1 ‖wi‖t

}
,

ς
{

∏3
i=1 ‖wi‖t + ∑3

i=1 ‖wi‖3t
}

for all w1, w2, w3 ∈W. Now,

β(ηk
i w1,ηk

i w2,ηk
i w3)

η4k
i

=


ς

η4k
i

,
ς

η4k
i

{
∑3

i=1 ‖ηiwi‖t
}

,
ς

η4k
i

{
∏3

i=1 ‖ηiwi‖t + ∑3
i=1 ‖ηiwi‖3t

}
,

=


→ 1 as k→ ∞
→ 1 as k→ ∞
→ 1 as k→ ∞.

Hence, Equation (59) holds. Since we have

γ(w) =
1
4

(
w
η

, 0, 0
)

and

γ(w) =
1
4

β

(
w
η

, 0, 0
)
=


ς
4
ς‖w‖t

4qt

ς‖w‖3t

4qt .

In addition,

1
η4

i
γ(ηiw) =


1

η4
i

ς
4

1
η4

i

ς‖w‖tηt
i

4ηt

1
η4

i

ς‖w‖3tηt
i

4η3t

 =


η−4

i γ(w)

ηt−4
i γ(w) ∀w ∈W.

η3t−4
i γ(w)

.

Therefore, the inequality (61) holds for the following cases:
Case 1: Let J = η−4

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

η−4

1− η−4 =
ς

4(η4 − 1)
, for i = 0.

Case 2: Let J = η4

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

1
1− η−4

ς

4
=

ς

4(1− η4)
for i = 0
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Case 3: Let J = ηt−4

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

ηt−4

1− ηt−4
ς‖w‖t

4ηt =
ς‖w‖t

4(η4 − ηt)
for t < 4, i = 0.

Case 4: Let J = η4−t

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

1
1− η4−t

ς‖w‖t

4ηt =
ς‖w‖t

4(ηt − η4)
for t > 4, i = 1.

Case 5: Let J = η3t−4

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

η3t−4

1− η3t−4
ς‖w‖3t

4η3t =
ς‖w‖3t

4(η4 − η3t)
for t <

4
3

, i = 0.

Case 6: Let J = η4−3t

‖h(w)− R(w)‖ ≤ J1−i

1− J
γ(w) =

1
1− η4−3t

ς‖w‖3t

4η3t =
ς‖w‖3t

4(43t − η4)
for t >

4
3

, i = 1.

Hence, the proof is completed.

6. Conclusions

In this paper, we have introduced the mixed-type additive–quartic functional Equation (3)
and have obtained the general solution of the mixed-type additive–quartic functional
Equation (3). Furthermore, we have proven the generalized Hyers–Ulam stability for the
mixed-type additive–quartic functional Equation (3) in Banach space using direct and fixed
point methods.
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