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Abstract: In this manuscript, we combine the notion of linear Diophantine fuzzy set (LDFS), un-
certain linguistic set (ULS), and complex fuzzy set (CFS) to elaborate the notion of complex linear
Diophantine uncertain linguistic set (CLDULS). CLDULS refers to truth, falsity, reference parame-
ters, and their uncertain linguistic terms to handle problematic and challenging data in factual life
impasses. By using the elaborated CLDULSs, some operational laws are also settled. Furthermore,
by using the power Einstein (PE) aggregation operators based on CLDULS: the complex linear
Diophantine uncertain linguistic PE averaging (CLDULPEA), complex linear Diophantine uncertain
linguistic PE weighted averaging (CLDULPEWA), complex linear Diophantine uncertain linguistic
PE Geometric (CLDULPEG), and complex linear Diophantine uncertain linguistic PE weighted
geometric (CLDULPEWG) operators, and their useful results are elaborated with the help of some
remarkable cases. Additionally, by utilizing the expounded works dependent on CLDULS, I propose
a multi-attribute decision-making (MADM) issue. To decide the quality of the expounded works,
some mathematical models are outlined. Finally, the incomparability and relative examination of the
expounded approaches with the assistance of graphical articulations are evolved.

Keywords: complex linear Diophantine uncertain linguistic sets; powered Einstein aggregation
operators; multi-attribute decision-making methods

1. Introduction

MADM is the basic procedure of the dynamic issues whose point is to distinguish
the amazingly productive choice(s) from the arrangement of potential ones. In gen-
uine dynamic, the individual requirements to ascertain the offered decisions by different
gatherings, such as solitary and time, of appraisal standards. By and by, in a few un-
steady circumstances, it is often hard for the supervisor to convey their choices as a
fresh number. To put together it, Zadeh [1] alluded the guideline of fuzzy sets (FSs), to
deal with the concerns in the information, using the TG (“Truth grade”) to explain the
agreement. Advancing this idea, Atanassov [2] stretched out FSs to the intuitionistic FSs
(IFSs) by adding the FG (“Falsity grade”) alongside TG to signify the information. Later,
researchers began to investigate it to determine MADM inconveniences [3—6]. Further,
Yager [7] changed the IFS to the standard of Pythagorean FSs (PFSs) with the standard:
78TG + ]:(éPG < 1. Later, examiners began to break it down comprehensively and gen-
uinely to determine MADM inconveniences [8-14]. In any case, the assortment of PFS
information is slight, with the limitation that the squares of TG 7¢,,, and FG F¢,, ought
not be better than one. To achieve the dynamic inconveniences explicitly, Yager [15] again
changed the PFS, proposing the hypothesis of g-rung orthopair FSs (QROFSs) with the
condition: 7'{1 + Fe 1 < 1. Uncertainties and PFS are a sure instance of QROFS, and
specialists have dlssected the hypothesis of QROFSs in MADM inconveniences [16-19].
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On the other hand, certain inadequacies in PFSs and QROFSs closely resemble the TG
and FG. Common constraints show that there exist a few dependences among the as-
sessments. To remove these limits, the rule of linear Diophantine FS (LDFS) was cre-
ated by Riaz et al. [20], which covers the TG 7, ,,, FG Fc,,,, and reference parameters
(Uc,p (xEL), By, (xE1)), including 0 < Te,, (xe1)8e,, (eL) + Feyp (eL) By (xEL) <
1, where 0 < g, (xg1) + B¢, (xpr) < 1. Later, researchers began to investigate it to
determine MADM inconveniences [21,22].

Ramot et al. [23] described the perplexing state of FSs (CFSs). He used TG (“Truth
grade”) to explain the confusion by looking like a complex number. As a result, Alkouri
and Salleh [24] stretched out CFSs to complex IFSs (CIFSs) by adding FG (Falsity grade)
alongside TG to imply the information. Later, researchers tried to determine MADM
inconveniences [25-29]. However, the assortment of CIFS information is slight, with the

limitation that TG 7¢ Rszlzn(TCIP) and FG ]—'@Rpelzn(fcll’) should not be superior to one. For
this, Ullah et al. [30] elabrated the complex PFSs (CPFSs) with a well-known property
7?3@ + ]:(%RP <1, 781P + }—én) < 1. CIFS is a sure instance of CPFS and subsequently
CPFS can achieve mastery using fluffy regular habitat. Researchers began to examine it to
determine MADM inconveniences [31]. In any case, the assortment of CPFS information
is slight with the limitation that the squares of the pieces of TG 7¢ Rszlzn(TCIP) and FG
F@Rpelzn(f‘cll’) should not be superior to one. For this, Liu et al. [32,33] developed a
complex QROFSs (CQROFSs) with 7+ F¢ < 1,78 +Fl <1.CIFSisan example
of CQROFS and thus CQROFS can improve with fluffy indigenous habitat. Researchers
investigated it to determine MADM issues [34-51].

With a few genuine difficulties, it is not simple for leaders to give their contemplations
in quantifiable translations. For example, when a counsel subterranean insect evaluates a
petitioner’s convergence of explicit information, he might ponder additional appropriate
or past agreements in utilizing semantic expressions, for example, “awesome”, “great”,
or “medium”, to communicate their assessment. To deal with such stresses, Zadeh [42]
tested the standard of linguistic variable (LV) to outline the tendencies of chiefs. Moreover,
Herrera and Martinez proposed the rule of 2-tuple LV [43]. On the other hand, inadequacies
in CPFSs and CQROFSs were undifferentiated from the TG and FG. Common limits show
that there exists some reliance among the assessments. At the point when an individual
produces data containing TG, FG, references boundaries, and ULT, then, at that point, the
overall thoughts, for example, IFSs, CIFSs, PFSs, CPFSs, QROFSs, LDFSs, and their extraor-
dinary cases cannot deal with it. To dispose of these limits, the guideline of CLDULV is set

up in this manuscript, which covers T, , (xeL) = Ty, (XEL)eizn(TCIP (xeL)), Feew (XEL) =

Few (XEL)Eizn(}—c”’(xﬂ)),ﬂccw (xer) = Yeg (XEL)EQH(MC,F (XEL)),%CCLU (xpr) =
Bgp (xE L)elzn(%czp (2£1)) - which express the grade of truth, falsity, and reference pa-
rameters with some rules: 0 < Tc,,(xgr)Ucy, (XEL) + Fogp (XEL) By (xpr) < 1.0 <
Tegp (XEL)8ep (XEL) + Fgp (XEL)Beyp (xEL) < 1,0 < Ty (¥EL) YRy (XEL) + Fyp (XEL)
Begp(xer) < 1and 0 < Teyp (xep)eyp (xeL) + Fopp (XeL)Beyp (xer) < 1, where 0 <
Ucgp (xEL) + Begp(xpr) < Tand 0 < YUg,, (xpr) + Be,,(xpr) < 1. Scholars have ex-
plained the time complexity of the presented MADM approach. The ideas of IFSs, CIFSs,
PFSs, CPFSs, QROFSs, CQROFSs, LDFSs, LDULS, and CLDFSs have various applications in
different fields; however, these hypotheses have their limitations, identified with the enroll-
ment and non-participation grades. To annihilate these restrictions, we present the original
idea of CLDULS with the expansion of reference boundaries and dubious semantic terms.
The proposed model of CLDULS is effective and adaptable compared to other approaches
because of the utilization of reference boundaries and ULVs. CLDULS additionally orders
the information in MADM issues by changing the actual feeling of reference boundaries
and ULVs. This set covers the spaces of existing constructions and augments the space for
membership and non-enrollment levels with the assistance of reference boundaries looking
like complex numbers who’s genuine and fanciful part having a place with unit span with
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ULVs. The inspiration of the proposed model is given bit by bit in the entire original copy.
Presently we examine some significant targets of this paper.

1. For (0.5¢27(0:5) (.6¢27(0:6)) based on the well-known characteristic of CIFSs, we

obtained 0.5 + 0.6 = 1.1 > 1, the principle of CIFS has been neglected. For this, the
CLDULS is massive suitable to determine the solution of the above problem based

on reference parameters (O.leizn(o‘l),0.2ei2”(0'2)), then 0.1 x 0.5+0.2 x 0.6 = 0.05 +
0.12 = 0.17 < 1. The principle of CLDULS is suitable for every kind of dilemmas.
2.  For (0_8€i27r(0.8)/ 0.9ei2”(0'9)), based on the well-known characteristic of CPFSs, we

obtained 0.82 + 0.92 = 0.64 + 0.81 = 1.45 > 1, the principle of CPFS has been
neglected. For this, the CLDULS is massive suitable to determine the solution of the

above problem based on reference parameters (O.Zeih(o'z), O.Zeizn(o'z)), then 0.2 x

0.8+0.2x09 = 0.1640.18 = 0.34 < 1. The principle of CLDULS is suitable for
every kind of dilemmas.

3. For <0.1ei2”(0'1),0.1ei2”(0'1)), based on the well-known characteristic of CQROFSs,

we obtained 1 + 1 = 2 > 1, the principle of CQROFS has been neglected. For this, the
CLDULS is massive suitable to determine the solution of the above problem based on

reference parameters (Oem”(o'o),o.leiz”(o'l)),then 00x1+01x1=0+01=01<1.
The principle of CLDULS is suitable for every kind of dilemmas.

If we choose the information in the form of ([51,52], (0.56i2”(0'5),0.3€i2”(0‘3)>,

<O.Sei2”(0'5), 0.4¢127 (0'4)) ), then, at that point, by utilizing the state of IFSs, CIFSs, PFSs,

CPFSs, QROFSs, CQROFSs, LDFESs, and CLDEFES have been fizzled, for adapting to such
kinds of issues, the hypothesis of CLDULS is an extremely capable and solid method
to determine it. From the above investigation, the hypothesis of IFSs, CIFSs, PFSs,
CPFSs, QROFSs, CQROFSs, LDFSs, and CLDEFESs is the uncommon instance of the pro-
posed CLDULS.

By utilizing the upsides of the explained thoughts, the fundamental proposes of this
manuscript are summed up are follows:

1.  To elaborate the CLDULS and fostered their functional laws.

2. Toinvestigate the Einstein functional laws and their connected tasks, for example,
score and exactness esteems.

3. To use the force Einstein collection administrators dependent on CLDULS and dis-
cussed their extraordinary cases.

4. To fostera MADM procedure by utilizing the explained administrators with CLDULNs
to discover consistency and validness of the expounded approaches.

5. To discover the incomparability and consistency of the explained administrators with
the assistance of similar investigation and their graphical articulations.

The objective of this composition is following as: In Section 2, we momentarily ap-
praisal some overall ideas like CFSs, LDFSs, ULSs, and their functional laws. The possibility
of PEAO and Einstein functional laws are additionally reconsidered. In Section 3, to ex-
pound the guideline of CLDULS. CLDULS covers the grade of truth, deception, reference
boundaries, and their uncertain etymological terms to achieve with off-kilter and com-
plicated information in genuine life dilemmas. Some functional laws by utilizing the
expounded CLDULSs are additionally settled. In Section 4, by utilizing the PEAOs depen-
dent on CLDULS is to expand the CLDULPEA, CLDULPEWA, CLDULPEG, CLDULPEWG
administrators, and their valuable outcomes are additionally expounded with the assis-
tance of some astounding cases. In Section 5, by utilizing the explained administrators
dependent on CLDULS, a MADM quandary. To decide the reasonableness and reliability
of the expounded administrators, some mathematical models are represented. At last, the
matchless quality and near investigation of the explained approaches with the assistance
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of graphical articulations are likewise evolved. In Section 6, we examined the finish of
this composition.

2. Preliminaries

In this study, we briefly assessment some prevailing concepts like CFSs, LDFSs, ULSs,
and their operational laws. The idea of PEAO and Einstein operational laws are also revised.
All symbols which are used in this manuscript are discussed in the shape of Table 1.

Table 1. Expressed the symbols.

Symbols Meanings Symbols Meanings Symbols Meanings
. Real part of truth
XUNI Universal set Teer (xEL) Truth grade Tegp (XEL) pgra de
Element of universal F Falsi d T Imaginary part of
*EL set Cip (cEL) alsity grade Crp (EL) truth grade
Reference parameter Reference parameter N - = Uncertain linguistic
ey (1) for truth grade Be,p (%EL) for falsity grade 2= (B0 Bl B0 Bp € B terms
Definition 1 ([23]). A CFS Ccr is initiated by:
. UNI
Ccr = {(XEL, Teer (<)) ixpp € X } 1)

Ccr-1®Ccro = | xgr1, (

where Ty (XeL) = Ty (XEL)e 27 (Terp KEL)) with o rule that is 0 < Terp (<EL), TCpp (XEL <1.
) 127'( 7?[:11’ i XEL )

7

The complex fuzzy numbers (CFNs) are dented by Cop_;j = (XEL, Tcpp; (XEL
i=1,2,...,7NE. Byusing any two CFNs Ccp_q = (XEL/%RP_l(XEL)ei (T s (XEL))> and
Ccp_n = (XEL/ %RP—Z (XEL)eizn(%lP—z(XEL))), with constant dgc, then

7?011771 (XEL) + 7?(:11972 (XEL) )

Tegp- (xeL) + Tegp , (xe1) ) eizn( —Tcp, (XEL),]?CIP—Z (x<pr) )
—Tcrp 4 (<L) Tegp_, (XEL)

Cer1 ®Cep_n = (XEL/ (’ﬁCRP—l (XEL)%RP—Q (XEL))EZ‘ZH(%IPA (xe)Tcp_, (XEL))) (3)

0scCcr1 = (XEL, (1 — (1= Tegp, (XEL))(SSC)eiZn(l—(l—Tc]pﬂ (XEL))65C)> 4)

27 7“’ L (xee )) 5)

Jsc Jsc
Cefq = <XEL, Teos , (xEL)e

Definition 2 ([20]). A LDFS Cyp is initiated by:

Cip = {(XEL, (Teyp (xeL), Feyp (xEL)), (S, (XEL), By p (XEL)) ) © XEL € XUNI} (6)

Ue,, (xe1) + Be, , (k1) < 1. The linear Diophantine fuzzy numbers (LDFNs) are dented by
Cip_i= ((T(CLD—," ]:CLD—i)' (il(cw_i, %(CLD—i) ),i =1,2,...,nNE. By using any two LDFNs

with a rule that is 0 < Tg,, (xgr)c, , (xe) + Fe,p (xEL)Be,, (xpr) < 1, where 0 <
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Cer = ((%LD—V ]:(CLD—l’)’ (u(CLD—l’ Bep )) and Cer— =
(Te,pnr Feypo)r (8¢, p 0 By p_, ) ), with constant dsc, then
Tein s +Tcin o = T 1 Teip o FCip 1 FCip s )
Cip1©Cip_o= ( ( LD-1 LD-2 tp-1’Crp—2 tp-1Y Crp—a @)
(u(CLD—l +4c,p , — Yoy Yoy 5 Beyp %CLD—Z)

Cip_1®Cip_s = ( (7(-CLD717?CLD—2"FCLD71 +Fewp o, — ‘FCLDfl‘F(CLsz)’ ) (8)

(u(CLD—lu(CLsz’ B, +Bey , —Beyp B,

05cCrp_1 = (((1 — (1 — %LDfl)(SSC)"FéSLCD—l)' ((1 - (1 _u(CLDA)JSC) %5% )) 9)

7= Crpa
) 0 1 6 d,
Ciba = (7850 (1 (0= Feup)™)). (85, (1= (1= Be, ) ™)) 0
By using any LDFN Ccp_1 = ((%LD—I’ FCLD—l)’ (u(CLD—l’ Berp ) )' we have

Ssv(Cer-1) = 5 ((Te,py — Feypy)r Me,p oy —Beypy)) Ssv(Cerp-1) € [-1,1]  (11)

N =

1
Hav(Ccp-1) = i((ﬁcwq + ]:(CLD—1>’ (LLCLD—l + %CLD—1)>’HSV((CCF_1) € [0’1] (12)

For Equations (11) and (12), we obtained some rules, such that
1. When Ssy(Ccp-1) > Ssv(Ccr-2) = Ccp—1 > Ccp-2;

When Sgy(Ccr-1) < Ssy(Ccr-2) = Ccp-1 < Ccp-2;
3. When Ssy(Ccp-1) = Ssy(Ccp-2) =
a.  When Hay(Ccp_1) > Hay(Ccr-2) = Ccp-1 > Ccr_2;
b.  When Hay(Ccr-1) < Hav(Ccp-2) = Ccp-1 < Ccr-2;
c.  When Hay(Ccp-1) = Hav(Ccp-2) = Ccp-1 = Ccp2.

N

Definition 3 ([43]). Let & = [Z,, Eg]

E1 @8 = [5“1'551] ® [El’tz"?‘ﬁz] = [5“14-0(2'3!514'/32] (13)
E1®8 = [3“1'351} ® [Eﬁzf‘Eﬁz] = [3“1*“2’351*/32] (14)
JscE1 = dsc [E"‘l’E.BJ = [EfSSC*M'E‘fSSC*ﬁl] (15)

20 - = 16 - -
B¢ = [dawdﬁl] = [dafSC'dﬁisc} (16)

Definition 4 ([35]). A PA is initiated by:
Z{ZNE 1+TLD Crr_)NCrr_;

PA(Ccr-1,Ccr-2, -, Ccpopy;) = Sl (Cer—i))Cer— 17)

T (14 TEP(Cep—i))
where TP (Cep_y) =
ing conditions:

1. sup(Ccr—i, Ccr—j) = sup(Cer—j, Ceri);
2. sup(Ccp_i, (Ccp_j) S [0, 1],‘

3. sup(Ccr—i,Ccr—j) = sup(Cer—mye Cor—nye)r i |Cormi —Cer—j| <
}(CCF—MNE - (CCF—ﬂNE .

]”:I\fl 2 Sup (Ccr—i, Cep—j), where sup (Ccp—i, Ccp—j) holds the follow-
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Definition 5 ([40]). For any «, B € [0, 1], then the Einstein T-norm and T-conorm are initiated by:

a@ﬁzlizfﬁ,a,ﬁe[o,l} (18)
t®p = axp ,a,B € [0,1] (19)

1+(1—a)x(1-p)

3. Complex Linear Diophantine Uncertain Linguistic Sets

As shown above, we briefly revised some prevailing ideas are to elaborate the novel
CLDULS are their useful laws. Some results based on elaborated approaches are also
discussed to demonstration the rationality and consistency of the discovered ideas. By
using the elaborated ideas, the idea of Einstein operational laws is also elaborated.

Definition 6 ([40]). A CLDULS Ccyy; is initiated by:

Ccru = {(XELr [Ea(XEL)/Eﬁ(XEL)}r (Teew <eL)s Feey (xe1)), (Seg,, (XEL),%CCLU(XEL))) iXgp € XUNI} (20)

i27(Te,p (x£1)) o2 e (ee1),

where %CLU(XEL) %RP(XEL)E }—(CCLLI(XEL) = ]:(CRP‘(XEL e
u(CCLu(XEL) = Yoy, (xpr)e i n(LlClP(XEL)),%CCLu (xpL) = By, (XEL)ezZN(‘Bc,P(XEL)) are ex-
pressed the grade of truth, falsity, and reference parameters with some rules that are
0 < Tepp(xEL)Yegp (XEL) + Fegp (XEL)Begp (xEL) < 1,0 < Ty (xpr) Uy, (xEL) +
Fegp (%EL)Byp (xpL) < 1,0 < Ty (xpL) ek, (XEL) + Frpp (KEL) By (L) < 1and 0 <
7?(;”3 (XEL)L[(CIP (XEL) + ]:(CIP(XEL)‘B(CIP (XEL) < 1, where 0 < il(CRP(XEL) + %(C,RP (XEL) <1
and 0 <S¢, (xeL) + Beyp (pr) < 1 and [EQ(XEL),EB(XEL)},E“,E@ € E. The com-
plex linear Diophantine uncertain linguistic numbers (CLDULNs) are dented by Ccry—i =

[E“xi’Eﬁi]’ <%RP—ieIZN(%IP_i)"FCRpfiQIZN(fCIP_i))’

(}J(C REECTEN) B eizn(%cmq))
RP—i 4 RP—i

- - i27t(Te,p, o) i27t(Fe,, o)
[‘—‘061'“[31}' (%RP—le P "7:(CRP—1e =),

,i=1,2,...,7nNg. By using any

two CLDULNs Ccry_1 = . . and
CLU-1 (ilCRpflelzn(uc”’*l),%CRP,lelzn(%C”’*l))
[E Zp ] (%RP 2 IZW(%H)_Z)'fCRpfzeQﬂ(}—Clpﬂ))' .
Ceu—2 = ( oi27(tle ) D(Be )) , with constant dgc,
%C e IP—2
rP—2€ RP-2
then
[Berraa, B §+ﬁ72'] Tor ~Te,  Te
( (%RPfl + 7?CRP72 - 7?CRP717ZCRP*2) o e e 2) )
2 (Fc Fc
Ccru—1®Ccry—2 = FCrp 1S Crp_2 FeipaFerp,) (21)
i277(84, 31t - it
(L((CRP—l +2’[@1%1?72 7uCRP7]u(CRPﬁ2)el & Crp-1 T2 T CIP*Z)/
DBerp BCrp_a 2B B i) ’
[Elxl ) {ZE,?%_*,BZ] ,T )
12t/ Cyp_1 /Cyp_
7?CRP—1 7?CRP—26 " 'P]__l P 2}_ - -
Ccru—1® Cery—s = (_}'-"(CRP_1 + Feppy — ]:CRP—l]:(CRP—Z)el T(Fepy HFep o Fep 1 Fep,) (22)
%Rpilﬂ(cm_zelzn(u@lpflu‘clpfz),
— 270(Bep  +Bcp_, ~Bep Begp,)
(%CRP—l +Begp, %CRP—I%CRP—Z)E
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i e
[E5SC*“1”'E‘5SC*51]’ ((1 — (1 _ %RP_1)55C>6127T( —(1=Tg;p_ 1) ’sC) f(éslfp 1 zZrc(]—‘CIP 1))
0scCcLu-1 = - e (s 0SC (23)
((1_ (1= tigy, )50 ) -0t S 1))
- - 5 2m(TeC ) bsc\ i2m(1—(1-F, Isc
ec {dalésc’dﬁlésC} (7@5{? e Crp-17, (1 _ (1 _ ]:(CRP—I) SC)el m(1-(1-F¢;p_,)5C) ,
Ceru1 = (24)

sc ; 5
(uésgplelzn(ucm 1) (1 N (1 - %CRPA)6SC)8127T(17(1711C1P*1) SC))

= E T 127((7?[:”)71)’]_— 6127((]:@“)71) ,
By using any CLDULN Ccpy_; = (B Bp ], ( Crr | Crr-1 ) ,
( rp—1€ S, B

127'[(U. eiZﬂ(%CIP—l ))
RP-1
we have

1
Ssv(Ccru-1) = (o + B1) * Z((%RP—l + 7?CIP—l - ]:(CRP—l - ]:Clp—l) + (L[CRP e = By — %CIP—l)) (25)

1
Hav(Ccru-1) = (1 + B1) * 1 ((%qu + 7?CIP—1 + fCRP—l + ‘F(CIP—l) + (L[(CRP—l +L[C1P71 + %(CRP—l + %(CIP—1>) (26)

For Equations (25) and (26), we obtained some rules, such that
When Ssy(Ccru-1) > Ssv(Ccru-2) = Ccru-1 > Ccru-2;
When Ssy(Ccru-1) < Ssv(Ccru-2) = Ccru-1 < Ccru-2;
3. When Ssy(Ccru-1) = Ssv(Ccru-2) =
a.  When Hay(Ccry—1) > Hav(Ccru-2) = Ccru—1 > Ccru-2;
b.  When Hay(Ccry-1) < Hav(Ccru-2) = Ccru-1 < Ccru-2;
c¢.  When Hay(Ccruy—1) = Hav(Ccru-2) = Ccru—1 = Ceru—2-
Similarly, by using the Definition 5, we elaborated some operational laws are called Ein-

stein operational laws which are discussed below. By using any two CLDULNs Cc;—1 =
[E(Xl , Eﬁl] , (7?CRP_1 6127-[(7?[:[1;71 ), f(c 6127-[(]:@113*1 ) ) ,

N o=

. RP-1 d o )
(%quelzn(uclpfl)/%CRp,lezzn(%Clpfl) CLU-2
[E a ] <7ZCRP 2 z27-[(7&“?_2)']:‘(CRpfzeizn(]:(clp_z) ’ ith é h
( e 2€ o2y, ;) %cRp_zeiZﬂ(%CHLZ)) , with constant dgc, then

[EMJF“Z’ Eﬁ1+ 2]

Crp_qTTC
inm(Cp=1" "Crp-—p
Terp_1tTcrp_s (1+7C1P 17Crp 2)
T e, Tc € /
Crp-1'Crp-2

27 ( Tepa s )
H0-7¢,, )0-Fcp )

Fegp_1/Crp_s e
Cceru-1®Ccryu-—2 = L (1-Fegp_y ) (1-Fegp_y)
UC +X1<c
. o inm(C1p1 " Crp
< Crp_1 tHCrp )e (1+u<clp,1ﬂfclp,2)

I+thepp_y Hegp_,

(27)

Be Be

i 1P—1 1P—2
Bepp_ 1 Begp_o . (1+<17%C”)7l )(143@11,72))

1+<1_%CRP—1) (1—‘3CRP72)
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[c"’"l 07 By *ﬁz] ’ .
i27( Cip—1'Cip—
+(=Tep_)0-Tep_,) ,

Tegp_1 TCrp_s
1+ (1_%1@71 ) (1_7?3121772)

.7:([: +]:(C
TCp 1T Crpy
Mez (7 i
Ccru-1®Ccry-2 = I+ Fepp_1 S Crp_s (28)
Ucip_q1Merp_y
H“ Uepp_y)0-Yep_,)
7

127r
Ucpp_iHegp_s
1+(1 ey 1)(1 ey 2) .
ey TECp,
Begp_ ]+%CRP 2 1+%<C1P 18¢p_ 2)
1+Bc,,  Be,, .
Crp—1PCrp_»

dsc_(1— dsc
+7¢p_q) —Tepp_q)

sc %sc\ i2m( )
(1+7ECRP—1> _<1_%RP—1) e (1+TCIP71)55C+(1*T¢;1P71)55C
9sc dsc ’
- - (1+7?CRP—1> +(1_77CRP—1) X
[‘_""1*0‘2"_'/31*52]’ ZFéS}IC) )
bsc i27t( e )
2]:CRP 1 (27'7»-([:]]371) SC+]:C[ _
9sc | o
(2~ Fogpy) C+FEC
RP—1 Crp—
0scCcrLu—1 = RP=1 P 5 (29)
(+8c, . 9sC—(1—gp, )sC
- Y sc\ i2n( P-1 S K
< Crp 1) < Crp 1) (+8g, )SC+(-tg,, )€
e sC 4
<1+uCRP 1) +<1 Ucpp 1) s
om%sC
; Crp—1
% i27( 3
2B, (zf%CIP71)5SC+%C5C :
95C | ndsc
(2 Begp 1) B Crp
27%5¢
5795¢C i27( Cip- soc )
Crp-1 e @=Tep_y) SC+T(CIP—l
7
- o (zi%RPq) sc+7x>sc
S Socrp doc | s Crr-1 " ’
01%5C 7 =B %sC

9sC _(1— 9sc

(l F sc_(1_F dsc i2ﬂ((1+fclp_1)é U TCrpy)
gy 1) - (1-Fep ) CINTE

Crp-1 Crr-1) (1+Fg,p_y ) 5C+(1-F¢,

<1+]:CRP—1 )§SC+<1*}—CRP71 >OSC

)

)’sc

P-1

Jsc _
dsc (CCLU—l =

30
e .
6 i27t(
2 SC 5 dsc
My -sig,, ) aC
e
(27H‘CRP71) Herpy
dsc_(1— osc
Ssc ssc izn((l+%C1P—l) (-B¢)p )" )
(1B ) "~ (1-Begp ) (14%¢,, |)°SC+(1-B¢,, |)’C

(1+‘BCRP,1)§SC+(17%CRP,1)5SC

By using the principles in Equations (27)—(30), we will get the following results.

Theorem 1. By using any two CLDULNSs Ceru—1 -

[E‘Xl’aﬁl]’ (lﬁCRP—l 12”(%1p 1) Fe Crp—1 127T(.7:CH,71)),
(%Rp,leizn(u(clpfl )/ B o2 ( B ))

[E”‘Z’Eﬁz]’ (IﬁCRszeizn(%Isz)ffCRpfzeizn(fclpﬂ))/

(L((CRsz ei2n(uC1P72)’ Berp-s eizn(%cmiz )) ,
dsc > 1, then

and Ccru-2 =

with constants dgc_1,05c—2,

1. Cou-19Ccru—2=Ccru—2®Ccru-1;
Ceru-1®Ccru—2=Ccru—2®Ccru-1;

dsc(Ceru-1 D Ceru-2) = dscCeru-1 ® 6scCeru—2 ;
dsc-1Ccru—1® dsc—2Ccru-1 = (dsc—1 +dsc—2)Ccru-1;

LN
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dsc—1 dsc—2 _ r(dsc—1+dsc-2) |
5. CCLU—l ® (C(;LU—l - (CCLU—l 4

5
6. CEoy_ ®CES s = (Ceru—1® Ceru—2)™c.

Proof of Theorem 1. From hypothesis, we know that the first two parts are trivial. Addi-
tionally, we will prove that the part 3, such that
[E"‘l"“"Z’ Eﬁﬁ- 2]' .
) Crp_1+7Cp_
Tegp 1+ Tcrp o i27( 1+"}£ ; T(CIP )
RP=1 —RP=2 ), 1p—1"Crp—2
1+7?CRP—1 %RP—Z ’

Fe Fc 7
; IP—1 IP—2

1270

Fepp_17Crp_2 P (1+<17¢T(CHL1 -7Cp )

Ccru-1®Ccry—2 = 1+(1_]:(CRP—1) (1_’7:CRP72)
Uep_q tHepp_,

e “Crp—1MCip_p
Uepp_y Hiegp, el ( IHilep 1 ¥cp_y )
I+thepp_y Hegp, !

b b}
i27( Cip—1-Crp_2
+0-B¢;p | )0-B¢)p )

Bepp_1 Berp_y
1+ (1_%%1’4 ) (1_%‘5121972)

[Esscar+azy Eoscgirnl
(4 T ) X (14 T )™ = (14 Ty ) % (14 T, )
((1 + Tegp,) X (1+ %RP—Z))(SSC + ((1 + Teppoy) X (14 %RP—Z))
(47 (1)) {47 1) (4 0))
(47615 (18p2)) (197 (14515) ) ,

S,
Z(T(CRP—l:FCRP—Z) *
1)
(4 - ZT‘ERP—l - ZT(CRP—Z + T‘CRP—1T(CRP—2) 4 (T(CRP—1:F(CRP—2)

s
i27t< 2(Fep_yForp_y) * 55c>
e \(

4-2F¢, . —2Fc . +Fcn . F °SC (pe,
Cip—1 Cip—2TCrp_q ‘CIP—Z) ( Crp-1 ‘CIP—z)

Ssc

8sc

i2m

8sc

8sc ((CCLU—l @ (ch—z) =
8sc

((+2,) (142, )" ~ (14 2,,) (1 +2,,.))
(4 e ) * (14 2 )) ™ 4 (14 Uy » (14 2,))
Q<wwmpm@wwqﬁ“«@mwﬂwu%maﬁv
(0 ) (19%0s2) (10 o (190,,)
2(Begp,Begny)
(4= 2By, — 2By + Begp Beany)  + (BegpiBeapy)

i2n< Z(SB‘CIP—1SB‘C1P—2)
e \(

3sc 5sc>
4=28¢p_; ~28¢;p_, +Q3‘CIP—1SB‘CIP—2) +(%‘C1P—1§B‘C1P—2)

Ssc

8sc

Similarly, we obtained for right hand side such that
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[5556*011' Eﬁsc*m]'
(1+T‘51P—1)656_(1_T‘51P—1)6SC>

[ i2
( (1 + 72CRP 1) e (1 — %RP 1) SC) el n((1+T(CIP_1)6SC+(1—T(C1P_1)6SC ,

8
(1+7ZCRP 1) e + (1 %RP 1) >

5 i2n< ZT‘CSIf’Cl > ’
ZT(CRSIf 1 e (Z—TGIP_1)656+TC5;01 )
8scCery-1 = (2 Fege- 1)656 + T(C?zf 1
/ 856 dsc\ i2m (1+?IC1P‘1)GS 1 Uerp 1 \l
<(1 i QI(CRP : (1 — ?I(ERP 1) )e (1+2[(CIP—1)65 1-Ugyp_ 1 5sc
(1+ %, )" + (1 - U, )
8sc
ZSB‘SSC i211:< 223‘51({9 Cl -
\ 5 At
(2= Begp_,) C + B
and
[5556*“2’ E5sc*ﬁz]'
5sc Ssc\  i2m (HT‘CIP—Z)6SC_(1_T‘C1P—2)5SC
(1 + %RP 2 (1 — Tegp- 2) > e (1+T@IP_2)SSC+(1—T@IP_2)SSC
(1 +%RP 2 656 + (1 :T('CRP 2)656 '
Ssc )
2FJsc ””( e )
k e, \CFara) G, )
8scCery—2 = (2 Fepp- 2)6“ + Tttis;f 2

/ ( Ssc_
6 ) i2 —
((1 + Q'I(ERP . s¢ (1 Q’[(CRP 2) Sc>el " (1+91(C1P_2)5SC+(1—91¢;”,_2)55C

(1 + QI(CRP 2 6SC + (1 - QI(CRP 2)6SC

G
S i2m —
2B 5¢ 8sc, 8¢
\ (C*;P 2 e (2_23C1P—2) B,
N Ssc
(2 - §B(CRP 2) +3

Crp-2

Then, by using the above two results, we get
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[Essc(aﬁaz)' E5sc(ﬁ1+ﬁz)]'

8sc
((1 + :T('CRP—1) * (1 + %RP—Z)) -

(14 Tepoy) * (14 Teg,))

8sc

S
((1 + g—(i:RP—l) * (1 + %RP—Z)) v +

8sc

((1+ Tegp_y) * (14 Tigp,))

izﬂ<((1+T‘C1P—1)*(1+TCIP—2))

_((H%,P_l)*(ﬁrc,,,_z))5“>

((1+T‘51P—1)*(1+T‘51P—2))556+((1+T(C1P—1)*(1+%’P‘2))656 )

8sc

8sc
Z(T(CRP—l“F(CRP—Z)
8sc
ZT(CRP—Z + TCRP—1T(CRP—2)

Z(TCIP—19:<C1P—2)

LZ”( 8sc 55c>
e (4'_2?((21[’_1_2}-(:“3_2+TCIP_1TC1P_2) +(T(CIP—1:F(EIP—2)
8sc
((1 + QI(CRP—1) * (1 + QI(CRP—z)) - ((1 + QI<CRP—1) * (1 + QI‘CRP—Z))
8sc
((1 + Q’I(CRP—1) * (1 + Q’I(CRP—z)) + ((1 + QI(CRP—l) * (1 + QI(CRP—Z))
5 5
/((H%mq)*(”%m—z)) SC_((1+QI‘C1P—1)*(1+%1P—2)) SC\
5 5
((1*'%11:—1)*(1"'%113—2)) SC+((1+91C1P_1)*(1+%[@1P_2)> s¢ ’
1)
2(%CRP—1§BCRP—2) >
S,
ZSB(CRP—Z + %CRP—l%CRP—Z) %

)55c

(4 - ZTCRp_l - + (T(CRP—1T(CRP—2

8sc

8scCery-1 D 85cCory—2 =

8sc

8sc

i2m

)556

(4 - 2SB‘CRP—1 - + (%CRP—lsB(CRP—Z

)55c

Z(QS(CIP—l%(CIP—Z .
C+(%C1P—1%‘C1P—2) *

I.2TL'< 5
s
e (4'2235113—1_223‘CIP—2+Q3CIP—123‘CIP—2)

Hence, 5SC(CCLU—1I D, CCLU—2) = 6scCcru-1 @ Ccry—2. The proof of the part 4 is
also trivial. Further, we prove that the part 5, such that

E s5c-1,8 55c—1]»
[ a By

27~(C5$c—1

; IP-1

r2m s 8sc-1 79sc-1
e ( - (CIP—l) +

27 5¢
Ssc 11 S Crp—1 ,
(2 - %RP 1) + IERiC 11
2 5
i (1+TC”J_1) se_ 1 :FCIP 1 SC— 1>
8sc-1 - — 8sc-1 i2m| 5 6
Ei:iCRP_I;SSC—1 + Ei ;CRP_1;556_1>6 ((1+T(C1p—1) et 1— Cp— 1 SC-1 /
CRP-1 7 Crp-1
8sc-1
2955¢-1 i2n< 2”‘;;12 — >
‘ESIZ;; L (2-cpp_y) T HALSE
1
(2 - QI‘CRP 1) + QI(CZ“I; 11 |
8 S
. (H%Cm_l) SC—l_(l_%CIP_l) sc-1
Ssc- 8sc- 12|
(1 + %CRP-l):C 1_ (1 - %(CRP_l);C 1) . <(1+23C1P_1)5SC—1+(1_%C1P_1)5SC_1
(1 + %CRP—J SC-1 + (1 _ S‘B(CRP_l) SC—1
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E 8sco2s B 556—2]'
[ % By

ZTC(EC 2
) 27| 1
2%5: 12 e (2—T¢IP_1)6SC 2+Téi‘i—12
sc- Ssc—
I (2 - :ECRP—l) f+ g;CRSpC 1 I
8 8 ’
: (1+T‘C1P—1) SC_Z_(l_T‘CIP—J e
5sc— Ssc— 2
s L (1 + ?CRP—l) e~ (1 B T(CRP 1) seE) (1+T<c”,_1)6sc_2+(1—T<c”,_1)asc_2
sc-2 _
GCLU_Zl - (1 + T(CRP—l) se-z + (1 T(CRP 1)5SC_2
Ssc— i2m ngfg 11
1
ZQIERP 1 e (Z_Q[CIP—J&SC 1+?I€fzf11
(2 - QI(CRP—1) Tt ng;i 11
5 5
: (1"'23@11)—1) Sc_l_(l_%‘cmﬂ) e
Ssc— Ssc— 2
L (1 + sB(CRP—l) - (1 - 23<CRP—1) T (1+%¢1P_1)5SC_1+(1—%(CIP_1)5SC_1

Ssc— Ssc—
(1 + 23(CRP—1) B (1 - 5B‘CRP—1) e

556— 8sc-2
Cerva ® Cervs

[5a5sc—1+55c—z' 5ﬁ5sc—1+55c—z] ,
1 1

T5sc 1+85¢c—2
8sc-1+8sc—2 i2m| 5 E 5
SC-2,_.8 SC-1,_ 50—
E Crp-1 = e (Z_T‘CIP—1) Tcli€11+(2_TCIP—1) T(C,f,c_lz
_ SC-2 +8sc-1 SC-108sc-2
(2 g—ECRP—l) %RP + (2 7ZCRP 1) g—(E:Rp_l
8sc-1+8sc-2
2 2(1+T‘E1P—1) ’
8sc-1 8sc-1
<(1+T‘C1P—1) +(1_T‘C1P—1)
Ssc-1168sc-2 8sc-2 8sc-2
2(1 + T(CRP—l) e (1+7:‘C1P—1) +(1_7:‘C1P—1) )
8sc-1 8sc-1
((1 + :F(CRP—l) + (1 - :F(CRP—l) )
_ 8sc-2 8sc—2
((1 + j:(CRP—l) + (1 - T(CRP—1) )
8sc-1+8sc-2
A
; Cip—1
8sc-1+8sc-2 2 5 5
SC-2,85c-1 SC-1,65c—2
< Crp-1 - e (Z—QI(CIP_I) QI‘CIP—I +(2_QI(CIP—1) QICIP—I
_ SC-2q(0sc—1 _ SC-1q(0sc-2
(2 QI(CRP—1) Q[(CRp_l + (2 QI‘CRP—1) QI(CRp_l
8sc-1+8sc-2
(1+SB‘C1P 1)
8sc-1 5sc 1
/ 1+8¢;p_ 1 +(1_$CIP 1 \
8sc-1+8sc—2 8sc-2 5sc 2
2(1 +§B<CRP_1) \ 1+Bep_ 1 +(1_23‘51P 1 /
8sc-1 8sc-1
((1 + 23(CRP—1) + (1 - 23‘CRP—l) )

((1 + ﬂa(CRP—1)SSC_2 + (1 - Q3<CRP—1)65C_2)
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(Cwsc 1+8sc-2)

CLU-1
Z s 5 E s 5
[ a15C_1+ SC-27 »81SC_1+ sc—z]:
T5sc 1+8sc—2
7550—1+5sc—2 izm 8sc-2 SIP . 8sc-1_.5
_ ~2585c-1,(,_ -1_8sc-2
5 Crp-1 5 e (2 T‘CIP—1) Teps (2 ‘T‘CIP—l) Teps
SC-26s5c-1 SC-185c—2
(2 :T('CRP—l) :T('CRp_l + (2 :T&:RP—l) :T(;:Rp_l

/

(1+:FCIP 1

)‘Ssc 1+8sc-2

|

i2m
8sc-1

5sc 1

)

2(1 +T(CRP_1)6SC—1+5SC 2

’
(

(1 + TCRP 1)656_1 + (1 -

TCRP 1

(1 +T(ERP 1)656 f+ (1 _T(ERP 1 656_

5sc 1

H
)

Crp

(2= Uegy_,) UGS + (2 ey ,)

Ssc— 191555_2

Crp-1

|
m
A

1+T(CIP 1

1+T(CIP 1

+(1_T‘C1P 1

5sc 2
+(1—T(CIP 1

8sc-2

|
1
)

915sc 1+8sc-2
: Cip—1
8sc-1+8sc— i2ml
Csc 1+8sc—2 (2_91 )5sc—z%[55C 1, (2_91 )556—1%55(;_2
RP-1 e Crp—1 Crp—1 Cip—1 Cp-1/

(1+%C1P 1

)55c—1+5sc—2

8sc-1 8sc-1
/ 1+%C1P 1 +(1_SB‘C1P—1) )

8sc-2 8sc-2
k 1+23°3u=' 1 +(1_%C1P—1) ))

/ |

( )
| |
LZTL’| |
[l |
2(1 n %(ERP_l)sSC_lJrSSC_Z \ /
((1 + 8 )5sc—1 + (1 _ % )556—1)
Crp—1 Crp-1

((1 + s‘)S(CRP—1)55C_2 + (1 - %CRP—J&SC_Z)

As shown above, we get the results (CCSLCU1

the part 6 is trivial. [

®C55c 2 C(55c 1+dsc-2)
1

CLU—-1 = “~CLU-1 . The proof of

4. Complex Linear Diophantine Uncertain Linguistic Power Einstein
Aggregation Operators

To determine the relation among the family of attributes, the power Einstein (PE)
aggregation operators (PEAOs) are very useful to manage unreliable troubles in numerous
issues. Then by using the PEAOs based on CLDULS is to elaborate the CLDULPEA,
CLDULPEWA, CLDULPEG, CLDULPEWG operators, and their useful results are also
elaborated with the help of some remarkable cases.

Definition 7. By using any family Ceru—i

_ 27(Te,,_, 27t (Fc,,._.

[Ewr Zp,], (TC,RPfiel 8 CIP?I)"ECRP—:‘EZ . CIP?I))'
(u(CRP—[ eZZN(uCHLi ) ’ %(CRP—ielzn(%Clpii )>

operator is initiated by:

of CLDULNS

,i=1,2,..., 7Nk, the CLDULPEA

O (14 T (Ceru 1)) Coruri) _
YINE(1+ TP (Cery-i)

(1+ TP (Ceru-i))CerLu—i

YINE(1+ TP (Cery—i))

LDULPEA ((CCLU—II CCLU—Z/ .

(

4 CCLU—fLNE) =
(31)

7UNE
D5
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where TP (Ccp—;) = YN, sup(Ceru—i, Ceru-j), where sup(Ceru—i, Ceru-—j) is ex-
pressed the support for Ccpy—; and Cepy— .

Theorem 2. By using any family of CLDULNs Ccry—; =
[‘E‘lxi'aﬁi]’ (%Rpfielzn(%[p*i)'}—CRpfielZn(chii))/
%Rpfielzn(ucll’*i),%@ 6127'[(%@[1)7{)>

RP—i

,i=1,2,...,72NE, then by using the

Equation (33), we get

CLDULPEA(Ccry—1, Cery—2s r Corvmnyy)

:‘2%1\15 “i(1+'ﬂ’LD((CCLU—i)) ’= ANE Bi(HTLD(CCLu—i))
= Z:;I\{E(HTLD ((CCLU-i)) = Z:;I\{E(HTLD ((CCLU-i))
1+T-P (Copy—y) 1+ (Cepy—y)
nNE(l + T )Z?:AQE(HTLD ((ch—i)) ”'LNE(l ~ T )Z?:AQE(HTLD(CCLU—L‘))
1+TED (Cepy—p) 1+TED (Cepy—)

'nNE(l + g_(,CR )Z?:I\QE(]-*'TLD((CCLU—Q) + H’lﬂ:NlE(l _ %RP )Z;r;l\iE(1+TLD((CCLU—i))

/ 1+ (ce yg) TP (Copy_ ) \
n

TNE (147, )Z TN (14T (Copy i) MNE(1-7¢,, )Zl NE(TLP(Cery-i))

.2 = |

L | 1+TED (Cop ;) T (Cepy ;)

”NE Z INE(1+TLD (Copy_p)) , (NE T NE(14TLD (Cop gy y) /
\H 1+T‘51 =2 L)+Hi=1 (I_T‘CIP-i) ( ) ,
1+TE2 (Cepy—1) ’
NE LD :
ZHnNETZL 1 (1+T (‘ch—l))
Crp—i
1+TED (Copy—i) 1+TEP (Cery—i)

M2 - 7o, )2“"’5 (1+TEP (Ccru-0) 4 175 (Fe, . )Z“"’E (1+TLP (Ccru—p)

/ +TP(Cepy—y) \
STNE(147LD (Copy_y)
| 2 H”NE ( CLU-1 ) |

i=1 ‘CIP i ) (32)

2m 1+TED (Copy i) +TLP(Ccpy—g)
7INE, LD 'NE LD .
. MNE(2-F ¢, )Zl E(aer (‘CCLU-J)+H”NE(TCI )Zl VE (14T (Cepy 1))

1+TEP (Cepy—i) 1+TEP (Cepy—i)
’VLNE(l +Q'I(CRP )Z NE(1+TLD((CCLU 1)) ”'LNE(l _Q[(CRP )Z NE(1+TFLD(<CCLU L))

1+TLD(‘CCLU i) 1+TED (Cepy—i)
LD ANE(1 (LD
”VLNE(l + Uy )Z (1+T (CeLu- 1)) +H’ﬂNE(1 U, )Z (1+T (Ccru- 1))
- TP (Ce ) - TP (cep )
NE NE
N VB (1+%c, )Zl TP CcLy-0) VB (1-%c, )Zl VE(1+TEP (copy—y))
Lem 1+TED (Cop i) +TLP(eepy—y)

Y NE LD . y"NE LD .
. MNE (142, )Pist (1472 (cepy J)+Hg\iE(1_cuC1P_i) i E(1+TED (Cepy—y) '

1+TEP (Cepy—i)
N
% AiE(HTLD ((CCLU—i))

2 H”LNE% i=

Crp-i
1+TEP (Cepy-—i) 14T (Cepy—i)

”VLNE(Z _ %(CRP )ZnNE(1+TLD(CCLU I,)) + H%NE(%(CRP )ZnNE(H”ﬂ‘LD((CCLU_i))

410 (Cepy i)

M
2["NE %ZiﬁE(“Tw(‘CCLU—i))
i=1 "Cip_i

1+TLD(Cepy—g) +TLD(Cepy—g)

i2m

\H”‘NE 2-8¢,, )5 S NE(TEP (Cepy- 1))+1'[nNE(23<c,p .)Z%NE(“TLD(‘CCLU 1))}
-i

where T'P (Ccp_;) = Z]@fl 4 sup (Ccru—i, Ceru-—j), where sup (Cepy—i, Ceru-—j) is expressed
the support for Ccry—i and Ccry—j-
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1+TEP(C
(Ccru—i) —q,

Proof of Theorem 2. To prove the Equation (32), we fix that TNE (LT (Copu )

then the Equation (32) is initiated by:

[ ZnNEa i’ o ?_AQEBL'%] ’
/nNE(l + 7—(‘CRP 1) /nNE(l gZCRP L)(gi
nNE(l + %RP l) + H”NE(l - gZCRP L)GL

G.
NNE 12 nNE
izﬂ(“i:l (1+T(CIP—i) -IL5 (- T(CIP i
e

NNE nNE
M (147, i) TN (1- ~Te1p_;)
2 ”’LNE
H (CRP —i

nNE(Z T(CRP L) + H%NE(T(CRP I.)G‘

21‘[”1\’5?@
i2m| (o7 1P=i G
CLDULPEA((CCLu_l, (CCLU—Z' ey (CCLU—/?LNE) = e HTZ!E(Z—TCIP i) l+H?’LNE(T(CIP_i) ¢ (33)
nNE(l + QI(ERP 1) — HnNE(l B QI(CRP L)O:i
nNE(l + QI(CRP l) + HnNE(l _ QI(CRP L)Gi

i2m HnNE(lHI‘C’P l)ci H%NE(l %ejp- L)ci
. Hil\iE(HQI‘Czp i)¢i+HﬁNE(1_QI‘C1p_i)ci ,

2 HnNE 23(CRP i
nNE(Z - 23(CRP L)GL + H/nNE(%(CRP L)

MNE
; 21 23‘CIP i
i12m ¢ n o
NNE NE
e I;= (2 Beyp- :) +;=3 (%‘CIP—L')

By using mathematical induction, we will prove that the Equation (33). For zng =1,
the Equation (33) is trivial. Further, we choose the value of 7 N = k, then we get
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[Ez’f:l sy S5k, Bici] ’
(1 + %RP L)G:i - }'C 1(1 %RP i
1(1 + 7-(‘CRP l.) + H 1(1 gZCRP i

i2n<ni=1(1+T‘51P—i) _Hi=1(1_T(CIP-i)¢L>
e

HIi(=1(1+T‘51P i)ciJfH’ic-l(l_T‘CIP-i)ci ,
ZH ‘CRP i

G.

I. 1(2 T(CRP L) +l_[ 1(TCRP l) l

¢

)
)"

) 211E 17:(5”, i
12m| [ C;
CLDULPEA(Ccry—-1, Cory—z, +r Cery—i) = e H{(=1(2—T'f€1p_i) 1+Hl'(=1(7:€1p_i) ‘
I_c 1(1 +QI(ERP z) H 1(1 QI(ERP z)c
(1 +QICRP 1) + H 1(1 ?'I(CRP 1)
S
i2m Hi=1(1+m‘f1p—i)¢‘_Hi=1(1_%1p—i)¢‘
e M (142, i) L+Hi'(= (1-2;p_;) " ,
2 H (CRP i
¢
{{:1(2 - SB(CRP l.) + H 1(%CRP—i)

i2n'< ZH{C 158(:“) L (:.)
e Hé‘zl(z_%cm L) +Hl 1(93(CIP l) '

Then, by using the value of zzyg = k + 1, we prove that the Equation (33), such that
CLDULPEA((CCLU,L CCLlle/ e /(CCLU—k+1) = CLDULPEA((CCLufl,(CCLU,Q, ceey (CCLU—k—H) @ ¢k+1CCLU—k+1

[Ext, e Ext g
,'( 1(1 +7ZCRP 1) - 1(1 %RP :) I'{ 1(1 +?I‘CRP z) i 1(1 91‘CRP I.)G
L 1(1 + %RP 1) + H 1(1 g—&:RP 1) 1(1 + QI‘CRP 1) + n 1(1 QI(CRP z)

i2n<ni:1(1+T‘51P—i) _Hi=1(1_T‘CIP—i)¢i> i2n<ni:1(1+m‘cm z) - 1(1_91C1P—i)¢i>
e e

l_[}ic=1(1+T‘CIP i)ci"'nlic‘l(l_f‘clp—i)@i , l_[}ic=1(1+§u‘51p z) +Hl 1(1 Ueyp z)ci ,
ZH (CRP i ZH (CRP i
G; T; c; c;
1(2 T(CRP L) +H 1(T¢3RP z) 1(2 SB(CRP z) +H 1(§B<CRP z)

k
i2n< - 21l é ‘CIP i ¢i> i21r< - 2Mi- 1;3@113 i %)
e M (2-Fepp_y) +I(Feppy) e M (2-8e,p_,) 1T (Beppy)




Mathematics 2021, 9, 2730

17 of 37

[“‘“k+1@k+1’ "‘ﬁk+1@k+1]’

¢ ¢ ¢ ¢
(1 + %RP—k+1) - (1 — %RP—k+1) - (1 + 9ICRP—kH) - (1 — 9’[‘ERP—k+1) -
[ [ ¢ [
(1 + g?CRP—kﬂ) ot (1 - TcRP—kH) B (1 + 9I(ERP—I<+1) S (1 - Q[CRP—k+1) B
¢ ¢ ¢ ¢
i2n<(1+T‘CIP—k+1)Gk+1_(1_T‘51P—k+1):+1> i2n<(1+m‘51p—k+1)ck+1_(1_91C1P—k+1)€k+1>
® e (1+T‘CIP—k+1) k+1+(1_T‘C1P—k+1) i e (1+Q[‘CIP—k+1) k+1+(1_mC1P—k+1) i
(S ’ ¢
ZTCR};HkH Z%CI};:’I k+1

(0 ¢
(2 - T‘CRP—kH) iy (TCRP—kH) i

Cr+1
Crp
izn Gk-lii . Cr+1
e (Z_TCIP—k+1) +(T‘CIP—k+1)

¢ ¢
(2 - %(CRP—k+1) oy (%CRP—IC+1) i

Cr+1
iz Cip—k+1
Cr+1 Cr+1
e (2_$C1P—k+1) +(%C1P—k+1)

[ Skl Syl ﬁi@i]'

k+1(1 + %RP l.) l k+1(1 - %RP l.) .

k+1(1 + QICRP l)cl k+1(1 - QI(CRP L)G:l

k+1(1 + gZCRP l) + Hk+1(1 gZCRP 1)

i2m <n{{+11(1+TC1P L) H{Hll(1 Tepp z)¢i>
e

nk+1(1+T‘C1P i) K H{Hll(1 Tep_ 1)%
k )
ZH 1 T, (CRP i
(g.
k+1(2 T(CRP i k+1(T(CRP l) '

k+1
2 T
i2n< iz, CIP L G)
k+1 k+1 i
e Ii= 1(2 Ferp- z) +Hl 1(3:‘311D L)

k+1(1 + QICRP 1) + Hk+1(1 - QI(CRP 1)0:.

27 (H{Hll(u%lp z) n{{+11(1 Ucyp_ L)Gi>
e

Hk+1(1+91C1P z) nkﬂ(l_%n’—i)@i
k
ZH B CRP i
k+1(2 5B‘CRP i k+1(SB‘CRP z)

k+1
2 SB
i2n< M= (s ‘CIP i (\:>
k+1(o_ k+1 i
e =i (2-8c;p_,) I (Beyp_,)

Hence, the Equation (33) is holds for all possible values of 7 n.
Moreover, by using Equation (33), we discussed the following properties such as
idempotency, boundedness, and monotonicity. []

Theorem 3. By using any family of CLDULNs Ccry—; =
e A ) T W f Copyi = C

< (ﬂcRP*ieizﬁ(quﬂ’),%(CRPJGZ'ZH(%C,P,Z')) >’l =L12....2ne if Cou-i = Ceru,
then

CLDULPEA(Ccru-1,Ccru-2,---,Ceru—rnye) = Ceru (34)
Proof of Theorem 3. As shown above, we know that Ccpi;—; = Ccpy, that is By, =
E""E‘ﬁi = E“/3’7?(:RP—1' = %KP’,]E:IP—J' = %IP’fCRP—i = FegprFep = Feyp and Ucpp ; =
Uegp Ueyp ;= Yo Begp ; = Begp Beyp; = B, then
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CLDULPEA(Ccry—1, Cery—2, -r Corymnyy)

o LD ,E LD
S"NE a(1+T ((CCLU)) NE 3(1+T ((CCLU))
= 3 = 3
=t Zi=1\iE(1+']I‘LD((CCLU)) =1 2i=AiE(1+TLD((CCLU))
1470 (Cepy) 1+1r“’(tccu)

%NE(]_ +:T('CR )Z NE(1+TLD((CCLU)) %NE(l :T('CRP)Z 1+TLD((CCLU))

M M
%NE(l + T, )Z (1+TLD(<ch)) +H%NE(1 Ten )Z 1+1rLD((cCLU))
/ _urhPlegy) 1+1LD(Ccp ) \
n INE, LD " “NE D
. |Hi=1\§5(1+% )E VE(1+1L0(ccpy)) _ I, NE(1 T, )E 1+TLD (Ccpy))
+TLD(ccpy) 1+TLD (Cc )

”’LNE Z INE(14TLD (Copy)) , (rNE T NE(14TLD (¢ pyy)
\H 1+T<C = )+Hi=1 (1_T‘CIP) it | ) ,

1+TEP (Cepy) ’
nNE(lJr'ﬂ"LD ((ECLU))

2 H”NE TZL 1

Crp

1+TLD((CCLu) 1+TLD (CcLv)
’VLNE(Z T(C ) 1E(1+'II"LD((CCLU)) + HnNE(TCRP)ZnNE 1+”JI‘LD((ECLU))

/ TP (e y) \

e
g Ry (TP (Ccry)
| 2MNE 7 |

i2m 1+TLD(‘CCLU) 1+7LD (ccpy) I
INE INE
knn,\,};(z ¢, )Zi=1 (1+'[|‘LD(CCLU))+H?_I\;E(TCIP)Zi=1 (1+'|1‘LD((CCLU)))
e =

1+TP (Cepy) 1+TE (Copy)
”ﬂNE(l + QICRP)Z NE(1+TLD((CCLU)) ”/LNE(l _ QI(CRP)Z NE(1+’11‘LD((CCLU))

1+TLD(([:CLU) 1‘*”]I‘LD((CCLU)
”NE ”NE
nNE(1+QI(C )2 1+'ITLD((CCLU)) +H%NE(1 A, )Z 1+TLD((CCLU))

~ 147D (cepy) ~ 147D (Cppy)
l—[nNE(lJrQI(E )Z NE(1+TLD(<CCLU)) ”NE(l U, )Z NE (147D (c e y))
e %N1E+TLD (Ccry) %N1E+TLD (Ccry)
. H’”’NE(I_'_QI(C )Z (1+TLD((CCLU))+H’”'NE(1 —u, )Z VE(1+TLD (Ccry))
1+TEP (Cepy)
2[INE gBZTI\QE(”TLD(‘CCLU )
Crp
1+TLP (Cery) 1+TLD((CCLU)
’nNE(Z %C )Z (HTLD((CCLU)) + HnNE(% )Z (HTLD((CCLU))
1+TLD (CcLv)
2[1INE g VE(1+TLD (Ccp )
: 1P
2 1+1LD(cery) 1+1LD(cepy)

MT;NE(2-8¢, )ZnNE(“TLD(‘ch))m””(%c )ZnNE(“TLD(‘CCLu))
e
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| |

%NEM’
l aXi—y 2?:1\;5(1+']]'LD(CCLU))

[1]

-
—

§yNE (14T (CcLy) |

zleM ZTLNEM
(1 +Te ) = Z?:I\iE(“TLD((CCLU)) _ (1 ~ T ) =t Z?:AQE(HTLD(CCLU))
RP RP
z?‘NEM
(1+7,) =1 S NE(14+TLD (CoLy)) +(1-T,,)
E?NEM ETLNEM
(147, = Z;LAQE(”TLD(‘CCLU))_(1_TCIP) =1 NE (141D (ccy)

g (TP (CeLy)) g (TP (CeLy))

ANE (1+TLD((CCLU))

Yi=q m

i2m

o = Il o)
e (1+T(CIP) o Z;L:AQE(1+TLD((CC11U))+(1_T(CIP) i=1 Z;L:AQE(1+11“LD(<CCLU))
e _ (172 Ceww)
yp " I Cauw)
Crp
ZTLNEM ZMEM
=1 -
(Z_T(CRP) i ZiﬁE(lmLD(chu)) n (T(CRP) i Zi=A§E(1+1rLD(<Ecw))
Z?NEM
2F = E (TP (L))
2 5
yowe_ (0Caw))  ap_ (1410(Cay)
(2-Fc;p) i=1 zﬂE(mrLD(ccw))+(T<c1p) - Z:L:AQE(HTLD(CCLU)))
e

nNE (1+TLP (CeLp)

nNE (14T (CeLp)
Zi=1

D e Ty E—
(1+9g,,) " HTC) - (1 -, )

Z?:I\iE(H'ﬂ’LD (CcLw))

ANE (HTLD(CCLU))

ANE (1+TLD((CCLU))
L=y

Li=1

(1+%,,)  Zr(mPCan) (g g, )" T (T Ca)
RP RP
z:4"LNE (1+TLD((CCLU)) z:4"LNE (1+TLD((CCLU))
(1”1@”3) =1 Z;L:AiE(1+TLD((CCLU))_(1_QICIP) =1 yINE(141LD (ccpy) )
i2
e 5NE (1+1LP (ccLy) 5"NE (1+TLP (ccLy)
e \(1+ug,) - Z"=A¥E(1+TLD(°:CL”))+(1—%I<CIP) =t NE(1+ L (cory)
SNE (1+TLP (Cerp)
= Z?:I\iE(l"'TLD((CCLU))
2B,
RP
SNE (HTLD(‘CCLU)) SPNE (1+TLD(<CCLU))
(2 ) TR ) . (15, T )
RP RP
S"NE (14182 ()
ap L Tl (TP (CeLy)
c
i2m 1P
2/.”_NE %(1+TLD((CCLU)) Zn_NE %(1+TLD((CCLU))
(2—%@;,) =1 Zi:AiE(lﬂl'LD(‘CCLU))+(Q3(CIP) =1 TNE(141LD (Ccpy) )

[Ea' EB]' (%Rpeizn(%lp), T(CRPeizn(T‘CIP)) ,

=C
(mcRpeiM(%’P), %CRPeiZH(Q%CIP)) CLU
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Theorem 4. By wusing any family of CLDULNs Ccpy; — =
- - 2 . 27t (F )
[Q“i’c‘ﬁi]’ (%RP—iel n(%mﬂ)'}—cmqel i CHLI))/

(L[(CRP,ielzn(HCIP7i)’ %CRP,ielzn(‘BCIP*i)

max(Ceru-1,Ceru-2- -+, Ceru—rny; ) a1d Copr—min = min(Ceru—1, Ceru—2, - - -, CeLu—ny; ), then

/i - 1/2/-"/7?/NE/ l,f CCLu—max =

Ccru—min < CLDULPEA(Ccru-1,Ceru—2,- - Ceru—nye) < Ceru—max  (35)
Proof of Theorem 4. As shown above, we know that

T <7 <T 1- %RP max
Crp-min = YCrp-i = (CRP—max 1+ %RP maz 14+ %RP—IZ 14 :T(E:RP min

1+TEP (Cepy—) 1+TE (Copy—p)
(1 Tepp- max)z”NE(HTLD((CCLU ,)) (1 Tegp- l)Z”"’E(HTLD((CCLU D)
1 + gZCRP—max 1 + 7ZCRP—i
1+TEP (Cepy—i)
< (1 — %RP—min)Z;’ZXE(l'*'TLD(CCLU—i))

1 + gZCRP—min
INE 1+T0 oy ) 1+TEP (Copy—)
= 1_[ <—1 Terp- maX>ZnNE(1+TLD(CCLU ’)) < l_[<_1 Tege- L)Z”NE(“TLD((CCLU 1))
i=1 1 + g-(‘CRP_maX i=1 1 + ngRP—i

NNE 14T (Copy—i)

< 1_[ (1 :T('CRP mln)EnNE(l*'TLD((CCLU L))
1 + %RP -min

i=1

ie.,
NNE 1+TEP (Copy—p)
1 — Jerp-max < 1_[ <_1 _ %RP—i)Z?:A;E(“TLD(CCLU“')) < —1 ~ eap-min
1+ %RP—max 1+ %RP—i 1+ %RP—min

1+TEP (Cepy—i)

2 <1+ 1_[ (1 - > e p a—
1 + 7ZCRP -max 1+ gZCRP i 1+ gZCRP—min

i=1

— 1 + %RP—max > 1 > 1 + %RP—min
2 +TLD (Copy—i) 2

1+ H”ﬂNE ~ Jegp-s Z?:AQE(1+TLD(<CCLU—1'))
1 + Tegp_s

2

=1 + joRP—max = 1+TLD((CCLU—i) = 1 + gZCRP—min

1+ H”ﬂNE ~ Jegp-s Z?:AQE(1+TLD(<CCLU—1'))
1 + Tegp_s

2
= %RP—max = 1+TLD((CCLU—i) -1 = %RP—min

1+ H”NE ~ Jegp_s Z?:I\iE(1+'ﬂ"LD((CcLU—i))
1 + Jegp_;

Therefore,
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1+TP (Cepy ) 1+TP (Cepy )
""NE(l + :T('C )2 NE(1+TLD((CCLU l)) ”'LNE(]_ _ :T('C )Z NE(1+TLD((CCLU L))
RP— RP—i
—1 .
Terp-max = 14D (Copy—i) 1+TLED (Cepy—i) 2 Jeap-min

””'NE(l +7’(~CRP )2 NE(1+TLD((CCLU 1)) + H”NE(l _%RP L)Z NE(1+'H‘LD((CCLU L))

Similarly, for unreal parts of the truth and real and unreal parts of the falsity grades

such that
1+'JTLD(<CCLU—z) 1+TE (Cepy—i)
TTNE(L + 7 )Z VE(1+TLD (Cepy—1)) _ MTE(1 — 75, )Z TNE(14TLD (Copy—y))
1P— 1P—
= :T('CIP—max - 1+']]-LD((ECLU ) 1+TLD(CCLU ) = %Ip_min
LD 7NE LD
ME(l"‘Tc,P )z (1+TL2 (Cery-p) +H”NE(1—7?C,P )z VE(1+TLP (Copy—p) )
1+TEP (Cepy—i)
2 HnNE ZnNE(1+TLD (CCLU l))
(CRP i

= Ferpmin = 1+TEP (Cepy—) TP (Cery-p) Ferp-max

nNE(Z :FCRP )Z?:I\iE(l‘FTLD((CCLU L)) + HnNE(TCRP l)z;;I\iE(l'*'TLD(CCLU—i))

1+TP (Cery-i)
NE LD )
2 HnNE TZL 1 (1+T ((CCLU—L))
Cip—i
14T (Cepy-—i) 1+TLD (Cepy—i)

nNE(Z Fepp. l)Z”NE 1+TEP (Cepy - 1)) + H”NE(TCIP L)Z”NE (W l))

= T(CIP—min = = T(CIP—max

Similarly, we will find for the real and unreal parts of the reference’s parameters such

that
1+TE (Cepy—i) 1+TEP (Copy—o)
NNE i N"NE .
”ﬂNE(l + U )Zi=1 (1+TLD(‘CCLU—L)) %NE(l — A )Zi=1 (HTLD((CCLU—J)
= QI(C > RP— RP- = QI(C .
RP-max 14T (Copy—i) 1+TED (Cepy—i) RP-min

/nNE(l + Q[(CRP )Z?ZI\;E(l_‘_TLD((CCLU l)) + H‘VLNE(l _ QI(CRP )Z?:I\iE(l"'TLD(CCLU—i))

1+TEP (Copy—i) 1+TP (Cepy—y)
nNE(l + U )Z?:AQE(1+TLD(‘CCLU—L')) ”NE(l Ae )Z:L:A;E(l‘*‘TLD(CCLU—i))
P— P—i
= Q‘[<I:1p_max = 1+TLD(C ) 1+TLD(C ) = QI(CIP—min
CLU-i CLU-i
"'NE LD "NE(14TLD .
%NE(l + U, L)Z (1+T (CerLu- 1)) + H‘/LNE(l — A, )Z ( + ((CCLU—L))
14T (Copy—i)
3
21 %Zl NE(14+TLD (Cepy—p) )
Crp—i
> >
= 23(CRP—min = 1+TLD (Copy—i) 14+TLD (Copy—i) = %(CRP—max
NNE LD NE LD
14T 14T
%NE(Z B, )Z ( +T2(CerLu- ;)) + HnNE(%(CRP )Z ( +T=2(CeLy- 1))
1+TE (Copy—i)
3
21 %Zl NE(1+TLD (Cepy—p) )
Crp—i
> >
= %Clp—mi" - 1+TEP (Copy—i) 14T (Cepy—o) 2 Beip-max

nNE(Z 23((;”, )Z”NE‘(l_HrLD(CCLU l)) nNE(%(c,P l)ZnNE(l"'TLD((CCLU—i))
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Similarly, we determine the uncertain linguistic terms, such that

= <= = <5 <=
= TyrNE & T (Copy ) = Btmaxs = iy S Sy BO+TEDCopy ) S SPmax

=1y Yot =
i=1 Zi:I\IIE A+TED(Cepyr—i) i=1 ):l_:Z\1]E (1+TLD

—_
H
= = min

Ceru-i))

As shown above, we get the results, such that

Ceru—min < CLDULPEA(Ccru-1,Ceru-2/---»Ceru—rye) < Cortu—max O

Theorem 5. By wusing any two families of CLDULNs Ccry—; =

= = i2n(Te,, ) i2n(Fe,, )
[““i"“ﬁi]’ (%RP—ie [P ’}—CRILI‘E 1P

T * —
(ﬂc o2 p ) B eizn(%cmﬂ_)) g =12,...,2Ng and C5pyy_; =
RP—i 4 RP—i

- o PrTE, ) e 2R(FE, )
{u“?""ﬁf}’ (%RPie I ’fCRP—ie "

. Lif Copy—i < Cf - th
(w 3’2”(%11:4) )> if Ceru—i < Cepyy_y then

P27t(BF
(CRP—i '%CRP—re

Crp—i

CLDULPEA(Ccry—1,Ceru-2s---,Ceru-ny,) < CLDULPEA (c&u_l, Chiun--- ,(CELU_,ZNE) (36)

Proof of Theorem 5. As shown above, we know that Ccpyr—; < Cfp;_; that is By,
"‘“ Ep < B =B Tegp; < %KP’,]E:IP—i < TeprFerp ;s 2 Ferpr Fep; 2 ]:(C[P and e

<
<
uCRP’uCIP < Uy Begp ; 2 Begp By 2 B then

RP—i

= <= <=
"'EﬂNE & (I+TED (Cepy—y)) —"'ZﬂNE & (TP (Copy—i) 7 Sevene BT (Copy—y)) == B (TP (Cepy—i))

7NE
i=1 o7 i 7 i=1 o7 Y- 7
=1y INE kD (Copyy ) =1y INE (4 TlD (Copyp ) = nNE TP (Cepy ) =1y INE (14 TLD (Copyp )

[1]

And similarly, for the real and unreal parts of truth and falsity grades, we have

L
T1/NE (1‘*‘7701;134) L ANE 4+ TP (Cepy—i)) _H?:I\{E(l_%Rpii)):izl (+TED(Cepy_i)
n
TT/NE (1+7?CRP71‘>):{=1 (TP Ceru—i)) 4 peNE (177@1@4)21‘:1 (+TP(Cepy )
ﬂ
Hi;hllE (1+7E(Rp7i) L NE (TP (Cepg—4)) _Hg\l}E(l_me,i)z":] (+TLD (Cepyr—i)
- L] i)
Hizl\llE (1+7:€Rp7,‘) Yoy (4T (CCLufi))+H;L:NE(177ERP4>Z{:1 (1+T-2(Cery—i))
R
HZ:I\llE(l_i_']?C”J ) NE (1+TLD(Cepyy—p) _Hi”':l\llE(l_%’pii) TNE (14+TLD (Cepyy_y))
1+TLD(Cep ) 1+TLD(Cepyy_p)
3 (1475 B O o e, ) E
ﬂ
Hi;l\lIE(l-"_’]EIP—i) LA T (Cery—)) _HT;A{E(l_ﬁlp,i) Loy T2(Cery—))
S 1+TLD (Cepy ) 14+TED (Cepyry)

T (147

7ZNE LD 7“NE LD
Yoy T2 (Copy—i)) 7NE (1 _ 7% Yo T2 (Ceopy—i))
IP*I‘) ' +Hl: (l 7ZCIP71‘) '
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1+TEP (Copyr_i)

7L
2ITNE FIAE (TP Cepy )
CRP i

1+TLD(Cepyy_p) 1+TLD (Cepyr_i)
7?NE LD 7?NE LD
7NE Yo (HTE2 (Cepr—i) 7NE Yoy (T2 (Cepr—i))
gl <27}—‘CRP4> i=1 cLu=i) 4y, (}-CRP#) i=1 CLU-i
14+TED (Copy—i)
ZHﬂNE ]__*): NE (+TLD (Cepyy—i)
> RP i
=z LTIy ) TP (Cepy )
NE LD NE LD )
H”NE (2 Fi 71)21-:1 (+T2(Cery—i)) +H ( Een 1)Ei:l (+TEP(Cery—i))
and
1+TLD (Copy—)
”’NE (14TLD(C .
ZH”NE ]_‘éP ( (CeLu—i))
i
1+TLD(Cop i) 1+TLD(Cop i)

T (2-7c )ZQ{E A+ (Cery—) 4 Tp7NE (7 )2Q{E (+TEP (i)

i= RP—i RP—i

l 1+TLD(CCLU,;)

77
2[TNE F (CZ NF @41 (Cory i)
> IP—i

= 1+TLD (Cepyy_j) 1+TED (Cep i)

A SNE TP (Copu ) L ppNe £NE (1 TLD (Cepyy_y)
IT,= (27}—6“771‘) i=1 CLU—i +IT,= <}—61P4> i=1 CLU—i

With reference parameters

1+TEP (Cepy—p) 1+TLD(<CCLU—L')
nNE(l + U )Z NE 1+TLD((CCLU 1)) ”’LNE(l — A )Z (1+11’LD((CCLU—i))
RP— RP—
1+TLD(<CCLU D) 1+TLD(‘CCLU D
”ﬂNE(l + 9 )Z (1+TLD((CCLU 1)) + HnNE(l oA )Z 1+TLD(‘CCLU l))
Crp- Crp-
1+TEP (Cepy—i) 1+TEP (Cepy—i)

T™e(1 + Uz, )Z INE(14+TEP (Copy-) _ [T/ (1 —u, )Z TVE(14TL (Copy—y)

- 1+TLD((CCLU ) 1+TLD((CCLU—1)
%NE(l +QI(CRP )Zi (1+TLD((CCLU 1)) +H’VLNE(1 (CRP )Z (1+TLD(<CCLU—i))

and
7 1+TEP (Cepy—i) 14T (Cepy-)
NE NNE
TN (1 + 2, Yo (TP Caw-n) _one(q — qr  YE (172 Caru-)

1+TLD((CCLU i) 14T (Cepy—i)
nNE(l +QI(C,P )Z (1+11‘LD(<CCLU L)) + l—[nNE(l QI(CIP )Z NE(1+'II‘LD((CCLU L))
1+TE (Cepy—i) 1+TE (Cepy—i)
nNE(l_I_QI(CIP )Z (1+TLD(<CCLU—i)) nNE(l QIEIP_i)Zz;AiE(lﬂl‘LD(chw—i))
- 1+TLD((CCLU i) HTLD (Copy—i)
‘ﬂNE(l + 2 —L)Zi (1+TLD((CCLU 1)) +H”ﬂ1vE(1 ) 1E(1+TLD(CCLU—i))

1+TEP (Copy—i)

ZnNE(HTLD((CcLU— D)
NNE
2 H ‘CRP i

1+TLD((CCLU i) 1+TLD (Cepy-p)
ANE LD 7NE LD
%NE(Z — By )Z (1+T (CeLu- l)) + H%NE(%(CR ) )Z (1+1r (Ceru- L))
1+TE0 (Cepy—p)

ZnNE(HTLD ((CcLu—i))
NNE gp+~i=1
2111 B ‘CzleP i

1+TLD(‘CCLU D) 14T (Cery—p)
NE LD "NE LD .
”‘NE(Z Qg )Z (1+T (CcrLu- 1)) + H’/LNE(SB(CRP L)Eizl (1+T ((CCLU—L))

\%
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and
1+TEP (Cepy—i)
2 NE(1+TLD((CCLU—JZ))
NNE 1
ZH 23<CIP—i
1+TLP (Cepy—) 1+TLD (Copy_y)
NNE LD NNE LD -
’”NE(Z %CIP l)z (1+T (CerLu- 1)) + H”NE(%(CIP l)ZiZI (1+'Il‘ ((CCLU_l))
1+TEP (Cepy—)

ZHnNE Wi NE(1+'ITLD((CCLU 1))
Cip—i

1+TED (Cepy—i) 1+TLP (Cepy-i)
NNE, TLD(C NE TLD(C
nNE(Z %(CIP )2 (1+ ( cLu- l)) + HnNE(sB(CIP 1)2 (1+ ( cLu= l))

1\

From the above analysis, we get the results, such that
CLDULPEA(Ccry—1,Ceru—- -, Cetuny,) < CLDULPEA ((C;gw,l, Clitn-- s (C;gw,ﬂm) O

Definition 8. By using any family of CLDULNs Cecpy-; _
[E“i’ Eﬁi] ’ (%Rp_ielzn(rc”’*i), f'CRP_ielzn(‘F‘Clpfi)),

(ﬂcRP,»eizn(uC”’*f), %CRP,-EQH(%C”’*"))
operator is initiated by:

CLDULPEWA(Ccru-1,Ceru-2,---Ceru—nyg) =

,i=1,2,...,72NE, the CLDULPEWA

SN wi((14 TP (Cery—i)) Ceru—i) _
LN w0 (14 TEP(Cepy—i))

37
e (Wi(l + TLD(CCLU—i))CCLU—i> 37

=L\ TINE wi(1+ TED (Cepy—i))

where T'P (Ccg_;) = Z}”l‘ﬁ 4 Sup (Ccru-i, Ceru—j), where sup (Ceru—i, CeLu—j) is expressed

the support for Ccry i and Ccpy—j with weight vectors w; such that w = (w1, w2, . .., Wy )
with a rule that is Y NF wq = 1.

Theorem 6. By using any family of CLDULNs Ccry-; =
[Ee, E‘ﬁi] , (%Rpfielzn(ﬁcm”‘)/ Fc elzn(}-c“jf")),

RP—i

iZTt(ilC ) iZT[(%C )
Sl P— P
rp—i€ 7, Begp € !

,i=1,2,...,72NE, then by using the

Equation (37), we get
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CLDULPEWA(Ccry-1, Cery—2s - Corvmnyy)

B HZnNE Biwi(1+TLD((CCLU—i))

aywi(1+TP (Copy-p)

Z?’L—NE n i= n
SN wy(14TP (Copy-p)) Y Zi=A:’LE’Wi(1+TLD((CCLU—i))
W1(1+TLD((CCLU L)) W1(1+TLD((CCLU 1))
nNE(l + T )Zl 1 Wz(1+TLD(‘CCLU 1)) nNE(l ~ T )Zl 1 wl(1+TLD((CCLU 1))
wz(1+TLD((CCLU D) wz(1+TLD((CCLU—i))
%NE(l + Ty )Zl . (1+TLD((CCLU 1)) +H%NE(1 T )ZL 1 i(1+TLD((CCLU—i))
w1410 (copy_y) wi(1TP (Cery—p)
N HnNE(1+T(C1P )Z?:l\iEwi(1+1rLD(rchU_i))_l—l?:z\ig(l_TCIP_i)Z;;’\iEwi(lﬂ]‘LD(fECLU_i))
e wi(1+TD (Copy_y)) wi(1+TD (Copy_y))
e \INE(147g,, )Zz@f“’i(l”w (‘ch—i))mf;“f (1—TCIP_L,)Z?=A§E“’i(1+TLD (CcLy-)
wi(1+TLD((CCLU—i)) ’
% NE’W‘(l"'TLD((CCLU—'))
NE ¢ t t
ZH (ERP i
wl(1+'II’LD((C(;LU 1)) wl(1+']I‘LD((CCLU 1))
”LNE(Z Fe )21 v wl(1+TLD((CCLU 1)) + HnNE(Tc )ZL . Wl(1+TLD((CCLU 1))
RP— RP—
/ wi(1+TEP (Cory—y)) \
2[1NE T(CZL TNE (147D (Copyy—y))
i2 =1 "Gpi
e wi(1+TED (Ccpy ) wi(1+TLD (Cpy—p)) ‘

TNE LD TINE LD
NNE wi(1+TEP (Cepy i), pNE 2o wi(1+TEP (eopy i)
\Hz G T(CIP REE ‘ )+Hi=1 (fCIP—i) i i )

i cLU-i i LD (Cery-i

L(1+’H‘LD((C )) wl(1+’]I‘ D (¢ ))

nNE(l + 9, )ZZLAiEwi(HTLD((CCLU—i)) _ HbelE(l — A )Z:Z‘iEwi(IF]I‘LD(CCLU_i))
i= RP-i

wl(1+TLD((CCLU I.)) WL(1+TLD((CCLU l))
nNE(l + A )Zl 1 w1(1+TLD((CCLU I.)) + H%NE(l Ac, )El 1 Wz(1+'ﬂ'LD((CcLU 1))
RP— RP—
wi(1+TEP (Cery—p)) w1410 (copy_y)
T e
] H?:NE(H%IP_i)Zizz\{Ewi(uTLD(ccw_i))_H?ﬁ}s(l_%m_i)zizl\{Ewi(lﬂrLD(«:CLU_i))
e wi(1+TED (Cepy_p)) wi(1+TED (Copy—y))
e e
. H?QE(H%IP_I,)ZL':I!Ewi(“T'“D(ch—i))+H?=’\§E(1—91(C1P_i)zi:1\15wi(“T"D(‘CCLU—i)) ‘
WL(1+TLD((CCLU—L'))
NE LD
ANE api=1 Wi(1+T ((CCLU—i))
2 H SB‘CRP i
wi(1+TLD(CCLU L)) wl(1+TLD((CCLU 1))
LD (¢ LD(c
nNE(z EB(CRP )2 wl(1+'ﬂ’ (Ceru- L)) + HnNE(gBCR )Z 1+'ﬂ’ (Ceru- 1))
/ Wz(1+TLD(‘CCLU—L)) \
7NE ,(1+TLD :
N ZH;L:AQE%E;::WL(HT (‘CCLU—L))
wi(1+TLD (Copy—y)) w147 (Copy )

7NE ., (14TLD ) 7NE ., (1+LD ;
\l_[nNE 2-8B¢, Z NE (14 ((CCLU—l))+H?=1\1E(%C1P_i)zi=1 wi(1+T (cCLU_L))}

(38)

where T'P (Ccp_;) = Z]@fl 4 sup (Ccru—i, Ceru—j), where sup (Cepy—i, Ceru—j) is expressed

the support for Cepy—i and CepLu-j with weight vectors w; such that w = (wy,wy,...,

with a rule that is Y /N w; = 1.

Proof of Theorem 6. Trivial. (J

W )
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Definition 9. By using any family of CLDULNs Ccry—; =
[Eu;s Ep, ] (%Rpfielzn(%mq)’ fcﬁpfiel2n(fC1P7i)) ’
(H(CRPfielzn(uC’P*i), %CRP—ielzn(‘chii))
operator is initiated by:

,i=1,2,..., 7Nk, the CLDULPEG

( (A4TEL (Cop i)
)::L:NE (+TLD (Cepy—)
LDULPEG(Ccru—1,Ceru—2,---»Cert—nye) = @ Cori (39)

where TP (Cep_i) = Z]”:”ﬁ 4 sup (Ccru-is Ceru—j), where sup(Cery—i, Ceru—j) is expressed

the support for Ccy—i and Cery—j-

Theorem 7. By using any family of CLDULNs Ccry—; =
- 2m(Te,p_.) 2m(Fe,p, )
[Eeir B ], (7?;“’*"6 o /‘7:(:@,,46 N )' i=1,2,...,2NE, then by using the
(u(CRp_,-ezzn(uclpfi)r%CRp_ielzn(%Clp’i)) ’ IEIERRY ’

Equation (39), we get
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CLDULPEG(Cry—1, Cery—2, s Cerymmpg)
= (1+TLD(‘CCLU—L')) = (1+TLD(‘CCLU—L')) ’
M ’VL
nng SeNE(1+TLD (Copy—y)) e 2 NE(141LD (e op gy ;)
;2 et B;
1+TLD((CCLU i)
ZHnNE ZnNE(1+TLD(CCLU J)
Crp—i
1+'ﬂ'LD((CCLU ) 1+TLD((CCLU )
n z 1+TLD(C ) n z 1+1rLD((c )
NE(Z %R ) ( CLU- z)_l_l-[ NE(%RP ) CLU- 1)
TP (Copy—y)
Zl_[nNE CZI:P L(1+TLD((CCLU L))
2 1+TEP(Cryg) +TED(Cepy—g)
M M
\H”"'NE 2-Te,p )Zl I\iE(l*'TLD(CCLU—i))+H:"=I\:11E(TC1P_L) T NE(14+TLD (o yy—y))
1+TEP (Cepy—i) 1+TEP (Copy—i)
””'NE LD NE LD
4’L Z 1+TEP(C —_i) 4’L Z 1+TEP(C )
NE(l + ‘TCRP ) CLU 1) NE(1 _ T(CRP L) ( CLU- L)
1+TLD(<CCLU ) 1+TED (Cepy—i)
’”fNE Z 1+TLD((CCLU ) NNE Tis TNE(14TLD (Cepy—y)
WNE(1 + Fep,_ )™= l)+1‘[ E(1 - Fepp_, )= o 0)
14T (cepy ) 1+ (cep )
H”NE(l_HFC )Z:iNE(1+TLD(‘CCLU L)) ”NE(l Fepp )Z:q'_NE(l*'TLD(‘CCLU z)) (40)
i2m
%ngTLD(CCLU ) 1+TLD(‘CCLU—1')
LD LD }
. H:;A;E(l*'?(tlp ) VE(1+TLD (Copy— L))+HnNEg:Z E(1+TLD (ccpyy_;))
1+TEP (Cepy—i)
ZHnNE ZnNE(1+TLD(‘CcLU 1))
Crp—i
1+TLP (Cepy—i) 14T (Cepy-1)
nms INE(14TLD(C ) nNE NE(14TLD(C )
(2 QI(CRP ) ( CLU- 1) (QI(CRP ) ( CLU- 1)
1+TLD(‘CCLU—1')
211"NE % VE(1+TLD (Cory—y))
: I1P—i
w2 1+TLD(Cepy ) 410 (Cery )
e e
. H”NE(Z A, )Zi:AiE(l’fTLD(ch—i))+HLT;1\;E(QIC1P_i)Zi:A§E(1+TLD(‘ch—z))
)
1+TEP (Cepy—i) 1+TE (Copy—i)
’nNE YINE(14TLD (Copy—p) ’”NE INE(14TLD (Copy—g)
(1 + 5B(CR ) =t ( L) (1 5B(CRP L) ( L)
1+TEP (Cepy—i) +TLD (Cepy—i)
nNE Z NE 1+TLD((CCLU ) NMNE _ Z NE 1+TLD((CCLU )
WE(1 4 B, )P ) + IINA(1 - B, ) 0)
+TP(Cepy—_y) TP (e y_g)
MNE(14%¢,, )Z?—NE(”TLD (CcLu-0)_fy7ne(1-se,, )E?A{E(“Tw (CcLy-)
2 1+TLD (Copy—y) TP (Cepy )

where TP (Cep_i) =
the support for Ccry—i and Cery—j-

\H 1%@ )ZnNE(1+”J]‘LD(fCCLU L)) +Hf;"{E(1-%c,P_L.)ZzTL:AiE(“TLD(CCLU—E')) /

Proof of Theorem 7. Trivial. (]

77 .
]:“fi 4 sup (Ccru-is Ceru—j), where sup(Cery—i, Ceru—j) is expressed
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Definition  10. By using any family of CLDULNs Cecry-; =
[E“i'aﬁi]' (%Rpfielzn(%mf")/-FCRpfieQn(fclp’i))/

(llc 2o, ) gy 2B Pfi))
RP—i 4 RP—i
operator is initiated by:

,i=1,2,...,7nyE, the CLDULPEWG

(= w;(1+TED (Cep i)
LN w4+ TP (Copy—)

CLDULPEWG ((CCLU—lr Ceru—a,---, CCLu_ﬂNE) ®i:I\iE (CCLLI—Z' 41

where TLD ((Ccp_i) = ]ﬂ:I\El#] sup ((CCLU—i/ (CCLU—j)/ where sup ((CCLU—i/ (CCLU—j) is expressed
the support for Ccry—i and Cepy—j with weight vectors w; such that w = (wy, wo, . .., Wey, )
with a rule that is Y /NF w; = 1.

Theorem 8. By using any family of CLDULNs Ccry—; =
[‘Eai/algi]’ (7ZCRP716127T(TC1P4)"F(CRpfieQﬂ(}—ClPii))'

(%Rpfieiznwclp_i)’ %Ckpfieizn(%cm_i))
Equation (41), we get

,i=1,2,...,7NE, then by using the
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CLDULPEWG(Cery—1, Cery—2s r Cervmnyy)
= wz(1+TLD(CCLU—i)) = W1(1+TLD(‘CCLU—i)) ’
e alZnNE wi(1+TLP(Copy_y)) nNEB SN i (14TLD (Copy )
WL(1+TLD(CCLU—i))
>, NE Wi(l‘*'TLD(CCLU—i))
NNE &i=1
2 H :T('CRP i
W1(1+TLD((CCLU 1)) wi(1+TLD((CCLU—i))
”NE(Z %RP )ZL 1 Wl(1+TLD((CCLU L)) +H4"NE(T i)Z:;AiEwi(HTLD((CCLU_i))
wt(l"'TLD(CCLU—L))
ZH“NE Czl VE i (14720 (Cepy—y))
i2 1P—i
e WL(HTLD(‘CCLU—:)) Wi(1+TLD(‘CCLU—i))
" 7NE ,,, (1 4TLD N a 7NE , (14TLD ;
o A T oG O, G- |
(1+TLD((CCLU-1)) (1+TLD ((CCLU-i))
nNE(l + Fe )Zl Y wry(1+TL2 (CoLy-0) _ %NE(l - Fe )Zl VE wi(1+TLP (Copy )
RP— RP—
Wi(1+TLD(‘CCLu ) Wi(1+TLD((ch—i))
’nNE(l + Fe )Z (1+TLD(‘CCLU I.)) + H”ﬂNE(l ~ Fepn )Z Wi(1+TLD(CCLU—i))
RP— RP
/ wi(1+TEP (cepy i) wi1+TEP (Cepy ) \
INE ,,, . LD . NE . LD ;
_ i2m H:;I!E(l’r?’clp—i)zl':l e (CCLU_E))_HLTL:A;E(l_T‘CIP—i)ZFl (T Ceru-0) (42)
- | wi(1+TED (Copy i) wi1+TEP (Cepy—i))
STNE

. \ (T (TP Cery-0) e Za (7 (Ccry-0)
’Wi(l"'TLD((CCLU—i))
¥ NE Wi(1+TLD ((CCLU—i))
ANE gr~i=1
211;2 QI(CRP i
Wi(1+TLD(<CCLU—i)) wi(1+TLD(<CCLU—i))
ANE 4 (1+TLD (Cop 17 s TINE 1y (14TLD(Cpop 1y
4’LNE(2 QI(CRP L)ZL=1 wl(1+ (CcrLy l)) + H:L:A;E(QI(CRP_JZFI wl(1+ Ceru l))
wi(1+TEP (ecry )
2 H”NE 9121 NE wi(14TLD (Copy ) )

iom Cip—i
wi1+TEP (Copy ) wi(1478P (Cepy-))
A e
. ]'[nNE(Z %, )ZiﬁEwl—(1+11'LD(chU_i))+n:(L:1\iE(QIC1P_i)Zi=I\{Ewi(1+1rLD(cCLU_i)) '
wl(1+TLD((CCLU l)) Wi(1+TLD((CCLU-i))
’ﬂNE(l + B, , )ZL by wl(1+TLD((CCLU l)) ’ﬂNE(l — B )Z i(1+TLD((CCLu—i))
RP RP—i
Wl(1+TLD((CCLU l)) wl(1+TLD((CCLU l))
%NE(l + B )Zl 1 WL(1+TLD((CCLU 1)) + H%NE(l Be, )Zl 1 wl(1+TLD((CCLU 1))
RP— RP
( wi(1+TEP (Ccpy—y)) wi(1+TEP (copy_y)) \
M M
VE(1e5c,, )ZiﬁEwi(lww(CCLU“'))—H:;’\{E(l—%clp_i)ziﬁ}zWi(HTLD(CCLU‘i))
| wi(1+TLD (Copy ) wi(1+TEP (Copy_y))
\ F(14%c,,_ )Z?:AJI_Ewi(1+TLD(CCLU_i))+H:;1\iE(1—BC1P_i)Z?=IgEwi(1+TLD(CCLU_i))

where TP (Cep_i) = ] 11#] sup (Ceru—i, Ceru—j), where sup (Cepy—i, Copu—j) is expressed

the support for Cepy— 1 and Ccry—j with weight vectors w such that w = (w1, W, ..., Wyyy)
with a rule that is Z Ewi=1.

Proof of Theorem 8. Trivial. O
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Moreover, by using Equation (42), we discussed the following properties such as
idempotency, boundedness, and monotonicity.

Theorem 9. By using any family of CLDULNs Cecry—; -
[szirE/s,»]r (%Rp,ielzn(%’[’_i)']:c ingﬂ(]—'CIP_’_))I

(ﬂc o2 ) o ei2n(%cmii))
RP—i r 2 Crp—i
Ccry, then

/i = 1I21"'1nNEI lf(CCLufi =

CLDULPEWG(Ccru-1,Ccru-2,---,Ceru—ny:) = Ceru (43)

Proof of Theorem 9. Trivial. O

Theorem 10. By using any family of CLDULNs Cecry—; =
- i27t(7T¢ . 127 ( F )
[‘:‘M/‘:‘,Bi]/ (7(-CRP7,'61 ( C””’)/ ]:(CRP#EI ( CIP”) ’ =12 ” 1f C _
(%Kp,ielzn(uclpfi)/ %CRP7161271(%C1P71,)> ’ y4y+-+s7UNE, CLU—max
max(Ceru—1,Ceru—2,- - Ceru—nye) and Cepu—min = min(Cery—1,Ceru—2,---,

CeLu—rnyg ), then

Ceru—min < CLDULPEWG(Ccru-1,Certu-2,-- - Certi—nye) < CoLu—max (44)

Proof of Theorem 10. Trivial. OJ

Theorem 11. By using any two families of CLDULNs Ccpry—; =
- = i2 . 277 (Fq )
[ =T (TCRP—,"?I n(%lpﬂ)f]:CRP-iel i) ’
(u(CRpfieZZN(uCIP#)' %CRpfiEIZTE(%C“Li))

- - . i27'[(7fc* 7.) . i27'((]:é 7()
{H"‘z‘*’“ﬁ?}’ (%RPie e ’FCRP—ie S

. % - *
<5J* ezZn(uC“Ll_) " ezZn(%Clpi)>

,i = 1,2,...,7ZNE, and CéLufi =

7 zf (CCLU—I S (CzkjLu_l'/ then

Crp—i 7~ Crp—i

CLDULPEWG(Ceru1,Cetua,- -+, Cerunyg) < CLDULPEWG (Cépy 1, Coruzs - Clottnys ) (45)

Proof of Theorem 11. Trivial. O

5. MADM Technique Based on Elaborated Operators

MADM procedure is one of the most important technique for finding the best op-
timal from the group of alternatives. Certain scholars have utilized it in the environ-
ment of different fields. Keeping the advantages of the decision-making procedure
and by using complex linear Diophantine uncertain linguistic (CLDUL) information’s,
a MADM procedure is developed based on PEAOs. For this, we choose the family of
alternatives such that €co = {€co_1,€co-2,...,€co_pm} and their attributes Ccp =
{Cco-1,Ccg-2,---,Cco—ii}. For this we choose the weight vector whose expressions
are follow as w = {wy,wy,...,w,,;} with a rule that is the sum of all weight vec-
tor is equal to one ie., YNFw; = 1. To cope with such type of case, the CLDULNs

—_ - i2rt(T¢ 71..) i2rt(Fe 7,,.)
¢ (BB, (%Rpffe " Feg e Y )
CcQ-ij = . .
(ucxpijelzn(uclpﬁ)’ %CRpijelzn(%Cmij))
coping with such kind of issues, the steps of the algorithm are summarized in the follow-
ing ways:

are considered. For
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Step 1: By using the complex linear Diophantine uncertain linguistic information, we
develop the decision matrix, such that

GCQ—11 0:CQ—12 GCQ—13 GCQ—1n
GCQ 21 c-s:CQ 22 GCQ—23 CsCQ—Zn
GCQ 31 GCQ 32 GCQ—33 csCQ—3n
(SCQ m1 CsCQ -m2 GCQ—m3 GCQ—an

Step 2: To aggregate the developed decision matrix, we use the CLDULPEA, CLDULPEWA,
CLDULPEG and CLDULPEWG operators.

Step 3: To determine the score values of the aggregated values, we use the score function.
Step 4: By using the score values, we rank to all alternatives is to examine the best optimal
from the group of alternatives.

Example 1. Consider a decision-making issue taking from Garg [28] about the decision of the best
creation system. In it, expect that an association needs to make another thing and they are exploring
the best unbiased to procure the most raised benefits. For this, in the wake of analyzing the market,
they have pondered the four likely strategies after their starter screening and are described as follows:

1. €cg-_1: Produce a development adjusted to the incredible organizations.
2. €cg-_2: Produce a development adjusted to the mid-level organizations.
3. €cq-3: Produce a development adjusted to the Low-level organizations.
4. &cq_4: Produce a development adjusted to all organizations.

To survey these, the association consider the down to earth factor the key for the next year. In
light of these, they need to evaluate each system under the going with five general characteristics:

1. Ccq-1: Beneficial in the Influential circumstances.
2 CcQ-2: Beneficial in the mid circumstances.

3. Ccq-3: Beneficial in the long circumstances.

4. Ccg-4: Cost of the production plan.

From the above problems, we choose the decision-making algorithm whose steps are
discussed below.

Step 1: First, we develop the decision matrix which contains the complex linear Dio-
phantine uncertain linguistic information’s are discussed in the form of Table 2, such that

Table 2. Original decision matrix, which contains the CLDULNSs.

Cco-1 Cco—2 Cco-3 Cco-4
[E’l/ EZ]/ ‘—‘2/ h43 ‘—‘O/ Hl [Hll h-’4
Q:CQ—l 0.96127[(0'8), 0.91¢i27(0. 81) 0.92¢i27(0. 82) 0.93¢27(0.83)
0. 88i27T( .7) 4 0. 816127'[ (0. 71) 0. 826127'[ (0. 72) 0. 8361271' (0. 73)
0 56127'[(0 4) 0. 516127'[ 1) 0. 526127'[ 2) 0. 5361271.' 3)
0 4127(0 3) 0. 4127(0.31) 0. 42,27(0.32) 0. 438127[ 3)
[‘:‘2/ 33 ’ ‘—‘2/ ‘—‘4 h‘1/ ‘—‘3 [‘—‘2/ '—'2
Q:CQ—Z 0.8812n(0'7), 0. 818127'[ (0.71) 0. 828127'[ (0. 72) 0. 836127'[ (0. 73)
00781'27'[(0.6) 4 0. 716127'[ (0. 61) 0. 726127'[ (0. 62) 4 0. 7361271' (0. 63)
0‘381'27'[(0.3), 0. 316127'[ 1) 0. 326127'[ 2) 0. 3361271'(0 33)
0 2€i27'[(0 1) 0. 2161271' 1) 0. 2261271' 2) 0. 238127'[ (0.13)
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Table 2. Cont.

Cco-1 Cco—2 Cco-3 Cco-4
[E2,E4], [E1, E4l, [E2, B3], [Eo, E4],
Q:CQ—3 0. 7¢i27(0. 6 0. 71¢i27(0. 61) 0. 72¢i27(0. 62) 0. 736127'[ (0.63)
0. 56127'[ 4 0. 516127'[ 041) 0. 526127'[ 042) 0. 5361271' (0. 43)
0.4¢/27( 0.41¢/27(0:31), 0.42¢127(0:32), 0.43¢/27(0:33),
0. 361271 0. 316127[ (0.21) 0. 326127'[ (0.22) 0. 338127'[ 3)
[E3,E4], [E2, Eql, [E2, Es], [Eo, Eql,
Q:CQ—4 0. 661271,’ (0. 3 0. 618127'[ (0. 31) 0. 628727'[ (0. 32) 0. 636127'[ (0.33)
0. 23127'[ 4 0. 216127'[ (0. 11) 0. 226127'[ (0. 12) 0. 236127T (0. 13)
0.2¢277( 0.21¢277(021) 0.22¢277(022), 0.23¢277(023),
0. 16127'[ 0.116127T(0 11) 0.126127[ (0. 12) 0.138727[( 3)

Step 2: Based on the proposed CLDULPEWA operator, we aggregate the decision
matrix by using the weight vector (0.3,0.3,0.3,0.1), then the final aggregated values are

discussed in the form of Table 3, such that

Table 3. Aggregated values by using PE aggregation operators.

CLDULPEWA Operator

Cco-1

( 0.9124¢127(0.8124

(22304, E3.2324],
),

0.8125¢i27(0. 7125) ’

0.5125¢i27 (0. 4125)
0. 41256127'[ (0.3125)

€Cco-2

[E2.2324, E4.2324],
0.8124¢27(0. 7124)
0.7123¢i27 (0. 6124)

),

€co-3

0. 71356127[(0 6134)
0. 51346127( (0.4142

0. 41236127( (0.3144
0. 313461271 (0.2145)

y
),

Cco—4

(

0. 31248127T (0.3124
0. 21248127T (0.1125)

‘—'2 464, 24, 4645]
0. 61236127( (0.3142)
0. 21238127( (0.1156)

0.21348127[ (0. 2155
0.1156812n(0 1167

)

)
i)
+B4.3534), )

)

)

Step 3: For finding the ranking values, we use the score function is to determine the
score value of the aggregated values, which are discussed below.

CLDULPEWA: Ssy (¢co_1) = 0.5462,Ssy (€co_2) = 0.8081,Ssy (€cq_3) = 0.8399, Ssy (€cg_4) = 1.1869

Step 4: By using the score values of the aggregated values, we discussed the ranking
values of all alternatives is to examine the best one from the group of alternatives, such that

Cco-4>€co3 2 €co2 > C€cp1
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As shown above, we get the best option is €cg_4. By using the information of
CLDULSs, then the shortcoming theories are not able to survive with it, but if we choose
the shortcoming sorts of theories such as FSs, CFSs, IFSs, CIFSs, PESs, CPFSs, QROEFSs,
CQROFSs, and LDEFESs, then the elaborated sorts of information are able to cope with it.
Additionally, to express the validity of the elaborated operators, we choose the CLDULSs
sorts of information resolve it by using the investigated operators in the form of Example 2.

Example 2 ([20]). The information in this example is taken from Ref. [20], which contains four
alternatives and three attributes in the form of supervisors. For this, the weighted vector is also
discussed in Ref. [20]. By using the information of Tables 1315 from Ref. [20], we determine the
score values of the aggregated values of the information in Tables 13-15 are discussed below, under
the elaborated CLDULPEWA operators, we have

CLDULPEWA: Ssy (€co_1) = 0.1474,Ssy (€cq_2) = 0.3542,Sgy (€co_3) = 0.1546, Sy (€cg_g) = 0.2970

By using the score values of the aggregated values, we discussed the ranking values
of all alternatives is to examine the best one from the group of alternatives, such that

Cco-2 > €cg-4 > €co3>Cco1
As shown above, we get the best option is €cg_».

Comparative Analysis

The goal of this study, we analyze the legality of intended procedure, its tractability of
aggregation to cope with distinct responses and productions, the impact of score values,
compassion analysis, dominance and ultimately the assessment of suggested methodology
with some prevailing procedures.

Validity and simplicity of the method: By using any sorts of information the elab-
orated operators based on CLDULNSs are extensive valid and suitable to determine the
consistency and validity of the elaborated operators. The elaborated operators are extensive
suitable to manage with inconsistent and unreliable information in guanine life troubles. It
is superior then the prevailing idea such as FSs, CFSs, IFSs, CIFSs, PESs, CPFSs, QROFSs,
and LDFSs with two extra grades are called reference parameters. To provides more range
for TG and FG by altering the natural logic of these parameters are very useful to manage
with awkward and complicated information’s we can utilize our version efficiently in
various circumstances. Basically, the principle of CLDULSs is extensive powerful and more
consistent to cope with such sorts of information which cannot resolve by prevailing theo-
ries. In certain MADM challenges, we are understanding dissimilar sorts of principles and
response information corresponding to the offered circumstances. The planned CLDULS is
straightforward and simple to recognize and can be utilized effortlessly on various sort of
choices and characteristics.

To determine the reliability and dominance of the elaborated operators by using
investigated and prevailing ideas with the help of comparative analysis. For this, we
choose certain sorts of prevailing operators whose related information are discussed as
follows: Riaz and Hashmi [20] elaborated the LDFS and their laws, Ali and Mahmood [36]
elaborated the maclurin symmetric mean operators by using CQROFSs. The comparative
analysis of the elaborated and prevailing operators is discussed in the form of Table 4 by
using the information of Example 1.
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Table 4. Comparative analysis of the elaborated and prevailing operators by using Example 1.

Methods Score Values Ranking Values
Riaz and Hashmi [20] Cannot be Calculated Cannot be Calculated
Ali and Mahmood [36] Cannot be Calculated Cannot be Calculated
Ssv (€cg-1) = 0.5462,Sgy (€cq—2) = 0.8081,
> > >
CLDULPEA operator Sev(€cq_3) = 0.8399, Say (€cq_4) = 1.1869 Cco-4 > €co-3 > Cco2 > &co1
Ssv (€cg-1) = 0.6573,Sgy (€cq—2) = 0.9192,
> > >
CLDULPEWA operator SSV(QCQ—B) — 0.9410,Sqy (Q:CQ—4) — 1.2979 Cco-42Cco32Cco22C01
Ssv (€co-1) = 0.4351,Sgy (€cg—2) = 0.7071,
> > >
CLDULPEG operator SSV(QCQ73) — 07288, SSV(QCQ74) — 1.0758 Cco-4>C€cp3=>Cco2 2 &0
Ssv (€cg-1) = 0.3240,Sgy (€cq-—2) = 0.6060,
CLDULPEWG operator Sev (€cn_s) = 06177, Say (€co_s) = 1.0647 Ceo-4 > €co-3 > €co—2 > €co-1

Table 5 shown the sensitive analysis of the elaborated and prevailing works for the
data of Example 2.

Table 5. Comparative analysis of the elaborated and prevailing operators by using Example 2.

Methods

Score Values Ranking Values

Riaz and Hashmi [20]

Ssy (€cg_1) = 0.1474,Ssy (€co o) = 03542,

> > >
Ssv (€co-3) = 0.1546,Sgy (€cg_4) = 0.2970 €2 = Teg-4 = CeQ-3 = T

Ali and Mahmood [36]

Cannot be Calculated Cannot be Calculated

CLDULPEA operator 2@3(&31)) B g'ﬁfg’ izzgiggj)) B 832%’ Cco-2 > Cco-4 > o3 > Ccoo1
CLDULPEWA operator Zz‘;((iigi)) B 82562;? izzgiggj)) _ 8@32?’ €cg-2 > €cg-4>€cg-3 > Ccg1
CLDULPEG operator (G0 1) T DRSS o leee ) Comner o2 Cco s 2 e3> Cco
CLDULPEWG operator 2@3(&31)) B g'.gégi’, Ziﬁgiigii)) _ 8'}3@8’ €cg-2 > €cg-4> €3 > Ceg1

As shown above, we known that the elaborated operators based on CLDULSs are
extensive powerful and more useful than the prevailing ideas Refs. [20,36].

6. Conclusions

In this manuscript, we join the guideline of LDFS, ULS, and CFS is to expand the
rule of CLDULS. CLDULS covers the grade of truth, deception, reference boundaries, and
their unsure linguistic terms to achieve with off-kilter and complicated information in
real life issues. Some functional laws by utilizing the explained CLDULSs are likewise
settled. Moreover, by utilizing the PE collection administrators dependent on CLDULS is
to expound the CLDULPEA, CLDULPEWA, CLDULPEG, CLDULPEWG administrators,
and their valuable outcomes are additionally explained with the assistance of some note-
worthy cases. Moreover, by utilizing the explained administrators dependent on CLDULS,
a MADM problem. To decide the sanity and reliability of the explained administrators,
some mathematical models are outlined. At last, the matchless quality and similar inves-
tigation of the expounded approaches with the assistance of graphical articulations are
additionally evolved.

In the future, we will extend the idea of complex spherical fuzzy sets [52], T-spherical
fuzzy sets [53], bipolar soft sets [37], Pythagorean m-polar fuzzy sets [54-59], and spherical
fuzzy sets [60-63] are to improve the quality of the research works. By using these ideas,
we will be also utilizing in the environment of pattern recognition, medical diagnosis,
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decision-making, Multiattribute decision-making, computer security threats, analysis of
carcinoma/ cancer, analysis of best crystalline solid based on melting and boiling points,
and economics. The proposed CLDULS deal only with that information which covers the
two grades truth and falsity like IFS, CIFS, PFS, CPFS, QROFS, CQROFSs, but when a
decision provides information in the shape of picture fuzzy sets which covers the truth,
abstinence, and falsity grades, then the picture fuzzy set is unable to cope with it. for coping
with such types of issues, we will be proposed the theory of linear picture Diophantine
fuzzy set, complex linear picture Diophantine fuzzy set, linear spherical Diophantine
fuzzy set, complex linear spherical Diophantine fuzzy set, linear T-spherical Diophantine
fuzzy set, complex spherical uncertain linguistic sets [63], and complex linear T-spherical
Diophantine fuzzy set.
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ULS

Uncertain linguistic sets

CFS Complex fuzzy sets

LDFS Linear Diophantine fuzzy sets

PE Power Einstein

CLDULS Complex linear Diophantine uncertain linguistic sets

CLDULPEA Complex linear Diophantine uncertain linguistic power Einstein averaging
CLDULPEWA  Complex linear Diophantine uncertain linguistic power Einstein weighted averaging
CLDULPEG Complex linear Diophantine uncertain linguistic power Einstein geometric
CLDULPEWG  Complex linear Diophantine uncertain linguistic power Einstein weighted geometric
FS Fuzzy sets

IFS Intuitionistic fuzzy sets

CIFS Complex intuitionistic fuzzy sets

PFS Pythagorean fuzzy sets

CPFS Complex Pythagorean fuzzy sets

QROFS g-rung orthopair fuzzy sets

CQROFS Complex g-rung orthopair fuzzy sets
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