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Abstract: In this article, the authors study the Lebesgue point of functions from Hajtasz—Sobolev,
Besov, and Triebel-Lizorkin spaces with generalized smoothness on doubling metric measure spaces
and prove that the exceptional sets of their Lebesgue points have zero capacity via the capacities
related to these spaces. In case these functions are not locally integrable, the authors also consider
their generalized Lebesgue points defined via the y-medians instead of the classical ball integral
averages and establish the corresponding zero-capacity property of the exceptional sets.
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1. Introduction

The study of function spaces on the Euclidean space R"” and its subsets with gener-
alized smoothness started from the middle of the 1970s (see, for instance, [1-4]), and has
found various applications in interpolations, embedding properties of function spaces [5-8],
fractal analysis ([9], Chapters 18-23), and many other fields such as probability theory and

stochastic processes [10,11]. Recall that, in [11], Farkas and Leopold studied the generalized

Besov spaces B;(ZN) (R") and Triebel-Lizorkin spaces F ,(,(:I’N) (R") for the full range of param-

eters, in which the smoothness, instead of the classical smoothness sequence { 275) j=0, Was
given via a weight sequence o := {0} 0 of positive numbers. Intensive investigations on
generalized Besov and Triebel-Lizorkin spaces also exist in which smoothness is described
by a parameter function; see, for instance [6,12-16]. In recent years, a lot of attention has
been paid to Besov and Triebel-Lizorkin spaces on R" with logarithmic smoothness; see,
for instance [17-27].

Recently, using Hajlasz gradient sequences, the authors [28] introduced Hajtasz—Besov
and Hajtasz—Triebel-Lizorkin spaces with generalized smoothness on a given metric space
X with a doubling measure and, when X = R”, proved their coincidence with the classical
Besov and Triebel-Lizorkin spaces with generalized smoothness. Recall that the Hajtasz
gradients were originally introduced by Hajtasz [29] and have been an important tool
used to develop Sobolev spaces on metric measure spaces (see, for instance [30-34]). The
fractional Hajtasz gradients were introduced independently by Hu [35] and Yang [36] in
2003. In 2011, Koskela et al. [37] introduced the notion of sequences of Hajtasz gradients and
characterized Besov and Triebel-Lizorkin spaces via some pointwise inequalities involving
these Hajtasz gradient sequences; as an application, this pointwise characterization has
been used in [37] to show the invariance of quasi-conformal mappings on some Triebel-
Lizorkin spaces.

It is well known, by the Lebesgue differentiation theorem, that almost every point
is a Lebesgue point of a locally integrable function. Then, it is very natural to expect a
smaller exceptional set when the function has higher regularity. In [38], Kinnunen and
Latvala considered the Lebesgue point of functions in the Hajtasz-Sobolev space M7 (X)
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on a given metric measure space X and proved that, when the measure doubles and
p € (1, Q], a Hajtasz-Sobolev function has Lebesgue points outside a set of zero Hajtasz—
Sobolev capacity, where Q represents the doubling dimension of X. This result leads to a
series of related work on many other function spaces such as fractional Hajtasz-Sobolev
spaces [39], Orlicz-Sobolev spaces [40], as well as Hajlasz—Besov and Hajlasz—Triebel-
Lizorkin spaces [41]. We also refer the reader to [42,43] for a related study on variable
function spaces.

Inspired by these works, in this article, we study the Lebesgue point of functions
from the Hajtasz-Sobolev space M??(X), the Hajtasz-Besov space Nﬁ,q (X), and the Hajtasz—

Triebel-Lizorkin space Mﬁ,q (X) with generalized smoothness on a given doubling measure
space X, via measuring the related exceptional sets of Lebeguse points. Note that functions
in the Hajtasz—Besov or Hajtasz—Triebel-Lizorkin spaces with generalized smoothness
might fail to be locally integrable when their index p or ¢ is close to zero. To overcome
this obstacle, similar to [41,44,45], we also consider a class of generalized Lebesgue points,
which are defined via the y-medians introduced in [46,47], instead of the classical integrals.
As the main results of this article, we prove that the exceptional sets of (generalized)
Lebesgue points of functions from the above spaces have zero capacity, where those
capacities are defined by related spaces. These results can apply to a wide class of function
spaces due to the generality of the smoothness factor ¢. In particular, the logarithmic
Hajtasz-Sobolev space is an admissible function space for our main results.

The structure of this article is as follows.

In Section 2, we state some basic notions and assumptions on the smoothness function
¢. We also introduce the inhomogeneous Hajtasz-Sobolev space M%7 (X), the inhomo-
geneous Hajtasz—Besov space Nﬁ’q (X), and the inhomogeneous Hajtasz-Triebel-Lizorkin

space Mﬁ,q (X) with generalized smoothness and establish their coincidence with those
classical Besov and Triebel-Lizorkin spaces with generalized smoothness when X = R".
Section 3 is devoted to studying the Lebesgue point of functions from Nf,ﬁ,q(/\’ ) and

M? (X) and, in particular, M%?(X) = MY ., (X), via the capacities Cap .4 ,» and Cap , o
P P Npqyl Mpq(

X) q(X)
related to the spaces Nﬁq(X ) and Mﬁ’q(X ), respectively. To this end, via establishing some
Poincaré-type inequalities and estimates related to Hajtasz-type spaces with generalized
smoothness, we first prove the convergence of discrete convolution approximations in
Nﬁ’q(z\’ ) and M,‘f’q (X) when p, g < o0, and a dense subset in M#?(X) = Mﬁ,m (X) exists when
p < oo, which consists of continuous functions. Recall that, when s € (0, 1] and p € (0, ),
the class of all s-Holder continuous functions is dense in the classical Hajtasz—Sobolev
space M*P(X) (see, for instance, ([48], Theorem 5.19)), which was proved via an extension
argument together with the inequality

[d(x,y)]* < [d(x,2)]" + [d(z,)]*

for any x, y, z € X. However, this inequality may not be true if one replaces [d(-,-)]* by
#(d(-,-)) due to the generality of ¢. To overcome the difficulties caused by this, we borrow
the notion of the modulus of continuity and, for certain ¢ that satisfies such assumptions,
find a dense subset of M??(X) consisting of generalized Lipschitz functions. Applying
these dense properties, we obtain the boundedness of discrete maximal operators on
these Hajtasz-type spaces and then a weak-type capacitary estimate for restricted maximal
functions, which is further used to prove that the exceptional sets of Lebesgue points

of functions from M%?(X), Nﬁ,q (X), and Mf,”q(X ) have zero Cap y0r(x), Cap N (X)7 and
Cap M (X) capacities, respectively.

In Section 4, we deal with the generalized Lebesgue point of functions from the spaces
M%P(X), Nﬁ,q(){ ), and Mﬁ,q(X ), which are defined via the y-medians instead of the classical

ball integral averages. Following a procedure similar to that of Section 3, we also prove



Mathematics 2021, 9, 2724

3 of 46

that the exceptional sets of generalized Lebesgue points of functions from # have zero
Cap g-capacity with
F € (N ,(X), Mj ,(X), MP (X)),

Finally, we compare the capacity Capg4# with some Netrusov-Hausdorff contents
and prove that they have the same null sets. This enables us to also use some Netrusov—-
Hausdorff contents to measure the exceptional set of Lebesgue points of functions from
these Hajtasz-type spaces.

2. Hajlasz-Besov and Hajtasz-Triebel-Lizorkin Spaces with Generalized Smoothness

In this section, we recall some basic notation and notions as well as the definitions
of the function spaces used in this article. Let Z be the collection of all integers, N be
the collection of all positive integers, and Z := N U {0}. We write A < B if there exists
a positive constant C that is independent of the main parameters such that A < CB and
write A ~ Bif A < B < A. We also denote by C; ) a positive constant depending on the
parameters aj, a,....

A triple (X,d, ) is called a metric measure space if X is a non-empty set, d is a metric on
X, and p is a regular Borel measure on X such that all of the balls defined by d have finite
and positive measures. Recall that (see [48], [Convention 1.4]) a measure u on X is called
a regular Borel measure if open sets are y-measurable and every set is contained in a Borel
set with the same measure. Additionally, the measure y is said to double if there exists a
positive constant C,, € [1, o) such that, for any ball B c X,

ap,az,...

1(2B) < Cyup(B).

Here and thereafter, for any A € (0, ), AB denotes the ball with the same center as B
but A-times radius of B. The doubling property of u implies that, for any ball B ¢ X and
any A € [1, ),

p(AB) < CuAPu(B), 1)

where D := log, C,,. Here and thereafter, we assume that C,, is the smallest positive constant
such that (1) holds true. Clearly, when X = R”, D = n. Throughout this article, we always
let(X, d, u) be a metric space with a doubling measure (for short, a doubling metric measure space).
For any subset E ¢ X, we denote by 1 the characteristic function of E.

Let L°(X) be the collection of all measurable functions on X that are finite almost
everywhere and L] (X) be the collection of all measurable functions on X satisfying that,
for any xo € X, there exists an rg € (0, ) such that flg(,, ) € L'(X). For any p, g € (0, ],
let LP(X,19) and 1(X, LP) be, respectively, the collections of all sequences {uy}zcz € L°(X)

such that
1/q
etk ezl (x g0y == H Zw] <o
kel LP(X)
and
r 11/q
Hotkhezllio o) = ZZnuknzp(X) <eo
Lke |

with the usual modifications made when p = o or ¢ = co.
For any u € L°(X) and E c X with u(E) € (0,), let

ug = Jiud,u = lﬁflsud# = F%E)Lu(x)dy(x). ()

For any L € (0, ), a function f is said to be L-Lipschitz if it satisfies

|f(x)_f()’)|SLd(x,y), Yx, yeX.
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For a Lipschitz function f, the smallest constant L satisfying the above inequality is
called the Lipschitz constant of f and denoted by Lip f.
We also frequently use the following inequality: if g € (0, 1], then, for any {a;};cz,  C,

[Z |a,~|]q < D lail”. ®)

i€Z, i€Z

We now recall the definition and some basic properties of weight functions used to
describe the smoothness of function spaces under consideration. We begin with a classical
notion of admissible sequences; see, for instance [11,49].

Definition 1. Let E € {Z, 7 }. A sequence of positive numbers, {0 j} jeE, is said to be admissible
if there exist two positive constants do and dy such that, for any j € E, dyoj < 0j1 < dy0j.

Several examples of admissible sequences can be found in [11], which illustrate the
flexibility of this assumption.

Definition 2. A continuous function ¢ : [0,00) — [0, o) is said to be of admissible growth if
{6(27)} jez, is an admissible sequence and ¢(t) ~ ¢(2) for any k € Z and t € [25,2571) with the
positive equivalence constants independent of both t and k.

We point out that, for any given admissible sequence o := {0}z, there exists a
continuous function ¢ of admissible growth such that, for any j € Z, ¢(277) = 1/0;.
Indeed, the function

b (1) := z-/“(i - L) (t=27"1 + L vie [2771,270), vjeZ, (4)
agj 0'j+1 O-j-‘rl
suits this job; see ([28] [Proposition 2.4]) or ([14] [Example 2.3]). Throughout this article, for
any given admissible sequence o := {0} jez, we always let ¢, be as in (4).
For any given sequence o := {0}z of positive numbers or any given function
¢: [0,00) = [0,00), let

- 4 . Ok .
@y = max{e,, @, } := maxqlimsup , lim sup s
k——oc0 Ok+1 k—oo  Ok+1

- . Ok+1 . Ok+1
PBo = max{B,, ﬂi} = max{hm sup Kt , lim sup ket },
k——o00 Ok k— 00 Ok

2k 2k
ay = max{a/;, a/;r} = max{l?gilop ¢<gk+)1) s liiri)sol:p ;(52(,(31) }

and ( k+1) ( k+1)
_ . $(2 , #(2
Bs = max{B,,B1} := max{hm sup , lim sup .
¢ »>7e k——00 ¢(2k) k—00 ¢(2k>
Since, for any j € Z, ¢-(27/) = 1/0}, then @, = at, a/;; = g, By, = B+, and

ﬁ;{r = B3, which means that ¢y, = a, and B4, = B,. By an obvious observation that
/e, <B;and 1/ af < BF, itis also easy to show that 1/a, < Bs; furthermore, @y < 1
implies 85 > 1, and B4 < 2 implies ey > 1/2.

Observe that, if a;; € (0,1) (resp., a/(;)F € (0,1)), then there exists a §; € (0, o) such that
@y + o1 < 1 (resp., a(‘; + 61 < 1). Let Ky be a given integer. By the definition of a, (resp., a;),
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we find that there exists an integer K (resp., K») such that, for any k € (—oco, min{K}, Ko}]
(resp., k € [max{K>, Ko}, )),

¢(2") - ¢(2") _
m<(l¢ +61 (resp.,m<a¢ +51)
and hence, for any i, j € (—oo, min{K|, Ko}| (resp., i, j € [max{K>, Ko}, )) with i < j,
$(2') - ji ( ¢(2) + ji)
520 < (ay +61) resp., 520 <(ay +01)"™"). (5)

Since ¢(2%) /¢(25+1) is bounded on [min{K, Ko}, Ko] (resp., k € [Ko, max{K2, Ko}]), then,
from (5), we deduce that there exists a positive constant C, depending only on Ky, ¢, and
51, such that, for any i, j € (o0, Ko| NZ (resp., i, j € [Ko, o) NZ) withi < j,

@ < Clay + 61)/7 (resp., %

¢(27)
By this, we further obtain, for any kg € (-0, Ko| N Z (resp., ko € [Ko, o) NZ) and
re (0,00],

< C(a, + 61)/‘i). (6)

1/r 1/
N P #(29) 1
{Z[M«)]} = (2" ){Z ¢(2ko)]}

k<ko

1/r 1/r
resp. Ly <1 ot (k)| o 1
[ p’{k>ko[‘7’<2k>} } ) ‘p(zk(’){k;?)( A } - ¢(2ko>]’

where the implicit positive constants depend only on Ky, ¢, and ;.

If g, € (0,2) (resp., ,8; € (0,2)), by an argument similar to the above, we conclude
that there exist a 6, € (0, ) such that By + 62 < 2 (resp., ﬁ; + 62 < 2) and a positive
constant C, depending only on Ky, ¢, and &5, such that, for any i, j € (—co, Ko|] N Z (resp.,

i, j € [Ko,00) NZ)withi < j,
By +62)"
¢ : @)

o) _ (Fe o) -i92))
2 f¢(2i) SC( 5 resp., 2 J¢(2i) < 5

Furthermore, for any kg € (—o0, Ko] NZ (resp., ko € [Ko, o) NZ) and r € (0, c0|, we have

1/r 1/r
2 2 ot 92) |
{k;ko[azk)]} - ¢<2ko){k;ko[2 5@) ”

1/r
2ko B, + 02 (ko=k)r 2ko
P2 K] I P ®
mE P 52
1/r n (k—=ko)r) 1/ 7
: +
resp., {Z[z—k¢(2k)] } < 2—k0¢(2k0) Z{ﬁtﬁ . 2 < 2—k0¢(2k0) .
k>ko k>ko
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If ay € (0,1) (resp., By € (0,2)), then oy € (0,1) and a/(;)Ir € (0,1) (resp., B, € (0,2) and
ﬁ; € (0,2)). Thus, by (6) and (7), we obtain, for any i, j € Z with i < j,

6(2) 1) (pe o )]

$(27) ¢(21) ~
where 6; (resp., d2) is any given positive constant such that s + 61 < 1 (resp., 8 + 62 < 2),

and the implicit positive constants depend only on ¢ and 6 (resp., §2). By this, we conclude
that, for any r € (0, o] and kg € Z,

1/r 1r
o] e o [ oty

k<ko k>ko

< (ag +61)7 (resp., 21

1/r 1/r
2k 2k _ _
resp., {Z[(p(Zk)} } s ¢ (2ko) and {2[2 k¢(2k)]} <2 k0¢(2k0)]. (10)

k<ko k>kq

Here, the implicit positive constants depend only on ¢.
The following lemma is just ([28] [Lemma 2.5]).

Lemma 1. Let ¢ : [0,00) — [0, 00) satisfy ay € (0,1), € € (0,—1og, ay), and & € (log, By, ).
Then,

(i)  there exist positive constants Cy and C, depending on ¢, such that, for any k € Z,

2j£ 2k§

> ik CIM and ) 2777 ¢(27) < C27F(2%);

=k <k

(i)  there exist positive constants ¢ and c,, depending on ¢, such that, for any i, j € Z with i < j,

o (j-)e ¢(2))
¢(27)

(i-j)s 2(2)
¢(27)

<cy and 2

<.

We recall another widely used notion (see, for instance, [50], Section 2.2.1) to describe
the smoothness function as follows.

Definition 3. A function f : [0,00) — [0, c0) is said to be almost increasing (resp., decreasing)
if there exists a positive constant C € [1, ) such that, for any t;, t; € [0, 0) with t; < tp (resp.,

=20, f(t) <Cf(n).

Throughout this article, for simplicity, we always denote by A the class of all continuous
and almost increasing functions ¢ : [0, 00) — [0, ) satisfying that ¢(0) =0, ¢(1) = 1, and
{¢(27)} jez is admissible.

Let A be the set of all functions ¢ € A satisfying that the function ¢, defined by
setting, for any 7 € [0, %), ¢(¢) := ¢() /1, almost decreases.

For any r € (0,), let A, be the set of all functions ¢ € A satisfying that ¢ is of
admissible growth and that there exist a ko € Z and two positive constants X, and Y;,,

depending on kg and r, such that

1/r 1/r
{Z[(p(zf)]"} <X;, and {ZZ_j’[gb(Z_j)]_r} <Yy, (11)

JZko J=ko
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We claim that if, for some ko € Z, there exist positive constants X, and Y, such
that (11) holds true, then, for any k € Z, there exist positive constants X; and Y, depending
on k and r, such that (11) holds true with ky replaced by k. Indeed, this claim is trivial
when k > kg, while when k < ko, it easily follows from the fact that ZI;.O:_kI [¢(27)]7" and
ZI;":;CI 27/r[¢(27/)] 7" are always finite. This proves the above claim.

Clearly, by (3), A, € A, C A for any ry, ry € (0,00) with r; < r,. For instance, for
any b € (0,00) and r € (1/b, ], the function

_ [log,(140)]". re(0.1),
(1) == {(1 Clom ). rell.oo) (12)

belongs to A,.

If ¢ is of admissible growth, then ey € (0, 1) implies ¢ € A; furthermore, oy € (0,1),
together with By € (0,2), implies that, for any r € (0,], ¢ € A,. In view of these, we
let Ay be the class of all functions ¢ satisfying that ay € (0,1), 5; € (0,2), and ¢ is of
admissible growth.

Now, we state the notions of generalized Hajtasz gradients and the related Hajtasz-
type spaces with respect to the smoothness function ¢ € A.

Definition 4. Let ¢ € Aand u € L°(X).

(i) A nonnegative measurable function g is called a ¢p-Hajtasz gradient of u if there exists a set
E c X with u(E) = 0 such that, forany x, y € X\ E,

|u(x) —u(y)| < ¢(d(x,y))[g(x) + g (y)]. (13)

Denote by D?(u) the collection of all ¢-Hajtasz gradients of u.

(i) A sequence of nonnegative measurable functions, § := {gi ez, is called a ¢-Hajtasz gradient
sequence of u if, for any k € Z, there exists a set Ex C X with u(Ey) = 0 such that, for any
x, y€ X\ Eywith2™1 <d(x,y) <27%,

Ju(x) = u(y)] < ¢(d(x.y)) 8k (x) + ge(y)].

Denote by D? (u) the collection of all ¢-Hajtasz gradient sequences of u.

The following are basic properties of these generalized gradients, which can be proved
by an argument similar to those about classical Hajlasz gradients (see, for instance, ([51]
[Lemma 2.4]), ([38] [Lemma 2.6]), ([41] [Lemmas 2.3 and 2.4]), and ([45][Lemmas 4 and 5]));
we omit the details.

Lemma2. (i) Letu, ve L%(X), {gilrez € D?(u), and {hirez, € D?(v). Then,
{max (gr, iy ) ez € D? (max{u,v}) and {max(gr, ix) ez € D? (minfu, v}).
(i) Let {ui)iew © L°(X) and, for any i € N, let {gl(ci) ez € D?(u;). Let u := sup;ey u; and
{81lkez = {SUpPseny g]((l)}keZ- Ifu e L°(X), then {gihez, € D’ (u).

Using these generalized gradients, we introduced the following homogeneous ¢-
Hajtasz-Triebel-Lizorkin and ¢-Hajtasz—Besov spaces in [28].

Definition 5. Let ¢ € Aand p, g € (0, ).

(i)  The homogeneous ¢-Hajtasz—Triebel-Lizorkin space Mﬁ,q (X) is defined to be the set of all
u € LO(X) such that

il vy 3= inf 8l < o
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when p € (0,00) and g € (0, 0], 0r p = g = 0, and

q
O . q
||u||M‘qu(X) T §€ﬁ31)}”f(u) ilelg )Sclelzg{/zz;( JLl;(x,Z") [gj (y)] dﬂ(y)} =

when p = co and g € (0, 0).
(i) The homogeneous ¢-Hajlasz—Besov space fo,q(X ) is defined to be the set of all u € L°(X)
such that

”u”Nﬁ.q(X) = g’e]lDI)}l’f&u) ||§||lq(X,L1>) =

In [28], we proved that, when X = R”, for any given admissible sequence o :=
{0} jez with @z € (0,1) and B, € (0,2), My, (R") = Fg (R") for any given p, ¢ €
(n/[n—-log, as), oo], and Nf,’ff] (R”) = B} (R") for any given p € (n/[n —log, ay], 0] and
q € (0,00], where Bj ,(R") and F{ ,(R") are, respectively, the classical generalized Besov
and Triebel-Lizorkin spaces in which smoothness is described by an admissible sequence
o (see Definition 7 below). In this sense, the spaces Mﬁ,q(X ) and N}’f’q(X ) serve as natural
generalizations of classical Besov and Triebel-Lizorkin spaces with generalized smoothness
on metric measure spaces.

In this article, we also consider the inhomogeneous version of the above spaces.

Definition 6. Let ¢ € Aand p, q € (0, 0].
(i)  The inhomogeneous ¢-Hajtasz—Triebel-Lizorkin space M}f,q()( ) is defined as the set LP (X) N
Mﬁ’q((\’ ). Moreover, for any u € Mﬁ,q (X), let

||M||qu(x) = llullzr(x) + ”“”Mﬁ,q(x)‘
(i) The inhomogeneous ¢-Hajlasz—Besov space Nﬁ,q (X) is defined as the set LP (X) N Nﬁ,q((\’ ).
Moreover, for any u € Mﬁ’q (X), let

ldlygs = Ml + lullgs (-

Remark 1. (i)  Recall that, for any given p € (0, o], Mﬁ,m(/\’ ) = M?%P(X) (see [28], [Remark
3.4(i)]), where M%P(X) denotes the homogeneous Hajtasz—Sobolev space with respect to ¢,
which consists of all u € L°(X) such that

lulyer ey = _inflllosg) < .

Consequently, if the inhomogeneous Hajtasz—Sobolev space M?P(X) is defined as the set
LP(X) " M?P(X), then M$ o (X) = M®P(X). In particular, when ¢ is as in (12), the related
spaces are called the logarithmic Hajtasz-Sobolev spaces.

(i) Let¢ € A ko€ Z andu e L°(X). Let ]D)fo(u) be the set of all sequences i := {hy)yez, defined
by setting hy := Ty when k > ko and by = 0 when k < ko, where h := {ﬁk}kez is a ¢-Hajtasz
gradient sequence of u. Naturally, Dfo(u) denotes the set of all functions g such that, for
almost every x, y € X with d(x,y) < 27k, (13) holds true. Then, for any given p € (0, %],
g = oo, and ¢ € A or for any given p € (0, 0], g € (0,00), and ¢ € A with a'g €(0,1),

Wedllyo (o= Mallppixey +  inf Ellagx oy, Vi€ NS (X),
ND,(X) LP(X) heDy, () 9(X.LP) Pg
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is an equivalent quasi-norm of Nf,”q(X ) with the positive equivalence constants depending on
ko. Indeed, for any u € LO(X), llaall] o x) < luall o ) obviously holds true. Conversely, let
P4 pq

g € (0,00) and u € L°(X). Notice that, forany k € Zand x, y € X,

Iu(x)l lu(y)l
) = w0 < 07| 5o + 5y |

ez 15 a ¢-Hajlasz gradient sequence of u modulo some uniform constant, which

Then, { a0 I)}

implies that, for any R = ey € Dko(”)’ the sequence g := {gikez, defined by setting,
for any k > ko, gx 1= hy and, for any k < ko, gk := % is an element of]D)fO(u). By

* € (0,1), we can choose a 5, € (0, ) such that a; 461 < 1. Then, there exists a K € Z
such that, for any integer k < K, $(27)/¢(27**!) < a; + 61. Notice that p(27%) /¢(27*+1)
is bounded when k € [K, ko|. We then have

2—k 1) g(2k2 2-koy 19
Z [p(279)]7 = [p(27)] ¢ Z[ k—li ¢f2(—k0+)1)

k<kq k<kg

< D (g +on)oha g,

k<ko

where the implicit positive constants depend only on ¢, g, and ko. This implies that
”””N}’,’q(x) <8l (x,0ry + Mullpr(x) S ||ﬁ||1q(x,Lp) + llullr (x) < ”l"”'Nﬁq(X)'

The proof for the case g = oo is similar, and we omit the details here.

Similarly, for any ¢ € A with a; € (0,1), p € (0,00, and q € (0,00) or any ¢ € A

with p € (0,00] and g = oo, lleelll o (X) defined by replacing § € D?(u) in llull o X by
Pq Pq

he Dfo (u), is also an equivalent quasi-norm of M}, ,(X).

As was mentioned above, the spaces MﬁZ(R”) and Nf,’j;(R”) coincide, respectively,
with the Triebel-Lizorkin space F ,(R") and the Besov space B} ,(R") with generalized
smoothness; see [28]. It is natural to expect to obtain their inhomogeneous counterparts.
To this end, we let S(R") be the collection of all Schwartz functions on R”, in which the
topology is determined by a family of norms, {l|- lls, ,, (&) }kmez, , Where, for any k, m € Z.
and any ¢ € S(R"),

lells, () := sup  sup (1+[x)"|6%(x)]

aEZ’_;_,lalsk xeR”

witha := (ay,....a,) €27, lal := @1 + -+ @y, and 7 := (%)“1 ~--(%)“". Additionally,

let S’(R") be the space of all tempered distributions on R” equipped with the weak-x
topology. Define

Sw(R") := {<p e S(R") : f ¢(x) x” dx = 0 for all multi-indices y € Z’jr},

and let S, (R") be the topological dual of S/,(R") equipped with the weak-* topology.
For any f € S.,(R"), we use f to denote its Fourier transform in the sense of S, (R"); in
particular, for any f € L' (R") and & € R”, f(£) := ji&" f(x) e™?"*¢ dx. For any t € (0, 00) and
x € R let ¢, (x) := 1 "p(x/1).
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Definition 7. Let o := {0} jez, be an admissible sequence. Let p, g € (0, c0] and ¢, & € S(R")
be such that

suppp C{€eR": 1/2<1é <2}, and [p(é)| = Cy if 3/5<1é<5/3

and
supp @ C {£ e R" ¢ ] <2}, and [D(£)|> C, if €1 <5/3,
where Cy, C, are two positive constants.

(i)  The homogeneous Triebel-Lizorkin space F  (R") with generalized smoothness is
defined as the set of all u € S,,(R") such that llull oy < 00, Wwhere, when p < oo,

1/q
{Z ot oy-u x ”'q]

keZ

||M||ng(ugn) = |{ox Pk *u}keZ”Lﬁ(Rn,zq) =

Lr(R7)
with the usual modification made if ¢ = co and, when p = oo,

/q
“u”F(Dg’q(Rn := sup sup{f - E o |(p2 ko u(y | dy}
)C

xeR” [eZ, k>l

with the usual modification made if g = co.
(i) The homogeneous Besov space B}, ,(R") with generalized smoothness is defined as the
set of all u € S\, (R") such that

1/q

< o0

q
il ) = Mok @yt * ubeezllaqr 2oy = | Y, ot llpa-s % ull]
keZ

with the usual modification made if g = co.
(iii) The inhomogeneous Triebel-Lizorkin space Fy ,(R") with generalized smoothness is
defined as the set of all u € S’ (R") such that ||u||F¢ (R") is finite, where ||u||F(r (R") is defined
as ||u||Fa (R?) with {ok @y-k * ulrez and ¢ replaced respectwely, by {0k y-k g u}kez+ and .
(iv) The 1nhomogeneous Besov space B} ,(R") with generalized smoothness is defined
as the set of all u € S'(R") such that ||14||3<T (R") is finite, where ||u||Ba J(RY) is defined as
”M”B(r (R") with {0k -k * Ulgey, and ¢ replaced respectwely, by {0k -k * Uz, and .

We then have the following relation between homogeneous and inhomogeneous spaces.

Proposition 1. Let p € [1,00], g € (0,00, and o := {0 j}jez, be admissible sequences with
ay € (0,1). Then, for A € {B,F}, AS (R") = [LP(R") mAiq(R”)], where & := (G }} jez, is any
given admissible sequence satisfying that, for any j € Z4 and o= € (0,1), 0, = 0.

Proof. By similarity, we only consider the Triebel-Lizorkin case.
First, we show F§ (R") c [LP(R") N FY (R")]. From p € [1, 0], a; < 1, ([14] [Corol-
lary 3.18]), or ([52] [Theorem 4.1]), we deduce that B”  max(pg) (R”) c LP(IR"), which, together

with the trivial embedding Ff ,(R") c B) axipa) (R”) implies that F{ ,(R") c LP(R") and,

for any u € F;q(R”), ltll o (rny < ||M||F;)rq(Rn>. Moreover, if p € [1,»), applying (3) when
p/q < 1, the Minkowski inequality when p/q > 1, or the Minkowski integral inequality,
we conclude that, for any u € Fy ,(R"),

1/q
[Sietleseot]

k<0

1/ min{p,q}
min{p,q}

< LP(R")

Ly (Rn )

~min
Ty PDoyi o ul

k<0
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1/ min{p,q}
} ||M||Lp(Rn)~

~min{p,q}
< [Z )

k<0

By o= € (0,1), we know that there exists a §; € (0,c0) small enough such that
az+06 <L Then we have, for any k < 0 and r € (0, 0],

D5 s (az o),
k<0
where the implicit positive constant only depends on ¢ and ;. Therefore, we obtain

1/q
[Z oy s = urf}

k<0

1/ min{p,q}
] el ey < el o

< {Z(Q/; +51)kmin{p,q}

Lr (Rn) k<0

which implies that |ju]| .7 (Rn) S el o ey + lludll oz (Rn)- Similar estimates also holds true for
P9 Pq _
the case p = co. Altogether, we obtain the embedding F§  (R") c [L?(R") n Fy ,(R")].
Conversely, let u € [L?(R") N F gq (R™)]. By the Minkowski integral inequality, we
know that, for any given p € [1,c0], || = ullp(rey < lullpp(rey. This, combined with the
obvious fact that [[{olg,—+ * b1l (regay < Nlullpz (Rn)/ implies the embedding [L?(R") N
pq

F iq(R”)} c Fy ,(R"). This finishes the proof of Proposition 1. o

As an application of Proposition 1 and ([28], Theorem 3.10), we immediately obtain
the following conclusion; we omit the details.

Corollary 1. Let p € [1,00], and o := {0j}jez,, be an admissible sequence with oif € (0,1)
and B} € (0,2). Then, F§ (R") = MﬁZ(]R")for any q € (n/[n—1log, a], o] and By, (R") =
N%(R”) for any q € (0,00], where & := {0} jez, is any given admissible sequence satisfying
gj=ojforany je€Z,az € (0,1),and - € (0,2).

3. Lebesgue Points of ¢-Hajlasz-Type Functions

Let u be a function on the metric measure space (X,d,u). A point x € X is called a
Lebesgue point of u if it satisfies

lim |u(y) = u(x)|du(y) = 0.

=0t JB(x,r)

For such an x,
u(x) = lim u(y) du(y).

r—=0" JB(x,r)

Here and thereafter, t —» 0" means t € (0,c0) and t+ — 0. The classical Lebesgue
differentiation theorem states that almost every point is a Lebegsue point of a locally
integrable function on R”. If the function has higher regularity, one could expect a smaller
exceptional set. In 2002, Kinnunen and Latvala [38] studied the Lebesgue point of functions
of Hajtasz—Sobolev spaces on doubling metric measure spaces, which has led to a lot of
related works; see, for instance [39—-44].

In this section, we study the Lebesgue point of ¢-Hajlasz-Besov and ¢-Hajtasz-Triebel-
Lizorkin functions on a given doubling metric measure space (X,d, ). To this end, one key
tool is the maximal operators. Let R € (0, o]. The restricted maximal operator Mg is defined
by setting, for any u € L°(X) and x € X,

Mgu(x) :=  sup |u| du, (14)
B,2x,re(0,R) Y By
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where the supremum is taken over all balls B, in X containing x with the radius r € (0, R).
Obviously, M := M., is just the classical Hardy-Littlewood maximal operator, which is
known to be bounded on L?(X) for any given p € (1, o] when X is a doubling measure
space; see, for instance ([53], Theorem 14.13). We also need the discrete Hardy-Littlewood-
type maximal operator defined via discrete convolutions (see, for instance [38,41,54]). To
recall this, we first need the notion of the partition of unity.

Definition 8. Let r € (0,0), J c N be an index set, and balls {Bj}jeg be a covering of X with
the radius r such that 3, jc g 1op; < 1, where the implicit positive constant is some positive absolute
constant. A sequence {¢;} jeq of functions is called a partition of unity with respect to the above
ball covering {Bj} e if, for any j € J, ¢, is a Lipschitz function with the Lipschitz constant cr™",
¢j>2C>00nBj, suppp; C2B;,0< ¢; <1,and }jcq¢; = 1, where c and C are two positive
constants depending only on the doubling constant.

The existence of the partition of unity in Definition 8 with respect to any given ball
covering of X can be seen, for instance, in ([38], p. 690).

Definition 9. (i) Let u € L°(X). The discrete convolution of u at the scale r € (0, ) is
defined by setting
Ur i = Z Up; @js
g
where {B}} jeq is a ball covering of X with the radius r and {¢}} je g a partition of unity with

respect to {Bj} jey as in Definition 8.
(i) The discrete maximal operator M* is defined by setting, for any u € L°(X),

M*u = sup |uly—+,
keZ

where |uly-« is the discrete convolution of |ul at the scale 27k,
(iii) Let R € (0, co]. The restricted discrete maximal operator My, is defined by setting, for any
ueld (X),
Mpu = sup  |uly«,
{keZ: 27k <R}

where |uly-« is the discrete convolution of |ul at the scale 27k,

Obviously, M3, = M*. Now, we present two Poincaré-type inequalities with respect
to ¢ as below. The first one is easy to prove using the definition of Hajlasz gradients, and
the other is provided in ([28], Lemma 3.7).

Lemma 3. Let ¢ € A. Then, there exists a positive constant C = C, ¢,y such that, for any

xeX, keZ, uel’(B(x,27%)), and g € D?(u),

ceR

inff lu(y) - cldu(y) < C¢(27*) f g(v)du(y),
B (x,27K) B (x27F)
where C,, is as in (1).

Proof. Letxe X, k€ Z, ue L°(B(x,27%)) and g € D?(u). Then,
inf £ ) -ddut) < £ ) = duly)
ceR JB (x,27%) B

(x27%)

sf ) f uy) —u(2)ldu(z) duly)
B (x,27%) JB (x27%)

SJC ) f (@80 + 8(2)] du(z) du(y)
B (x,27%) JB (x,27%)
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<¢(27%) JC g(y) du(y).
B (x,27%)
This finishes the proof of Lemma 3. O
Lemma 4. Let ¢ € A with ay € (0,1). Then, for any ¢, & € (0,-log, ay) with & < & and

p € (0,D/¢), there exists a positive constant C = C((p’p’g,’cﬂ) such that, forany x e X, k€ Z, u €
LO(B(x,27% 1)) and § := (g} jez, € D (u),

. )| *
igR Jcl;(x,z—k) |u(y) —dr /J(y)}
, . . 1/p
<crt 3 oo £ ) (15)
j=) B(x27kH1)

where D and C, are as in (1).

Remark 2. Let D and C,, be as in (1).

(i) Let ¢, & and p be as in Lemma 4. By taking, for any k € Z, x € X, u € L°(B(x,27%*1)), and
g€ D (u), & := (e-logyay)/2and g := {g; := g}jez, in (15), we obtain

Dp Dl;i;p 1/p
n £ we) -t ae)]| " <oeh{f eoram) . s
ceR[ JB (x,27%) B (x27k+1)
where the implicit positive constant depends only on ¢, p, &, and Cy,.
(ii) Notice that, if Dp/ (D —ep) = 1, then p = D/ (D + ¢). In this case, (15) and (16) become,
respectively,

inf f u(y) = cldu(y)
B (x27%)

ceR
e Y-
S Clapey 2 20N f | moFae) T
k=2 x, )
and
inf Ji ) lu(y) = cldu(y)
D+e
* p% g ’ 18
< Clopac) WEN T, g BONTT b)Y (18)

Applying these Poincaré-type inequalities, we obtain the following estimates.

Lemma 5. Let ¢ € A, D, and Cy, be as in (1) and M be the Hardy—-Littlewood maximal operator.
(i)  Then, there exists a positive constant C = Cy ¢,y such that, fqr anyue L} (X), g€ D%u),
i€Z,ye X with Uug(yp-iy < 9, and almost every x € B (y, 2”“),

Ju(x) = gy | < CORTIM(g) (x).

(ii) Let ay € (0,1). Then, for any A € (D/[D —log, ag], ), there exists a positive constant
C = Cyac,) such that, for any u L} (X), g€ Du),icZ,yeXwith Up(yo-iy < 0,
and almost every x € B (y,27"+1),

1/a

() = (50| < €47 M(g") ()] (19)



Mathematics 2021, 9, 2724

14 of 46

(iii) Let ay € (0,1). Then, for any A € (D/[D —log, ay], o), there exist an € € (0, —10g2 @y)
depending on A, and a positive constant C = C(4a¢,) such that, for any u € L' (X),

loc

g:=1{glcz €D?(u),i€Z,y e X with Up(y,-i) < ©0, and almost every x € B (y,2” i+,

i) ~ gy < € 200527 H M) ()] . (20)

1>i-4

Proof. Letu, g, i, y, and x be as in the present lemma. By the definition of Hajlasz gradients,
the doubling property of y, the geometrical observation that, for any x € B(y,27"1),
B(y,27"*1) ¢ B(x,27"*2) and, for almost every x € X, g(x) < M(g)(x), we have, for almost
every x € B(y,27'T1),

]u(x) - uB(y,zﬂ-)‘ < Ji . lu(x) — u(z)| du(z)
o) f o)+ 5] duld)
B(y,271)

which proves (i) of the present lemma.

To complete the proof of the present lemma, we observe that, for any i € Z, y € X and
x € B(y,27""), B(y,27)) ¢ B(x,27"2). Thus, by the Lebesgue differentiation theorem and
the doubling property of u, we find that, for almost every x € B (y,271),

|”(x> - “B(y,z-i)| < |”(x) — Up(xp-it2 ' + |”B x27iH2) T ”B(y,z-i)|

Z fok “B(x2k|d#

k>i-2

+ Ji(x’zm)|u(z) —Up(xp-it2)
szf [0(2) = 20| )
Ksi2 VB(x27)
5 i -

If 2 € (D/[D —log, ay),1), choose w € (0,-log, ay) such that 1 = D/(D + w). By
ay € (0,1), (21), and the definition of M, we conclude that (19) and (20) follow from (18)
and (17) with £ = w therein, respectively.

If 2 € [1, 00), then, for any € € (0, - log, ), by the Holder inequality, we also obtain the
same estimate as the case A € (D/[D —log, ay], 1). This finishes the proof of Lemma 5. O

du(z) (21)

k>i-2

Remark 3. (i) Let ¢ € Awith ay € (0,1). Recall that, for any p € (D/ (D —log, ay), ], g €
(0,00], and u € [Mf,’,q (X)u Nﬁq (X)], the integral of u on any ball in X is finite (see [28],
Remark 3.8), where D is as in (1).

(i) Let ¢ € A. Forany u € ¥, the integral of lul” on any ball B := B(x,27%) in X with k € Z is
also finite, where

F e (M7 (X): pe(l,00)| UM (X): pe(0,1), ag € (0,1)}
U{M4(X), Njpg(X) : p. g€ (0,00, ag € (0,1)}.
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To see this, by similarity, we only prove the case ¥ = Mﬁ,q (X) with p, q € (0,00] and
ay € (0,1). Indeed, by (15), the Holder inequality, Lemma 1(i), and the definition of A, we
find that

ggﬂg[ﬁlu(y) —cl”d#(y)}l/p g2 M 2j8'¢(2‘j){£3[gj(y)]pd/l(y)}l/p

k=2

$274 3 270 wB) g ezl p
s

< e[l ezl i) < oo

where &' € (0, —logy ) and (g} jez, € D? (u) N LP (X, 19). Let co € R be such that

JCIu(y) = col” du(y) < .
B

Then,

[ W) ) < 1(8) f o) ol duly) +(B) < .

Thus, the above claim holds true.

Due to Remark 3(i), the classical Lebesgue differentiation theorem implies that almost
every point is a Lebesgue point of u. As u has certain regularity, one would expect a
smaller exceptional set than that of usual locally integrable functions. Inspired by [41,45],
we introduce capacities related, respectively, to Mﬁ’q(X ) and Nﬁ’q (X) to measure such
exceptional sets.

Below, for simplicity, we use ¥ to denote either Mﬁ’q()( ) or fo,q(X ), or ¥ to denote
either M, (X) or Y, (X).

Definition 10. Let E be a subset of X. Recall that a set U is called a neighborhood of E if it is
openand E Cc U. Let F € {Mﬁ,q(X),Ng’q(X)} with ¢ € Aand p, q € (0, |, and

G7(E) :=={ueF : u>1onaneighborhood of E}.
The F-capacity Cap & (E) of E is defined by setting
Cap - (E) := inf{|lull}. : u e Gr(E)}.

Remark 4. Let E, Ei, Ey C X and F € (M} ,(X), N} (X)) with ¢ € Aand p, q € (0, ).

(i) Let g’f(E) ‘={ueGg(E): 0<u<l}. By Lemma 2(i), || max{minfu, 1}, 0}l < |lullF, and
an argument similar to that used in ([55], Remark 3.2), we have

Cap -(E) = inf{lull). : u € G(E)}.

(i) If Cap#(E) = Owith p € (0,00), then u(E) = 0. Indeed, for any € € (0, o), there always
exists a neighborhood Uy of E such that |1y |lF < €, which implies that

(E)YP = el < Mgl < e

Letting € — 0T, we obtain u(E) = 0.
(iii) IfE| C Ey, then G¢(E2) C G#(E1), which means that Cap &(E;) < Cap #(E»).

The following lemma provides a basic property of the capacity which is a slight
generalization of ([41], Lemma 6.4); we omit the details.
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Lemma 6. Let F € {Mﬁ,q(X),Nf;,q(X)} with ¢ € Aand p € (0,00) and g € (0,00]. Let
6 := min{1, g/ p}. Then, there exists a positive constant C = C(p,q) € [1,00) such that, for any
sequence {E;};eN of subsets of X,

Cap f[U E,-]

ieN

[4

<C ) [Cap (B

Via F-capacities, we introduce the ¥ -quasi-continuity as follows.

Definition 11. Let ¥ € {Mﬁ’q(X),Nﬁq(X)} with ¢ € Aand p, q € (0,0]. A function u is said
to be F-quasi-continuous if, for any & € (0, ), there exists a set Uy such that Cap &(Us) < €
and the restriction ulx\y, of u on X\ U is continuous.

The following theorem shows the convergence of discrete convolution approximations
in ¥, which generalizes ([41], Theorem 5.1).

Theorem 1. Let ¢ € Ay, p € (D/(D —1log, ay), ), F = Mﬁq()() [resp., F = M}’iq()()] with
q € (D/(D~1logyay),), or F = N (X) [resp., ¥ = Nj,(X)] with g € (0,00), and u € F.
Then, |lu — uy-illg — 0as i — oo, where {uy-i}icz., are the discrete convolutions as in Definition 9(i).

To prove Theorem 1, we need the following lemma, which generalizes ([41], Lemma 3.1)
(see also [47], Lemma 3.10).

Lemma 7. Let E c X be a measurable set, L € (0,00), ¢ be a bounded L-Lipschitz function
supported in E, u € L°(X), and ¢ € A.

(1) Iflgklkez € D?(u), then, for any i € Z, the sequence {h ez, defined by setting

hy = { {2_k[¢(2_k)]_1 Lu| + ”‘P“Lw({\’) gk}lE, k>, .

ellz o |27 |l 1, k<i

is an element of D? (ug) modulo a positive constant that is independent of i and L.
(i) Ifge D%(u), then

-1
is an element of D? (up) modulo a positive constant that is independent of L.

Proof. We first prove (i). Let ¢ be a bounded L-Lipschitz function supported in E, u € L°(X),
and {gihtez € D?(u). For any k € Z and x, y € X with d(x,y) € [27%1,27%), we have

d(x.y)/¢(d(x.y)) s27/¢(27*) and [(d(xy))]"" < [#(27)]7".

Then, from the Lipschitz continuity of ¢ and the definition of D?(u), it follows that,
for any k € Z and almost every x, y € E with d(x,y) € [27%71,27K),

|u(x)o(x) = u(y)e(y)| < lu(x)l|e(x) = o(3)| + lelle|u(x) —u(y)]

< ¢<d<x,y>>{W el g x) + gk<y>1}

‘ku X
B2 N il L) + gk(yﬂ}

<ot S
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and

|u(x)(x) = u(y)e(y)] < lu(x)llglle () + lellze (u(x)] + lu(y)])
llpll o () (lue ()1 + ()1

S FER)
< o(d(x.y) llellze (x) ;ngzg + lu(y)])

For any k € Z and almost every x € E and y € X \ E with d(x,y) € [27%1,27F),
we have

and

lplles ) e ()]
¢(27F)

Similarly, for any k € Z and almost every x € E and y € X \ E with d(x,y) € [27%71,27%),
we have

() (x) = u(3)e(¥)] < Iello(x)lu(x)] S $(d(x.y))

L27Mu(y)|

|u(x)@(x) = u(y)e(y)| < ¢(d(x.)) e

and

llell oo (1 ()]
$(27)

From these estimates, we deduce that {}icz as in (22) is a positive constant multiple
of an element in D? (ugp), with the positive constant independent of i and L. This proves (i).

The item (ii) is easy to show using the result in (i) and choosing & := sup;.z i and
i € Z such that L € [2/,2/*1). This finishes the proof of Lemma 7. ©

|u(x)e(x) = u(3)e(y)| < ¢(d(x.y))

We now state some corollaries of Lemma 7 as follows.

Corollary 2. Let E C X be a measurable set, L € [1/2, ), ¢ be a bounded L-Lipschitz function
supported in E and p € (0,00). Let F € {Mﬁ,q(X),fo’q(X)} with g € (0,00) and ¢ € Ay,
or ¥ € {Mﬁ,w(X) = M"”p(X),Nfioo(X)} with ¢ € Aw. Then, for any u € F, up € F with
llugllFs < llulle, where the implicit positive constant is independent of u.

Proof. By similarity, we only consider ¥ = Mﬁ,q (X) with p, g € (0,00) and ¢ € A,. Leti €
Zy besuchthat2~! <L <2, ue LO(X), {gilkez € D?(u) satisfy gk tkezllr (x0) < ”””Mﬁq(z\’)'
and {/}iez be as in (22). By the definition of A,;, we have

Sl ekt and Y2y

[p(27}))? ~F [p(27}))* =

k<i k>i

where X;, and Y, are two positive constants independent of ¢. From this, we deduce that

1/q
Ihhkezllo () < {Z(z-k[¢(2—k>]‘l)q} Ll gl (x)

k>i
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+llellze (x) gk kezllLr (£.9)

1/q
+{Z([¢(z‘k)]l)q} el o L el ) (23)

k<i
< gl () H@rheezllir (z.0)
+ XLl o) + Y L)l )

which, combined with Lemma 7 and |ju¢|| LX) < lleell o (x) el Lo (). implies that

luglyge sy < llen ey + Whideezlln e

S [ XL+ Dligllimq) + YeL]lllye .

where the implicit positive constants are independent of L, ¢, and u. This finishes the proof
of Corollary 2. O

Corollary 3. With the same assumptions as in Corollary 2, if the set E is bounded, then, for any
ueF,upecF.

Proof. Again, by similarity, we only consider ¥ = M), ? ,(X) with p, g € (0,c0) and ¢ € A,.

Let i € Z, be such that 2°! < L < 2/, u € L%(X), and {gi}rez € D?(u) be such that

”{gk}kEZ”LI’(X,l‘I) < ”””M"’ X" Since E is bounded, we can find a ball B containing E. Then,
pq

by Remark 3(ii), we conclude that lllzr gy < lullppy < oo Let {hi}rez be as in (22).

Then, from (23), we deduce that ||[{f}iezl| LX) < ©, which, combined with Lemma 7,

implies that ””"DHMﬁq(X) < oo. Notice that luelizr(xy = Ml ()@l (x) < o0 We then obtain

lluell 0 (x) <% which completes the proof of Corollary 3. O
pq

Corollary 4. Let E C X be a measurable set with u(E) € (0,00); L € (0,00); ¢ be a bounded
L-Lipschitz function supported in E; and F € { M¢ (X)), Nﬁ (X)) with p, g € (0,00), ay € (0,1),
and By € (0,2) or F € { p’(x,(X) = M?P(X),N (X) }with p € (0,00), ¢ € Awo, and u € L°(X).
Then,

R
el < [1+ ||¢||Loo<X)]{1 o] ey (24)
with the implicit positive constant independent of L, ¢, and E.
Proof. We first consider ¥ = Mﬁyq((\’) with p, g € (0,0), ay € (0,1), and B4 € (0,2). Let

{hi}rez be as in (22). From Lemma 7(i) and choosingu =1, gy =0forany k € Z,and i € Z
such that 2/ < L < 2! in (22), we deduce that

lell e () S WhichkezliLr (x.ga)

(St

k>i

n {Z([¢(z-k)]‘l)”}]/qnsonmm

k<i

<{lo@ D™+ o] el o Jl BN,

<

el (x)

where, in the last inequality, we used (9) and (8). This, combined with the fact that

lellzo () < llllp ) [ (E)]'2,

implies (24) with & = M? ,(X).
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By choosing u = 1 and g = 0 in Lemma 7(ii), the case
F € (M) oo(X) = MPP(X),Nj (X))
with p € (0, o0) and ¢ € A, can be similarly proved. This finishes the proof of Corollary 4. O
Now, we prove Theorem 1.

Proof of Theorem 1. By similarity, we only consider the case ¥ = M, (X). Let p, ¢,

and ¢ be as in the present theorem; C, be asin (1);i € Z1; u € Mﬁ,q((\’); and {gilrez, €
D?(u) N LP(X,14). Let {B}} jes be any given ball covering of X with the radius 2~ such that
Yjeg Lop; < 1 and {g;}je s, consisting of a sequence of c2'-Lipschitz functions, be a partition
of unity with respect to {B}} jcs as in Definition 8, where c is a positive constant depending
only on C,,. For any j € 7, let ug; be as in (2). By ([28], Remark 3.8), we have, for any j € J,
lup;| < oo. Let u-i be as in Definition 9(i). Thus, by the properties of {¢;} s, we obtain

U—Uy-i = Z(u - qu)goj. (25)
€T
Noticing that ¢; is a c2i-Lipschitz function and ||¢/l| L=(x) < 1, from Lemma 7 with u

and L replaced, respectively, by u — up; and 2!, we deduce that, for any j € 7, h i =i jYkezs
defined by setting, for any k € Z,

{ {2i_k[¢(2_k)]_l|u —up;| + gk} L, k>i,
k,j +— _
P o] - us| 12, k<i

is a positive constant multiple of an element of D’ ([u - up,]¢;). By this, (25), and 3 jc 1rp; <
1, we conclude that, for almost every x, y € X with d(x,y) € [27%71,27%),

(= 13-1) (x) = (= 3-0) ()]
= > (w(x) = um) )i (x) = > (w(y) = us, oo (v)
jegT JET
() = s, o) = () = e, Yoy ()|

JET . 2Bjin{x,y}#0

So(xy) Y () )] (26)

JET 2B N{x,y}+0

IA

For any given € € (0, —log, @) and A € (n/ [n—log, ay], ), by Lemma 5(iii), we obtain,
for any j € J and almost every x € 2B,

|u(x) _ qu| < Z 2<l_i)e¢(2_l)[M(gf)(x)]l//l,
I>i—4
Then,
2 g2t 3 2 MGe)] gk} o, k>
< . a @)
o] 3 2t )] 1,
I>i—4

= hk,j-
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Define the sequence {/;}c7 by setting, for any k € Z,

kg2 ) S 2 M) e k>,
MEZN el ey 125;4 -1 Ay /4 : (28)
27 g2 ] 2 (27 [M(e])] k<i.

I>i—4
Then, by (26), (27), and ¥ je s 125, < 1, we conclude that, for almost every x, y € X,

(= yi) (x) = (= uy-1) ()| < B(d(x,y)) Z [ (6) + s 0)]
JET . 2B jN{x,y}#0

< ¢(d(x,y)) [ (x) + b ()],

which implies that {1z, is a positive constant multiple of an element in D? (u — u,-).
Let A € (n/[n —log, g, min{p, g}). Using the Holder inequality, the fact that ay < 27,
and Lemma 1, we have

1/q
% 2o el < [2ro |7 3 o )| e

I>i-4 1>i-4

with the implicit positive constant independent of i. Notice that, by (10) and g, <2,

{Z{2i-k z—if[¢(2‘k)]1}q}‘/q i) {Z[%r}w

k>i k>i

(30)

and, by (9) and a4 < 1,

ie =14 lq i€
{Z{Z [0 }} S5 (31)

k<i

Thus, by (29)-(31), Lemma 1, and the Fefferman-5Stein vector-valued maximal inequal-
ity in LP/4(X, 19/4) (see ([56], Theorem 1.2) or ([57], Theorem 1.3)), we obtain

b #@ o] v
ezl (x 0 {Z 2(-1)e ) M) } + (282’]
I>i—4 LP(X) k>i LP(X)
p 1/q 1/q
< {Z[M( lk } + Zgz] (32)
1>i-4 LP(X) k> Lr(X)
1/q 1/q
< [Z g?] +12 4t
12i~4 Lr(X) k>t Lr(X)
1/q
24,
kzi—4 (X)

which, combined with ||{g}rezll Lr(Xa) < 9, implies that

1/q
“u—u24||M¢ (X)S [Z gZ] —0 asi— oo.
- Kzi4

LP(X)
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On the other hand, from (25), Lemmas 5(iii), and 1(ii) with € € (0,—-log, ay), the
properties of {¢;} jc7, the Fefferman-Stein vector-valued maximal inequality, and ¢(0) = 0,
it follows that

Z(” - ”31)90-/

jeg

[l ~ ”2"'”Lp(x) =

r(X)

z{ 5 z<f—f>f¢<z-'>[M(gm”*}w

jeg \izi-4

A

Lr(X)

—0 asi— oo, (33)

This finishes the proof of Theorem 1. O

Recall that, when g = oo, Mﬁm (X) = M?P(X) (see Remark 1(i)). Even in the classical
case ¢(1) := tfor any 7 € [0, ), Theorem 1 is not true for ¢ = oo; we refer the reader to ([41],
Example 3.5) with m];(B;) therein replaced by up, for any j € N for a counterexample.
For any given Hajtasz-Sobolev function, to find a convergent sequence consisting of
continuous functions to this given Hajtasz—Sobolev function in Hajtasz-Sobolev spaces,
instead of Theorem 1, we turn to find a dense subspace of Mﬁ,w (X), which consists of some
generalized Lipschitz continuous functions.

Definition 12. Let ¢ € A. A function u on X is said to be in the ¢-Lipschitz class Lip ,(X) if
there exists a positive constant C such that, for any x, y € X,

|u(x) —u(y)| < Co(d(x.y)).

Observe that Lip 4(X) is just the classical Holder space of order s € (0,1] when
¢(t) :== t* for any 7 € [0, c0).

Recall that a function ¢ : [0,00) — [0,0) is called a modulus of continuity if it is
increasing, the function ¢, defined by setting, for any 7 € [0, ), ¢(¢) := ¢(1) /1, is decreasing,
#(0) = 0, and, for any 7 € (0, ), ¢(¢) > 0; see [58]. Obviously, the collection of all moduli
of continuity is contained in As. It is well known that, if ¢ is a modulus of continuity, then,
for any x, y € [0, o),

P(x+y) < o(x) +o(v).

Borrowing some ideas similar to that used in the proof of ([48], Theorem 5.19) (see
also ([59], Proposition 4.5)), we can prove the following conclusion.

Theorem 2. Let ¢ be a modulus of continuity, and p € (0,c0). Then Lip 4(X) N M?P(X) is a
dense subspace of M%P(X).

Proof. Let p € (0,0), u € M?P(X), g € D?(u) N LP(X), and E be the exceptional zero-
measure set such that (13) holds true. For any 4 € (0, ), let

Ey:={xeX\E: g(x) <A, u(x)| < a}. (34)
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Then, the facts that u € L (X) and g € L”(X) imply that, for any 4 € (0, ),
u(X\E,) < . (35)
Moreover, by the definitions of D?(u) and E,, we know that, for any x, y € E,
lu(x) —u(y)l < ¢(d(x,y))[g(x) +8(y)] <24¢(d(x.y)).

Thus, ulg, is ¢-Lipschitz continuous on E,. By ([60], Theorem 2) with the function w
therein replaced by 21¢, we find that u,, defined by setting, for any x € X,

ua(x) := supfu(y) = 24¢(d(x,y)) : y € Ea},

is a ¢-Lipschitz continuous extension of u|g, from E, to X and, furthermore, for any x;, x; € X,

|u/1(x1) — M/](X2)l < 22¢(d(x1,x2)). (36)

Define v; := sgn (1) min{luyl, A}. By ualg, = ulg,, (34), and the definition of v,, we
find that

vilg, = uale, = ulg,. (37)

By the definition of v, and (36), we find that, for any x, y € X,

va(x) =va(y)] < lua(x) —ua(y)l < 22¢(d(x.y)), (38)

which means that v, is still ¢-Lipschitz continuous on X.
We now show v; € M??(X). If x, y € E,, then, by (37) and the definition of D?(u),
we have

Wa(x) =va()l = lu(x) = u(y)]
< p(d(x,y))[g(x) + ()] (39)

Otherwise, if at least one of x and y lies in X'\ E;, then, by (38), we find that
va(x) =va(y)| < 24¢(d(x,y)),
which, combined with (39) and the definition of D?(v,), implies that
g1:=glg, +2A1x\g, € D¢ (vy).
By the definitions of v, and g4, (37), Ival < 4, and (35), we conclude that
vallze(xy S alglizex) + 1Ivalxe, oy (x)
< ludlp () + Al(X N\ ER)]YP < oo

and
lgallzo (x) < gllz () + 2u(X \ EQ)]'? < oo,

which, combined with the definition of || - || MOP (X)) implies that vy € M?P(X).
Now, we consider vy —u. Let x, y e X\ E. If x, y € E,, then, by (37), it is obvious that

|(va=u)(x) = (va—w) ()| = 0.
If x, y € X\ (E4 UE), then, by (38) and the definition of D¢ (u), we obtain

|(va = u)(x) = (va =) ()] < [a(x) =va(y)| + |u(x) = u(y)]
< ¢(d(x,y))[22+ g(x) + g(v)].
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If x€e Eqand y € X\ (E; UE), then, by (38) and the definitions of D¢ (u) and E,, we
conclude that

|(va =) (x) = (va = u) ()]

IA

Pa(x) =va(y)| + [u(x) = u(y)|
)24+ g(x) + g(y)]
WIBA+g(y)]

and, similarly, if x € X\ (E,UE) and y € E,, by (38) and the definitions of D?(u) and E,
again, we find that

IA

¢(d(x
¢(d(x

IN

E)

(2= 10)(x) = (v~ ) 5)] < B(d(x.3) 32 + 8],
Altogether, from the definition of D¢(v, — u) and u(E) = 0, we deduce that
2= (32+g) Ly, € D’ (va—u).
Moreover, by |vy| < A and the definitions of g; and E;, we have

[[CORaT) BOVEN | PR (CR O BUVEH e

< lIgllze ) + llutll Lp(x) < 00

and

lrg/llX\E/z“LP(X) s||(3a+ g)lz\’\E/l“Lp(X)

< llullpp (xy + N1gllLe () < 0.

Then, using this, (37), the dominated convergence theorem with respect to u, and
u(X\E;)) = 0as A > oo, we conclude that

Jim v = ullpp ) = Tim [|(v2 = ) Loz, [ ) = O

and
Jim Bl = Jim JEt ey = O

which imply limj—c [[va — ull MoP(X) = 0. This finishes the proof of Theorem 2. O

Now, we state the main result of this section, which generalizes ([41], Theorem 8.1)
from fractional Hajtasz-type spaces to those with generalized smoothness.

Theorem 3. Let ¢ € Aand F be one of the following cases:

i F= Mﬁm(X) = M®P(X) with ¢ being a modulus of continuity and p € (1, 00);

i F = Mﬁ’oo(X) = M?P(X) with ¢ being a modulus of continuity, ay € (0,1), and p €
(D/(D -logy ay), 1];

(i) F = qu(X) with ay € (0,1), By € (0,2), and p, g € (D/ (D —log, ay), );

(iv) F = Nj,(X) withag € (0,1), By € (0,2), p € (D/(D ~log, ay), ), and g € (0, ),

where D is as in (1). If u € F, then there exist a set E with Cap4#(E) = 0 and an F-quasi-

continuous function u* on X such that, for any x € X\ E,

u ()C) = rg%a_ UB(x,r)- (40)

To prove Theorem 3, we need a weak-type estimate of the ¥ -capacity. To this end, we
need several technical lemmas. The first one is on the Hajtasz gradient of M*u for any u in
which the integral on any ball is finite. Recall that, for any u € L%OC (X), either M*u = oo or
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M¥u < co almost everywhere (see ([54], (3.1) and Lemma 4.8) or ([61], Remark 2.2)), where
M is as in Definition 9(ii).

Lemma8. (i) Let ¢ € Ac. Then, for any u € L, _(X) satisfying that its integral on any ball of
X is finite and M*u % oo and for any g € D?(u), M(g) is an element of D? (M*u) modulo a
positive constant independent of u and g, where M is the classical Hardy-Littlewood maximal
operator and M* as in Definition 9(ii).

(i) Let ¢ € Ao with ay € (0,1). Then, for any A € (D/[D —log, ay], ), any u € L} _(X)
satisfying that its integral on any ball of X is finite and M*u % oo, and for any g € D?(u),
[M(gY)]"/* is an element of D? (M*u) modulo a positive constant independent of u and g.

Proof. Due to similarity, we only prove (ii). For any given r € (0, ), let {B;} e be any
given sequence of balls as in the definition of M* with the radius r, and {¢;}cs be a
partition of unity with respect to {B} jcs as in Definition 8, where J is an index set. Let
u and g be as in the present lemma. From the definition of M* and the observation that
D¢ (u) c D?(Jul), without loss of generality, we may assume that u > 0.

Let u, be as in Definition 9(i). By X je7 ¢; = 1, we have

u =u+ Z(MBJ. - u)(pj. (41)
g

Therefore, for any j € J, using Lemma 7(ii) with », E, and L~! therein replaced,
respectively, by u — ug;, 2B, and r, and the properties of ¢;, we find that, for any j € 7,

g = {g+ [#(r)])" |u = up, [}125,

is a positive constant multiple of an element in D?([u — up,]¢;), where the positive constant
is independent of r, u, and g. Let A € (D/[D —log, @y, o). Notice that, for any j € 7, by
Lemma 5(ii) with B(y,27) and 27 therein replaced, respectively, by B; and r, we have, for
any x € 2B},
1/2
Ju(x) —us,| s () [ M(g")(x)]
with the implicit positive constant independent of u, g, x, j, and r. From this; the proven
conclusion that, for any j € 7, g(/) is a positive constant multiple of an element in D?([u —

up;]¢;); the definition of g, Y Iop; < 1;and g < [M(g")] 174 we deduce that, for almost
every x,y € X,

D us; = u()]ei(x) = > [us; = u()]e;i(y)
J€T J€T

< 3(d(x) Y [g0 () + 0]

jeJ

<o(d(x) . [{e0) + M) 0] Pan, () + {g0) + M) )] o, )]

jeJ
< $(dle)e ) + M) ] + 60+ [Me)0)] )

< o) {[ME) @]+ M) ] ).

1/a

which implies that [M(g")]!/*is a positive constant multiple of an element of D?( 3, jc 7 [u Bj—
ulg;). By this, (41), the definition of D?(u,), g € D?(u), and g < [M(g")]'/*, we further
conclude that [M(g")]'/* is a positive constant multiple of an element in D¢ (u,) with the
positive constant independent of u, g, and r. Moreover, if M*u # oo, then by the definition
of M* and Lemma 2(ii), we conclude that [M(g?)]'/* is an element of D? (M*u) modulo
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a positive constant independent of # and g. This finishes the proof of (ii) and hence of
Lemma8. O

Borrowing some ideas from the proof of ([41], Lemma 7.1), we can prove the following
lemma on the Hajtasz gradient sequence of M*u for any u € L%OC (X) with its integral on
any ball being finite.

Lemma 9. Let ¢ € Ay with ,8; €(0,2), € € (0,—log, ay), and

o€ (O, min{l —log, By, —log, ay — e})

Then, for any A € (D/[D + €],00), any u € L} _ (X) such that its integral on any ball in X is
finite and M*u # oo, and any g := {gilrez € D? (u), the sequence {gilrez, of functions, defined by

setting, for any k € Z,
Gim > 2 m(g)] 42)
[€Z

is a positive constant multiple of an element in D? (M*u), where the positive constant is independent
of uand g, D as in (1), and M* as in Definition 9(ii).

Proof. Let all of the symbols be as in the present lemma. By the definition of M*u and the
observation that D¢ (u) c D?(Jul), without loss of generality, we may assume that u > 0.
Moreover, by Lemma 2 and the definition of M", to prove the present lemma, it suffices to
show that, for any i € Z, {gi}rez is a positive constant multiple of an element in D¢ (u,y-i)
with the positive constant independent of i, where u,-; is as in Definition 9(i).

To this end, we first recall that, in the proof of Theorem 1, we have shown that, for any
i € Z, {m)rez, defined as in (28), is a positive constant multiple of an element in D? (1 — u,-i).
From this, g € D?(u), the definitions of D?(u) and D?(u — u,-i), and, for any x, y € X,

|u27,-(x) — Up-i (Y)|
< () = () + | (= i) (x) = (= up0) (v)],

it follows that, for any i € Z, {gx + hi}iez is a positive constant multiple of an element in
D?(u,-i), where the positive constant is independent of i, u, and g. Thus, to prove that
{8k}rez is a positive constant multiple of an element in D?(u,-i) for any i € Z, it suffices to
show that

gk+h S8 VYkelZ (43)

Indeed, by the definition of g; and the fact that, for almost every x € X, gi(x) <
(M(g}) (x)]'/4, we have g; < g for any k € Z almost everywhere. Then, to show (43), it
suffices to prove that, for any k € Z, hy < g almost everywhere. Let € and ¢ be as in the
present lemma. By 1 -6 > log, 84, € + 6 < —log, ay, and Lemma 1(ii) with § and € therein
replaced, respectively, by 1 — 6 and € + 6, we find that, for any k, / € Z with [ <k,

2[—k¢(2—l)|:¢(2—k)]_1 < 2(1—1()(5 (44)
and, forany k, [ € Z with I > k-4,
2(1—k)e¢(2—l)[¢(2—k)]_1 < 2~ (-k)5, (45)

Let i € Z. Observe that, for any [ > i — 4, 20-)1-€) < 1 and, for any k < i, 2k)€ < 1. By
this, (44) and (45), we obtain, for any x € X and k > ,

i~k n—ie
s o 20 Mt
i-4<I<k
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and

and, for any x € Xand k < i,

[M 81(x)] )]IM

1/2

l>l 4

2D~ | A [gy ()]
I>i—4

< 2 20 M)

I>i-4

<

~

M

which, combined with the proved conclusion that, for any k € Z, gx < gx almost everywhere,
implies that, for any k € Z, i < g almost everywhere. Thus, for any k € Z, gx + Iy < gk
almost everywhere. Furthermore, noticing that {gi + /}iez is a positive constant multiple
of an element in D?(u,-;), from the definition of D?(u,-), we deduce that {gi}icz is also
a positive constant multiple of an element in D?(u,;), where the positive constant is
independent of u, g, and i. Thus, by Lemma 2 and the definition of M*, we conclude that
{8k }kez is a positive constant multiple of an element in D¢ (M*u), which completes the proof
of Lemma9. O

The next two lemmas are used to show the boundedness of the discrete maximal
operator M* on ¢-Hajtasz-type spaces, which is a generalization of ([61], Theorem 4.7)
and ([41], Lemma 8.3), respectively.

Lemma 10. With the assumptions same as in Theorem 3, there exists a positive constant C,
independent of u, such that, for any u € F with M*u # oo,

|

# < Cllull, (46)
where M* is as in Definition 9(ii).

Proof. If ¥ belongs to the case (i) of Theorem 3, then (46) follows from Lemma 8(i) and the
boundedness of the Hardy-Littlewood maximal operator on L?(X).

If ¥ belongs to the case (ii) of Theorem 3, then (46) follows from Lemma 8(ii) and
the boundedness of the classical Hardy-Littlewood maximal operator M on LP/4(X) with
A€ (D/[D~logy ). p).

Now, let ¥ belong to the case (iii) of Theorem 3. Let u € Mﬁq(){ ), {grkez € D? (u) with
gidrezllr (x.19) S ”””Mﬁ,q({\’)’ and r := min{p,q}. Let Dbe as in (1), 1 € (D/[D —log, ay],r),
and €' € (0,-log, @) be such that A = D/(D + €’). We also choose € := (¢’ —log, ay)/2.
From a4 < 1, it follows that 0 < €’ < € < —log, @y and hence 1 € (D/[D + €|, r).
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Let {gi}rez be as in (42) with 6 € (0, min{1 — log, B4, —log, @y — €}). Then, by the defi-
nition of {g}zcz and the Fefferman-Stein vector-valued maximal inequality on L1 (X,1 %)
(see ([56], Theorem 1.2) or ([57], Theorem 1.3)), we have

aiheellor e = {1, .

Lr(X10) < ”{gk}keZ”U()(,lq)'

Thus, using this, the definition of || - ”M;’jq()()' Lemma 9, and I{grtkezllir (x00) S ”u”M,fq(X)’

we obtain

HM*M

M, (X) S ||{§7<}keZ||Lp(X,1q) s ”{gk}k€Z||Ll’(X,l’1) s ”””M‘;’,q(x)'
This finishes the proof of Lemma 10. O

Lemma 11. Let xo € X, r € (0,00), By := B(x0,7), ¢ € A, and

F e {Mﬁ,q(X), Ng,q(X) 2 p, q€ (0, 00]}

If{y € X : d(x0,y) = 7r} for some T € (2,00) is not empty, then there exists a positive
constant C, depending only on 7, ¢, and C,,, such that, for any u € F supported in By,

lullg < C[1 + ¢(r)]llullg

where C,; is as in (1).

Proof. By similarity, we only prove the case ¥ = Mﬁ’q((\’ ). Let By := B(xo,r); 7, Cy, and

u be as in the present lemma; E be the exceptional zero-measure set such that (13) holds

true; and {gi}iez € D?(u) with {8k ezl (x10) < llull yyo (X)° Notice that, for any x € By and
pq

y € 2tBy \ 2By, we have d(x,y) € (r, [1 4 27]r). From this, the fact that ulp-,\25, = 0, and the
definitions of both A and D? (), we deduce that, for any x € By \ E,

1= 90
< o([1+27]r)[g(x) + inf g)|: (47)
yEZTBo\(ZB()UE)

where g := sup. ,<)-t<(1427) Sk and g > 0.
Let z € X be such that d(xo,z) = 7r. Then, by a geometrical observation, we have

By c B(z,[1 +7]r) and B(z [r—-2]r/2) c (2tBy\ 2By),
which, together with the doubling property of u, implies that
u(Bo) <u(B(z, [14+1]r)) s u(B(z, [t =2]r/2)) < u(2tBo \ 2By), (48)

where the implicit positive constants depend only on 7 and C,,. Thus, from ux\p, = 0,
u(E) =0, (47), (48), and the definitions of g and A, we deduce that

lullp (x) = lleell Lo (o)

s¢([1+2ﬂr){||gllu<30)+[/J(Bo)]”” inf g<y>}

Yy€27By\(2ByUE)

S ¢([1+27] r){ugan(Bo) + [u(2Bo \ 2By)]" ”yEZTBOi\rgBM) g(y)}

< $([1+ 2717 Igllir (20) S A(r)HgkMlo (x.0)
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with the usual modification made when p = oo, which, together with the assumption of
{8k}rez, implies that
”””ijq(,\») < letllpr () + g kezllLr (x.09)
S ¢(")||{gk}||u()(,1q) + ”u”M}fyq(z\’)
S [+l (-

This finishes the proof of Lemma 11. O

Based on the above lemmas, we can obtain the following localized weak-type capaci-
tary estimate for the restricted maximal operator Mg, where R € (0, co]. Recall that there
exists a positive constant ¢, depending only on Cy, such that, for any u € L(X),

cI"Mgjeu < My < cMcgu (49)

(see, for instance, [41], [(8.1)]), where Mg is as in (14), M}, as in Definition 9(iii), and C;, as
in (1).

Lemma 12. With the same assumptions as in Theorem 3, let xo € X, R € (0,00), and B :=
B(xo,R). If 7B\ 10B for some v € (10,c0) is not empty, then there exist positive constants
c=c¢(,) and C = Cig g c,) stch that, for any u € ¥ and k € (0,0),

Cap ¢({x €B: Mgjou(x) > K}) < Ck7P|ull”,
where Mg is as in (14) and C,, as in (1).

Proof. Let all of the symbols be as in the present lemma, M, as in Definition 9(iii), and
u € ¥. Let ¢ be a Lipschitz function supported in 4B such that 0 < ¢ < 1 and ¢ = 1 on
3B. By the definition of M}, and the assumption of ¢, we have Myu = M (up) on B and
Mg (up) =0 on X\ 5B. Then, from (49), we deduce that

{x €B: Mg ou(x) > K} c {x € B: cMyzu(x) > K}
c {x e X: cMp(up)(x) > K}
= {x eX: ek ' Mpy(up)(x) > 1} =:0Q, (50)
where ¢ = ¢(¢,) is just the positive constant as in (49).
By the lower semi-continuity of My (ug) (see [54], p.376), we conclude that, for any
x € Q, there exists a 6, € (0, 1) such that, for any y € B(x,dx), ck™' M3 (ug)(y) > 1. Thus,
Q' := U.ep B(x.6y) is a neighborhood of Q and ck ! M} (up) > 1 on Q'. By this; (50);

Remark 4(iii); Definition 10; Lemma 11 with u and By therein replaced, respectively, by
M (ugp) and 5B; Lemma 10; and Corollary 2, we obtain

Capgc({x €B: Mgjou(x) > K}) < Cap#(Q)
< flex™ My ()l < 67 MG () [
S kP IM (ug) |7 < K P gl
< k7Pl

where the implicit positive constants depend on 7, R, 7, and C,,. This finishes the proof of
Lemma 12. O

Now, we show Theorem 3.
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Proof of Theorem 3. Again, by similarity, we only consider the case ¥ = Mﬁ,q(/\’ ). Without
loss of generality, we may assume that X contains at least two points. By this, we easily
know that there exist balls {B(x;,r;)},er with 7 c N being an index set such that X c
Uler B(xi,r7) and, for any [ € I, 5B(x;, r;) \ 4B(x;, r7) is not empty.
Let ¥ be any given function space as in (i), (ii), or (iii) of the present theorem, and
u € . Then, from Theorem 2 when ¥ is as in either (i) or (ii), or from Theorem 1 when
F is as in case (iii), we deduce that there exists a sequence {v;};cny of continuous functions
such that, forany i € N,
e = willh- < 270FP), (51)

Let {B(x;, r1) }ier be a ball covering of X as above and ¢ = ¢(C,) the positive constant
asin Lemma 12. Forany /€ 7,any i, j€ N, and any u € 7, let

A= {x € B(xl, I”]) : Mrl/c(u - V,’) (x) > Z_i}

B[,j = UAl’i'

iz

and

Then, by Lemma 12 and (51), we have
Cap & (A1) < 27l —villl < 27

and, furthermore, by Lemma 6, we obtain

1/0
Cap #(By;) < {Z[Cap¢(f\t,i)]g} <27,

>

where 6 := min(1, g/ p}. Thus, the set F; := () jey By, is of zero ¥ -capacity.
Letl € I. For any i € N, using the continuity of v; and the Lebesgue differentiation
theorem, we conclude that, for any x € X,

lim vi(y) = vi(x)|du(y) = 0. (52)

r—0t B(x,r)

Since u is locally integrable (see Remark 3(i)), then, for any i € N, from (52) and the
definition of A;;, we deduce that, for any x € B(x;,r;) \ Aj;,

lim sup‘vi(x) — Up(xy)
r—0t

< lim sup Ji(x,r)iw(X) - M()’)| du(y)

r—0t

< lim sup Ji( )'V[(y) - u(y)|dp(y) (53)

r—0t

<M se(u=vi)(x) < 27

Therefore, by (53), we find that, for any j € N, ij, i € N with i, i, > j and
x € B(xp, 1) \ Brj = Nisj[B(x1,71) \ Asil,

+ lim sup‘vl'z (x) ~ UB(x,r)

|vi| (x) =vi, (x)| < lim sup’v,-] (x) = up(xy)
—0F r—0+

<270 o7

which means that, for any given j € N, {v] B(xir)\B1 ,}ieN is a Cauchy sequence uniformly in
B(x;,r;) \ Byj. Thus, for any j € N, {v;| Blxr)\ Blj}ieN converge to some continuous function
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v;,j uniformly in B(x;,r;) \ Byj as i — co. Due to the observation that B(x;, r;) \ By increases
on j and the uniqueness of the limit, we conclude that, for any ji, j» € Nwith j; < js,

vl’j2|3(xm)\31,_/1 = VLjr-
Therefore, the function vy, defined by setting, for any x € B(x;, ;) \ Fy,

vy (x) == lim vy j(x),

Jjooo

exists and, for any given j € N, v/lp(y, )\ B = Vij- Since v;j is continuous in B(x;,r;) \ By j,
we deduce that, for any given j € N, v} is continuous in B(x;, 1) \ By,j. By the definitions of
v; and vy, j, and (53) with i — co, we conclude that, for any x € B(x;,71) \ F1 = U jen[B(x1,71) \
By ;] = Ujen Nis[B(x1, 1) \ A,

. .
Vi) = Jim v ) = Jim, B vl e, () = B, e

Altogether, we find a function v} and a set F; with Cap #(F;) = 0 such that

V7(> = r1—1>%1+ Up(.r)
in B(x;, ;) \ F;and, for any € € (0, ), there exist a j € N and a set B; j with Cap#(By;) <€
such that v} is continuous in B(x;,r7) \ Byj.

Next, let u € #. For any given X € X and k € N, let ¢ be a Lipschitz function
such that gelp) = 1 and pelx\pza) = 0. By the boundedness of the support of ¢,
and Corollary 3, we find that ugp; € ¥. Thus, from the conclusion proved in the above
paragraph, we deduce that, for any k € N, there exist a set Ej; with Cap+(E;x) =0and a
function u;x defined on B(x;, 1) \ Ejx such that, for any x € B(x;,r;) \ Eix,

lim (MQOk)B(x,r)

and, for any € € (0, ), there exists a set Ujx with Cap#(Ujx) < 27%le such that uyy is
continuous in B(x;, ;) \ Up.

Define E; := Uen Erx and U; := Ugen Uik Then, by Lemma 6, we have Cap & (E;) =0
and, for the above given € € (0, ), Cap#(U;) < 2-e and, moreover, Cap#(E;UU)) < 2-le.
For any x € B(x,r) \ E; = (en B(x1.77) \ Eix and any k, € N big enough such that
x € B(X,ky), since, for any r € (0,k], we have B(x,r) c B(X, 2ky), then, from the fact that
@k, 1p(z2k,) = 1, we deduce that

lim (u = lim upy. d
r—>0+( ‘ka)B(X’r) r—0", re(0,ky] ﬁ(x,r) Ph O

= lim JC udu (54)
r—0t, re(0,ky] B(x.r)

= r1—1>%1+ Up(x,r)-

Define u; by setting, for any x € B(x;,r;) \ Ej, uy(x) := lim,_g+ u B(xr)- Then, by (54) and
the definition of u;x, we conclude that, for any k € N, u; = uj in [B(x;,r;) N B(x, k)] \ E;.
From this, the fact that u;; is continuous in B(x;, r;) \ Uy, and the definition of U;, we
deduce that, for any k € N, u; is continuous in [B(x;, r;) N B(x, k)] \ (E; U U;). Therefore, u; is
continuous in B(x, r;) \ (E; U Uj).

Finally, we turn to the whole space X using the covering X ¢ ey B(x;,77). Letu € F.
On the one hand, we have shown that, for any / € 7, there exists a set E; with Cap &(E;) = 0
such that (-) = lim,_o+ up(. ) exists on B(x;,r1) \ E;. Define E := |Jjc7 E; and, for any
x € X\ E, u(x) := lim,_g+ ug(x,)- Then, forany /€ 7, u = u; in B(x;,r) \ E.
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On the other hand, by the above proof, we conclude that, for any given € € (0, )
and any [/ € 7, there exists a set E with Cap¢(E) < 27'e such that u; is continuous in
B(x;,r1) \ U,. Define U := ;s U;. Then, for any [ € 7, ; is continuous in B(x;, r;) \ U. From
this and the fact that, for any / € 7, u = u; in B(x;, ;) \ E, we deduce that u is continuous in
B(x;,r))\ (EUU) forany /€ I and hencein X\ (EU U).

By Lemma 6, we have Cap #(E) = 0 and Cap#(U) < € and, furthermore,

Caps(EUU) <e

Let u* be any function defined in X such that u* =uin X'\ E. Then, u* is continuous
in X\ (EUU). Thus, u* is one of the desired ¥ -quasi-continuous functions on X, which
completes the proof of Theorem 3. O

Remark 5. With the same assumptions as in Theorem 3, by (40), the local integrability of u
(see [28], Remark 3.8), Remark 4(ii), and the Lebesque differentiation theorem, we have the following
two obvious observations:

(i) u* = ualmost everywhere;
(ii) every point outside E is a Lebesgue point of u*.

In this sense, u* is called an ¥ -quasi-continuous representative of u. Furthermore, from
the conclusion in (ii) of the present remark and ([45], Lemma 17), we deduce that, for any given
F -quasi-continuous function u in F, there exists a set of zero F -capacity such that all the outside
points are Lebesgue points of u. Observe that, by Remark 4(ii), any set of zero F -capacity is of
zero measure. This implies that, for any F-quasi-continuous function, compared with only locally
integrable functions, there exist more Lebesgue points.

4. Generalized Lebesgue Points of ¢-Hajlasz-Type Functions

If a function fails to be locally integrable, which may happen, for instance, when the
index p of the ¢-Hajtasz-type space is close to zero, the y-median serves as a reasonable
substitute of the integral average (see, for instance [41,45,46]). That is because the y-median
is defined, instead of integrals, only by the distribution sets of functions and their measures,
which removes the necessity for the local integrability of functions. Due to the similarity
between the behavior of the y-median and that of the integral average, the Lebesgue point
can naturally be generalized to the y-median case; see (56). In this section, we still use
the capacity to measure the set of such generalized Lebesgue points of ¢-Hajlasz-type
functions. We first recall the notion of the y-median and some of its basic properties;
see ([41], Section 2.4) (see also ([46], Section 1) for a different definition).

Definition 13. Let u € L°(X) and y € (0,1/2]. The y-median m},(E) of u over a set E c X of
finite measure is defined by setting

my(E) :=inffle R: u({x € E:u(x) > A}) <yu(E)}.
Observe that, if E ¢ X, u(E) € (0,00) and u € L°(E), then m},(E) is finite.

Lemma 13. Let E, E;, E; C X be sets of finite measure, y, y1, y2 € (0,1/2], and u, v € LO({\’),
The following statements hold true:

(i) Ifyi <y thenm)' (E) > mp? (E).

(i) Ifu < v almost everywhere, then m};(E) < m}(E).

(iii) If Ey C Ey and, for some positive constant ¢, u(Ez) < cu(Ey), then

ml(E1) < m“(E2).

(iv) ForanyceR, my(E)+c=m), (E).
(v) Forany c € (0,00), ml,(E) = cm)(E).
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(vi) lmZ(E)l < m|yu|(E)
(vii) m], (E) <m}/*(E) + m]"*(E).
(viii) For any t € (0, c0),

my, (E) < (y_l Ji |u|’d/,z)l/t. (55)

The following lemma (see, for instance, ([46], Theorem 2.1)) implies that the y-median
over small balls can behave similar to the classical integral average of locally integrable
functions at Lebesgue points and becomes a reasonable substitute of the classical Lebesgue
differentiation theorem when the function fails to be locally integrable.

Lemma 14. Let u € L%(X). Then, there exists a set E ¢ X with u(E) = 0 such that, for any
y€(0,1/2] and x € X\ E,
lim m})(B(x,r)) = u(x). (56)

r—0t

In particular, (56) holds true at every continuous point x of u.

Let u € L°(X). Recall that a point x € X is called a generalized Lebesgue point of u if (56)
holds true for x and any y € (0, 1/2]; see, for instance [41,44,45]. If u is locally integrable,
as was pointed by ([46], p. 231), any Lebesgue point of u is a generalized Lebesgue point
of u. This means that the generalized Lebesgue point is a more extensive notion than the
Lebesgue point.

Next, we recall the variants of both M and M* in the y-median version (see, for
instance [41,45]), where M = M, is as in (14), and M* as in Definition 9(ii).

Definition 14. Let y € (0,1/2] and u € L°(X). The y-median maximal function M (u) of u is
defined by setting, for any x € X,

M (u)(x) := sup mlyul(B(x, r)).
re(0,00)
Definition 15. Lety € (0,1/2] and u € L°(X).
(i)  The discrete y-median convolution u of u at scale r € (0, o) is defined by setting, for any

x € X,
ul(x) = ) miy(By) ¢;(x),
J€T
where [ is an index set, { B} je g is a ball covering of X with the radius r such that 3 je ¢ 12p; <
1, and {@;} je s is a partition of unity with respect to {B}}jec g as in Definition 8.
(ii) The discrete y-median maximal function M”*u of u is defined by setting, for any x € X,

M u(x) := sup lul)_, (x),
keZ

where |M|;,k is as in (i) with u and r replaced, respectively, by |u| and 2k,

Remark 6. Let M? and M?* be as in Definitions 14 and 15. Recall that there exists a positive
constant c such that, for any u € L°(X),

Mu < M < EMYCu; (57)

see ([41], (2.10)). Additionally, recall that either MYu = oo or MYu < oo almost everywhere in
X and either MV*u = oo or M"*u < oo almost everywhere in X; see ([41], (2.10)) and ([41],
Remark 2.11).
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The following two lemmas are the variants of Poincaré-type inequalities, respectively,
in Lemma 3, (18), and (17), where the second lemma is a generalization of ([41], Lemma 3.2).

Lemma 15. Lety € (0,1/2], ¢ € A, and C,, be as in (1).
(i)  Then, there exists a positive constant C = C(¢,Cﬂ) such that, for any k € Z, u € LO(X),
g€ D?(u),and x € X,

i o, (B(x.27) <Oy 0@ £ g0)auly).
ceR B (x27%)

(i) Ifay € (0,1), then, for any given A € (0,0), there exists a positive constant C = C(, 1 4.,
such that, for any k € Z,u € L°(X), g € D?(u), and x € X,

1/
inf m? _ (B(x,27%)) < sz;(z"‘){f9 [g(»)]" dﬂ()’)} :

ceR (x,27k+1)

Proof. We first prove (i). For any k € Z, u € L°(X), g € D?(u), x € X, and ¢ € R, from (55)
with t = 1, and E and u therein replaced, respectively, by B(x,27%) and u — ¢, we deduce that

(B2 <y ) = cldu). (58)

B (x,27%)

Taking the infimum of ¢ € R in (58), and using Lemma 3, we obtain (i) of the
present lemma.

Now we prove (ii). By ay < 1, we choose ¢ := —(log, @g)/2 > 0. Forany k € Z, 1 €
(0,D/¢&),u e L°(X), g € D?(u), x € X, and ¢ € R, applying (55) with t = (DA)/(D - &) €
(0,00), and E and u therein replaced, respectively, by B(x, 27%) and u — ¢, we conclude that

my_ (B(x.27%)

{r f )= gy
B (x,27%)

(D-£2)/ (D)
} (59)

Taking the infimum of ¢ € R in (59) and using (16) with p = A, we obtain the
conclusion of (ii) when A € (0, D/¢). From this and the Holder inequality, we deduce that

the conclusion of (ii) also holds true when A € [D/¢, ), which completes the proof of
Lemma 15. O

Lemma 16. Lety € (0,1/2], ¢ € Awith ay € (0,1), and C,, be as in (1). Then, for any given
A € (0,00) and € € (0, -log, ay), there exists a positive constant C = C(y 4 ca.c,) Such that, for
any k € Z, u € L°(X), (gihrez € D (u), and x € X,

inf m’ _ (B(x, 2"‘))

ceR lu=cl

1/2
sert 3 aoeh{f, | ol ao) (60

1>k-2

Proof. Let 1 € (0,c0) and v € (0, €), where € is given as in Lemma 16. When 1 € (0,D/v),
(60) follows from (55) with ¢t = (DA)/(D —vA) € (0,0), E and u therein replaced, respec-
tively, by B(x,27%) and u — ¢ for arbitrary ¢ € R, and from Lemma 4 with p and &' therein
replaced, respectively, by 4 and e. This, combined with the Holder inequality, further
implies (60) when A € [D/v, o). This finishes the proof of Lemma 16. O

The following lemma is a variant of Lemma 5 in the y-median version.
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Lemma 17. Let y € (0,1/2], ¢ € A, C, be as in (1), and M the classical Hardy—Littlewood

maximal operator.

(i)  Then, there exists a positive constant C = C(q,,c”) such that, forany k € Z, u € L9 (X), g€
D?(u), y € X, and almost every x € B (y,27+1),

|u(x) = m}(B(y,27%))| < Cy "o (27%) M(g) (x).

(ii) Letag € (0,1). Then, for any given A € (0, ), there exists a positive constant C = Clypacy)
such that, for any k € Z, u € L°(X), g € D?(u), y € X, and any generalized Lebesgue point
x€B(y.27),

- _ 1/2

Ju(x) = m};(B(v.27))| < Co(27) [M(g")(x) ]| "

(iii) Let g € (0,1). Then, for any given A € (0, 0) and € € (0, —log, ay), there exists a positive
constant C = C(, 4 e, Such that, for any k € Z, u € LO(X), (gi)iez € D?(u), y € X, and
any generalized Lebesgue point x € B(y,27**1),

ju(x) =l (B3, 27)] < €278 " 227 [M(gf) ()]

I>k—4

Proof. Let all of the symbols be as in the present lemma. We first prove (i). For any
k € Z,y € X and almost every x € B (y,27¥*1), by (iv) and (vi) of Lemma 13; (55) with
t = 1; and E and u therein replaced, respectively, by B(y,27%) and u - u(x); the geometric
observation that, for any x € B(y,27**1), B(y,27%) c B(x,27%+2); the doubling property of
; the definitions of D¢ (u) and A; and g < M(g) almost everywhere, we have, for almost
every x € B(y, 27 1)\ E,

() = m (B, 274))]
M (BO2Z)| < my o (B(27)

[ua—

<y! Ji(y,z—k) lu(z) — u(x)|du(z) < y! Jg(x,z-kﬂ) lu(z) — u(x)ldu(z)

< y-1¢<2-’<>[g<x> i e du<z>] <y @M M(g) (x).
B(

x,2’k+2)
which completes the proof of (i).

Now, we prove (ii) and (iii). Let 2 and € be as in (ii) and (iii) of the present lemma.
Similar to ([41] (3.3)), by (ii), (iv), and (vi) of Lemma 13, we have, for any y, ¥’ € (0,1/2]
and any ball B,

’

Y < infm?
mlLﬁmZ(B)\(B) - Luelﬂg mlufc|+|cfmZ(B)|(B)
= infm_(B) +le = m ()|
: Y Y
< inf|m?”_ (B) +ml,_,(B)| (61)

Moreover, by the geometrical observation that, forany k € Z,y € X,and x € B(y, 2kl );
B(x,27%) c B (y,27%2); and the doubling property of u, we obtain

,u(B(x, 2_k+2)) < Cﬁ,u(B(x, Z_k)) < CZ/J(B(y, 2_k+2)) < Cﬁp(B(y, Z_k)).
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Therefore, from this, the definition of generalized Lebesgue points; the doubling
property of y; (i), (iii), (iv), and (vi) of Lemma 13; C, € [1, o0); and (61) withy’ = y/ Cﬁ and
B replaced by B(x,27/), we deduce that, for any generalized Lebesgue point x € B(y,27%*1),

() = mii(B(y.279))|
< () = ] (B 2752) |+ | (B(x, 272)) = i (B(y. 275))|
< D mi(B(x2771) = mi(B(x.277))[ + i (B(y.27°)) = mii(B(x,272))|

22
S 20, Mgtz B2 sy (B0:27) ()
A mz‘/_%w(x’z_j))' (B2 + mﬁii?:{(mx,z—mm (B(x,27+2))

- k=2 m‘f‘/—(’ZtZ(B(x,zfj)N(B(X, 277Y)
< 3 f]m w2 (82|
J=k—

On the one hand, (62), combined with Lemma 15(ii) with k therein replaced by j, (9)
with k and kg therein replaced, respectively, by —j and —k + 2 and the definitions of M and
A, implies (ii) of the present lemma. On the other hand, (62), combined with Lemma 16, the
definition of M, and ' js4_» 27/¢ < 27%€, implies (iii) of the present lemma, which completes
the proof of Lemma 17. O

We now establish the convergence of approximations by discrete y-median convolu-
tions as below, which is a generalization of ([41], Theorem 1.1) from fractional Hajtasz-type
spaces to those with generalized smoothness.

Theorem 4. Let y € (0,1/2], F € (M}, (X),Nj,(X)} with ¢ € FAg and p, q € (0,00), and
ueF. Then, |ju- u;_i||¢ — 0asi — oo, where {M;_i}izo are the discrete y-median convolutions as
in Definition 15(i).

Proof. By similarity, we only consider the case ¥ = Mﬁ,q (X). Letye (0,1/2],i€Z+, ug_i
be as in Definition 15(3i), u € Mf,”q (X), and {girez € D?(u) N LP (X, 19).

Let A € (0,min(p,q)), € € (0,-log, ay), {Bj}jeg be any given ball covering of X with
the radius 2~ such that 3 jeg lop; S 1, and {¢;} jc g, consisting of a sequence of c2"—Lipschitz
functions, a partition of unity with respect to {B}} jcs as in Definition 8. For any j € 7, let

my,(B;) be as in Definition 13. Then, by the properties of {¢;} cs, we have

u—ug_[ = Z(u—mZ(Bj))goj. (63)
j€g

Using Lemma 7 with u and L™! therein replaced, respectively, by u —m},(B;) and 2/,
we conclude that, for any j € 7, {hy, Srezs defined by setting, for any k € Z,

J
o= {zi_k[‘p(z_k)]_l'”_mZ(Bj)i +8k} L, k>i,
L o] - m(8)] 1o, k<i,

is a positive constant multiple of an element of D?([u — m},(B;)]¢;). From this, (63), an
argument similar to that used in the estimation of (26) with u,-i, ug;, and /fy ; therein

replaced, respectively, by u;i, m}(B;), and h; j Lemma 17(iii), (27), and ¥ jey 128, < 1, we
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deduce that {/;}c7, defined as in (28) with the above 1 and ¢, is also a positive constant
multiple of an element in D?(u —u]_,). By this, (32),

[ Z gz]l/q

k>i—4

< I8k kezllLr (x 10y <
Lr(X)

with i € Z, and the dominated convergence theorem with respect to u, we obtain

(Z gz]l/q

k>i—4

-0

2
u—u_f . S hillpp (x.0ay S
“ # g () o LP(X)

as i — oco. Then, using (63), Lemma 17(iii) instead of Lemma 5(iii), the properties of {¢;} jc.7,
Lemma 1(ii) with € € (0, —log, @), the Fefferman-Stein vector-valued maximal inequality
on LP/4(X, 19/1) (see ([56], Theorem 1.2) or ([57], Theorem 1.3)), #(0) = 0, and an argument
similar to that used in the estimation of (33), we conclude that

2

1>i-4

-0

<s¢(27)

LP(X)
as i — co. This finishes the proof of Theorem 4. O

Now, we state the following variant of Theorem 3 for y-medians.

Theorem 5. Lety € (0,1/2], ¢ € A, and F be one of the following cases:
i F= ij,m (X) = M?P(X) with ¢ being a modulus of continuity and p € (1,);
i) ¥ = Mﬁ,w(X) = M%P(X) with ¢ being a modulus of continuity, ay € (0,1), and p € (0, 1];
(ili) F € (M), (X),N) (X)) with ay € (0,1), Bs € (0,2), and p, g € (0, ).

Then, for any u € ¥, there exists a set E with Cap#(E) = 0 satisfying that, for any
y € (0, 1/2], there exists an F-quasi-continuous function u* on X such that, for any x € X \ E,

u*(x) = lirr(l) m} (B(x,7)). (64)

r—
To show Theorem 5, similar to the proof of Theorem 3, we need a weak-type capacitary
estimate with respect to M?. To this end, we first prove an auxiliary lemma as below, which is

about the boundedness of M”»* in ¢-Hajtasz-type spaces and generalizes ([41], Theorem 7.6).
Here and thereafter, M* and M”* are as in Definitions 14 and 15(ii), respectively.

Lemma 18. With the same assumptions as in Theorem 5, there exists a positive constant C =
C (F.Cy) such that, for any u € F,

“My’*u

# < ClluliF, (65)
where MY* is as in Definition 15.

Proof. Let all of the symbols be as in the present lemma. Without loss of generality, by the
definition of M**, D% (u) c D%(|ul), and D?(u) c D?(Jul), we may assume that u > 0.
Leti € Z, {B}} ey be any given ball covering of X with the radius 2™ such that

Z 1o, < 1,

jeg
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{¢j}jeg be a partition of unity with respect to {B;};cs as in Definition 8, ug_i be as in
Definition 15, and M? be as in Definition 14. Then, by (57) and ([41], (2.7)), we have, for
any given p € (0, ),

”My’*“”u](x) s ”MY/C”

LX) S lullp (x) < oo, (66)
where ¢ is the same positive constant as in (57). From this and Remark 6, we deduce that
M¥*u < co almost everywhere.

Let F = M%?(X) and g € D?(u). Using (i) and (ii) of Lemma 17 instead of (i) and (ii)
of Lemma 5, and M”"u < oo almost everywhere, from an argument similar to that used in
the proof of Lemma 8 with {u B je and u,-; therein replaced, respectively, by {m} (B i)} jeT
and u;i, we deduce that M(g) is a positive constant multiple of an element in D¢ (M”*u)
and, if a4 € (0, 1), then for any 1 € (0, ), [M(g')]'/* is a positive constant multiple of an
element in D?(M”*u), where both of the positive constants are independent of u and g.
Below, we let 2 € (0, min(p, ¢)). Thus, by the boundedness of M on L?(X) when p € (1, ),
and on LP/4(X) with 1 € (0, p) when p € (0, 1], we obtain, when p € (1, ),

e

MoP(X) S “M(g)|le(X) < lIgllze x)

and, when a4 € (0,1) and p € (0,1],
||M7’*“”M¢~ﬂ(x) < ”[M(gl)]l//l“u(x) < lgllze(x)-

This, combined with (66), proves (65) when # belongs to either (i) or (ii) of the
assumptions of Theorem 5.

Next, we prove (65) when ¥ belongs to the case (iii) of Theorem 5. By similarity, we
only consider the case ¥ = Mg,q(X) with ay € (0,1), By € (0,2), and p, g € (0,0). To
prove (65), by (66), it suffices to show

e

; < llully, .
w0 S Wl )

Let {gilkez € D?(u) be such that |(grhkezllr (x 0y < ”””Mﬁq()()’ and € € (0,—log, ap).
Recall that we have proved in the proof of Theorem 4 that {/ },kle defined as in (28) with
the above 1 and ¢, is a positive constant multiple of an element in D¢ (u — ug_i). Thus, by
{gi)rez, € D?(u), we conclude that {g + iz is a positive constant multiple of an element
inD?(u)_,).

Let 6 € (0, min{l —log, B4, —log, @y — €}) and {gilrez be as in (42) with the above A
and 6. Similar to the proof of Lemma 9, we know that, for any k € Z, g + it < gk
almost everywhere. By this and the proved conclusion that {g; + )iz is a positive
constant multiple of an element in Dq’(u;i), we conclude that {gi}iez is also a positive
constant multiple of an element in ]D"’(u; ) with the positive constant independent of

i. Furthermore, using the fact that M»*u _< co almost everywhere and Lemma 2(ii), we
find that {gz }1cz is a positive constant multiple of an element in D? (M”*u). From this, the
Fefferman-Stein vector-valued maximal inequality on L/ (X, / 1) (see ([56], Theorem 1.2)

or ([57], Theorem 1.3)), and the choice of {gi}iez, we deduce that

M0l ) S MBIzl

{Z[wg;)]"“}w

leZ

1/2

<

~

L/ A(X)

< Wsthezllr e < llgs .
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Thus, by (66), we conclude that (65) holds true for ¥ = Mﬁ’q (X) with @y € (0,1),
By € (0,2), and p, g € (0, ). This finishes the proof of Lemma 18. O

The following weak-type capacitary estimate plays a crucial role in the proof of
Theorem 5. Since it is just a generalization of ([41], Theorem 7.7), and a straight corollary
of both Lemma 18 and the lower semi-continuity of M**u for any u € L%(X), we omit
its proof.

Lemma 19. With the assumptions same as in Theorem 5, there exists a positive constant C,
depending only on ¥, y, and Cy, such that, for any u € ¥ and « € (0, ),

Capys({x € X : Mu(x) > «}) < CkPlull”-,
where MY is as in Definition 14 and C, as in (1).

Now, we turn to prove Theorem 5. Since the proof of Theorem 5 is quite similar to
that of Theorem 3, we only sketch the main steps.

Proof of Theorem 5. Let # be any given function space as in (i), (ii), or (iii) of the present
theorem, and p € (0, ). We first let u € #. By Theorems 2 and 4, we find that, in any case

as above, there always exists a sequence {u;};cy of continuous functions such that, for any
ieN,
—i(1
e = wilf < 27740

For any k, i € N, define

Apii= {x eX: MYCR) (4 —u)(x) > 2_i}

£ = U= UN U

k=2 k=2 jeN k=2 jeN iz

and

Then, by Lemma 19, we have, for any given k € N, Cap #(Ax;) < 27" and, by Lemma 6,
forany j e N, Cap#(By) < 27/, which implies that, for any given k € N, Cap#(E;) = 0
and hence Cap +(E) = 0.

For any given k € N\ {1} and any i € N, by the continuity of u; and (55) witht = 1, we
find that, for any x € X,

lim sup m!/* )l(B(x, r)) <k lim |u(y) = u(x)|dy

0+ leti—u; (x r—0+ B(x.r)

=0.

From this, (i), (iv), (vi), and (vii) of Lemma 13 and the definitions of M!/ (%Y and A, ;,
we deduce that, for any given k € N\ {1}, any y € [1/k,1/2],i € N, and x € X\ Ax;,

lim sup|u,-(x) —m}(B(x, r))| < limsup m” (B(x,r))

r—0+ 0+ lu—u; (x)]
<l sup |lu/—(uZ]|€) (E ()C, V)) “l|1 /_(Zk() ) (B ()C, }”)) (67)
0+ i wi—ui(x

< Ml/(Zk)(u —u;)(x) <270,

By an argument similar to that used in the proof of Theorem 3, with (53) replaced
by (67), we conclude that, for any given k € N\ {1}, there exists a function vy on X \ E; such
that, for any y € [1/k,1/2] and x € X\ Ey,

w(x) = lim il (B(x.r)
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and, moreover, for any j € N, v; is continuous on X \ By, e
For any given y € (0, 1/2], define v}, by setting, for any x € X\ E,

() 1= tim i (B(x.r))

* is continuous in

Then, for any k € N with & > 2, Vv, = win X\ E and hence vy

X\ (EU By ) for any j € N. Notice that, by Lemma 6, for any j € N,
Cap,c(E U Bk,j) < 27/,

By choosing j big enough, we conclude that any function u* satisfying u* =V}, in X\ £
is ¥ -quasi-continuous in X and hence the desired function in the present theorem.

Similar to the proof of Theorem 3, by Corollary 3, the proved conclusion for the case
u € ¥, and Lemma 6, via choosing a sequence of Lipschitz continuous functions supported
in balls, we obtain the desired conclusion of the present theorem when u € ¥ This finishes
the proof of Theorem 5. O

Remark 7. With the same assumptions as in Theorem 5, by Lemma 14, (64), and Remark 4(ii), we
have the following two observations:

(i) u* = ualmost everywhere;
(ii) every point outside E is a generalized Lebesgue point of u.

From (ii) and ([45], Lemma 17), we further deduce that, if u € F is F-quasi-continuous, then there
exists a set E with Cap &(E) = 0 such that every point outside E is a generalized Lebesgue point of
u. This means that F-quasi-continuous functions may have more Lebesgue points, compared with
the functions that are only locally integrable.

In the following, we consider another technical tool, the generalized Hausdorff mea-
sure, which can also be applied to measure the exceptional set of (generalized) Lebesgue
points. To see this, we study the comparison between the capacity and the above gen-
eralized Hausdorff measure. We refer the reader to [55,62,63] for more studies on the
comparison between the capacity and the generalized Hausdorff measure, and to [64] for a
study on measuring the exceptional set of Lebesgue points via the generalized Hausdorff
measure straightly.

Leth € A, 0 € (0,1], and R € (0, oo|. The Netrusov—Hausdorff cocontent H™ related to h,
6, and R, is defined by setting, for any E C X,

NI
Z{ﬂ(i(()z:) z))} } : EC UB(x,', ri), 1i < R}, (68)

‘H]I;’H(E) := inf
iel iel

where the infimum is taken over all coverings {B(x;, r;)}icy of E, and 7 c N an index set.
Then, the generalized Hausdorff measure H"?(E), related to h and 6, is defined by setting, for
any E C X,
H"(E) := lim sup Wg’e(E). (69)
R—0*t

Recall that the Netrusov—Hausdorff content on R" defined via the powers of the radius
was first considered by Netrusov [65] and generalized to metric spaces via an increasing
function /4 by Nuutinen ([55], Definition 5.1).

Observe that some lower bound and upper bound estimates for the N, -capacity
and the M ;,,q—capacity with p, ¢ € (0,00), in terms of the related Netrusov—Hausdorff
contents, have been established, respectively, in ([55], Theorems 5.4 and 5.5) and ([63],
Theorems 3.6 and 3.7) where N; , and M;, , denote the classical fractional Hajtasz-Besov
and Hajlasz—-Triebel-Lizorkin spaces, respectively. By some arguments similar to those
used in the proofs of ([55], Theorems 5.4 and 5.5) and ([63], Theorems 3.6 and 3.7), we
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have the following conclusions (Theorems 6 and 7) on the generalized spaces Mf,’,q (X) and

N?

.q(X); we omit the details of their proofs.

Theorem 6. Let ¢ € Ay, p € (0,00), g € (0,00], 6 := minfl,q/p}, F € {Mﬁ,q(X),fo,q(X)}, and
Cu e as in (1). Then, there exists a positive constant C = C g such that, for any E C X and
R € (O, oo),

Cap 5 (E) < CHY(E), (70)

where H g,e is as in (68).

Remark 8. Let ¢(r) := r® with s € (0, 1) for any r € [0, ). In this case, (70) with ¥ = Ng,q(X)
becomes
Cap NS (X) (E) s ‘Hgﬁ(E)

with the implicit positive constant independent of E, which is just ([55] Theorem 5.4); moreover,
taking ¥ = M’ ,(X) and letting R — 07 in (70), we obtain

Cap M, (X) (E) s 7-(h,9<E>

with the implicit positive constant independent of E, which is just ([63] Theorem 3.6), where H"Y
is as in (69).

Theorem 7. Let ¢ € Ay, p, g € (0,00) , F € {Mf,”q (X),N;f’q()()} , w be any given function of
admissible growth such that, for any L € Z.,

1
2o <

k=L
and Cy as in (1). Let xo € X, R € (0, 1), and By := B(xo, R). If there exist two positive constants
k1 € (2,00) and ky € (ky,00) such that kyBo \ k1 By # 0, then there exist two positive constants T
and C = C(,, 4, Rw.F.c,) SUCh that, for any compact set E C By,
hess
WTR (E) < CCﬁpT(E),
where, for any r € (0,R], hy(r) := [¢p(r)w(r)]?, and ﬂfgl(E) is as in (68) with 6 = 1.

Remark 9. Let ¢(r) := r* with s € (0,1) for any r € [0,00). When ¥ = Ng’q(X), if he, as in
Theorem 7, satisfies that, for any N € Z,

N

f (o ()] 77151 dt < oo
0

(which is just the assumption in ([55], Theorem 5.5)), then, forany L € Z .,
1 2 -1-1
3o~ D )
L

k>L
.
~ f [w(n)] ' ar
0

Thus, Theorem 7 implies ([551, Theorem 5.5) with k; = 4 and kp = 8.
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When ¥ = N,‘f’q(/\’), for any given & € (0,00), let w(r) := [log(1/r)]"'=¢/? for any
r € [0, o). Obviously, we have
3 log(25)]71-/7 < <o,

k>L

Moreover, if Cap#(E) = 0, then, by (71), we obtain ﬂ&”’l(E) = 0, which implies ([63],
Theorem 3.7) with x| = 4 and ko = 8, where H! (E) is as in (68) with R = oo.

Finally, we concentrate on the space M?” (X) withay € (0,1) and p € (D/ (- log, ay), ),
where D is as in (1). We point out that, similarly to ([55], Theorems 5.4 and 5.5) and ([63],
Theorems 3.6 and 3.7), the proofs of Theorems 6 and 7 rely on some equivalent character-
izations of the related capacities Cap N (X) and Cap e (x) in which the counterpart for
the capacity Cap ys.(x) is unknown. Instead, we use Lemma 14 and the doubling property
of the measure to obtain the following result.

Theorem 8. Let F = M) (X) = M?P(X) with ¢ € A, @y € (0,1), p € (D/(~log, ay), ),
and D and C,, be as in (1). Let By be a ball with the radius Ry € (0,0). If there exist an Ry € (0, Ro)
and a T € (2, c0) such that, for any ball B C 2By with the radius no more than Ry, TB\ 2B # 0,
then, for any compact set E C By,

Caps(E) =0 & H"(E) =0, (71)
where, for any r € (0,Ro], h(r) := [¢(r)]?, and H"'(E) is as in (69) with 6 = 1.

Proof. Let all the symbols be as in the present theorem and L € Z such that Ry € (2571, 2]

We first prove H"!(E) = 0 = Cap#(E) = 0. To this end, let R € (0, min{1, Ro}] and
{B(xi,ri) : ri < R}jcy be aball covering of E, where 7 is an index set. For any i € 7, we let ¢;
be an r; I-Lipschitz function supported in 2B(x;, ;) such that 0 < ¢; < 1 and ¢ B(xr) = 1.
The ex1stence of such {¢;};c; can be found in the proof of ([63], Theorem 3.6). For any
i € I, by Definition 10; the continuity of ¢;; Corollary 4 with L~! and E therein replaced,
respectively, by r; and 2B(x;, r;); the doubling property of y; the definition of A; and r; < 1,
we have

Cap & (B(xi, 1)) < 124l
< {1+ [0 ") (2B (xi, 7))
< [¢(r)] " u(B(xi, ri))

with the implicit positive constants independent of x; and r;. From this, Remark 4(iii), and
Lemma 6 with = 1 and E; replaced by B(x;,r;), we deduce that

Cap+(E) < Capgc[U B(xi,ri) ] pu(B(xiri)) o xl,rz Z,U xl,rz
iel

iel iel

which, combined with (68) with 6 = 1, implies that Cap #(E) s H' (E) with the implicit
positive constant independent of R and E. Letting R — 07, we obtain Cap & (E) s H"!(E),
which implies that, if H™!(E) = 0, then Cap#(E) = 0.

Conversely, if Cap & (E) = 0, then by the definition of Cap #(E), we find that, for any
given ¢ € (0, ), there exists a function v such that v > 1 in a neighborhood of E and

||V||M¢p < Caps(E)+e=ce (72)

For any given generalized Lebesgue point x € E and any given k € Z withk > -L + 1,
take B := B(x,27%). Then B c 2By, which together with the assumption of the present
theorem, means that 7B\ 2B # 0. Let ¢ be a Lipschitz function such that ¢|p = 1 and
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¢lx\2 = 0. Define u := vg. Then, by Lemma 7(ii) with E and u therein replaced, respectively,
by 2B and v, we conclude that there exists a g € D?(u), supported in 2B, such that

||8||Lp(x) < ||V||M<b.p(23), (73)

where the implicit positive constant depends only on ¢, p, and K.

Since 7B\ 2B # 0, it follows that there always exists a point z € 7B\ 2B. Observe that,
for any y € 2B, we have d(y,z) < (r +2)27%, u(z) = 0, and g(z) = 0. Then, by the definition
of D% (u) and ¢ € A, we conclude that, for almost every y € 2B,

lu)| = inf |u(y)—u(z)| < inf @(d(y,2))[s(ry) +&(2)] < #(27)e(y),

zeTB\2B z€TB\2B

which combined with (ii), (v), and (vi) of Lemma 13 and the doubling property of u, implies
that

i (B)| < miyy(B) < ¢(27°) my(B).
From this; the definition of the generalized Lebesgue point; the doubling property of
w; (iii), (iv), and (vi) of Lemma 13; (61); Lemma 15(ii) with 2 = p; and (55) with t = p and
E = B, we deduce that, for the above given x,
Ju(x)| < [u(x) = mii(B)| + |m};(B)]
< > |mi(B(x277) = mi(B(x,27))| + miy(B)]

)
= Z |u mu (B(x.2- /))\( (x.277)) + |miy(B)|

Jzk=2
s 37, int]m (B 27) + (B 27) |+ 027 mi(2)

=

. 1/p

< ) ¢(2_’){f n (y)}”dﬂ(y)}

j2k=2 B(x2771)

o f [g(yn”du(y)}w
<), ¢(2_"){Ji(x’2Hl)[g(y)}”dﬂ(y)}l/p

j>k=2

-1/
~ e NuBC 2N gl (pea-iny)-

Jj=k=2

Using this and u|gnp > 1, we conclude that, for this x,

15 > 6@ )uB 27| Pl i) (74)

k=2

where the implicit positive constant is independent of x and k. Moreover, by the doubling
property of u, we find that, for any j > k-2,

(s 27 <2007 272

where the implicit positive constant depends only on Cy,. From this, (74), the fact that g is
supported in 2B, the doubling property of u, p € (D/(-log, ay), ), and Lemma 1(i) with
& = D/ p, it follows that, for x and k as above,

1/p

1< Z 2(j—k)D/P¢(2_j)[ﬂ(B(x,2_k+2))]7 ||g||LP (x,27k+1Y)
Jj=k-2
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< 0@ ) [u(Bx 2] gl (per-ti1))- (75)

where the implicit positive constant is independent of x and k. By (73), (75), and the
definition of &, we conclude that, for any given k € Z with k > —L + 1 and any generalized
Lebesgue point x € E,

ﬂ(B()C,Z_k)) < [¢(2—k)]p” ”p
h2F) SRR k)

2—k
s [q;(( ))] Whigos (st
~wil? (76)

Md)p B(x2 k+l))

where the implicit positive constants depend only on k, y, ¢, p, and C,.

Recall that, for any ball B’ with the radius r € (0,0), u(B’) € (0,00). Then, by
Lemma 14, we have that, for any k € Z with k > —-L 4 1 and x’ € E, there always exists a
generalized Lebesgue point y in B(x’,27%). Thus, B(x’,27%) c B(y,27**!) and B(y,27%) c
B(x’,27¥1). Using this, (76) with x therein replaced by y, the definition of 4, ¢ € A, and the
doubling property of p, we further conclude that, for any given k € Z withk > —L + 1 and
any x’ € E,

p(B,2H) _ p(B,27 )
h(2F) T h(2w)

<M ”V” ”V”
Skt T Mer(Br2h) T T Mer (B(x 27k

(77)

For any given R € (0,257!], let kg € Z be such that 275 < R < 27%*1 Obviously,
{B(x, 2"‘0) : x € E}is a covering, consisting of balls with uniformly bounded diameter,
of E. Thus, by a covering lemma for doubling metric spaces (see, for instance, ([66],
Theorem 3.1.3) and ([67], Lemma 2.9)), we obtain a countable subfamily {B(x;,27%) : x; €
E, i € I} of disjoint balls with the radius no more than R such that

Ec| J5B(x,27™),

where I is an index set. From this, (68) with 6 = 1 and R replaced by 5R, the doubling
property of y, ¢ € A, (77) with k = ko + 1, the property of {B(x;,27%0) : x; € E, i € I},
and (72), we deduce that

7{}11 Z l,l SB .Xl, 0 )
ko
iel 5 2
ﬂ xt,
<
sy M vanw waioy S0 S &
iel iel

where the implicit positive constants depend only on ¢, p, C,, and R. Letting ¢ - 07, we
then conclude that, for any R € (0,2/7'], H2:! (E) = 0, which further implies that

H"(E) = limsup HL) (E) = 0.
R—01

This finishes the proof of Theorem 8. O
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Remark 10. Let ¥ and h be as in Theorem 8, and D and C,, be as in (1). We point out that, by the
proof of Theorem 8, the implication

Capy(E) =0 = H"(E) =0
holds true for any set E C X.
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