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Abstract: The aim of this study is to deepen our understanding of the practice of a lecturer in linear
algebra by exploring the connections he makes between his content knowledge and his pedagogical
content knowledge while working on the topic of matrices. Data were collected through video
recordings of his classes and semi-structured interviews, and were analysed with the Mathematics
Teacher’s Specialised Knowledge model. Instances of classroom performance, supported by the
teacher’s own affirmations, provided evidence relating to the categories comprising the model, and
enabled us to establish connections between the lecturer’s knowledge, his understanding of his
students’ learning capabilities, and his knowledge of teaching mathematics, which together account
for his classroom practice: the use of varied examples to introduce new content, the highlighting of
the most salient aspects of the topic, and alerts about potential errors and difficulties. The contribution
that these results could make to the training of university teachers, which would be done with the
knowledge of the areas of difficulty shown by the teacher in mind, could be used to deepen other
elements of their pedagogical content knowledge. The interconnections between areas of knowledge
identified by the study also serve to validate the usefulness of a theoretical model for studying
teachers’ knowledge.

Keywords: case study; linear algebra; matrices; teacher knowledge; tertiary education; learning
theory; content analysis

1. Introduction

Over the last decade attempts have been made to understand the ways in which teach-
ers’ knowledge supports their practice. Surprisingly, there have been few studies (insofar
as mathematics teaching is concerned) into nursery- and university-level education [1].

It might seem that in the case of nursery teachers pedagogical content knowledge [2]
is needed more than anything else (certainly more than content knowledge), whilst in
the case of university mathematics lecturers the reverse is true, and content knowledge
is unquestionably central, with less consensus on the relative importance of the pedagog-
ical knowledge relating to this content. Nevertheless, research into university lecturers’
knowledge has emphasised the need for both components of knowledge [3], and study-
ing mathematics lecturers’ knowledge can raise interesting questions around the kind of
teacher training they should receive.

In this paper, we explore the interrelationships between the different kinds of knowl-
edge brought into play by a university lecturer in the course of his practice. Specifically,
we raise the question of what elements of content knowledge and pedagogical content
knowledge relating to linear algebra underpin this practice, and how the two are inter-
connected. In order to formulate our answer, from the perspective of the Mathematics
Teacher’s Specialised Knowledge model [4], we focus on one aspect of content knowledge
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(denominated as Knowledge of Topics in the model) and on two facets of pedagogical
content knowledge relating to the teaching and learning of this content.

This study takes an interpretative focus [5], that is, more than aiming to measure the
lecturer’s knowledge, identifying the presence or absence of essential elements required
for teaching mathematics, we are interested in understanding the knowledge which the
lecturer brings into play in the classroom, and the interrelationships between the various
components which comprise it. Our interest in this field stems from the fact that there have
been various studies into the teaching and learning of linear algebra at university level [6],
but these have been predominantly oriented towards the difficulties faced by students [7];
very few have focused on the knowledge deployed by lecturers in linear algebra [8].

We hope that studies such as this will contribute in the future to the design of grounded
training programmes for university lecturers. In this regard, the instances revealed in this
study of how a teacher’s knowledge interacts with their practice, and the interconnections
identified between aspects of this knowledge, are valuable for the ideas they give for
developing the different components of teachers’ knowledge.

2. Theoretical Framework

The interest of this study focuses on teacher knowledge, understood as a resource to be
drawn on in the everyday running of classroom events [9]. This section is divided into two
parts, the first dealing with the background to studying mathematics teacher knowledge
at both secondary and university levels, and the second describing the theoretical model
applied to this study.

2.1. Background

Various theoretical frameworks have been developed specifically for the study of
teacher knowledge, many of which are founded on the categories originally proposed by
Shulman [2,10] for categorising what a teacher needs to know to carry out their work effec-
tively. In particular, the majority of models following in the wake of Shulman featured the
domains of content knowledge and pedagogical content knowledge—that is, knowledge
specific to enabling the teaching and learning of content.

There has also been an upsurge of interest in teachers’ knowledge regarding the
teaching of algebra. Artigue [6], studying the algebraic knowledge of prospective secondary
teachers, considered three dimensions; the epistemological, the cognitive, and the didactic
(referring to knowledge of algebra and its historical development, learning algebra, and
teaching algebra, respectively). Within the epistemological dimension a distinction is
made between algebra as a tool (for solving problems, whether intrinsic or extrinsic to
mathematics) and as an entity in itself (that is, a structured set of objects, each with
its own properties, modes of representation, and means of treatment, such as functions
and structures similar to vector spaces). The study found that the prospective teachers
regarded algebra as a domain restricted to the field of algebraic theory (the epistemological
dimension), in which algebraic techniques were limited to the syntactic part as a set of rules.
As a result of their teaching practice, the prospective teachers developed greater sensitivity
to the difficulties their students faced with the symbolic system and with the conversion
from one semiotic register to another (cognitive dimension). The paper concluded that
a good understanding of linear algebra means having the cognitive flexibility to move
between different semiotic registers and languages, such as the geometric, the algebraic,
and the abstract (of vectors and linear transformations).

With respect to teachers’ knowledge of linear algebra (specifically matrices), Sosa [11,12]
describe the pedagogical content knowledge of two final-year secondary teachers in terms
of the features of learning mathematics and the potential and use of examples (knowledge
of teaching). The description is carried out by means of indicators of teacher knowledge re-
garding the language used by students to talk about content, student needs and difficulties,
misunderstandings arising from generalisations from previous content, erroneous ideas,
and errors resulting from disregarding mathematical conventions.



Mathematics 2021, 9, 2542 3 of 14

Studies into the teaching of mathematics at the university level have also been carried
out, covering the questions of task design, teaching strategies, and interaction with stu-
dents [13], and these have also included consideration of linear algebra, such as the case
study of university teaching by Jaworski [14]. This analysis illustrates teacher knowledge
of the main difficulties faced by students and identifies two modes of discourse: the exposi-
tory mode (the lecturer focuses strictly on the mathematical features of the topic) and the
didactic mode (the lecturer focuses on constructing student understanding of the material).

In an analysis of the knowledge displayed by an experienced university lecturer giving
a course in differential equations, Speer [15] drew attention to a generative relationship
between the instructor’s specialised content knowledge and his pedagogical content knowl-
edge. They suggest that the former can support teachers’ work by enabling them to learn
from their practice, the result of which has the potential to be incorporated into their stock
of pedagogical content knowledge.

Another essential element of teacher knowledge is the use of examples in teaching.
The teacher’s deployment of examples reveals facets of their knowledge for teaching
mathematics. This includes learner-oriented attributes such as transparency, whereby
the salient features of the chosen example highlight the target concept or procedure, and
generalisability, by which the necessary characteristics of what is being exemplified are
contrasted with what is arbitrary and changeable [16]. In Mali [17], the use of generic
examples was found to be characteristic of the tutoring style of an experienced university
lecturer in linear algebra. They found that an important feature of a generic example was to
reveal the properties of mathematical concepts, and that the use of such examples mediates
student understanding and is indicative of teaching style.

Elsewhere, Figueiredo [18] provided a typology of examples according to the following
categories: definition (those placed immediately after a definition); representation (those
providing initial contact with a concept); characteristics (those occurring after discussion of
a concept and intended to highlight essential features); internal applications; and external
applications. With respect to the category of characteristics, the authors note that these
depend largely on the teacher’s foresight, experience, and originality, especially with regard
to alerting students to aspects of potential difficulty.

The dimensions of possible variation can be applied to the use of examples to en-
courage students to understand which elements of mathematical content can undergo
variation [19]. In variation theory, the teacher selects activities which focus on what varies
and what stays the same when small changes are introduced into an example, thus drawing
students’ attention to the fundamental attributes of the topic [20]. Examples can be consid-
ered according to contrast (in order to identify which elements of a mathematical object
are the same and which are different); generalisation (in order to recognise the defining
features of a mathematical object in different contexts); and fusion (in order to see which
features change and which stay the same) [21].

In conjunction with the use of examples in teaching, we can also mention the use
of error as an important part of the teacher’s knowledge. In this regard, González [22]
identifies the use of error by 26 secondary mathematics teachers and argues that one such
use is to improve the learning process. This is achieved when the teacher is able to analyse
potential errors which the students might make and anticipate these through leading
questions so as to make them aware of the error.

The studies mentioned above share an interest in exploring the relationship between
practice and knowledge in the context of university teaching. Nevertheless, it is still the
case that there are few studies of lecturers’ knowledge at this level, and there remains a
need to carry out research into the knowledge of linear algebra teachers, as pointed out by
Fukawa-Connelly [23].

2.2. The Mathematics Teacher’s Specialised Knowledge Model

The last three decades have seen an expansion of research into mathematics teachers’
knowledge, with various theoretical models proposed as a framework for analysis [24].
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In this study, we use the Mathematics Teacher’s Specialised Knowledge framework
(henceforth MTSK) [25]. As with many other models, the MTSK model is founded on the
categories proposed by Shulman and arose from the necessity to improve the characteri-
sation and delimitation of the subdomains common content knowledge and specialised
content knowledge raised in mathematics teaching in the Mathematical Knowledge for
Teaching model (MKT) [26], and to remedy the difficulties encountered in applying the
MKT model to the research we had carried out with teachers, difficulties which were also
reported by Silverman [27].

The MTSK model is intended to be used in the analysis of teachers’ practices by linking
professional actions and decisions to the knowledge underpinning them. The aim of the
model is to capture the specificity of this knowledge, and hence focuses only on knowledge,
which in its entirety is uniquely meaningful for mathematics teachers. In contrast to
the MKT model, the MTSK model considers all the subdomains comprising the model as
specialised and is intended as a useful framework for considering many types of specialised
knowledge required by both mathematics teachers and teacher educators [28].

The model recognises three broad domains: Mathematical Knowledge, Pedagogical
Content Knowledge and Beliefs (the latter constituting a component permeating the other
two domains). In turn, each domain is divided into subdomains (see Figure 1), for each of
which a set of categories has been developed for a more fine-grained analysis.

Figure 1. Domains and subdomains of the Mathematics Teacher’s Specialised Knowledge model [25].
Reproduced with permission from [25], Research in Mathematics Education.

The subdomain Knowledge of Topics (KoT) is defined as a deep, grounded knowledge
of mathematical subject matter in terms of the following categories: Phenomenology
and Applications, which encompasses knowledge of situations to which the meanings
associated with a specific topic can be applied, as well as other applications of the topic;
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Definitions, Properties, and Foundations, which comprises the knowledge required to
describe or characterise a concept, along with the knowledge of the properties inherent to a
mathematical object; Registers of Representation, which concerns knowledge of the ways in
which a topic can be represented mathematically (for example, notation and mathematical
language), and Procedures, which itself comprises the subcategories of knowledge of
procedures, both conventional and alternative (How is something done?), the conditions
needed to proceed (When can something be done?), the basics of the procedure (Why is
something done this way?), and the characteristics of the resultant mathematical object
(Characteristics of the Result).

The subdomain Knowledge of the Structure of Mathematics (KSM) is concerned
with how mathematics is internally interconnected, whilst Knowledge of Practices in
Mathematics (KPM) consists of knowledge about how mathematics is constructed (ways
of proceeding), such as what conditions are necessary to generate definitions, or how to
validate and demonstrate. Given that these two subdomains are not the focus of this article,
we will not describe them in any further detail here; for a fuller description, readers are
referred to Carrillo [25].

The subdomain Knowledge of Features of Learning Mathematics (KFLM) focuses on
mathematical content in terms of how it is learnt, distinguishing the following categories:
Strengths and Difficulties, concerning elements that might enhance or hinder learning
a mathematical topic; Ways of Interacting with Mathematical Content, dealing with the
typical strategies students employ to help them learn a particular item; and Interests and
Expectations, contemplating students’ affective response to the subject matter.

Knowledge of Mathematics Teaching (KMT) is composed of the following categories:
Theories of Teaching specific to mathematical content; Material and Virtual Resources
as tools for mathematics education; and Strategies, Techniques, Tasks, and Examples for
teaching, including knowledge of their potential.

Finally, the subdomain Knowledge of Mathematical Learning Standards (KMLS)
encompasses awareness of the specifications and recommendations provided by the cur-
riculum, scientific journals, research groups and/or professional associations. It covers
knowledge concerning what needs to be taught and when, what level of understanding is
expected of the students, and what sequencing should be applied to the subject matter.

We recognise that teacher knowledge is a complex and dynamic system which cannot
be compartmentalised, and we concur with Scheiner [24] when they point out that a
mathematics teacher’s specialisation does not lie in the sum of the components making up
his or her knowledge, but in the combination of various facets of knowledge informing
and interacting with each other to form emergent structures. The use of the MTSK as the
theoretical framework in this research is intended to facilitate studying teacher knowledge
and identifying links between elements of this knowledge (thus helping us to understand
how it is integrated), whilst remaining aware that the teacher’s content knowledge and
pedagogical content knowledge complement each other.

In this respect, the interconnections between two or three MTSK subdomains con-
tribute to our knowledge of how the different facets of the teacher’s knowledge fit together.
In the same way, they explain how the teacher’s mathematical knowledge provides sup-
port for their classroom performance and represent a starting point for research into the
development of teachers’ content knowledge and pedagogical content knowledge [29].

3. Research Methods

The aim of this study is to identify the content knowledge and pedagogical content
knowledge of a lecturer in linear algebra, and to uncover the interconnections between
elements of these knowledge domains, with a view to gaining insights into their practice.
It is a qualitative study, designed within the framework of an instrumental case study [30],
since we are trying to understand the specialised knowledge of a teacher who teaches the
content of matrices, through the observation of his practice and an interview. The research
question is: what interconnections between content knowledge and pedagogical content
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knowledge can be identified from a university lecturer’s classroom practice when dealing
with the topic of matrices?

3.1. Context and Choice of Subject

The lecturer participating in the study, who for the purposes of this paper will be called
Jordy, was a graduate in the Educational Sciences, majoring in Mathematics, and since
2006 had taught mathematics-related courses on propaedeutic (foundation) programmes
at a university in Ecuador. In addition, from 2009 to the time of this study, he had also
taught linear algebra on an Engineering degree course. He was chosen for his experience
in teaching the subject and for his training in education (as opposed to other candidates
with purely disciplinary backgrounds). In addition, for his willingness and motivation to
collaborate in research, and because we intend to intervene a posteriori with a proposal for
the implementation of didactic activities elaborated with the participation of a group of
mathematics professors, we believe it necessary to inquire in the first instance about the
domains of the specialised mathematical knowledge of the professor.

The linear algebra module was 16 weeks long and comprised two sessions of two
hours per week, with around 20 students. The course syllabus started with matrices and
determinants—the topic we selected for making observations on the interconnections
between the teacher’s content knowledge and pedagogical content knowledge—which
was the foundation for later topics related to linear algebra, such as vectors in R2, R3, and
RN, vector spaces, and linear transformations.

3.2. Data Collection and Analysis

Data collection was carried out through non-participating classroom observations
(using video recordings) and semi-structured interviews. In order to collate as much infor-
mation as possible, recordings were made of Jordy’s lessons on matrices and determinants
over two consecutive academic years, providing a total of 13 sessions.

This and other data form part of a large-scale research project into the knowledge
and conceptions of university lecturers in linear algebra [31]. In this paper we illustrate
the interconnections between the teacher’s content knowledge and pedagogical content
knowledge based on the analysis of various episodes (lesson excerpts dealing with a
specific topic) from the teaching sessions and interview extracts.

The video recordings were then transcribed and subjected to content analysis [32]
in order to identify instances involving the deployment of knowledge corresponding to
the categories comprising the MTSK subdomains, always supported by evidence from
the teacher’s actions and commentaries in class. Two semi-structured interviews were
subsequently carried out so as to contribute additional information and to validate some of
the researchers’ interpretations of the teacher’s knowledge.

Our intention throughout was to answer the research question posed by the study
through the application of the Mathematics Teacher’s Specialised Knowledge framework,
given that, as noted above, there are so few studies on university lecturers’ knowledge.

4. Results

Below we explore the teacher’s specialised knowledge by analysing the interconnec-
tions between the different facets, in other words, Knowledge of Topics (KoT), Knowledge
of Features of Learning Mathematics (KFLM—Strengths and Difficulties), and Knowledge
of Mathematics Teaching (KMT—Strategies, Techniques, Tasks, and Examples), as sup-
ported by evidence from the classes. The depth of the interconnections thus identified shed
light on how this teacher carries out his work. In the transcriptions of episodes illustrating
the analyses below, J refers to Jordy (the teacher) and S to any student.

One episode which provides a good illustration of Jordy’s teaching occurs in a class
introducing the topic of how to multiply matrices:

J: To add matrices we need one condition. What is it?
S: They must have the same dimension.
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J: To multiply them we also need a condition. If we’ve got the matrix A =
[

2 3 1
4 −5 0

]
what are the dimensions of this matrix?

S: Two rows, three columns.
J: The dimension of this matrix is 2 × 3. To be able to multiply two matrices, we need

the number of columns in the first matrix to be the same as the number of rows in the
second. If A is like that, B must necessarily have three rows, the number of columns

doesn’t matter. Let’s suppose that matrix B is a column matrix, B =

 1
−3
5

. We can

multiply with this, the condition is that it has three rows. What are the dimensions of
this matrix?

S: Three by one.
J: Three by one. If it does not fulfil this condition, then multiplication is not possible.

The matrix B can also be, for example, B =

 2 3
−1 5
7 0

. What are its dimensions?

S: Three by two.
J: Yes, so if you want to multiply A × B, you can because the number of columns in

matrix A coincides with the number of rows in matrix B. And it can be another matrix

with any number of columns, for example B =

 −1 0 3 4
5 2 3 −1
2 −2 5 0

. (Extract 1.)

It can be seen how Jordy creates a context (employing examples and questions directed
at the students) and demonstrates his knowledge of the conditions for carrying out the
addition and multiplication of matrices (KoT—Procedures, when can something be done?).
He highlights the conditions that the matrices must fulfil, giving three possible examples
of the second matrix, B, given the dimensions of the first. The set of examples illustrate the
feature which matrix B is required to meet, but significantly does not include a 3× 3 square
matrix. His actions in this sequence provide evidence of his KMT (Strategies, Techniques,
Tasks, and Examples).

Following this episode, Jordy explains how to multiply two matrices, showing his
knowledge of the algorithm for multiplying matrices and the characteristics of the results.
He then gives the students an exercise in multiplying matrices, with the following warning:

J: Before you do the multiplication go back over what we did. The first factors must be
the numbers in the rows of the first matrix and the second factors those in the columns
of the other matrix. The position of the factors is so that you make fewer mistakes. It
is always a good idea to define the dimensions of the matrices to avoid any kind of
error in the product. (Extract 2).

Jordy encourages the students to look closely at the dimensions of the matrices in
order to avoid errors in the multiplication, and stresses how the procedure is carried out.
When asked about this in the subsequent interview, he explained his view of the students’
potential errors:

J: The first error they can be prone to commit is that they think you must multiply
number by number according to their position. So, at least in this case when we’re
multiplying matrices, I tend to emphasise the dimensions. If I’ve got two square
matrices [of order 2], the guys can get a 2 × 2 matrix as a result, which is logical. But
on the other hand, they might go about it the same way as in addition and multiply
the elements in each matrix with those in the corresponding position in the other one.
(Extract 3).

Jordy is aware of the typical mistakes that can occur when multiplying matrices,
such as not taking into consideration their dimensions and making a false generalisation
from the addition of matrices (the latter explaining why he underlines in Extract 2 that
multiplication is carried out according to “first matrix rows” by “second matrix columns”)
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(KFLM—Strengths and Difficulties). His KoT with respect to Procedures has parallels with
his KFLM with respect to Strengths and Difficulties. Jordy’s awareness of the importance
of the dimensions when multiplying matrices is linked to his awareness of the mistakes
that students often make by carrying out the operation without defining the dimensions.
His knowledge of the algorithm for multiplying matrices, along with the great care he
takes to explain the procedure step by step, forms an interconnection with his knowledge
of the kind of errors that can result from wrongly applying the procedure for addition to
multiplication.

In addition, the examples that Jordy selects for explaining the significance of the
dimensions in multiplying matrices are fundamental to his purpose, as can be seen in the
following extract:

J: So, you’ve got (3 × 5) (4 × 3). Is it defined? Why?
S: No, because the columns and rows don’t match in size.
J: [ . . . ] no, the product is undefined.
S: So, when we’re multiplying matrices the order they’re in does matter.
J: What do we mean by that? How can we put it? There we did A(2 × 3) × B(3 × 1),

but if we switch the order to B(3 × 1) × A(2 × 3) then in this case we can’t do the
multiplication. Why’s that?

S: It’s not commutative.
J: Correct, the commutative property does not hold for the multiplication of matrices

(A× B 6= B×A). It’s generally not commutative, firstly because of the dimensions, but
also even if it could be with square matrices, these are rarely commutative. (Extract 4.)

Jordy’s awareness that the product of matrices is non-commutative shows a degree of
depth in that he not only makes reference to the property but is also careful to circumscribe
the knowledge with a consideration of different possibilities, affirming that even in the case
of square matrices the product is not always commutative. Furthermore, when he focuses
on which properties fulfil these operations, he is rigorous in his consideration of cases
and possible exceptions (thus taking care to ensure the properties are well-founded). The
knowledge that this episode demonstrates (KoT—Definitions, Properties, and Foundations)
is linked to Jordy’s KFLM regarding the errors which students can make as a result of
generalising the commutative property displayed by two real numbers to the multiplication
of matrices. This accounts for his preference for rectangular and non-square matrices to deal
with operations on matrices, and for his affirmation that even in the case of square matrices,
the product is not always commutative. It also attests to his knowledge of examples for
teaching (KMT—Strategies, Techniques, Tasks, and Examples), which can be seen when
he explains the multiplication algorithm using four rectangular matrices as examples in
Extract 1.

The interconnections of Jordy’s knowledge follow a pattern which repeats over the
course of his classes. Thus, for example, when he deals with the topic of stepped matrices,
he again does so through the use of three examples, as can be seen in the following episode:

Now I want you to look over here at the board, we’ve got the matrices A =
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scribe the knowledge with a consideration of different possibilities, affirming that even in 
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he focuses on which properties fulfil these operations, he is rigorous in his consideration 
of cases and possible exceptions (thus taking care to ensure the properties are well-
founded). The knowledge that this episode demonstrates (KoT—Definitions, Properties, 
and Foundations) is linked to Jordy’s KFLM regarding the errors which students can make 
as a result of generalising the commutative property displayed by two real numbers to 
the multiplication of matrices. This accounts for his preference for rectangular and non-
square matrices to deal with operations on matrices, and for his affirmation that even in 
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knowledge of examples for teaching (KMT—Strategies, Techniques, Tasks, and Exam-
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he again does so through the use of three examples, as can be seen in the following epi-
sode: 

Now I want you to look over here at the board, we’ve got the matrices A=
1 2 3 40 2 10 0 0 , 

B=
5 0 20 0 − 40 0 0 0 , and C= 0 3 80 0 00 0 0 0  What’s happening in the first matrix, can  

 

you see anything interesting? First, they’re not square. What’s special about them? 
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element in each row is known as the distinguished element of the row. There can only
be one distinguished element per row, it doesn’t matter if after that there are zeros.
(Extract 5).

Jordy points out to the students the salient features of the definition of a stepped
matrix (KoT—Definitions, Properties, and Foundations) and demonstrates his knowledge
of registers (KoT—Registers of Representation) with respect to algebra and matrices [33] in
representing each stepped matrix and of diagrammatic schemes [34] with respect to the
clarifying elements he draws on the matrices, such as the overlays marking the stepped
format and the highlighted numbers indicating the distinguished elements for each row.
In one of the subsequent interviews Jordy explained his intention to write these examples
of stepped matrices:

J: My intention was to give them three different matrices, each one stepped in its own
way so that they would realise that there are different kinds of stepped matrices and
see the essential thing about them because it’s easy to make mistakes, thinking they’re
stepped when they’re not. (Extract 6).

The interview extract provides further elucidation of Jordy’s knowledge of errors
(KFLM—Strengths and Difficulties). He builds a definition of a stepped matrix for the
students (KoT—Definitions, Properties, and Foundations), providing three examples which
focus on the essential features of this kind of matrix. He creates a link between his KoT,
which he draws on to tell the students the defining properties (“ . . . it looks as if it has
steps, and as you go down the rows the zeros increase until you get a nonzero number
or until the whole row is zeros”), and his KFLM, when he alerts the students to potential
errors arising from ancillary properties (“There can only be one distinguished element per
row, it does not matter if after that there are zeros”). There is evidence, too, of a connection
with his KMT regarding the examples he uses to introduce the topic of stepped matrices,
which, as when he dealt with operations with matrices, are selected to bring to the fore
important features of the content and illustrate elements which can be the cause of error.

During our analysis of Jordy’s practice, we have been able to establish a recurrent
pattern of connections between his KoT, KFLM, and KMT (Figure 2). Thus, whenever he
introduces a new topic (which naturally involves his KoT regarding Procedures, Defini-
tions, Properties, and Foundations), he draws support from a variety of examples (KMT)
through which he is able to highlight salient features of the topic and direct students’ atten-
tion towards potential errors (KFLM) concerning the content and mathematical notation
(KoT—Registers of Representation). Jordy frequently brings his awareness of potential
error to bear on his classes in conjunction with carefully selected examples, which he
deploys as an illuminating educational resource.
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Figure 2. Main connections between elements of Jordy’s specialised knowledge of matrices.

5. Discussion and Conclusions

The interconnections identified through the analysis of Jordy’s knowledge essentially
reflect knowledge of topics (KoT) linked to knowledge of student error (KFLM) and the
use of examples (KMT), which are deployed for explaining mathematical subject matter.
At the same time, these interconnections help us to understand aspects of Jordy’s teaching
as they provide the background to his repeated warnings of potential errors the students
could fall into. His knowledge of errors is formulated in terms of how they can be used to
improve the learning process, as he has been able to analyse potential errors regarding the
mathematical content which the students might commit [22].

This knowledge of the typical errors associated with the subject matter in question,
acquired over his years as a teacher, has been incorporated into his explanations with the
aim of preventing his students from inadvertently committing them. It is thus deployed as
a teaching strategy and is consonant with the discourse modes proposed by Jaworski [14].
Hence, when Jordy is discussing the topic itself, he employs the expository mode, whilst
when he is focussing on strategies for improving student understanding, he utilises the
didactic mode. Some of the errors specific to this topic anticipated by Jordy coincide
with those identified by Sosa [11] regarding secondary teachers’ knowledge, including the
product of a matrix with scalar and multiplying matrices. From among the indicators by
which these authors describe teachers’ Knowledge of the Features of Learning Mathematics,
we can identify in Jordy, above all, knowledge regarding student errors and difficulties
(student needs and difficulties with respect to the subject matter, misunderstandings arising
from making incorrect connections with previous items, and errors from contravening
mathematical conventions).

The examples that Jordy deploys provide support for his exposition of the subject
matter and reflect his knowledge of mathematics teaching. Consonant with Mali [17],
these examples can be categorised as generic, serving to illustrate essential features of a
mathematical topic (such as distinguishing the algorithm for matrix addition from that for
matrix multiplication, underlining the non-commutativity of matrix multiplication, and
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identifying the characteristics of stepped matrices). It can also be noted that this knowledge
and the way in which it is deployed mediates student understanding, enables Jordy to
warn them of potential errors, and constitutes a teaching pattern that is repeated over
various sessions.

Continuing with the focus on examples, according to the taxonomy devised by
Figueiredo [18], those chosen by Jordy pertain to the category of denominated charac-
teristics, intended to lead students to a deeper understanding of the different aspects of
the concept in question by illuminating peculiarities (the non-commutativity of matrix
multiplication, and the characteristics of stepped matrices), and focusing on difficulties
(the position of the zeros and the distinguished elements of the rows in a stepped matrix),
the presentation of which is dependent upon the lecturers’ forethought, experience, and
originality. The examples also have the attributes of transparency and generalisability [16],
that is, they embody the appropriate features with which to illustrate concepts and proce-
dures, and they highlight the essential features of the topic in question in contradistinction
to those that are arbitrary and changeable.

Likewise, they meet the criterion of variation [19], insofar as they foreground aspects
of the topic which can vary, such as the case of the multiplication of matrices, in which Jordy
employs four rectangular matrices (excluding squares) so that the students understand
the importance of establishing the dimension of each matrix in order to carry out the
operation. He demonstrates his awareness of the critical aspects of the topic in question
and of how these can be transmitted through a set of examples selected to focus on
them [20]. In terms of the parameters of variation theory, these examples can be classified
as a fusion [21], foregrounding what varies and what remains the same in a mathematical
object. In this instance, the examples of stepped matrices illustrate that there can only be
one distinguished element in each row, which can take different positions, or that all the
elements in a row can be zeros.

With respect to content knowledge, our analysis identified Jordy’s KoT; furthermore,
we can say that, according to the descriptors of the epistemological dimension of the model
developed by Artigue [6], Jordy regards linear algebra as a subject requiring knowledge
of modes of representation. According to this model, Jordy demonstrates knowledge of
school algebra, knowledge of the learning process with respect to student difficulties with
the topic of matrices (the cognitive dimension), and knowledge of teaching through the
use of examples (the didactic dimension).

This study contributes to our understanding of the knowledge deployed by a univer-
sity lecturer in linear algebra, and the interconnections between different elements within
this topic which it has highlighted can shed light on the forms of training designed for
this level. For example, epistemological reflection on the different kinds of difficulties
related to learning certain content could encourage lecturers to explore aspects of their
pedagogical content knowledge. Such aspects might include the use of examples and tasks
for helping students overcome areas of difficulty, teaching resources, theoretical approaches
to the teaching–learning binomial, and interconnections between geometric, algebraic, and
abstract expression [6] of linear algebra. This largely concurs with Speer [15], who argues
that the content knowledge put to use in class enables teachers to learn from their practice
and can thus be transformed into pedagogical content knowledge.

In a similar fashion, the interconnections between KoT, KMT, and KFLM revealed in
the study shed light on how different facets of teachers’ knowledge fit together and provides
an account for how mathematical knowledge supports classroom actions reflecting the
teacher’s pedagogical content knowledge [29].

On the other hand, the study of the relationships between content knowledge and
pedagogical content knowledge of mathematics teachers provides an overview with which
to identify teaching practices and in turn establish relationships with the behaviour of
students. For example, as stated by Blazar [35], “teachers who are effective at improv-
ing test scores often are not equally effective at improving students’ attitudes and be-
haviours” (p. 146). The author states that certain dimensions of teaching practices predict
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students’ attitudes and behaviours (“teaching effects”). In their study they found that
upper-elementary teachers have a large effect on measures of students’ behaviour in math
class (including the happiness), concluding that student attitudes are predicted by teaching
practices closest to these measures.

Based on the study of the specialised knowledge of a mathematics university lecturer,
and its importance for reflecting and establishing teacher training as well as updating
programmes, educational technologies could be integrated. Androniceanu [36] indicates
that these technologies are the result of the evolution of educational methods and new
information and communication technologies. The author refers to learning with lasting
effect when selecting educational technologies and argues that the integration of such
technologies into training education requires teachers to develop students’ thinking.

From another perspective, the application of the MTSK model to Jordy’s practice
brought to light various interconnections in his knowledge, thus validating the utility of
the framework for studying lecturers’ specialised knowledge.

It should be mentioned, however, that the decisions taken in regard to data collection
might have limited the scope of the results. The class observations were non-intrusive by
design, and although follow-up interviews were conducted in order to support the video
evidence of Jordy’s knowledge and to validate our interpretations as researchers, we feel
that the analysis of his specialised knowledge could have been enhanced had we suggested
trying out activities and problems in class which promoted a greater degree of interaction
between teacher and students.

This study has sought to explain interrelations between different subdomains of a
teacher’s knowledge, including Knowledge of Topics, Knowledge of the Features of Learn-
ing Mathematics (with respect to errors and difficulties), and Knowledge of Mathematics
Teaching (with respect to the use of examples). This study could be a starting point for
subsequent studies into teachers’ knowledge regarding interconnections between math-
ematical structures (KSM), ways of carrying out mathematical procedures (KPM), and
other categories of knowledge within the subdomains of mathematics teaching (KMT)
as well as features of the students’ learning (KFLM), which were not found in our study.
Furthermore, our findings in this study lead us to consider how the MTSK model might
be implemented in professional development courses oriented towards university lectur-
ers, a question demanding considerable reflection before we can enter the particulars of
future programmes.

Author Contributions: Conceptualization, D.V.-M., N.C.-R. and D.E.-Á.; methodology, D.V.-M.,
N.C.-R. and D.E.-Á.; formal analysis, D.V.-M. and N.C.-R.; validation, D.V.-M., N.C.-R. and D.E.-Á.;
writing-original draft preparation, D.V.-M., N.C.-R. and D.E.-Á.; funding acquisition, N.C.-R. All au-
thors have read and agreed to the published version of the manuscript.

Funding: This research was financed by the COIDESO research centre at the University of Huelva,
the Ministry of Science, Innovation and Universities of the Government of Spain (project: RTI2018-
096547-B-I00), and the research group DESYM (HUM-168).

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Informed consent was obtained from all subjects involved in the study.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Charalambous, C.; Pitta-Pantazi, D. Perspectives on priority mathematics education: Unpacking and understanding a complex

relationship linking teacher knowledge, teaching, and learning. In Handbook of International Research in Mathematics Education;
English, L.D., Kirshner, D., Eds.; Routledge: New York, NY, USA, 2016; pp. 19–59.

2. Shulman, L.S. Those who understand: Knowledge growth in teaching. Educ Res. 1986, 15, 4–14. [CrossRef]

http://doi.org/10.3102/0013189X015002004


Mathematics 2021, 9, 2542 13 of 14

3. Nardi, E. From advanced mathematical thinking to university mathematics education: A story of emancipation and enrichment.
In Proceedings of the CERME 10, Dublin, Ireland, 1–5 February 2017; Dooley, T., Gueudet, G., Eds.; ERME: Dublin, Ireland, 2017;
pp. 9–30.

4. Carrillo, J.; Montes, M.A.; Contreras, L.C.; Climent, N. Les connaissances du professeur dans une perspective basée sur leur
specialization: MTSK. Ann. Didact. Sci. Cogn. 2017, 22, 185–205.

5. Mayring, P. Qualitative content analysis: Theoretical background and procedures. In Approaches to Qualitative Research in
Mathematics Education; Bikner-Ahsbahs, A., Knipping, C., Presmeg, N., Eds.; Springer Dordrecht: New York, NY, USA, 2015;
pp. 365–380.

6. Artigue, M.; Assude, T.; Grugeon, B.; Lenfant, A. Teaching and learning algebra: Approaching complexity through complementary
perspectives. In Proceedings of the 12th ICMI Study Conference: The future of the teaching and learning of algebra, Melbourne, Australia,
9–14 December 2001; Chick, H., Stacey, K., Vincent, J., Eds.; The University of Melbourne: Melbourne, Australia, 2001; pp. 21–32.

7. Dorier, J.L. Teaching linear algebra at university. In Proceedings of the International Congress of Mathematicians, Beijing, China, 20–28
August 2002; Tatsien, L., Ed.; Higher Education Press: Beijing, China, 2002; pp. 875–884.

8. Stewart, S.; Berman, A.; Andrews-Larson, C.; Zandieh, M. Teaching Linear Algebra. In Proceedings of the 13th International Congress
on Mathematical Education; Kaiser, G., Ed.; ICME: Hamburg, Germany, 2017; pp. 687–688.

9. Schoenfeld, A.H. How we Think; Routledge: New York, NY, USA, 2010.
10. Shulman, L.S. Knowledge and teaching: Foundations of the new reform. Harv. Educ. Rev. 1987, 57, 1–22. [CrossRef]
11. Sosa, L.; Flores-Medrano, E.; Carrillo, J. Conocimiento del profesor acerca de las características de aprendizaje del álgebra en

bachillerato [Teacher knowledge about algebra learning characteristics in high school]. Enseñanza Cienc. 2015, 33, 173–189.
12. Sosa, L.; Flores-Medrano, E.; Carrillo, J. Conocimiento de la enseñanza de las matemáticas del profesor cuando ejemplifica y

ayuda en clase de álgebra lineal [Knowledge of the teacher’s mathematics teaching when he exemplifies and assists in linear
algebra class]. Educ. Matemática 2016, 28, 151–174. [CrossRef]

13. Jaworski, B.; Mali, A.; Petropoulou, G. Approaches to teaching mathematics and their relation to students’ mathematical meaning
making. In Proceedings of the 39th Conference of the International Group for the Psychology of Mathematics Education, Hobart, Australia,
13–18 July 2015; Bewick, K., Muir, T., Wells, J., Eds.; PME: Hobart, Australia, 2015; pp. 97–104.

14. Jaworski, B.; Treffert-Thomas, S.; Bartsch, T. Characterizing the teaching of university mathematics: A case of linear algebra. In
Proceedings of the 33rd Conference of the International Group for the Psychology of Mathematics Education, Thessaloniki, Greece, 19–24 July
2009; Tzekaki, M., Kaldrimidou, M., Sakonidis, H., Eds.; PME: Thessaloniki, Greece, 2009; pp. 249–256.

15. Speer, N.M.; Wagner, J.F. Knowledge Needed by a Teacher to Provide Analytic Scaffolding During Undergraduate Mathematics
Classroom Discussions. J. Res. Math. Educ. 2009, 40, 530–562. [CrossRef]

16. Bills, L.; Dreyfus, T.; Mason, J.; Tsamir, P.; Watson, A.; Zalavsky, O. Exemplification in mathematics education. In Proceedings 30th
Conference of the International Group for the Psychology of Mathematics Education, Prague, Czech Republic, 16–21 July 2006; Novotná, J.,
Moraová, H., Krátká, M., Stehliková, N., Eds.; PME: Prague, Czech Republic, 2006; pp. 126–154.

17. Mali, A.; Biza, I.; Jaworski, B. Characteristics of university mathematics teaching: Use of generic examples in tutoring. In
Proceedings of the 38th Conference of the International Group for the Psychology of Mathematics Education, Vancouver, Canada, 15–20 July
2014; Liljedahl, P., Oesterle, S., Nicol, C., Allan, D., Eds.; PME: Vancouver, Canada, 2014; pp. 161–168.

18. Figueiredo, C.; Contreras, L.C.; Blanco, L.J. A transparência e a variação dos exemplos utilizados na aprendizagem de conceitos
matemáticos [The transparency and variation of the examples used in the learning of mathematical concepts]. ZETETIKÉ 2009,
17, 29–60.

19. Mason, J. Issues in variation theory and how it could inform pedagogical choices. In Teaching and Learning Mathematics through
Variation Confucian Heritage Meets Western Theories; Huang, R., Yeping, L., Eds.; Sense: Boston, MA, USA, 2017; pp. 407–438.

20. Kullberg, A.; Runesson, U.; Marton, F. What is made possible to learn when using the variation theory of learning in teaching
mathematics? ZDM Math. Educ. 2017, 49, 559–569. [CrossRef]

21. Marton, F.; Häggström, J. Teaching through variation. A European perspective. In Teaching and Learning Mathematics through
Variation Confucian Heritage Meets Western Theories; Huang, R., Yeping, L., Eds.; Sense: Boston, MA, USA, 2017; pp. 389–406.

22. González, M.J.; Gómez, P.; Restrepo, A.M. Usos del error en la enseñanza de matemáticas [Uses of error in mathematics teaching].
Rev. Educ. 2015, 370, 71–95.

23. Fukawa-Connelly, T.; Johnson, E.; Keller, R. Can Math Education Research Improve the Teaching of Abstract Algebra? Not. AMS
2016, 63, 276–281. [CrossRef]

24. Scheiner, T.; Montes, M.A.; Godino, J.D.; Carrillo, J.; Pino-Fan, L.R. What Makes Mathematics Teacher Knowledge Specialized?
Offering Alternative Views. Int. J. Sci. Math. Educ. 2019, 17, 153–172. [CrossRef]

25. Carrillo, J.; Climent, N.; Montes, M.A.; Contreras, L.C.; Flores-Medrano, E.; Escudero-Ávila, D.; Vasco, D.; Rojas, N.; Flores, P.;
Aguilar-González, Á.; et al. The mathematics teachers’ specialised knowledge (MTSK) model. Res. Math. Educ. 2018, 20, 236–253.
[CrossRef]

26. Ball, D.L.; Thames, M.H.; Phelps, G. Content knowledge for teaching. What makes it special? J. Teach. Educ. 2008, 59, 389–407.
[CrossRef]

27. Silverman, K.; Thompson, P.W. Toward a framework for the development of mathematical knowledge for teaching. J. Math. Teach.
Educ. 2008, 11, 499–511. [CrossRef]

http://doi.org/10.17763/haer.57.1.j463w79r56455411
http://doi.org/10.24844/EM2802.06
http://doi.org/10.5951/jresematheduc.40.5.0530
http://doi.org/10.1007/s11858-017-0858-4
http://doi.org/10.1090/noti1339
http://doi.org/10.1007/s10763-017-9859-6
http://doi.org/10.1080/14794802.2018.1479981
http://doi.org/10.1177/0022487108324554
http://doi.org/10.1007/s10857-008-9089-5


Mathematics 2021, 9, 2542 14 of 14

28. Kilpatrick, J.; Spangler, D.A. Educating Future Mathematics Education Professors. In Handbook of International Research in
Mathematics Education; English, L.D., Kirshner, D., Eds.; Routledge: New York, NY, USA, 2016; pp. 297–308.

29. Delgado-Rebolledo, R.; Zakaryan, D. Relationships Between the Knowledge of Practices in Mathematics and the Pedagogical
Content Knowledge of a Mathematics Lecturer. Int. J. Sci. Math. Educ. 2020, 18, 567–587. [CrossRef]

30. Stake, R.E. Case Studies. In Strategies of Qualitative Inquiry; Denzin, N., Lincoln, D., Eds.; Sage Publications: Thousand Oaks, CA,
USA, 2003; pp. 134–164.

31. Vasco, D.; Climent, N. The specialised knowledge and beliefs of two university lecturers in linear algebra. In Professional
Development and Knowledge of Mathematics Teachers; Zehetmeier, S., Potari, D., Ribeiro, M., Eds.; Routledge: New York, NY, USA,
2021; pp. 104–123.

32. Bardin, L. Análisis de Contenido [Content Analysis]; Ediciones Akal: Madrid, Spain, 1996.
33. Ramírez, O.; Romero, C.F.; Oktaç, A. Coordinación de registros semióticos y las transformaciones lineales en el plano [Coordination

of semiotic records and linear transformations in the plane]. In Proceedings of the Congreso de Educación Matemática de América
Central y El Caribe, Santo Domingo, Dominican Republic, 6–8 November 2013; Ramírez, A., Morales, Y., Eds.; ICEMACYC: Santo
Domingo, Dominican Republic, 2013; pp. 537–547.

34. D’Amore, B. Conceptualización, registros de representaciones semióticas y noética: Interacciones constructivistas en el aprendizaje
de los conceptos matemáticos e hipótesis sobre algunos factores que inhiben la devolución [Conceptualization, registries of
semiotics representations and noética: Constructivists interactions in the learning of the mathematical concepts and hypothesis
on some factors that inhibit the return]. Rev. Científica 2009, 11, 150–164.

35. Blazar, D.; Kraft, M.A. Teacher and teaching effects on students’ attitudes and behaviors. Educ. Eval. Policy Anal. 2017, 39, 146–170.
[CrossRef] [PubMed]

36. Androniceanu, A.; Burlacu, S. Integration of educational technologies in universities and students’ perception thereof. In Proceed-
ings of the 13th International Scientific Conference eLearning and Software for Education, Bucuresti, Romania, 27–28 April 2017; Carol I
National Defense University: Bucuresti, Romania, 2017; Volume 2, p. 26.

http://doi.org/10.1007/s10763-019-09977-0
http://doi.org/10.3102/0162373716670260
http://www.ncbi.nlm.nih.gov/pubmed/28931959

	Introduction 
	Theoretical Framework 
	Background 
	The Mathematics Teacher’s Specialised Knowledge Model 

	Research Methods 
	Context and Choice of Subject 
	Data Collection and Analysis 

	Results 
	Discussion and Conclusions 
	References

