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Abstract:
domination and paired-domination subdivision numbers, respectively. In this note, we show that
if T is a tree of order n > 4 different from a healthy spider (subdivided star), then sd,,, (T) <

min{ Ty 'Z(T)

For a graph G with no isolated vertex, let 7,,(G) and sd,,, (G) denote the paired-

+1, 2}, improving the (1 — 1)-upper bound that was recently proven.

Keywords: paired-domination number; paired-domination subdivision number

1. Introduction

Throughout the paper, G = (V,E) is a simple connected graph with vertex set
V = V(G) of order n = |V| and edge set E(G) = E. For every vertex v € V(G), the
open neighborhood of v is the set Ng(v) = {u € V(G)|uv € E(G)} and the closed neighbor-
hood of v is the set Ng[v] = N¢(v) U {v}. The degree of a vertex v is deg(v) = |Ng(v)]|.
When no confusion arises, we will delete the subscript G in Ng and deg . A vertex of
degree one is called a leaf and its neighbor is called a stem. A stem is said to be strong if it is
adjacent to at least two leaves. A healthy spider ; for g > 2 is obtained from a star K; ; by
subdividing each edge by exactly one vertex. The center vertex of a healthy spider will be
called a head. Let P, and C, be the path and cycle of order n. The diameter of G, denoted by
diam(G), is the maximum value among minimum distances between all pairs of distinct
vertices of G. A matching in a graph G is a set of pairwise non-intersecting edges, while a
perfect matching in G is a matching that covers each vertex.

A dominating set of G is a subset S of V such that every vertex in V — S has at least one
neighbor in S. A subset S of V is a paired-dominating set of G, abbreviated PD-set, if S is a
dominating set and the subgraph induced by the vertices of S contains a perfect matching.
The paired-domination number v, (G) is the minimum cardinality of a PD-set of G. If S is
a PD-set with a perfect matching M, then two vertices # and v are said to be partners (or
paired) in S if the edge uv € M. We call a PD-set of minimum cardinality a 7, (G)-set.
Note that every graph G without isolated vertices has a PD-set since the endvertices of any
maximal matching in G form such a set. Paired-domination was introduced by Haynes
and Slater [1] and is studied, for example, in [2-7]. For more details on paired-domination,
we refer the reader to the recent book chapter [8].

As an application, in the design of networks for example, it is essential to study the
effect that some modifications on the graph that have on the graph parameters. These mod-
ifications can be deletion or addition of vertices, deletion or addition of edges. We re-
fer the reader to chapter 7 of [9] when the graph parameter is the domination number.
Fink et al. [10], were the first to study the bondage number of G defined to be the minimum
number of edges whose removal increases the domination number of G, while Kok and
Mynhardt [11] were the first to study the reinforcement number of G defined to be the
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minimum number of edges which must be added to G in order to decrease the domination
number of G. In [12], Velammal studied another kind of modification where the goal is
find the minimum number of edges to be subdivided (each edge in G is subdivided at most
once) in order to increase the domination number. For more details, see [13-17].

Our main purpose in this paper is to study of the paired-domination subdivision number
of trees. This parameter was introduced by Favaron et al. in [18] and defined as follows.
The paired-domination subdivision number sd,,, (G) of a graph G is the minimum number
of edges that must be subdivided (where each edge in G can be subdivided at most once)
in order to increase the paired-domination number of G. Observe that since the paired-
domination subdivision number of the complete graph K, remains unchanged when its
only edge is subdivided, we will assume that the graph G has order at least 3. It is worth
noting that it has recently been shown by Amjadi and Chellali [19] that the problem of
computing the paired-domination subdivision number is NP-hard for bipartite graphs.
The paired-domination subdivision number has been further studied by several authors
(see [20-22]).

In [18], Favaron et al. have given some conditions for a graph (including trees) to have
a small paired-domination subdivision number that we summarize by the following results.

Proposition 1 ([18]). For every graph G of order n > 3, if yp,(G) = 2, then 1 < sd,, (G) < 3.
Proposition 2 ([18]). If G contains either a strong stem or adjacent stems, then sd,,, (G) < 2.

Proposition 3 ([18]). If a connected graph G contains a path v1v,v3v405 in which deg(v;) = 2
fori=2,3,4, then de(G) < 4.

It should also be noted that Favaron et al. [18] conjectured that sd,, (G) < n — 1 for
all connected graphs of order n. In connection with this conjecture, Egawa et al. [20] proved
that for every connected graph G of order n > 4, sd,, (G) < 2n — 5. Moreover, if further G
has an edge uv such that u and v are not partners in any 7, (G)-set, then sd,, (G) <n —1.
The conjecture has recently been settled in the affirmative in [22]. Restricted to the class of
trees, we observe that for healthy spiders S; with g > 2 or paths P;, sd,,, (T) =n — 1.

In this note, we improve the (n — 1)-upper bound on the paired-domination subdi-
vision number for all trees T of order n > 4 different from a healthy spider by providing
an upper bound on it in terms of the paired-domination number. More precisely, we will
mainly show the following.

Theorem 1. Let T be a tree of order n > 4 different from a healthy spider. Then
sdy,, (T) < %”T(T) +1.

In addition, we will also show that if T is a tree of order n > 4 different from a healthy
spider, then its paired-domination subdivision number is at most 7. Before giving the proof

of our results, it is necessary to recall the following two useful results.

Proposition 4 ([18]). Let G be a connected graph of order n > 3 and e = uv € E(G). If G' is
obtained from G by subdividing the edge e, then 7, (G') > vpr(G).

Proposition 5 ([18]). Forn >3,

1 if n=0 (mod4)
4 if n=1 (mod4
Sd'Ypr (Pn) = Sd'YPr (C”) = 3 if n=2 Emod 4%
2 if n=3 (mod 4)

We close this section by mentioning that the paired-domination number of a path P,
of order n > 2is 2[ %] (see [8]).
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2. Proof of Theorem 1

For non-negative integers t;,f; where t; > '1,'1et Fi, t, be the tree obtained from
a path v1v,03v4 by adding t; pendant paths viubu}, t; pendant paths vywswj, and t,
pendant paths v,z52] (see Figure 1). Let F be the family of all trees F;, 1, . The set P =
{01, ud, vy, wh} U {ud, ub,wi,wh | 2 < i < H}U{zl,z5 | 1 < i < b} is a PD-set of
Fi t, and 5o ypr(Fp 1,) < 4t; + 2t5. One the other hand, if D is a v, (F, t,)-set, then to
paired-dominate the leaves of F, +,, we must have [D N {op,ul,ub | 1 <i<t}| > 28,
DN {vg,w),wh |1 <i<t}|>2t and [DN{vy,2),2, | 1 <i < th}| > 2t implying that
')/pr(Ft],tz) > 4t1 + 2t5. Thus ')’pr(Fﬁ,tz) = 4t 4 2t5.

1 .. 1)
ut 2] Zq wl
2 1 t 2
z 2
2 2
/1 2 . v\
ty ty
u, w,

Figure 1. The graph F;, 4,.

Lemmal. If T € F, thensd,, (T) < n(Tz)fz —14 'Ypfz(T)'

Proof. Let T = F;, 1,, and let T’ be the tree obtained from T by subdividing the edge v,v;
with new vertex x, the edges vquj, u5u} with new vertices x;, y; respectively, for each 7, and

the edge vzz]é with new vertex aj for each j, if t, > 1. Clearly the number of subdivided
edgesis 2t; +t) +1 = n(T)=2 ) . Let D' be a yp,(T')-set. To paired-dominate each leaf ”1/

we must have |D' N {”1r”2/y]}| > 2 foreach 1 < j < tj; to paired-dominate each leaf

z]1 we must have |D’ N {zl,zz, aj}| > 2foreach 1 < j < f; and to palred -dominate the

t
leaves w%, ceey w1 we may assume that vy, w%, w%, s, w2 , w%,. ., 1 € D’. Moreover, to

paired-dominate the vertex v1, we must have |D' N {xy,...,x, 01,02, x}| > 2. Therefore
Ypr(T') = |D/| > 4t 42t +2 > 7,,(T). Hence sd.,, (T) < “0=2 — 1 4 1{D), O

Now we are ready to start the proof of Theorem 1.

Proof of Theorem 1. If diam(T) < 3, then clearly ,,(T) = 2 and by Proposition 2 we have

sdy, (G) <2 = 7’”( ) 1. Hence, let diam(T) > 4. Note that yp,(T) > 4.If T has a strong
stem or adjacent stems then the result follows from Proposition 2. Hence, we can assume
that T has no strong stem or adjacent stems. If diam(T) = 4 and v1v,v3v405 is a diametral
path in T, then since T is not a subdivided star, we must have deg(v3) > 3 and v3 is a
stem, which is a contradiction. Hence, we can assume that diam(T) > 5. Let v10,03 . .. v
be a diametral path in T such that deg(v3) is as small as possible. We consider two cases.

Case 1. diam(T) € {5,6}. Root T at vy, and consider the following subcases.

Subcase 1.1. v, is not a stem and deg(v3) = 2.

By the choice of the diametral path, we deduce that for each child w of v4, the maximal
subtree rooted at w is a either path P,, P5 or a healthy spider (if diam(T) = 6). Let H be
the forest of T — vy where each of its components is a healthy spider. Since degr(v3) = 2,
note that H is empty if diam(T) = 5. Now, let vyulu?u? be the (pendant) paths in T such
that degy(u}) = degy(u?) = 2 and degy(1?) =1 for each i €{1,...,r}, and let vyz}z? be
the paths in T (if any) such that degy(z}) = 2 and deg;(z?) = 1 for eachi € {1,...,s}.
Assume, without loss of generality, that u} = v3. Let T’ be the tree obtained from T by
subdividing the edges v4v3, v30, with new vertices x, , respectively, the edge v4u] with
a new vertex u' 11 for each 2 < i < r and the edge 04211» with a new vertex z’} for each
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j € {1,...,s}. Let D be a 7, (T')-set. To paired-dominate each leaf u? in T/, we must
have that [D N {u},u?, u?}| > 2 foreachi € {2,...,r}, to paired-dominate u? = v; we
must have |D N {u?,u3,y}| > 2, and to paired-dominate each leaf z2 in T we must have

DN {z z 2 }\ > 2 for each j. Also, to paired-dominate vertex x, we may assume that
vy and x are partners in D’. It follows that v, (T') > 9p,(H) + 2r + 25 4+ 2. A similar
argument shows that 7,,(T) > v, (H) + 2r + 2s. Moreover, the equality in the last
inequality is attained since each PD-set of H can be extended to a PD-set of T by adding
the set {z},zjz |1 <j<stu{ul,u?|1<i<r} Thus vy (T) = vp(H) +2r 4+ 2s, and
therefore v, (T') > vpr(T). It follows that sd,, (T) < r+s+1, and hence sd,,, (T) <

r+s+1< ””( ) 41,

Subcase 1 2. vy is not a stem and deg(v3) > 3.

By assumption, for each child w of vy, the maximal subtree rooted at w is either a
healthy spider or a path P,. Let wy, ..., w; be the children of v4 such that Ty, is a healthy
spider with head w;, and let w wé" be the children of w; and let y] be the leaf neighbor

of w{ for each i,j. Also, let v4z}z? be the paths in T (if any) such that degy(z}) = 2 and
degr(z?) = 1foreachi € {1,.. t} Without loss of generality, let w = vs. Let T' be the

tree obtained from T by subdividing the edge v4v3 with vertex x, the edges w;w}, . .., wiwf"

with vertices w’ 11 PR 74 fi, respectively, and the edge 042]1 with vertex z/ ]1 for each j. Let D

be a 7y, (T')-set. To paired-dominate each leaf yj in T/, we must have [D N {w;,yl', 1 i >2
for each i,j; to paired dominate each leaf z] we must have |D N {z z ,z' } > 2 for
eachj € {1,...,t} and to paired dominate vertex x we may assume that v4 and x are
partners in D. Hence Ypr(T') > Yi_q 2¢; 4+ 2t 4+ 2. A similar argument as above shows
that v,,(T) > Yi_; 2¢; 4 2t. Moreover, the equahty in the last 1nequahty is attained since

{vg,vz}u{z},zjz. |1 <j<t}uU(Ul z{wl,yl |1<j< E})U{wl,y1 |2 <j</{l}isa
PD-set of T. Thus v, (T) = Y/, 261 + 2t, and therefore 7, (T') > v,-(T). It follows that

sdy,, (T) < Yy ¢i +t+1,and hence sd,,, (T) < 'y’"(T) +1.

Subcase 1.3. v, is a stem.

Let w be a leaf neighbor of v4. By assumption, w is the unique leaf adjacent to v4 and
vy4 is not adjacent to any stem. Hence, T has diameter 6. First let there be a path vsuzusu,
in T such that deg (1) = deg(u3) = 2 and deg,(u1) = 1. Without loss of generality,
we may assume that u3 = v3. Let T’ be the tree obtained from T by subdividing the
edges vy,w, v4v3, V303, V01 With new vertices u, x, Y, z, respectively, and let D’ be a PD-set
of T'. It is easy to see that |D' N {vg,v3, 00,01, u,w,x,y,2}| > 6. If vg & D' orvy € D
and its partner belongs to {u,x}, then (D" \ {vy,v3,v2,v1,u,w,x,y,2}) U {v2, 03, w, 04}
is a PD-set of T smaller than D’. If vy € D’ and its partner does not belong to {u, x},
then (D’ \ {v3,vp,01,u,w,x,y,2}) U{vy,v3} is a PD-set of T smaller than D’. Hence,
Ypr(T") > vpr(T), and thus sd,, (T) < 4. Now let D be a y,,(T)-set. To paired-dominate
v1 and vy, we must have |D N {vy,v2,v3}| > 2 and |D N {ve,v5,07}| > 2, respectively.
Moreover, to paired-dominate w, we have |D N {w,v4}| > 1. Since 7,,(T) is even, we
have 7,,(T) > 6. Consequently, sd,ypr(T) <4< W’T(T) + 1 as desired. Therefore, we
can assume that T has no such a path v4uzusu in T such that deg(uy) = degy(u3) = 2
and deg(u1) = 1. Thus for any child v # w of v4, the maximal subtree T, is a healthy
spider. Since diam(T) = 6, we deduce that v4 has at least two children whose maximal
subtrees are healthy spiders. Let v3 = wjy, ..., w, be the children of v such that T, is a
healthy spider with head w;. Suppose that v, = w},...,w! are the children of w; and yl
is the leaf adjacent to w] Let T’ be the tree obtained from T by subd1v1d1ng the edges
v4w, v4v3 With new vertices x, y, respectively, the edges w, wl, yl wl with new vertices x;
and y;, respectively for each j € {1,...,/¢}. Clearly the number of subdivided edges
is 2degy(wq). Let D’ be a 7, (T')-set. To paired-dominate y},...,y%, we may assume
that w%, . ..,w{,yl,. ..,yp € D'. Also to paired-dominate the vertices w,v3, we must
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have |D’' N{w,x,v4,y,v3,x1,...,%7}| > 4. Now, if vy ¢ D’ or vy € D’ and its partner
belongs to {x,y}, then (D' \ {w, x,v4,y,v3,%x1, ..., X0, Y1, ..., Y¢}) U {y%, . ..,y},m, v3}isa
PD-set of T smaller than D’. If vy € D’ and its partner does not belong to {x,y}, then
(D' \{w,x,y,v3,%1,...,%,Y1,-..,Y¢}) U {y%, .. .,y}g} is a PD-set of T smaller than D’. In
either case, we deduce that sd,,, (T) < 2degy(w;). Now let D be a y,,(T)-set and let
Tw,, Tw, be the components of T — {vqwy,v4wy} containing wy and wy, respectively. To
paired-dominate the leaves of Ty, and Ty, we must have |D NV (T, )| > 2degy(wq) — 2
and (DN V(Ty,)| > 2deg(wz) —2 > 2deg(w1) — 2. Also to paired-dominate w we
must have |D N {w, v4}| > 1. Since | D| is even, we deduce that |D| > 4 deg(w;) — 2. This

implies that sd,,, (T) < 2deg(w;) < “Ypr( ) 11

Case 2. diam(T) > 7. We consider two subcases.

Subcase 2.1 deg(v3) = 2.

If T is a path, then the result follows from Proposition 5 and the exact value of the
paired-domination number of a path given at the end of Section 1. Hence, we assume that
T is not a path, and thus v, (T) > 4. If degy(v4) = 2, then v5v40305v; is a path in T such
that deg(v,) = deg(v3) = deg(vs4) = 2 and the result follows from Proposition 3. Hence,
assume that deg(v4) > 3. If v4 is a stem, then using an argument similar to that described

in Subcase 1.3, we can see that sd,,, (G) <4 < Yor\ ) ’( ) 41, Thus, we assume that v, is not a
stem. Hence, each component of T — v, is of order at least 2. Moreover, since diam(T) > 7,
one component of T — v, different from the one containing v3, must have order at least four
and diameter at least three. Root T at v4 and let wy, . .., w; be the children of v, with depth
at least three, 1, . .., us be the children of v4 with depth two, and zy, ..., z; be the children
of vy with depth one, if any. We can assume, without loss of generality, that v3 = u; and
v5 = wy. Let T' be the tree obtained from T by subdividing the edges v,v3, V305, V201 With
new vertices ¥, , z, respectively, the edge v4u; with new vertex x; for eachi € {2,...,s},
the edge v4z; with new vertex a; for each i € {1,...,t} and each edge vsw; with new
vertex y; forall i € {1,...,r}. We note that all edges incident to v4 are subdivided and
the number of subdivided edges is degy(vs) + 2. Let D’ be a PD-set of T’ and F the set
of all edges in {v4uy,, ..., v4Us, v4w1, ..., V4w, } Wwhose subdivision vertices belong to D'.
Let T7 be the tree obtained from T by subdividing only the edges in F. Clearly, to paired-
dominate vertices v1,v7,v3,x,y,z in T/, we must have |D' N {vy,vp, 03,04, x,y,2}| > 4.
Now, if vy ¢ D' or vy € D’ and its partner is not x, then (D’ — {vy,v2,v3, x,y,2}) U {v3,v2}
is a PD-set of Ty smaller than D’ and thus vy, (T') > v (T1) > 9p(T). If vy € D" and
its partner is x, then (D' — {v1,v2, 03,04, x,y,2}) U {v3,v2} is a PD-set of Ty smaller than
D" and thus v (T") > vpr(T1) > vpr(T). We deduce that sd,,, (T) < degr(vs) + 2. Now
let D be a 'ypr(T)—set. To paired-dominate the leaves in each T, Tu]., T;, we must have
IDNV(Tw,)| > 2and [DNV(Ty;)| > 2 for each i, j,and [D N ({04} U (U}, V(Tz,))| > 2t.
Assume that diam(T) > 9. Then to paired-dominate v;_4, we musthave |[D NN (v;_4)| > 1.
Hence, |D| > 2deg(v4) + 1. But since | D] is even, it follows that |[D| > 2deg (v4) + 2.

Therefore, sdy, (T) < degy(vs) +2 < 7’"( ) + 1. Hence, we can assume in the sequel that
diam(T) € {7,8}. Now, consider the followmg situations.

(2.1.1) v4 has a child w; with depth 2 and degree at least three.
Then we must have |D N V(Ty,)| > 4, implying that |D| > 2deg;(v4) + 2, and the
desired result is obtained as above.

(2.1.2) deg(vs) > 3.
Let w be a neighbor of v5 such that w ¢ {v4, v }. To paired-dominate w, we must
have |D N N[w]| > 1, and thus |D| > 2degy(v4) + 1. Since |D| is even, we have
|D| > 2deg(v4) + 2, and the result follows as above.

(2.1.3) deg(vk—2) > 3. Thenwehave [DNV(T,, ,)| > 4implying that |D| > 2deg (v4) +
2, and the result follows as above.

(2.1.4) diam(T) = 8.
If deg;(v6) > 3 and w is a neighbor of vg such that w ¢ {vs, vy}, then the result
follows as in item 2. Hence, assume that deg,(vs) = 2. By above item we can
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assume that deg;(vs) = 2. Since T is not a path, we must have deg(v4) > 3. By
item (2.1.3), we may assume that deg(v3) = deg(v7) = 2. In this case, one can
see that 7,,(T) > 6 and sdym (T) < 4 (Proposition 3), and thus the desired result is
obtained.

(2.1.5) diam(T) =7.
By items 2 and 3, we may assume that deg;(v5) = deg,(vs) = 2 and the result
follows as item (2.1.4).

Subcase 2.2. deg(v3) > 3.

By the choice of diametral path in which deg(vs) is as small as possible, there is
no path vyuqupusz in T such that deg(uy) = deg(up) = 2 and deg(uz) = 1. Thus the
component of T — v3v4 containing v3 is a healthy spider with head v3. Similarly we may
assume that the component of T — vy_,vy_3 containing vx_» is a healthy spider with head
Uk_o. By the choice of the diametral path, deg(v3) is as small as possible and we have
degr(v3) < degr(vk_2). Let Np(v3) \ {vs} = {u1 = vp,...,us} and let u] be the leaf
neighbor of u; for each i. Suppose first that v, is a stem and let w be the leaf neighbor of vy.
Let T’ be the tree obtained from T by subdividing the edges v4w, v4v3 with new vertices
x,y, respectively, and the edges v3u;, u;u; with new vertices x;, y;, respectively, for each
i€ {1,...,s}. Clearly the number of subdivided edges is 2deg(vs3). Let D’ be a PD-set
of T'. Without loss of generality, we can assume that uy,...,us,y1,...,ys € D', where
each u; is paired with y;. Moreover, to paired-dominate the vertices w, v3, we must have
D' N {w, x,v4,Y,03,x1,...,%s}| > 4. Let S be the set of all subdivision vertices. If vy & D’
or vy € D" and the partner of vy is in {x,y}, then (D" \ (SU {w})) U {v3,v4, 1), ..., ui}
is a PD-set of T smaller than D'. If vy € D’ and the partner of v, is not in {x,y}, then
(D'\ (SU{w,v3}))U{uy,..., ui}is a PD-set of T smaller than D’. In either case, we obtain
sdy,, (T) < 2degr(vs). Now let D be a yp,(T)-set and let To; and Ty, _, be the components
of T — {v3v4,v;_ovx_3} containing v3 and vy_,, respectively. To paired-dominate the
leaves of Ty, and T,, , we must have |D NV (Ty,)| > 2degy(v3) —2and [DNV(T,, ,)| >
2deg(vg_p) — 2. Also to paired-dominate w we must have |D N {w,v4}| > 1. Since |D|

is even, we have |D| > 4degr(vs) — 2. Therefore, sd,,, (T) < 2degr(v3) < WVT(T) +1,
as desired.

Suppose now that v, is not a stem. Then each component of T — vy is of order at
least two. If T € F, then the result follows from Lemma 1. Hence, we assume that
T ¢ F. Since diam(T) > 7 and degy(v3) < degy(vx_2), we deduce that |V (T, ;)| >
|V(To,)| + 1. On the other hand, since T ¢ F, either one of the components of T — vy that
does not contain neither v3 nor vs has order at least three or |V (Ty, ,)| > |V(Ty,)| + 2.
Let N(vy) = {w1 = v3,wy...,w,}. Let T" be the tree obtained from T by subdividing
the edges vyw; with vertices z; for 1 < i < r, the edges vsu;, u;u} with vertices x;,y;,
respectively, for each 1 < i < s. Note that the number of subdivided edges is deg(v4) +
2degy(v3) — 2. Let D' be a PD-set of T" and let F be the set of all edges incident with vy
whose subdivision vertices belong to D’. Let T, be the tree obtained from T by subdividing
only the edges in F. Without loss of generality, assume that uq,...,us,y1,...,ys € D,
where each u; is paired with y;. Also, to paired-dominate vertex v3, we must have |[D' N
{v4,21,03,x1,...,%s}| > 2. Let W = {z1,x1,...,%s,Y1,...,Ys}. f vy & D' orvy € D’
and its partner is z3, then (D" \ (WU {vy,v3})) U {v3,u),..., ul} is a PD-set of T, smaller
than D" and so ,(T") > v,(T2) > 7,(T). If vy € D' and its partner is not z;, then
(D'\ (WU {v3})) U{uj,uj, ..., ul} is a PD-set of T, smaller than D’ and again y,(T") >
Yp(T2) > 7p(T). Consequently, sd,, (G) < degr(vs) +2degr(vs) — 2. Now let D be a
Ypr(T)-set. As seen above, we can see that for each child w; of v4 with depth two we have
|IDNV(Ty,)| > 2degy(w;) — 2. In particular, |D N V(Ty,)| > 2degy(v3) — 2. Similarly,
IDNV(Ty, ,)| > 2degy(vk_n) —2 > 2degy(v3) — 2. Moreover, if g, ..., q; are the children
of v4 with depth one (if any), then to paired-dominate the leaf neighbors of g, ..., g, we
must have [D N ({vg} U (UI_, V(Ty,))| > 2t

Assume that diam(T) > 9. Then to paired-dominate v;_4, we must have |D N
N(vg_4)| > 1. Hence |D| > 4deg(v3) —4+2(degy(vs) —2) +1 = 4deg(v3) +2degr(vs)
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—7. But since |D| is even, it follows that |D| > 4deg;(v3) + 2degy(vs) — 6. Therefore,

sdy,, (T) < degr(vs) +2degr(v3) —2 < W'T(T) + 1. Hence, we can assume in the sequel

that diam(T) € {7,8}. Now, consider the following situations.

(2.2.1) v4 has a child w; # v3 with depth 2 and degree at least three.
Then we must have |D NV (Ty,)| > 4, implying that |D| > 4deg,(v3) +2deg(vs) —
6, and the desired result is obtained as above.

(2.2.2) deg(vs) > 3.
Let w be a neighbor of v5 such that w ¢ {v4, v }. To paired-dominate w, we must
have |D N N[w]| > 1, and thus |D| > 4deg(v3) + 2deg (vs) — 7. Since |D| is
even, we have |D| > 4deg(v3) + 2deg;(vs) — 6, and the result follows as above.

(2.2.3) deg;(v3) < degy(vk—2). Then we have |[DNV(Ty, ,)| > 2degp(vk_p) —2 >
2deg(v3) implying that |D| > 4 degy(v3) + 2degy(vs) — 6, and the result follows
as above.

(2.2.4) diam(T) = 8.
If deg (vg) > 3 and w is a neighbor of vg such that w ¢ {vs, vy}, then the result
follows as in item 2. Hence, assume that deg;(vs) = 2. By above item we can
assume that deg(vs) = 2. If deg(v4) = 2, then the result follows from Proposition
3. Thus, let deg(v4) > 3. Note that since vy is not a stem and according to the first
item and the choice of diametral path, every subtree rooted at a child of v, different
from v3 and vs is a path P,. Moreover, by the third item we may assume that
degy(v3) = degr(v7). In this case, one can see that v,,(T) > 10 and sd,,, (T) < 4
(for instance we can subdivide edges v4v5, U506, U6y and one edge incident with vy
different from v3v4 and v4vs5). Therefore, the desired result is obtained.

(2.2.5) diam(T) =7.
Since T ¢ F, we must have deg(v3) < deg(vg) or deg(vs5) > 3. In either case,
the result follows by above items.

This completes the proof. [

The following upper bound on the paired domination number of a tree has been
presented by Chellali and Haynes in [2].

Theorem 2 ([2]). If T is a tree of order n > 3 with s stems, then yp, (T) < %

According to Theorems 1 and 2, we obtain the following upper bound on the paired-
domination subdivision number of a tree.

Corollary 1. If T is a tree of order n > 4 with s stems different from a healthy spider, then
Sd'Ypr(T) < %

Applying Theorem 1 and Corollary 1, we get the following result.
Corollary 2 ([20]). If T is a tree of order n > 4 different from a healthy spider, then sd, , (T) < 7.

Proof. We first observe that if T has a strong stem, then by Proposition 2, sd,,, (T) <
2 < n/2. Hence we assume that T has no strong stem. Let s be the number of stems in
T and let t be the number of vertices that are neither leaves nor stems. Note that t £ 1
since T is different from a healthy spider. Now, if t = 0, then s = n/2 and thus T has
adjacent stems. By Proposition 2, sdyp, (T) < 2 < n/2. Hence we can assume that f > 2.
Clearly, s = "T*t Ift > 3, thens < ”2;3, and by Corollary 1, we obtain sdﬁ,pr (T) < n/2.
Therefore, let t = 2. Thus n > 6 and is even. Let x and y be the two vertices of T that
are neither leaves nor stems. Then V(T) — {x,y} in which each stem is paired with its
unique leaf neighbor, is a PD-set of D and so 7, (T) < n — 2. It follows from Theorem 1

that sd,, (T) < W’T(T) +1 < n/2 and the proof is complete. [
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Let H; = S, and Hy = Sy, be two healthy spiders with m > 2 feet each and centers x
and y, respectively. Let Ty, be the tree obtained from H; and Hj by adding the edge xy (see
Figure 2). It is not hard to see that n(Ti,) = 4m +2, vp,(Tin) = 4m and sd, (Ton) = 2m + 1.
Therefore the bounds of Theorem 1 and Proposition 2 are sharp.

1
uq wq

Uy wy
Figure 2. A tree Ty, with sd,, (Ty) = M +1=n(Ty)/2.

Let T}, be the tree obtained from T, by subdividing the edge xy with a subdivision
vertex u and adding a new vertex v and a new edge uv (see Figure 3). It is not hard to see
that n(Ty,) = 4m +4, vp,(T;,) = 4m + 2 and sd,,, (T},) = 2m + 2. Therefore the bounds of
Theorem 1 and Proposition 2 are sharp for any tree in the family 7 = {T,,, T}, | m > 2}.

1 1
uq 0 wy

Figure 3. A tree T}, with sd,,, (T},) = M +1=n(T},)/2.
We conclude this paper with two conjectures.

Conjecture 1. For any connected graph G of order n > 4 different from a healthy spider,
sd;, (G) < 19 42

Conjecture 2. For any connected graph G of order n > 7 different from a healthy spider,
sdy, (G) < 4.

If G is the graph obtained from Cs by adding a pendant edge at one vertex, then we
have sd,,, (Cs) = sdy,, (G) = 4. Therefore, the condition 7 > 7 is necessary to establish the
second conjecture.
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