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Abstract: This research deals with the generalized symmetric metric U-connection defined on
golden Lorentzian manifolds. We also derive sharp geometric inequalities that involve generalized
normalized §-Casorati curvatures for submanifolds of golden Lorentzian manifolds equipped with

generalized symmetric metric U-connection.
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1. Background

Golden ratios have been investigated by different researchers for many centuries. Tak-
ing inspiration from golden mean, the golden structure introduced by [1] as a polynomial
structure [2,3] came into picture, and the structure polynomial was written as ¢ = ¢ + I,
¢ being (1,1) tensor field. In 2007, the authors in [4] investigated invariant submanifolds
isometrically immersed in golden Riemannian manifolds, highlighting new ideas. In the
same ambient manifold [5], work was carried out on an induced structure, producing
some new studies. Recently, Bahadir and Sirajuddin et al. [6] studied slant submanifolds in
golden Riemannian manifolds, developing different useful results. The study of golden
structures was also carried out on semi-Riemannian manifolds by M. Ozkan [7]. One
can refer to [8-11], etc., and the references therein for recent developments in golden
differential geometry.

Another important development in the submanifold theory was the introduction of
d-invariants [12] (also known as Chen’s invariants). With the help of these new Riemannian
invariants, B. Y. Chen not only established a relation in the form of an optimal inequality
but also defined and studied a new concept known as ideal immersion. This investigation
of Chen’s invariants have been extensively used by many researchers in different ambient
spaces ([13-15], etc.).

It is known that Gauss curvature might vanish for intuitively curved looking surfaces.
That is why F. Casorati [16] introduced another notion that is known today as the Casorati
curvature. In 2007, Decu et al. [17] studied optimal inequalities and produced the notions
of normalized Casorati curvatures (see also [18]). The same authors obtained an exten-
sion of the above results and produced the notion of generalized normalized §-Casorati
curvatures [19]. Later on, these research techniques were used for establishing optimal
inequalities by many researchers in different ambient spaces ([20-22], etc.).

The present study deals with the generalized symmetric metric U-connection on
golden Lorentzian manifolds. We also study the lower bounds for submanifolds immersed
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in golden Lorentzian manifolds equipped with generalized symmetric metric U-connection.
Moreover, submanifolds for which equality holds are also discussed.

2. Preliminaries

Consider the Riemannian manifolds (N™, ¢) and (M", g) such that N isometrically
immerses in M. Represent the shape operator of N by S¢, ¢ € [(T+N). Further, on M,

assume that V stands for the Levi-Civita connection and V-~ for connection in a normal
bundle. Furthermore, for all Y1, Y> € T(TN) and & € T(T+N), we write [23]

Vy, Y2 = Vy, Y2+ h(Yy, Y2),

Vy, &= =511 + Vﬁff,

and
8(5:Y1,Y2) = g(h(Y1,Y2),§)-

One can also recall the Gauss equation as [23]

K(Yl/YZ/ YS/ Y4) - R(Yl/YZ/ Y3/ Y4) _g(h(Y1/Y4)/h(Y2/ Y3))
+g(h(Y1,Y3),h(Y2,Y4)), VYI S F(TN),i =1,2,3,4.

Let us fix {Eq, ..., Em, Ems1,--.,En} for alocal orthonormal frame in M". Define the
scalar curvature T as follows

T= Z R(El/E]/E]/EZ)

1<i<j<m

Set

H=Y) %h(Ei/ E;)

—_

as the mean curvature. For our convenience, put hlfj = g(h(E;, E]'),Er). In this way,
Vre {m+1,...,n}, we can write

5 1 n m 2
MP=— ¥ (LK
r=m+1 \i=1
and

HE= Y Y ()%

r=m+11i,j=1

One recalls the Casorati curvature for the submanifold N as
1 2
C = |IHP. &

Let us represent any linear subspace of TN with the help of A and fix its dimension
equal to t such that t > 2, spanned by {E;y, ..., E:}. Then, for a t-plane section .4, one can
define the scalar curvature by

(A)= Y R(E,E,EjE),

1<i<j<t
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1 n t 2
C(A) = n Y, X ()"
r=m+1i,j=1

Let £ be a hyperplane of T,N. Then, Decu et al. [17] introduced the normalized
6-Casorati curvatures as

Sl = 1)}y = 36 + g sinf(C(L)),

2m —1

[0c(m —1)], = 2Cp — -

sup{C(L)}.

If r # m(m — 1) is a positive real number, then according to [19] the generalized
normalized §-Casorati curvatures

Be(r;m =1)], = 1Cp
_+<W—m—Q$+HW—”mqamL
if (m? —m) >r > 0and
[Be(rm=1))y = rCp
P YU T WP

provided r > (m? —m).
We refer to [24] for further definitions and formulas.

2.1. Golden Riemannian Manifolds

We identify a Riemannian manifold with the help of (M", g) and of a (1,1)-tensor
field with G satisfying [4,6,10,11].

KY)=Y"+a,Y" '+ +aY +al=0,

where I stands for identity transformation, and at p € M (for Y = G),¢"~1(p),6"2(p),...,G(p),I
are linearly independent. Then K(Y') represents structure polynomial.
Further, M is equipped with a golden structure if [6].

gozzgo—f—l.

In the above equation, I denotes the identity transformation, and ¢ stands for (1,1)
tensor field. When (M, g) is equipped with the golden structure ¢, M becomes golden
Riemannian manifold if the following relations holds good for ¢-compatible metric

e(oY1,Y2) = g(Y1,9Y2), VY1, Y, € T(TM),
and

g(@Y1, 9Y2) = g(¢7Y1,Ya) = g(9Y1, Y2) +g(Y1, Y2).
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The Riemannian curvature tensor R of the locally golden space form M = M (c1) x
M (cp) is written according to [11] as
R(X,Y)Z= GVERetEda gy /1y o(x,z)Y]
+ AN (g (pY, Z)X — 59X, Z)Y @
+8(Y, 2)9X — (X, Z)gY]
+E2[3(Y, Z)9X — g(9X, Z)gY].

We define the golden Lorentzian manifold.

Definition 1. Let us consider a semi-Riemannian manifold (M", g), where ¢ has the signature
(=, +,+, ... +(n —1 times)). Then M stands for golden Lorentzian manifold if it is endowed
with a golden structure ¢ and g is p-compatible.

Example 1. Let R? represent the semi-Euclidean space and consider the signature of g as (—, +, +).
If @ stands for a (1,1) tensor field, then it is easy to show that if

1
D(s1,52,83) = E(Sl + /553,55 4+ V/Bs1, 2ps3),

for any vector field (s1,5,,53) € R3, where p = # is the golden mean, then
P =¢+]1,

and hence, @ is a golden structure on R3. Moreover, g may also be verified to be ®-compatible.
Thus, (R, g, @) becomes a golden Lorentzian manifold.

Example 2. For any semi-Euclidean space R3 and (1,1) tensor field ® defined on R as

D(s1,52,53,54,55) = (Ps1, (1 — P)sp, Ps3, (1 — )sa, Pss),

where 1 is golden mean. We can see that > = @ + 1. Moreover, g is ®-compatible, where g is
used for the metric tensor with signature (—, +, +, +, +) on R? . Hence, (R?, g, @) represents a
golden Lorentzian manifold.

According to the study in [8], we have

Theorem 1. On any golden Lorentzian manifold (M, g, ¢), the golden structure ¢ is integrable if
and only if
Ve =0.

where V denotes the Levi-Civita connection associated with g.

The structure ¢ has been considered an integrable golden structure in this work.

2.2. Generalized Symmetric Metric (g.s.m.) Connection in a Golden Lorentzian Manifold

Let (M, g, ¢) denote a golden Lorentzian manifold. We write its associated torsion
tensor T by

T(Y1,Y2) = —a{u(Y1)Y2 —u(Y2)Y1} — B{u(Y1)@Ya — u(Y2) @Y1}, ®)

where Y; belong to I'(TM) fori = 1,2, and &, B represent smooth functions on the manifold
M. In the present scenario, V is known as generalized symmetric connection. One can also
write the relation

u(Y1) = g(U,11),
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where U is a unitary (spacelike or timelike) vector field on M, and u stands for a 1-form. In
addition to this, if o
Vg=0,

then V represents a generalized metric connection. Otherwise, it is said to be a non-metric
connection. Considering V as a Levi-Civita connection, one notices that

leYz = vy1Y2 + H(Yl,Yz),VYl,Yz S F(TM). (4)

Suppose that H presents any (1,2) tensor and let T be a torsion tensor of the general-
ized symmetric metric (g.s.m.) connection V. Then one obtains

HY1,Y2) = %[T(Ylsz) +T (2, 11) + T (11, %2)], V1, Y2 € T(TM), (6)
and
g(T(Y3, Y1), Y2) = g(T' (Y1, Y2), Y3), VY1, Y2, Y3 € T(TM). 6)
This way Equations (3) and (6) produce the following
T'(Y1,Y2) = Bu(Y1)9Ya — g(¢¥1, Ya)U} — afg(V1, Y2)U — u(Y1)Ya}, ¥Y1, Y € T(TM). @)

Using Equations (3), (5) and (7), we obtain

H(Y1,Y2) = B{u(Y2)pY1 — g(¢Y1, Y2)U} — af{g (Y1, Y2)U — u(Y2)Y1},VY1, Yo € T(TM).

So, one may write

Theorem 2. If (M, g, ¢) is a golden Lorentzian manifold and ¥V denotes the g.s.m. connection of
(«, B)-type, then we have

Vv, Ya = Vy, Ya + ax(Y1, Ya) + Br(gY1, Va), WY1, Ya € T(TM) @®)
where k(Y1,Ys) = —g(Y1, Yo)U + u(Y2) Y.

Corollary 1. (i)  In view of Equation (8), when

e (a,B) = (1,0), one obtains a semi-symmetric metric connection;
* (a,B) =(0,1), one obtains a quarter symmetric metric connection.

(i)  Again using Equation (8), the g.s.m. connection will be

*  «semi symmetric metric connection with f = 0;
® B quarter symmetric metric connection provided o = 0.

Definition 2. Let (M, g, ¢) be golden Lorentzian manifold equipped with a golden structure @
and V be the g.s.m. connection of («, B)-type. If the associated vector field U is parallel, then V is
called the generalized symmetric metric U-connection on M.

Now, when the associated vector field U in Equation (3) satisfies the following relation
(U U) =u(U) =g, ©)
where ¢ = +1. Taking into use Theorem 2 and the fact that U is parallel w.r.t. V, we obtain

Vy,U=0% VyU = —ax(Yy, U) — Br(pYy,U),VY; € T(TM). (10)
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Using Equations (8)—-(10), we have
(Vy,u)Ys = (Vy,u)Ys — au(x(Yy, Ya2)) — Bu(x(@Y1,Ys)), VY1, Y, € T(TM).
Furthermore, (Vy,u)Y, = 0, and thus,
(Vyu)Yo = au(x(Yq, Y2)) + Pu(k(9Yy, Y2)), VY1, Y2 € I(TM). (11)

Proposition 1. For any golden Lorentzian manifold (M", g, ¢) with generalized symmetric metric
U-connection ¥V, we have

R(YL,Y2)U = Bu(eYa)eYi — u(eYi)pYs]

+ DC‘B[—u(Yl)(PYZ + M(Yz)(PYl + M((PYz)Yl — u((le)Yz] (12)
— OCZ[M(Yl)YZ — H(YQ)Yl],

RUWYs = —ak(V1,Y2) B [u(9Ya) 9V + u(9Y1)9Ya] (13)
+  aB[-u(eY2)Yr —x(pY1, Yo2) + g(Y1, Y2) U],
u(R(Y,Y2)Ys) = —Bu(pYa)g(pY,Ys) — u(eY1)g(gYa, ¥3)]

—aBlu(Y2)g(9Y1, Y3) — u(¥1)g(9Y2, Y3) (14)
+u(pYa2)g(Y1,Ys) — u(pY1)g(Y2, ¥3)]
o [u(Y1)g(Ya, Y3) — u(Y2)g (Y1, Y3)],

where R is the Curvature tensor.

Proof. Using Equations (9)—(11), we have Equation (12). With the aid of Equation (12), we
can easily find the Equations (13) and (14). O

_ Let Mbeagolden Lorentzian manifold with generalized symmetric metric U-connection
V. Let R denote the curvature tensor w.r.t. V. Then, for all Y, Y, Y3 € T(TM), we write

R(Y1,Y2)Ys = Vy, Vy, Y53 = VY, Vy, Y3 = Viy, v, V3. (15)

Due to Equations (8) and (15), we reach

R(Yl,Y2)Y3 = R(Yl,Yz)Yg, + mz{g(Yl,Yg)Yz — g(Yz,Y3)Y1}
+B2{g(pY1, Y3)pYa — g(Y2, Y3)pY1 }
+ap{g(pY1, Y3)Y2 — g(@Y2, Y3)V1
+8(Y1,Y3)pY2 — (Y2, Y3) @Y1 }.

Considering an orthonormal frame field on M and contracting over Y, one can write
the Ricci tensor identified by S as

S(Y2,Y3) = S(Ya,Y3)+a*(1—ne)g(Ya, Y3)
+B*{8(9Y2, 9Y3) — g(@Y2, Y3)traceq}
+aB{(2 —ne)g(¢Ys, Ys) — g(Ya, Y3)tracep},

and the Ricci operator by

QY = QYr+a*(1—ne)Ya + B{@Ys2 + Y — ¢Yatraceq}
+aB{(2 — ne)pY, — Yotracep}. (16)
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Let us identify with R the curvature tensor and denote by S the Ricci tensor w.r.t.
Levi-Civita connection. Then, the contraction of Equation (16) along Y helps us to write the
scalar curvature with respect to V, as follows

T = T+a*(e—n)n+ p*{tracep + ne — (traceq)?}
+ap(2 — 2ne)traceq. (17)

in the above relations, Q represents Ricci operator, and T stands for scalar curvature
associated to Levi-Civita connection.

Theorem 3. For any golden Lorentzian manifold equipped with generalized symmetric metric
U-connection, we have the following characterizations in Table 1.

Table 1. Characterizations of any golden Lorentzian manifold equipped with generalized symmetric
metric U-connection.

Connection type Ricci tensor

« semi-symmetric S(Y2,Ys) — a?(ne —1)g(Ya, Y3)

B quarter symmetric S(Y2,Ys) + B*{g(¢Y2, ¢Y3) — g(¢Y2, Y3)tracep}
Semi-symmetric 5(Y2,Y3) — (ne —1)g(Ys,Y3)

Quarter symmetric S(Y2,Y3) + {g(¢Ya, ¢Y3) — g(9Ya, Y3)traceqp}
Connection type Scalar curvature

« semi-symmetric T—a*(n—e)n

B quarter symmetric T+ B*{tracep + ne — (tracep)?}
Semi-symmetric T—n(n—e)

Quarter symmetric T+ {tracep + ne — (tracep)?}

Using Equations (3) and (17), we have

B 2
o ESYar et ),
P (VS 10008 e 2prceg
_ 2
+ 2P hraceq)? — traceq  nl.

5

Using Equation (23) in Theorem 3, we have the following theorem.

Theorem 4. For any locally golden product Lorentzian manifold equipped with generalized sym-
metric metric U-connection, we have the following characterizations in Table 2.

Table 2. Characterizations of any locally golden product Lorentzian manifold equipped with gener-
alized symmetric metric U-connection.

Connection type Scalar curvature

« semi-symmetric (A —a?)(n—e)n + B(2ne — 2)tracep + C((tracep)? — tracep — ne)
B quarter symmetric A(n — e)n + B(2ne — 2)traceg + (C — p*)((tracep)? — tracep — ne)
Semi-symmetric (A —1)(n —¢e)n+ B(2ne — 2)traceg + C((tracep)? — tracep — ne)
Quarter symmetric A(n — e)n + B(2ne — 2)traceg + (C — 1)((traceq)? — tracep — ne)

where A = (q:\/gﬁ's)cllz(i\/g*’s)czl B = (iﬁ*1)51$(¥ﬁ*1)52 andC =4 ‘;CZ .
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3. Inequalities for Golden Lorentzian Manifolds Equipped with Generalized
Symmetric Metric U-Connection

From now on, let M" stand for locally golden product Lorentzian manifold with g.s.m.
U-connection.

Theorem 5. For submanifold N™ of M", we have the following inequalities
(i) foré.(r;m—1),

o < (rnzl_m)[‘w"m -1)]
L35+ 3>c11+0(<;f51)+ 3z — 1007 ) (18)
N (£v5— 1)611&7(71?_/51%_) ey — 1028 [(2me — 2)traceq]
UL traceg — traceq — ),
where the real number r satisfies (m> —m) > r > 0;
(ii)  for oc(r;m —1),
P < G em—1)
+<q:\/5+3>c1$((jl:f31)+3>cz L (19)
n (£v5 - 1)0113'(7(;\_@111_) L)ep — 1028 [(2me — 2)traceq]
W[(tmce@z — traceq — mel,

where (m?> —m) < r.

In addition, the relations in Equations (18) and (19) become equalities if in an orthonormal
frame {Eq, ...,
Em, Em41, - - -, En}, the shape operator can be represented as follows:

b 00 ... 0 0
0Ob O ... 0 0
00%b ... 0 0
5m+1: SRR : . /Sm+2:"':Sn: . (20)

000 ...5b 0
000 ...0 2(m-1)

r

Proof. (i)  For the locally golden product Lorentzian manifold M equipped with g.s.m.
U-connection, considering the orthonormal frame {Ey,...,Ey, Ejytq,...,Ex} and
using the Gauss equation and the relations in Equations (1) and (17), one achieves
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(TV5 +3)c1 + (£V5 4 3)cp — 10a2

2T(p) = 10 e
(if—l)clJr(TOf—l) €2 = 1008 1 51 — 2)traceq)
g2
92 hraceq)?  traceq — ne] + n?|[H|[2 — nC

We write a quadratic polynomial 7 as follows

T o rc+(n—1)(n2—n—r)(n+r)

_ C(T) —21(p)

L (FVE43)e + (T0ﬁ+3)62 —102 o
L(EVE o+ (Tof— Ve Z 1088 e — 2)traceq)

+@ [(traceq)? — traceq — ne],

where J stands for a hyperplane of T, N. Now, consider the situation where, with-
out loss of generality, {Eq, ..., E;—1} spans J. In this way, we get

SRS E IR R v
M Sm1ij=1 v mor w=m+1ij=1 J
_oE(p) + (FV5 +3)c1 + (1i0\f+ 3)cp — 1042 (11— )
+ (EVE =D+ (TO\/E — ez = 10ap [(2ne — 2)traceq]
_£52
+y [(traceg)? — traceq — ne].
It follows that
1 n  m—1
T L ) —mer) YN ()
a=m+1i,j=1 a=m+1ij=1
-y (Zh )"
a=m+1 i=

This leads us to the following

r- 3 mi[{%@m—z}w ]

a=m+1 i=1
27+ 2m m-l
+ Y [ mey p o 22h;§h;; (21)
a=m+1 i<j=1 i<j=1
r
()’

With the help of Equation (21), the critical points

c __ m+1 3,m+1 m+1 n n
R = (R WY R )
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are the solutions of (for1 <i,j <m —1)
oT (r+m) i
ahllxl = 2[ r (I’I’l - 1)],11111 - l;zlh?ﬂ = 0/
oT  2r ., m=1 ‘
oT (m+r)
= T g —4)hE =
on p dm = =10,
9T 4r 4+ 4m
= e =
ohs m im =0,

Vo e {m+1,...,n}andi #j.
When i is not equal to j, Equation (22) produces h?;‘ = 0 for every solution of h°, and
the first two sets of equations in Equation (22) have the determinant equal to zero
(submanifolds that are not totally geodesic have solutions). Apart from this, one can
express the Hessian matrix by

H 0 0
H(T) = 0 Hy O ,
0 0 Hj;
where
2(r+m)(m—1) ) _n ) )
r
) Z(m—lz(r—i—m) ) ) )
Hy = ,
2(r+ —1
-2 —2 rem)(m=1) _5
-2 -2 -2 2r

and 0 stands for the null matrices of corresponding sizes. We also write

Hy — diag(%(r—f—m)(m - 1),%(111—1)(r+m),...,%(r+m)(m 1),

Hs :diag(Z(rn—:m)’Z(rn—:m)’.“/Z(rr—ni—m))'

In this way, we find the following eigenvalues for H(7T)

2(m3 — m? +1r?)

M1 =0, Ap = po— 1A33:”’:/\mm:%/
2 2(r+m
/\ij: ;(m—l)(r—i—m), /\in = 7( " ),

where in we have assumed that i # j.

This concludes 7 to be parabolic and confirms its approach to a minimum 7 (h°) at
any solution h° of Equation (22). Now, Equations (21) and (22) lead us to 7 (h°) =0,
establishing 7" > 0 and providing the following
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(m—1)(m?> —m—r)(m+r)

275(p) < 10+ n ‘
pEBEa L (BBt
N (£V5—1)er + (ﬂlFO\/g —1)ez — 1048 [(2me — 2)traceq)
+M[(truce¢)z — traceq — me],
where by, we get
0 < C(er—m) + (rr;;“) (m? —m—r)C(T)
(A ES e,

where J stands for any tangent hyperplane of T, N such that Equation (18) holds in
view of the above equation. In addition, Vi,j € {1,...m} with i # j, Equation (18)

holds for equality if
hi; =0, (23)
and
m—1 m—1 m—1
Wy = ( ; )mhﬁ -4 )m = ( p )mh'fnqul/ (24)

m+1<a<n.

Therefore, by virtue of Equations (23) and (24), one concludes that with trivial nor-
mal connection, N is invariantly quasi-umbilical in M" if and only if Equation (18)
holds for equality, in such a way that S appears as Equation (20) for some local
orthonormal frames.
(i) Equation (19) can also be established in a similar fashion.
O

Next, we write the following result.

Corollary 2. For any submanifold N™ immersed in a locally golden product Lorentzian manifold
M" endowed with a generalized symmetric metric U-connection, the following inequalities hold

(i) ford.(m—1);
p < bc(m—1)
(Fv5+3)c1 + (V5 +3)cp — 1042

+ 10(m —1) =
(V5 1)0113(15;\/51”) Ve2 = 1088 1 e _o)traceq]  (25)
e )

where 0 < r < (m? —m);
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(i) for 6.(m —1);

p < b(m-1)
(FV5+3)cq + (£V5 +3)cr — 102

N e s (m —¢) (26)
L (EVE- 1)C113_(r(n:|2:\_/§m_) 12 = 10  ome — 2)traceg]
LI iy cog)? — trace —

5(m2 —m)

where (m?> —m) < r.

In addition, Equations (25) and (26) hold for equality if for an orthonormal frame {E, ...,
Em, Eyi1, - -, En}, operator S can be represented as follows

b 00 ...00
0O0b 0 ... 00
000bb ... 00

Sme1 = .. . . . ’ Spiz="=5,=0;

and

2b 0 O 0 0
0 2b 0 0 0
0 0 2b .00
Sm+1 = . . . . . . ’ Smyz =--+=5,=0.
0O 0 0 ... 200
0O 0 O 0 b

Now, we will give some results for the theorem 5
4. Some Consequences

Corollary 3. For a Riemannian manifold N isometrically immersed in M", we have the following:
(i) fordc(r;m —1), foreveryr € {0,...,m(m —1)}:

(a) M" is equipped with a semi-symmetric metric U-connection

1
N ()
(FV5 +3)c1 + (£v/5 +3)cp — 1042

[6c(r;m —1)]

+ 10(m —1) =)
L
44 R [(tracep)? — traceqp — me,

5(m2 —m)
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(b) M" is equipped with B quarter symmetric metric U-connection

1

)
(FV5+ 31);(11;_(%\@ +3)2 gy
VS e VS 1% (e 9)trceg)
+W [(traceg)® — traceq — me],

(c) M" is equipped with semi-symmetric metric U-connection

(m? —m)

(FV5 +3)c1 + (£v5+3)c — 10

[0c(r;m —1)]

! 10(m — 1) (m—e)
(+v5 - Deg + (FV5 - 1)c

" 10(;1112 —m) 2 [(2me — 2)traceq]
% [(traceg)? — tracep — me],

(d) M" is equipped with quarter symmetric metric U-connection
< 1

£

(FV5E+3)c1 + (£v5 4 3)c, (m— o)

[0c(r;m —1)]

+

10(m —1)
(V5 - Deg + (FV5 - 1)c
* 10(;1112 —m) 2 [(2me — 2)traceq]
;1(7:1_;2—;1&)3 [(tracep)® — traceq — me].

(i) for 6.(r;m — 1), for every r > m(m —1):
(a) M" is equipped with a semi-symmetric metric U-connection

o < (mzl_m)[gc(rzm - 1)]
1042
n (FV5+ 3)c1;E)((’;_L:/El;L 3)c, — 10 (i —e)
e B 0% e 2)raceg
44 + 0 [(tracep)? — traceqp — me],

5(m2 —m)
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(b)

(c)

(d)

M" is equipped with B quarter symmetric metric U-connection

o < (m21_m)[3c(r;m —1)]
(FV5+ 31);(11;_(%\@ +3)2 gy
VS e VS 1% (e 9)trceg)
+W [(traceg)® — traceq — me],

M" is equipped with semi-symmetric metric U-connection

1

p < m[?c(wm -1)]
LEFS5H3)at (EV5+3)n 10,
10(m —1)
S
% [(traceq)? — traceq — me],

M" is equipped with quarter symmetric metric U-connection

1
b=
(FV5+3)c1 + (£v5+3)cn

[Oc(r;m —1)]

i 10(m—1) (m —e)
(V5 - Deg + (FV5 - 1)c

" 10(;1112 —m) 2 [(2me — 2)traceq]
;1(7:1_;2—;1&)3 [(tracep)® — traceq — me].

Moreover, the relations in the above results become equalities if in some orthonormal frame
{E1,...,Em,Ems1, ..., En}, the operator S reduces to:

b 00 ... 0 0
0Ob o0 ...0 0
00©b ...0 0
Sma1= | . . . . : ’ Smyz =+ =5, =0. (27)
00 . b 0
b(m?—
.0 Hrm)

Corollary 4. When N™ represents a Riemannian manifold isometrically immersed in a golden
Lorentzian manifold M" equipped with a g.s.m. U-connection, we have the following relations

(i)  for5c(m —1), foreveryr € {0,...(m> —m)}:
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(a) M" is equipped with « semi-symmetric metric U-connection

p < (m21_m)[50<m - 1)]
o 2
n (Fv5+ 3)c11+0((ni/§1)+ 3)ca — 10 (m—e)
R = e
ﬁ [(traceq)? — traceq — me],

(b) M" is equipped with B quarter symmetric metric U-connection

< - _
p= (m2 _ m) [5C<m 1)]
N (FV5+3)c1 + (£V5+3)c2 (m—e)
10(m —1)
(V5 —1)e1 + (FV5 — 1)en B
+ 10(n2 — m) [(2me — 2)traceq]
C1 + CZ — 5/32 2 _ B
S(m2 —m) [(tracep)” — traceq — me],
(c) M" is equipped with semi-symmetric metric U-connection
< ol = 1))
£ e
N (FVBE+3)c1 + (£v5+3)c; — 10 ()
10(m — 1)
(V5 — 11 + (FV5 - D)en _
+ T00mZ — m) [(2me — 2)traceq]
_ato 2_ _
+5(m2 — ) [(traceg)” — traceqp — me],

(d) M" is equipped with quarter symmetric metric U-connection

P Gy em=1)
LES5 e+ (EVEHd)a
10(m — 1)
0

2

(i)  for 5.(m — 1), for every (m® —m) < r.
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(a)

(b)

(c)

(d)

M" is equipped with « semi-symmetric metric U-connection

P Gy em=1)
1042
+(¢¢5+3)C1$(($f51)+3)62 1007 i — ¢
e e

M" is equipped with B quarter symmetric metric U-connection

p < m[&(m ~1)]
L(FVe+ 31)06(11;_(%\@ +3)2 ) gy
L
L2 = (traceq)? — racey — me]

M" is equipped with semi-symmetric metric U-connection

1

P S G )
L (FVE+3)er + (V5 +3)cy — 10 (m —¢)
10(m —1)
5
gt (racep)? - racep el

M" is equipped with quarter symmetric metric U-connection

1

(S m[a(m —1)]
44 ($\@+31)()CEJ(T;@+3)C2 (n—o)
(+v5 - Deg + (FV5 - 1)c
" 10(;1112 —m) 2 [(2me — 2)traceq]
cg1+c—5

AT 2 _ —
5(mZ — m) [(tracep)” — traceqp — me].
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Equalities hold for all relations in the above results if in some orthonormal frame {Eq, ..., Ep,
Eyi1,- .., En}, the shape operators take the following form

b 00 ... 0O
0Ob O ... 00
00b ... 00

Sm+1 = ’ Sm+2 =--=85,=0 (28)
000 . b 0
0 00 . 0 2b

and

2b 0 O 0 O
0 2b 0 0 O
0O 0 2 ... 0 O

Smt1 = . . .. . . Smyz =-+-=5,=0. (29)
0O 0 0 ... 200
0O 0 O 0 b

Remark 1. The proofs of all the corollaries are similar to that of Theorem 5.

Remark 2. Fora Lorentzian manifold M equipped with generalized symmetric metric U-connection,
we can define structures of different types [4]:

o silvertypecy; =1+ 2ifp=2andqg=1;

. subtletypemm:2+\/§ifp:4andq:1;

*  coppertypecip =2withp =land g =2;

*  bronzetype oz = % withp =3andg=1;

*  nickel type oy 3 = % ifp=1and q =3, etc.
Using the above structures, one can establish inequalities similar to Theorem 5.

5. Discussion

The present study deals with generalized symmetric metric U-connection on golden
Lorentzian manifolds. We also study lower bounds for submanifolds immersed in golden
Lorentzian manifolds equipped with generalized symmetric metric U-connection. More-
over, submanifolds for which equality holds are also discussed.
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