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Abstract: By introducing the dimension splitting method (DSM) into the improved interpolating
moving least-squares (IMLS) method with nonsingular weight function, a dimension splitting—
interpolating moving least squares (DS-IMLS) method is first proposed. Since the DSM can decom-
pose the problem into a series of lower-dimensional problems, the DS-IMLS method can reduce the
matrix dimension in calculating the shape function and reduce the computational complexity of
the derivatives of the approximation function. The approximation function of the DS-IMLS method
and its derivatives have high approximation accuracy. Then an improved interpolating element-free
Galerkin (IEFG) method for the two-dimensional potential problems is established based on the
DS-IMLS method. In the improved IEFG method, the DS-IMLS method and Galerkin weak form are
used to obtain the discrete equations of the problem. Numerical examples show that the DS-IMLS
and the improved IEFG methods have high accuracy.

Keywords: meshless method; dimension splitting-interpolating moving least squares (DS-IMLS)
method; improved interpolating element-free Galerkin (IEFG) method; potential problem

1. Introduction

The construction of approximation functions in the meshless method is only related to
nodes and independent of the mesh, so the meshless method has the advantages of no grid
reconstruction and high computational accuracy [1-4]. The meshless method has become
an essential numerical method in scientific and engineering calculation problems [5-8].

Many meshless methods have been proposed based on different construction methods
of the shape function or discretization approach of the problem to be solved. The smoothed
particle hydrodynamics (SPH) method [9], moving least squares (MLS) approximation [10],
point interpolation method (PIM) [11], and radial basis function [12-15] are the widely
used method to construct the meshless approximation. The major drawbacks of the SPH
method include tensile instability and lack of approximation consistency. The MLS can
provide an approximation with high smoothness on the whole problem domain. However,
the major shortcoming of the MLS is a lack of Kronecker delta function property. The
meshless method based on the MLS cannot enforce the essential boundary conditions
directly. The approximation of the PIM satisfies the properties of delta function. However,
when the node arrangement is not very suitable, the matrix singularity is likely to occur in
the calculation of the shape function for PIM.

The meshless method is mainly constructed based on the strong form and weak form.
The strong form-based method has also been applied to various problems [16,17]. This
method has the advantages of easy adaptive refinement and low computation cost [18-21].
Since no background mesh is required, this method is a real meshless method. However,
the strong form-based meshless collation method also has the drawbacks of poor accuracy
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and stability. The element-free Galerkin (EFG) method [22], reproducing kernel parti-
cle method [23,24], local Petrov—Galerkin method [25], and boundary integral equation
method [26] belong to the weak-from meshless method. Sometimes meshless methods
based on weak forms may have weak computational efficiency.

The MLS approximation, which is developed from the traditional least squares (LS)
method [27-30], is one of the most important methods for constructing trial functions in
meshless methods. Based on the MLS approximation, Belytschko et al. proposed the EFG
method [31], which has a wide range of applications and high calculation accuracy. In
addition to the EFG method, many MLS-based meshless methods have been proposed,
such as meshless local Petrov-Galerkin [32] and boundary knot method [33].

To reduce the ill condition of the matrix in the calculation of MLS approximation,
Liew and Cheng et al. proposed an improved MLS approximation by using the weighted
orthogonal function [34,35]. Based on this improved orthogonal MLS approximation, the
boundary element-free method [36] and improved MLS Ritz method [37] were developed.
To improve the computational efficiency, by using the theory of complex variables, Liew and
Cheng et al. proposed the complex variable moving least-squares (CVMLS) method [38].
The meshless method based on the CVMLS method can improve calculation efficiency and
accuracy [39,40].

Because the MLS method is not interpolable at the nodes, the MLS-based meshless
method cannot directly enforce the essential boundary as the finite element method, which
increases the additional computational burden. For this reason, Lancaster et al. pro-
posed the interpolated moving least-squares (IMLS) method [10] by selecting singular
special weight functions. Based on IMLS, the interpolating element-free Galerkin (IEFG)
method [41] and other interpolation-type meshless methods [32,42-45] were proposed.
Wang et al. studied the error convergence of the IMLS method [46,47]. The meshless
method based on the IMLS method has a good calculation effect [48-51]. However, the
singularity of the weight function in the IMLS method is not conducive to numerical
calculation. To overcome the deficiency, Cheng et al. proposed an improved IMLS method
with nonsingular weights [52,53]. The meshless method based on the improved IMLS
has the advantages of nonsingular weight function and direct application of essential
boundary [54-56].

The dimension-splitting method (DSM) was first applied in the finite element method.
This method divides high-dimensional problems into a series of lower-dimensional prob-
lems and then iteratively solves them, which can effectively improve the computational
complexity of the numerical methods [4,57,58]. By introducing DSM into the meshless
method, Cheng et al. first proposed the dimension splitting meshless method, which
showing high calculation accuracy and efficiency [59-61]. When a high order polynomial
basis function is used, there are many matrix multiplications and inversion of high order
matrices in the MLS approximation, especially in the calculations for the higher-order
derivatives of the approximation function. It leads to a considerable accumulation of
calculation errors and is not conducive to improving accuracy. This paper aims to propose
anew hybrid method to obtain the shape function of the meshless method by incorporating
the DSM into the improved IMLS method.

The main contributions of this paper are as follows. (1) By coupling the DSM and
improved IMLS methods, this paper aims to propose a new hybrid method to obtain
the shape function of the meshless method, which is called the “dimension splitting —
interpolating moving least squares (DS-IMLS) method”. (2) Similar to the weight function in
the improved IMLS method, the weight function in the DS-IMLS method is also nonsingular,
and the approximation satisfies the properties of the Kronecker delta function, so the
meshless method based on the DS-IMLS method does not require additional numerical
methods to enforce essential boundary conditions. (3) When a high order polynomial
basis function is used, there are many matrix multiplications and inversion of high order
matrices in MLS. This may lead to a considerable accumulation of calculation errors. We
expect that the order of the inverse matrix can be reduced when finding the shape function
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in the hybrid method. Based on the DSM, for two-dimensional space, the shape function is
calculated from a series of one-dimensional spaces, and then the order of the matrix that
needs to be inverted will be greatly reduced in the DS-IMLS method when calculating the
shape function. (4) We hope that the DS-IMLS method has high calculation accuracy for
anisotropic node distribution. Even if the difference between the nodes spacings in the x
and y directions is very large, the DS-IMLS method still has a good calculation effect. The
performance of the method is verified through several numerical examples.

This paper is organized as follows. In Section 2, we describe the improved IMLS
method with nonsingular weight functions. Incorporating the DSM to the improved IMLS
method, the DS-IMLS method is presented in Section 3. Then based on the Galerkin weak
form and the DS-IMLS method, Section 4 describes the improved IEFG method for the
two-dimensional potential problems. The numerical examples to verify the performance
are prescribed in Section 5. Finally, a summary and conclusions are provided in Section 6.

2. The Improved IMLS Method with Nonsingular Weight Functions

To improve the deficiency that the weight function must be singular in the IMLS
method [10], Wang and Cheng et al. proposed an improved IMLS method with nonsingular
weight functions [52]. The improved IMLS method can apply any nonsingular weight
function used in the MLS approximation. To meet the interpolation characteristics, the
improved IMLS method performs the following interpolation transformation:

n

bi(%), = pi(®) — Y I(x,x)pi(xe), i =1,2,--- ,m, (1)
=1
BE), = u® - Y I x)ulx), ¥ € O, @
=

where u(x) is an unknown function to be approximated, p;(x) is the basis function, and
xy represents the node whose influence domain covering x. The I(x, xy) is a Kronecker ¢
function on the nodes. In 1D space, it can be chosen as

X — X;
L, xeR. ®)

I(x,x) = H

j#k M T

Let w(x — xy) denote the nonsingular weight function. Then, taking b;(¥), and (%),
as the basis function and a function to be approximated, respectively, the approximation
function of u(x) can be obtained from the traditional MLS method as

() = B = Y el @
k=1

where ¢ (x) is the shape function defined by

@ (x) = (¢1(x),¢2(x), -+, ¢u(x)) = L(x) +p" (x)A™" (x)B(x), ®)
with

ul = (u(xr), ulxa), - ulxn)), (6)
I(x) = (I(x,x1),1(x,x2),...,1(x,x,)), (7)
pl(x) = (s2(x),53(x), - ,sm(x)), (8)
si(x) = pi(x) — ;I(x,xk)i?i(xk)- ©)
Ax) = PL(x)W(x)P(x), (10)

B(x) = PT(x)W(x)o(x), (11)
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o(x) = [0;; —I(x,x))] ., (12)
w(x —x1) 0 0
0 w(x—xp) - 0
W(x) = : : . : , (13)
6 0 w(x - Xn)
ba(x1), ba(x1), b (%1)
b b o by
Plx) = 2(9162),( 3(9:52),( ; (fcz)x . 19
ba(xn), ba(xn), bin (%)

3. The DS-IMLS Method

The MLS approximation is one of the most important methods to construct shape
functions in the meshless method and is widely used in scientific and engineering problems.
The process of seeking the shape function of the MLS approximation involves matrix
multiplication and inversion. Especially in calculating high-order derivatives such as
second-order derivatives, there are many high-order matrix operations when using the
quadratic basis function. It leads to the accumulation of calculation errors and the reduction
of the accuracy of high-order derivatives of the approximation function. By introducing the
idea of the dimension splitting method into the improved IMLS method with nonsingular
weight functions, a dimension splitting — interpolating moving least squares (DS-IMLS)
method with nonsingular weight functions is proposed in this section.

For two-dimensional problems, the problem domain is divided into a series of low-
dimensional regions by the DSM (as shown in Figure 1). Suppose the problem domain ()
is split into L layers in the x direction, and Q) denotes the k—th layer satisfying x = x;
with relevant boundary r® k=1,2,---, L. For the problem domain, it follows that

L
Q= kgl{x = Xk} X Xk, Xpey1)- (15)

® Calculation point

® Discrete nodes

0| % X X Xe T X, X

Figure 1. Problem domain and node distribution for the DS-IMLS method.
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Based on the idea of the DSM, the unknown u/(x, y) is first regarded as a one-dimensional
function of x. Then, imposing the improved IMLS method with nonsingular weight
functions on the node distribution {xq, x,, - - - , x1 }, the approximation function on x can
be obtained as

Z O (x)u(x, y), (16)

where @y (x) is the shape function determined by the improved IMLS method in one-
dimensional space from Equation (4), and suppose xj is one of the n nodes whose influence
domain covers x.

Next, the function u(xy, y) is treated as the function on y, and is approximated by the

improved IMLS method on the split plane Q). Suppose the plane Q¥ is discretized as

{ygk), ygk), cee, y,(qfk) }, where m; is the number of the nodes on Q%) Then we have

(x 2@ yu(xe,y), (17)

(k)

where y;"’ is a node whose influence domain contains (xx,y), and ny, is the number, and

&)gk) (y) is the shape function deduced from the splitting plane Q).
Coupling Equations (16) and (17), the approximation function of u(x,y) can be

h O = (k) ()
xy) =Y Y O(x)D" (v)u(xi,y; ). (18)
k=1i=1

Letm = i ny. Suppose that the global number of (xk,yl(k)) in all discrete nodes of
k=1

the problem domain is vs,5 =1,2,--- ,m. Then Equation (18) can be rewritten as

u!(x,y) = Bu = (@1 (0)P1(y), P2()2(y), -+, Pu(x)Pu (y) )1, (19)
where @ is the shape function of the DS-IMLS method, and

u= (ﬁk)lxﬁ = (MU]’uUZ’ e ’uUm)T/

~ (20)
uy = (u(xk,yﬁk)),u(xk,yék)), T ,u(xk/y;(qi)))lxnk,
o) = (), &), -, ) 21)

The derivatives of the approximation function can be easily obtained as
i (x,y) = ®pu = (Prx(N)P1(y), Lo (0)P2(y), -, Pux (X)@u(y))u, (22)
y (x,y) = ®yu = (P1(N)P1y (y), P2()P2y (1), Pu(X)Pry(y))u, (23)
where the subscript is defined as
8
wi(x,y) = 5 u'(x,y). (24)

The radii of the influence domain of nodes for the approximation of Equations (16)
and (17) are, respectively, defined as

71 = dmax; - dy, (25)

Y2 = dmax; - do, (26)



Mathematics 2021, 9, 2424

6 of 22

where d; and d, represent the distances between adjacent nodes in the x direction and on
the split plane, respectively. The dmax; and dmax; are the influence domain parameter
determining the radii. To ensure the existence of the shape function, the radius of the influ-
ence domain should be large enough. We can adopt the adaptive algorithm to determine
the radius so there is an appropriate number in the influence domain in the program.

Thus, the DS-IMLS method is proposed. In the DS-IMLS method, the weight function
is not singular, and the approximation satisfies the Kronecker delta property. Since the DSM
is used to divide the problem into a series of lower-dimensional problems, the complexity
of the matrix calculation for calculating the approximation function and its derivative is
reduced.

4. The Improved IEFG Method Based on the DS-IMLS Method

Consider the following two-dimensional potential problems
=V2u(x,y) = f(xy), (xvy) €O C R, (27)
with the essential boundary condition
u(x,y) =u(x,y), (x,y) € Lu, (28)

where I';; is the boundary of ), f and u are given functions.
The Galerkin weak form of Equation (27) is

/ ou[V2u(x,y) + f(x,y)]d0 = 0, (29)
(@)

where du denotes the variation of function u.
From the partial integral, it follows that

- /5(w)T - VudQ + /(5u f(x,y)dQ =0, (30)
Q Q
where T
Ju Ju

From the DS-IMLS method, the function u(x, y) can be approximated as

u(x,y) = u'(x,y) = Bu = (@1(0)P1(y), P2(x)@2(y), -+, Pu(X)Pu(y))u.  (32)

Substituting Equation (32) into Equation (30) yields

/ 6u” (BB )ud0 = / 5uT® - f(x,y)dQ, (33)
Q Q
where
= [ 2P S on
Q1 (¥)@1y(y) P2(xX)@2y(y) -+ Pu(X)Pny(y) |

According to the arbitrariness of du, the discretized equation of Equation (27) is
Ku =F, (35)

where
K= / BBTdO, (36)
O
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F— /613 F(x,y)dQ. (37)
(@)

The shape functions of the DS-IMLS method have the interpolating property. Then the
numerical solutions for two-dimensional potential problems can be obtained by directly
substituting the essential boundary condition into Equation (35). Thus, the improved IEFG
method based on the DS-IMLS method is presented for the potential problems.

5. Numerical Example

This section presents some examples to illustrate the effectiveness of the DS-IMLS
method and the improved IEFG method. Three examples are given for studying the
convergence and errors of the approximation function of the DS-IMLS method by using
the known functions. In addition, two potential problems are solved by the improved IEFG
method based on the DS-IMLS method. All numerical results are compared with those of
the MLS or EFG methods. Both the MLS and DS-IMLS methods use second-order complete
polynomial basis functions and cubic spline weight functions. In the MLS method, the
node rectangular influence field of the following form is adopted:

g; = dmaxg - A, (38)

where A is a two-dimensional column vector representing the average distance between
nodes in the x and y directions. To study the error, the average and maximum errors of the
following form are defined:

e ! %‘u ul (39)
mean — 3 o k= Y|
M=
h
emax = 1?}%)5\/1{ ‘uk — U ’} (40)

where 1 = u(xy, yx) and ul' = u"(xy, yx) are, respectively, the exact and numerical solu-
tions at the node (xy, yx), and M is the number of the discrete points used to calculate the
eITorS.

The procedure for obtaining the approximation of the DS-IMS method and the solution
of the improved IEFG method is as follows:

(1) Input the parameters of the governing equation and geometric parameters.

(2) Split the problem domain into L layers in the dimension splitting direction and
determine the radius of influence domain for point x;. Suppose the set of splitting
points is {x1,x2,-- -, xL}.

(3) Discretize the plane Q) by {ygk),ygk),- . ,y%{g }, k=1,2,---,L.

(4) For any given (x, y), get all nodes {x1,xy,- -, x,} whose influence field covers x,
and denote the subscript set as v;. Then calculate the corresponding shape functions

@y (x) by the improved IMLS method from {xq, x5, - ,x,} and v;.

(5) For every k € vy, find all nodes in {ygk),yg‘), o ,y,(,lfg} whose influence domain
covers y. Suppose the global number is ¥;. Then calculate the &)Ek)

the improved IMLS method into {ygk),yék), e ,ygfz } and v;.

(v) by introducing

(6) Coupling Steps (4) and (5), the approximation function of u(x, y) can be obtained as
n ~
ul(x,y) = i Zk dJk(x)CDEk) (y)u(xg, yl(k)). Thus, the approximation of the DS-IMLS
k=1i=1

method is presented.

(7)  Substitute the approximation and its derivatives into Equation (30), and then obtain
the discrete equation of the potential problems.

(8) Substitute the essential boundary condition into Equation (35) and solve Equation
(35), and then obtain the node value u. Thus, the solution of the improved IEFG
method for two-dimensional potential problems is obtained.
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5.1. The Examples of the DS-IMLS Method

Example 1. Let u(x,y) = sin(xy), 0 < x,y < 7.

The approximation function is constructed from the known function u(x, y) by the
DS-IMLS method or MLS approximation. When dmax; = dmax; = 3, and 21 x 21 regular
nodes distribution is used, the numerical approximations of the functions u, uy, Uy, on the
line y = x are shown in Figure 2, and the approximations of uy, uyy, are given in Figure 3.
The corresponding approximated values of the second derivatives obtained by the MLS
method are shown in Figure 4. It can be seen from these figures that the approximation
function and its first and second derivatives of the DS-IMLS method are very consistent
with the exact solutions and have higher accuracy than the MLS method.

6 T T T T T T T
4L i
7] 2 - 7
=
)
=
2 0F b
[}
w2
g2 . ]
5 exact solutions:
g -4+ numerical soluions: b
= -
6+ < B
8k bt i
1 1 1 1 1 1 1

Figure 2. The numerical approximations of the functions u, uy, uyx obtained by the DS-IMLS
method.

6 T T T T T T T

4+ i
w 2F i
=
2
s ot .
=}
w
=
S-2r 7
=
o .
E 4 exact solutions:
s5-4r . - b
g numerical soluions:

61 oo, 4

<oy,
8 i
1 1 1 1 1 1 1

00 05 1.0 15 20 25 30 35

X

Figure 3. The numerical approximations of the functions uy, uy, obtained by the DS-IMLS method.
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numerical solutions
N

exact solutions:

numerical soluions:
Ay

Figure 4. The numerical approximations of iy, uy, obtained by the MLS method.

In order to analyze the influence of influence domain parameters on the error, 30 x 30 regular
points are used to calculate the average and maximum errors. The approximation functions
of the DS-IMLS and MLS methods are constructed based on the 21 x 21 regular nodes
distribution. When dmax, = 3, the average and maximum errors of the nodes for different
influence domain parameters dmax; are shown in Figure 5a. When fixing dmax; = 3, the
corresponding errors are shown in Figure 5b. The errors of the MLS method for different
influence domain parameter values are depicted in Figure 6. For the quadratic basis
function, the DS-IMLS method has higher stability on the influence domain parameters
and has high calculation accuracy when the value is greater than 3.

-2.0 T T T T T T T T 2.0 T T T T T T T T
() secscccce
25¢ — 1 25¢ .
Omonm Emax “mm“
3.0+ 90040000000000000 E 3.0F 900,0000000000000 |
z " g =
=) \ =] \
235k \ e 2 -35F \ E
=] | =) | —m e
EEEEEER EEEmEEN mean
\ & Cax
4.0+ E 4.0+ g
4 ...“l““-“““ 4 5 ..-llllmm.m
45F i 45} 4
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1.0 15 20 25 30 35 40 45 50 55 1.0 1.5 20 25 30 35 40 45 50 55

dmax;

(@)

dmax,

(b)

Figure 5. The average and maximum errors obtained by the DS-IMLS method for (a) different values

of dmax; with fixed dmax; = 3; (b) different values of dmax, with fixed dmax; = 3.
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T T T T T T T
2k 4
X
*
1+ X -
*
‘ —A—p
“ mean
/5 0F | Cmax 7]
g 1
o |
N AA |
2011 A e
\ |
Al **********'*V**
\ | : ol
2F kKK i
AdAA
AAAAAAAA
A
A
S e -
1 1 1 1 1 1

1.5 2.0 2.5 3.0 3.5 4.0 4.5
dmax,

Figure 6. The average and maximum errors obtained by the MLS method for different influence
domain parameters dmaxg.

To analyze the convergence of the approximation function with respect to node
spacing, when 5 x 5,9 x 9,13 x 13,17 x 17, and 21 x 21 regular node distributions are
respectively adopted, the average discrete point errors emean of the DS-IMLS and MLS
methods at 30 x30 points are shown in Figure 7. The corresponding maximum point errors
emax are given in Figure 8. Here, dmaxy = 2.1, and dmax; = dmax, = 3. It can be seen
that the approximation function of the DS-IMLS method gradually converges to the exact
solution with the increase of the number of nodes and has a higher convergence order than
the MLS method. Let rand () represent the uniformly distributed random numbers on (0,1)
generated by Matlab and d be the node spacing. When the perturbation of % xd

is added on the nodes {x1,x,---,x.} and {ygk),yék),- .- ,y,(qu }, the errors of emean and

emax under the irregular node distribution are plotted in Figure 9. This figure shows that
the approximation of the DS-IMLS method also has high accuracy under irregular nodes
distribution.

lg(emean)
|
N\

-3.5F 4 ~® MLS T
4 —e— DS-IMLS

45F ¢ -

-09 -08 -0.7 -0.6 -0.5 -04 -03 -02 -0.1 0.0
lg(dx)

Figure 7. The average discrete point errors emean of the DS-IMLS and MLS methods for the different
node distances dx of 5x5, 9x9, 13x13, 17x17, 21 x 21 regular node distributions.
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yd —= MLS

25+¢ —e— DS-IMLS .
J

30F .

0.9 -08 -0.7 -0.6 -0.5 -04 -03 -02 -0.1 0.0
lg(dx)

Figure 8. The maximum errors emax of the DS-IMLS and MLS methods for the different node
distances dx of 5x5, 9x9, 13x13, 17x17, 21 x21 regular node distributions.

—71tr . r . r . r T r T 1 r T 7
0.0 - R
N
0.5+ -
10k . m A
e
g-l.s - .- i
520F .
=
25F - .
- —o—lg(eyean) Of MLS
30F —=—lg(e,,) of MLS .
) — O lg(epean) of DS-IMLS
SSr o 0 Ig(e,,,) of DS-IMLS
_4.0 1 1 1 1 1 1 1 1
09 -08 -07 -0.6 0.5 -04 -03 -02 -0.1 0.0
lg(dx)

Figure 9. The errors emean and emax of the MLS and DS-IMLS methods under the irregular node
distribution obtained by small random disturbance.

Example 2. Let u(x,y) = i

W,Oﬁx,yﬁl-

In this example, 21 x 21 regular nodes distribution is used to construct the approxima-
tion function. The numerical approximations of the u, uy, uy, on the line y = x are plotted
in Figure 10 by using the DS-IMLS method with dmax; = dmax; = 3. The corresponding
numerical results of the second derivatives obtained by the DS-IMLS and MLS methods
are shown in Figure 11. We can see that the approximation function and its derivatives of
the DS-IMLS method fit the exact solution very well.
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16 exact solutions:
14 + numerical soluions:

numerical solutions
—
(e}
T

2 1 1 1 1 1
-0.25  0.00 0.25 0.50 0.75 1.00 1.25

X

Figure 10. The numerical approximations of the functions u, iy, uyy online y = x obtained by the
DS-IMLS method for Example 2.

T T T T T T [] T T T T T
10 ®ee, .. i -1.0F R S ., i
e L
o =
. % 12l u |

2 -12}F . 1 g "
g e = "
g A\ 2 "
S 14t " 1 % -4} " 1
= Y = "
Q N\ Qo \L
2 . g -

16F . 1 2.6t . " ]
§ exact solutions ‘o 2 . ﬁi? solutions L

® DS-IMLS method g \
18F . 18} i,
2.0 1 1 1 1 1 | 2.0 1 1 1 1 1 |
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Figure 11. The numerical approximations of uy, on line y = x obtained by the DS-IMLS (a) and MLS
(b) methods for Example 2.

When fixing dmax, = 3, the average and maximum point errors of the 30 x 30 regular
calculation point are shown in Figure 12a for different values of dmax;. Fixing dmax; = 3,
the corresponding errors for different values of dmax; are listed in Figure 12b. The effect
of the influence domain parameter on the MLS method is shown in Figure 13. It can still
be seen that when the value of the influence domain parameter reaches 3, the DS-IMLS
method has better calculation accuracy.

When dmaxy = 2.1, and dmax; = dmaxy, = 3, the errors émean and emax for the
different node distance dx of 5x5, 9x9, 13x13, 17x17, 21 x21 regular node distributions
are respectively shown in Figures 14 and 15 by the DS-IMLS and MLS methods. The
DS-IMLS method has a higher order of convergence than the MLS method.
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Figure 12. The errors on the 30 x 30 regular calculation point obtained by the DS-IMLS method for
(a) different dmax; with dmax, = 3; (b) different dmax; with dmax; = 3.
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Figure 13. The errors obtained by the MLS method for different influence domain parameters dmaxg.
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Figure 14. The errors emean 0f the DS-IMLS and MLS methods for different node distances dx of 5x5,
9x9,13x13,17x17, 21x21 regular node distributions.
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Figure 15. The maximum errors emax of the DS-IMLS and MLS methods for the different node
distance dx for Example 2.

Example 3. Let u(x,y) = (x3 — x?)sin(mry), 0 < x,y < 1.

When 21 x 21 regular nodes distribution is used and dmax; = dmax, = 3, the
approximation and its first and second derivatives uy, Uy, on the line y = x are plotted
in Figure 16. The partial derivatives of the approximation function concerning y are
shown in Figure 17. The approximation of the DS-IMLS method is also consistent with
the exact function. Let dmaxg = 2.1. When using the 5x5, 9x9, 13x13, 17x17, and 21x21
regular node distributions, the errors emean and emax obtained by the DS-IMLS and MLS
methods are shown in Figures 18 and 19, respectively. These two figures show that the
approximation functions of the DS-IMLS and MLS methods are convergent to the exact
solutions, and the DS-IMLS method has a higher convergence rate.

2.0 T T T T T
1.5F E
2 exact solutions:
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2 1.0 i
= =
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S 05F L .
e
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g
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Figure 16. The approximations of the functions u, uy, tyy on the line y = x obtained by the DS-IMLS
method for Example 3.
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Figure 17. The approximations of the functions u,, u,y on the line y = x obtained by the DS-IMLS
method for Example 3.
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Figure 18. The errors emean obtained by the DS-IMLS and MLS methods for the different node
distances dx of 5x5, 9x9, 13x13, 17x17, 21 x21 regular node distributions of Example 3.
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Figure 19. The maximum errors emax obtained by the DS-IMLS and MLS methods for the different
node distances dx of Example 3.

5.2. The Examples for the Improved IEFG Method Based on the DS-IMLS Method

Example 4. Considering a temperature field governed by Laplace’s equation

T 0T
V2T = Wjua—yz =0,0<x<5  0<y<]10. (41)
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The essential boundary conditions are used and deduced from the analytical tempera-

ture solution of
100 sin(7rx /10)sinh(7ry/10) (42)

sinh(7) '

T(x,y) =

When 21 x 21 regular nodes distribution is used and dmax; = dmax, = 3, dmax; = 2.1,
the improved IEFG method of this paper and EFG methods are used to solve this potential
problem. In the EFG method, the Lagrange multiplier method is applied to enforce the
essential boundary condition. The exact and numerical solutions obtained with the im-
proved IEFG and EFG methods on the line y = x are listed in Figure 20. The corresponding
absolute errors of numerical solutions of the improved IEFG and EFG methods are plotted
in Figure 21. It is clear that the solutions of the improved IEFG and EFG methods are
very consistent with the analytical solutions, but the improved IEFG method based on the
DS-IMLS method has a smaller calculation error than the EFG method.

20 oA
o
A
o
15+ o b
e
Q}j
~10F o b
/Op/j
Joi
5t O,ﬁ’ exact solutions
& A EFG
o O this paper
0F o0o000° .
0 1 2 3 4 5
X

Figure 20. The exact and numerical solutions on the line y = x obtained by the improved IEFG and
EFG methods.
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Figure 21. The absolute errors of numerical solutions on the line y = x obtained by the improved

IEFG and EFG methods.
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Example 5. Considering a potential problem governed by

u  %u

2, = 224772
Vau = ax2+8y2

=flxy), 0<xy<l, (43)
with

flxy) = (x = 1)x?cos(my) [2 — 7 (y — 1)y] )
+2(3x — 1)(y — 1)y cos(mry) — 27t(x — 1)x?(2y — 1) sin(7y).

The essential boundary conditions are used, and the analytical solution is

u(x,y) = (x3 - xz) (yz - y) cos(7ty). (45)

Let dmax; = dmax; = 3, dmax; = 2.1. Using the 21 x 21 regular nodes distribution,
the numerical solutions on the line y = x solved by the improved IEFG and EFG methods
are shown in Figure 22. The corresponding absolute errors are shown in Figure 23. For
the two-dimensional potential problem, this example again illustrates that the improved
IEFG method based on the DS-IMLS method has a smaller calculation error than the EFG
method.

0.015 T T T T T

0.010 E
0.005 fo i
0.000 - @ b

< -0.005 |

-0.010 |

Q
1t solutions }
L ¢xact solutions Q
-0.015 3
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O this paper DQ?‘?PO

-0.020

‘0.025 1 1 1 1 1
-0.25  0.00 0.25 0.50 0.75 1.00 1.25

X

Figure 22. The exact and numerical solutions on the line y = x obtained by the EFG and improved
IEFG methods of this paper for Example 5.
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Figure 23. The absolute errors of solutions on the line y = x obtained by the EFG and improved IEFG
methods of this paper for Example 5.
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Example 6. The example considered is a potential problem with a trapezoidal field as
shown in Figure 24. The source term is

flxy) =2(x—1)x* + (6x —2)(y — 1)y. (46)

The analytical solution is

u(xy) = (¥ =) (v - y). (47)

Let dmax; = dmaxy; = 2, dmax; = 2.1. When the 11 x 11 regular nodes (shown
in Figure 24) and the essential boundary condition are used, the numerical and exact
solutions on the line y = 5 are shown in Figure 25. We can see that the numerical solution
of this paper is in good agreement with the exact solution. When using different node
distributions shown in Table 1, the corresponding average errors emean 0f the 31 x 31 node
distribution are given in Table 1. When 11 x81 regular nodes are used, the EFG method
cannot obtain the numerical solutions. It can be seen from the table that both the EFG
and improved IEFG methods have high calculation accuracy. When the difference of the
node spacings in the x and y directions is very large, the improved IEFG method can still
obtain high accuracy, but the EFG method may not obtain a numerical solution. Moreover,
reducing the spacing dx of dimension splitting is more conducive for the improved IEFG
method of this paper to improve the accuracy than reducing the node spacing on the split
plane. When 11x11, 21x11,- - -, 81 x 11 nodes are adopted, the relationships between the
average error emean and CPU time for the EFG and the method of this paper are shown in
Figure 26. It can be seen from the figure that when the node spacing in X and Y directions
is quite different, the IEFG method based on the DS-IMLS method has high calculation

efficiency.
ylk
//: °
‘/; * ° s ’ o
06/-/: ] ! : b ¢ : °
0 1.0

Figure 24. A trapezoidal field for Example 6.
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Figure 25. The exact and numerical solutions on the line y = %x obtained by the EFG and improved

IEFG methods of this paper for Example 6.

Table 1. The average errors emean Of the EFG and improved IEFG methods for different nodes.

Improved Improved Improved
Nodes EFG IEFG Nodes EFG IEFG Nodes EFG IEFG
11 x 11 203x 1075 956 x 107° 11 x 11 144 x 1075 956 x 10~ 11 x 11 203 x 1075 956 x 107°
21 x 11 312 x 107 149 x 10°° 11 x 21 128 x 1075 9.77 x 107 21 x 21 221 x107®% 139 x10°°
41 x 11 124 x 1076 313 x 1077 11 x 41 579 x 1075 5.11 x 107> 41 x 41 332x 1077 288 x 1077
81 x 11 112 x 107  8.66 x 108 11 x 81 NaN 1.69 x 1074 81 x 81 506 x 1078 843 x 108
'2 T T T T T
3+ 4
4+ 4
S ‘\ 'Y . -
—~ -6} ° *—— ojij. 4
g ~m
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2 .l ]
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-10 + —®—e_ ., of this paper E
11+ \ 4
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Figure 26. The relationships between the average error emean and CPU time for the EFG and the
method of this paper under the 11 x 11,21 x 11,- - -, 81 x 11 nodes.

6. Conclusions

By introducing the DSM into the improved IMLS method with a nonsingular weight
function, this paper presents a new hybrid method to obtain the shape function of the mesh-
less method, which is called the dimension splitting—interpolating moving least squares
(DS-IMLS) method. Then based on the Galerkin weak form and the DS-IMLS method,
the improved IEFG method for the two-dimensional potential problems is also presented.
The weight function used in the DS-IMLS method is nonsingular, and the approximation
function has the characteristics of the Kronecker delta function. Then the improved IEFG
method based on the DS-IMLS method can directly impose essential boundary conditions.
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Since the DSM can decompose the problem into a series of lower-dimensional problems,
the DS-IMLS method can reduce the matrix dimension and complexity in calculating the
shape function. The derivatives of the approximation function in the DS-IMLS method can
be easily calculated. For a two-dimensional space, the shape function is calculated from a
series of one-dimensional spaces, and then the order of the matrix that needs to be inverted
will be greatly reduced. The DS-IMLS method has high calculation accuracy for anisotropic
node distribution. When the difference between the node spacings in the x and y directions
is very large, the DS-IMLS method still has a good calculation effect. Several examples
demonstrated that the approximation function and its derivatives of the DS-IMLS and the
improved IEFG methods have high accuracy in the regular problem domain.
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