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Abstract: Let G be a finite group. In this paper, we study how certain arithmetical conditions on the
conjugacy class lengths of real elements of G influence the structure of G. In particular, a new type
of prime graph is introduced and studied. We obtain a series of theorems which generalize some
existed results.
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1. Notation and Introduction

Throughout this paper, the terminology is as follows. All groups are finite and G
refers to a group. By a primary element x and a primary p’-element y for a prime number
p, we mean that |x| = " for an arbitrary prime r and |y| = 4" for some prime g # p.
Recall that an element ¢ of G is said to be real in G if ¢ and ¢~ ! are conjugate in G, i.e.,
there is an x € G such that g~! = ¢*, and as usual the conjugacy class of the real element
g, {g¥|x € G}, is called a real class of g. We denote by x©, |xC|, Re(G), and Rp(G) the
conjugacy class of x € G, the length of xC, the set of real elements of G, and the set of
real primary elements of G, respectively. We denote by n(X) the number of connected
components of a graph X. Define the set Re*(G) = {x|x € Re(G) and 7(|x|) C {2,p},
where p is an arbitrary prime number }. That is, Re*(G) is the set of real primary elements
and real biprimary even order elements of G. Let con(G), con,(G) and con;(G) denote
the set of conjugacy classes, the set of real conjugacy classes, the set of conjugacy classes
{gC}, where ¢ € Re*(G), of G, respectively. We denote by cs(G), cs;(G), and cs’(G) the
set {|C|: C € con(G)}, {|C| : C € con,(G)}, and {|C| : C € con;(G)}, respectively. Other
notation will be explained in due time.

The prime graphs are useful tools for intuitively reflecting the structure of groups, and
the investigation of them are still underway. The prime graph related to con(G), denoted
by I'(G) (introduced by Alfandary in [1] as I'*(G)), is a simple graph with vertex set V(G)
the set of primes dividing the length of some C € con(G) and there is an edge between
two vertices p and ¢ if and only if the product pg divides the length of some C € con(G).
Prime graphs related to a subset of classes of a group is constructed in the same way. Let
I';(G) be the prime graph related to con,(G) (introduced by Dolfi in [2] as T*(G)).

The influence of conjugacy class lengths on the structure of groups has been extensively
studied in the past two decades (see [3-6]). In particular, the problems of recognizing
the solvability of G and the existence of normal (or abelian) p-complements of G in this
context have been widely investigated, which are also the major themes of our discussion
here. Recently, some authors do their research by placing conditions on only real classes
of G. Fruitful achievements are obtained in this line of study, and it turns out that the
lengths of these classes are closely related to some fundamental properties of G, see, for
instance, [2,7,8]. The new techniques developed in those papers are valuable and some
analogue methods are employed in this article.
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Now, we mention several notable findings related to real classes. In ([8], Theorem 4.2),
Tong-Viet proved that, if the class length of every real primary 2’-element of G is either a
2-power or not divisible by 4, then G is solvable. It was shown in ([2], Theorem 6.1) that 2 is
not a vertex of I';(G) if and only if G has a normal Sylow 2-subgrpup S (i.e., G is 2-closed)
and Re(S) CZ(S). For odd primes, the outcomes are not that satisfactory. Furthermore, it
follows from ([9], Theorem B) that, if the prime graph I';(G) of G is disconnected, then 2
must be a vertex of I'+(G). These facts confirm repeatedly the importance and the special
position of the prime 2 in the study of real classes in groups.

Based on the above observations, in this article, we consider the set Re*(G) for G,
which are defined earlier, and introduce the prime graph I'; (G) related to the classes of
elements of Re*(G), i.e., con; (G). Precisely, I'; (G) is the graph with vertex set V}(G) =
{q:9 € n(G), q||C| for some C € con}(G)}, and edge set E; (G) = {{p,q} : p # 4, pq||C|
for some C € con;(G)}.

We pay the majority of attention to class lengths of elements of Re*(G) in Section 3
and of Rp(G) in Section 4, respectively, and characterize G of which these lengths have
some arithmetical properties. In Section 5, the properties of the prime graph I'; (G) that
we defined and the relation to the structure of G are examined. In this paper, we obtain
improvements and variations of some existed results.

2. Preliminaries

We will need some results on conjugacy classes, and in particular, on real classes.
Lemma 1. Let N < G. Then, |xN|||xC| for all x € N, and |(xN)S/N|||x®| for all xN € G/N.
Lemma 1 is well known, and we will use it without further reference.

Lemma 2 ([9], Lemma 2.1). (a) If x € Re(G) and |xC| is odd, then x> = 1.
(b) If x € Re(G), then every power of x is a real element of G.
(c) If x € Re(G), then x' = x~1 for some 2-element t € G.
(d) If N < G and |G/ N| is odd, then Re(G) = Re(N).

Lemma 3 ([10], Lemma 2.5). Let x,y € G be such that xy = yx.

(a) Assume G = Cg(x)Cg(y). Then, (xy)¢ = xC - y©. Ifin addition x and y are in Re(G),
then xy € Re(G).

®) If (|x|, ly]) = 1, or if (x) and (y) are normal in G and have trivial intersection, then
Cq(xy) = Cg(x) NCg(y), and therefore rt(|xC|) U mt(|y©|) € m(|xyC]).

Lemma 4 ([10], Proposition 2.8). Let A be a group of odd order that acts faithfully on a nontrivial
elementary abelian 2-group V of order 2". Assume that Cyy(A) = 1. Then, the following conditions
are equivalent:

(a) For every nontrivial x € V, |A : C4(x)| is a prime number.

(b) There exists a prime p such that, for every nontrivial x € V, |A : C4(x)| = p.

Lemma 5 ([2], Proposition 6.4). The following are equivalent:
(a) Every nontrivial element in Re(G) has even order;
(b) Every element in Re(G) is a 2-element;
(c) G has a normal Sylow 2-subgroup.

Lemma 6 ([10], Lemma 3.3). Let x be a nontrivial real odd order element of G. If |xC| has
prime length q, then ¢ = 2 and (x) < G. Furthermore, for every nontrivial y € (x), we have

Ce(y) = Co(x)-

The next Lemma gives a neat description of the structure of G when cs,(G) = {1,2, p}.
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Lemma 7 ([10], Theorem 3.4). Let p be an odd prime. Then, cs,(G) = {1,2, p} if and only if
G = H x O, where H is a dihedral group of order 2p and cs,(O) = {1}.

Lemma 8 and 9 are for inductive purposes.

Lemma 8 ([7], Lemma 2.2). Suppose that N is a normal subgroup of G and xN € Re(G/N). If
|N| or the order of xN in G/ N is odd, then xN = yN for some real element y of G (of odd order if
the order of xN is odd).

Lemma 9. Let 7t be a set of some primes and N a normal subgroup of G.

(a) ([11], Lemma 2.3) If * = xN is a m-element, then there exists a m-element x1 of G such
that X = ¥.

(b) If |N| or the order of xN in G/ N is odd, and X = xN is a real 7t-element, then there exists
a real rt-element x1 of G such that ¥ = x71.

Proof. (b) By Lemma 8, there exists a real element y of G such that xN = yN. Clearly,
we can write y = Y1y, where y; is a 7-element and v is a 77'-element. As the order of
yN is the product of the orders of y1 N and y2N, we have iy, € N; therefore, yN = y;N.
Since y; is some power of y, by Lemma 2(b), y; is real in G. Choose y; = x; will meet the
conclusion. O

Lemma 10 and Lemma 11 are used in Sections 4 and 5, respectively.

Lemma 10. Let p be a prime and K < G such that |G|, = |K|,. Then, |xX|, = [x©|, for all
non-central x € Re(K).

Proof. Let x € Re(K) be non-central and let S¢ € Sylp(CG(x)) and Sg € Sylp(G) such
that Sc < Sg. Since |G|, = |K|p, then S¢ < Sg < K. In particular, S¢ € Syl,,(K). It follows
that Cx(x) = KNCg(x) and S¢c < KNCg(x). Therefore, Sc < Cg(x) < Cg(x) and hence
Sc is also a Sylow p-subgroup of Ck(x). Thus, |[Cs(x)|, = |Sc| = |Ck(x)|p, and then
%]y =1G : C(x)|p = ISG : Sc| = [K: Ck(x)[p = [x*]p. O

Lemma 11. Suppose that T} (G) has two connected components with vertex sets 11y and 1tp, where
2 ¢ 115. Then, there exists an involution i € G such that |i®| > 11is a 7to-number and C (i) has a
normal Sylow 2-subgroup.

Proof. Let p be a prime in 715. Then, p must divide |i®| for some i € Re*(G). Clearly, every
prime divisor of |i®| is adjacent to p € 71; this implies that |i®| is a nontrivial 7r,-number.
Hence, |i®| > 1is odd and so i> = 1 by Lemma 2(a) and thus i is an involution of G.

Assume that C (7) has a nontrivial real element x of odd order. By Lemma 2(b), we can
assume that |x| = g, where g is an odd prime. Then, xi = ix and |x®| is even, so |x| is a 71-
number and thus (|x©|, |i®|) = 1. Lemma 3(a) implies that xi is a real element. Furthermore,
since (|x|, |i|) = 1, 2p||(ix)¢| by Lemma 3(b). Since 7(|ix|) C {2, p}, ix € Re*(G). Then,
2 € m and p € m, are adjacent in '} (G), and we get a contradiction. Therefore, Cg (i)
has no nontrivial real element of odd order and thus it has a normal Sylow 2-subgroup by
Lemma 5. [

We close this section with the remark that trivial class is the only real class of G if
and only if G has odd order ([10], Lemma 2.4(iii)), and therefore G has no nontrivial real
primary elemnet if and only if G has odd order.

3. The Lengths of Real Classes

In ([10], Theorem A), Dolfi proved that G is solvable if all noncentral real classes of G
have prime size, and, furthermore, cs,(G) is contained in a set of the kind {1,2}, {1, p} or
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{1,2, p}, where p is an odd prime. We show that similar conclusions are true under more
general conditions.

We begin with Theorem 1, and a basic result of this section which is the reasoning
behind several other results. It shows that the properties of certain real elements can
determine those of all the real elements in some ways:

Theorem 1. (1) Every g € Re(G) is a 2-element if and only if every g € Rp(G) is a 2-element.
(2) Let p be an odd prime, then cs,(G) = {1, p} if and only if cs}(G) = {1, p}.
(3) Let p be an odd prime, then cs,(G) = {1,2, p} ifand only if cs}(G) = {1,2, p}.

Proof. (1) Necessity being clear. Assume that every primary real element of G is a 2-
element, and let ¢ € Re(G). We can factor g as ¢ = g192 - - - gn, Where each element g; has
distinct prime power orders and commute pairwise. By Lemma 2(b), all g;’s are real in G,
and therefore, by hypothesis, they are all 2-elements. Thus, g is a 2-element, as required.

(2) First, assume that cs,(G) = {1,p}. Let ¢ € Re(G)\Re*(G), then we can write
g = 8182 - - - §n Where each element g; have distinct prime power orders and commute
pairwise. If cs} (G) = {1}, then all the g;’s are central in G, so g is central in G and |g€| = 1.
We conclude that cs,(G) = {1}, a contradiction. If cs}(G) = {p}, then, by Lemma 3(b),
it is easy to get p||g®| and so ¢ ¢ Z(G). Since g is arbitrary, we get cs,(G) = {p}, a
contradiction too. Thus, cs} (G) = {1, p}.

Conversely, assume that cs?(G) = {1, p}. For every ¢ € Rp(G), we have |g¢| = 1or p,
in each case, by Lemma 2(a), we have |g| = 2. Now, by (1), we see that every ¢ € Re(G) is
a 2-element. By assumption |¢©| = 1 or p, and therefore cs,(G) = {1, p}, the claim follows.

(3) Assume that cs,(G) = {1,2,p}, by Lemma 7 we get G = H x O where H is a
dihedral group of order 2p and cs,(O) = {1}. Notice that, for g = ho € G = H x O, we
have |¢C| = |h!T| - [0©], and cs} (H) = {1,2, p}, and it follows that cs} (G) = {1,2, p}.

Conversely, assume that cs;(G) = {1,2, p}. If no nontrivial primary real element of G
has an odd order, then it is easy to see that every real element has an even order. Lemma 5
yields that G has a normal Sylow 2-subgroup D, and Re(G) C D by Lemma 2(d). That
is, Re(G) € Re*(G), and the claim follows. Therefore, we may assume that there exists a
nontrivial primary real element x of G having odd order, and clearly |¢C| = 2.

Let M = Cg(x). By Lemma 6, for every 1 # y € (x), Cg(y) = M has index 2 in
G. Choose element z € Re*(G) such that |z®| = p. Observe that z is an involution by
Lemma 2(a). Now, if any 1 # y € (x) centralizes z, then, by Lemma 3, it is easy to see that
yz € Re*(G) and |(yz)€| = 2p. This is a contradiction by hypothesis. Therefore, Cg(z) N
(x) = 1. In particular, z ¢ M and hence (z) is a complement of M in G. Furthermore, as
(x) NCpm(z) =1and |[M: Cp(2)|||G : Cg(z)| = p, it follows that M = (x) x Cp(z) and
that |x| = p. In other words, every nontrivial real primary element of G having an odd
order must have order p.

Let ¢ € Re(G), write g = 192 - - - g+, where all the g;’s are real in G and commute
pairwise; in addition, |g;| = 2" and for 2 < i < t, |g;| = p}" where p;’s are odd primes. By
the preceding conclusion, we must have |g;| = p for 2 <i < t. It follows that ¢ € Re*(G),
and therefore Re(G) = Re*(G). Thus, assertion cs,(G) = {1,2, p} follows. O

With Theorem 1 in mind, we found that some existed results can be restated in forms
that are a little more general. For instance, considering Lemma 5 and 7, we have the
following two corollaries. Corollary 1 describes the groups with all the real primary
elements being 2-elements.

Corollary 1. The following are equivalent:
(1) Every element in Rp(G) is a 2-element.
(2) G has no nontrivial real primary 2'-element.
(3) G has a normal Sylow 2-subgroup.
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Corollary 2 characterizes the structure of G such that the lengths of classes g€ for
every noncentral ¢ € Re*(G) is either 2 or p, where p is a fixed odd prime.

Corollary 2. Let p be an odd prime. Then, cs;(G) = {1,2, p} ifand only if G = H x O where
H is a dihedral group of order 2p and cs,(O) = {1}.

Theorem 6.1 in [2] states that all real classes of G have odd lengths if and only if G has
a normal Sylow 2-subgroup P and Re(P) C Z(P). Here is a similar result.

Theorem 2. Let P be a Sylow 2-subgroup of G. Then, all classes of elements of Rp(G) have odd
lengths if and only if P < G and Re(P) C Z(P).

Proof. By Theorem 6.1 in [2], we need only show that, if all classes of elements of Rp(G)
have odd lengths, then so do the real classes of G. Let the class lengths of all x € Rp(G)
are odd numbers. We then have x? = 1 for all x € Rp(G), and it is easily seen that all the
elements of Re(G) must be 2-elements. The claim follows by assumption. [

The next theorem is another basic result of Section 3, and arguments analogous to
those of [10] are used in the proof.

Theorem 3. Assume that |gC| is either a 2-power or an odd prime for every g € Re*(G). Then,
G is solvable, and there exists an odd prime p such that |g©| is either a 2-power or p for every
g € Re*(G).

Proof. By ([8], Theorem 4.2), we know that G is solvable.

Assume first that G has a normal Sylow 2-subgroup D, and set U = (g € Re(G) : |g°|
is odd). Observe that, by Lemma 2(a), U is an elementary abelian 2-subgroup which is a
subgroup of Z(D). Moreover, we have U < G. Let A = G/Cg(U). Then, |A| is odd and,
by Fitting’s Lemma (see ([12], Theorem 4.34), U = V x Cy;(A), where V = [A, U]. Note
that A acts faithfully on V and that Cy(A) = Cyy(A) NV = 1. Every nontrivial x € V is
an involution, so x € Re*(G) and |xC| = |G : Cg(x)| = |A : C4(x)] is either a power of 2
or an odd prime by hypothesis. However, 2 { |x©| since x € Z(D), we have |A : C(x)] is
an odd prime. Then, by Lemma 4, there exists an odd prime p such that |A : C4(x)| = p
for every nontrivial x € V. Now, if ¢ € Re*(G) and |g®| is an odd prime, then g = xy for
suitable elements x € V and y € Cy;(A), and hence |gC| = |A : C4(x)| € {1,p}. We see
that, in this case, the theorem is proved.

We now assume that G does not have a normal Sylow 2-subgroup. Thus, by Lemma 5,
there exists a nontrivial element x € Re(G) of odd order. Observe that, by Lemma 2(b),
we can assume |x| = p, where p is an odd prime. By Lemma 2(a), |x©| is even, and hence
1xG| = |G : Cg(x)| is a power of 2 by hypothesis. Now, let y € Re*(G) be such that
ly©| = g is an odd prime. Applying again Lemma 2(a), we see that y is an involution.

If we assume g # p, then C;(y) contains a Sylow p-subgroup of G; therefore (by a
suitable choice of y), we can assume that Cs(y) contains x. As Cg(x) and Cg(y) have
a coprime index in G, by Lemma 3 we have xy € Re(G) and |(xy)¢| = |G : Cg(x) N
Ci(y)| = 2"q, where n is a positive integer. Since 77(|xy|) C {2, p}, so xy € Re*(G), by
hypothesis, this is a contradiction. It follows again that |¢®| is either a power of 2 or p for
every ¢ € Re*(G). O

With minor changes in the preceding proof, we can prove the following corollary.

Corollary 3. Assume that |gC| is a prime for every g € Re*(G). Then, G is solvable, and there
exists a prime p such that csf(G) C {1,2, p}.

4. The Class Lengths of Primary Real Elements

Recognizing p-nilpotency (i.e., has a normal p-complement or not) is clearly an impor-
tant problem. In this section, we provide some evidence for a conjecture proposed in [8],
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which said that, if the lengths of all the nontrivial real classes in G have the same 2-part,
then O? (G) is 2-nilpotent; in particular, G is solvable. In Theorem 4, we prove that, with
only real classes of primary elements being considered, this conjecture is held under some
condition on the Sylow 2-subgroups.

In ([13], Theorem 3.4), Navarro et al. showed that all real class lengths of G are
powers of 2 if and only if G has a normal 2-complement K and Re(G) C Cg(K). However,
when p is an arbitrary prime, the situation for the existence of a normal p-complement is
different. We also remark that, in ([14], Lemma 2.2), Chen and Zhao proved that, if |xG| is
a p-number for every primary p’-element x of G, then G is a solvable group with abelian
p-complements. Here, we obtain Theorem 5 as an analogous result.

At the end of this section, a particular class of groups is concerned, namely, the P-
groups. For every subgroup H of G, if H < Pg(H) where Pg(H) = (x|x € G,(x)H =
H(x)), then G is said to satisfy the permutizer condition P, or to be a P-group. In [15], the
authors proved that P-groups are solvable by making use of the Classification Theorem
of Finite Simple Groups (CFSG), they also proved that every maximal subgroup of a P-
group has index 4 or a prime. It is meaningful to consider how close such groups come to
being supersolvable.

Theorem 4. Suppose that |xC|y = 2" for all non-central x € Rp(G). Assume further that G has
a Sylow 2-subgroup S with Re(S) C Z(S). Then, G is solvable and O% (G) is 2-nilpotent.

Proof. We first prove that G is solvable. Let G be a counterexample of minimal order. Then,
G is non-solvable and has no normal Sylow 2-subgroup. By Corollary 1, there exists a
nontrivial real primary 2’-element z € G. Clearly, z ¢ Z(G) and so |z°| is even. Thus,
2G|, = 2" > 2. That is, |xC|, = 2" > 2 for all non-central x € Rp(G).

Now we claim that every nontrivial real 2-element of G/Oy (G) lies in the center
of G/O,(G). Let xOy(G) be a nontrivial real 2-element of G/O,/(G). By Lemma 9(b),
there exists a real 2-element y of G such that xO,/(G) = yO,/(G). Considering y, we have
y' = y~! for some 2-element ¢ € G by Lemma 2(c). Write U = (y,t). Since f normalizes
(y), U is a 2-subgroup of G. We have U8 < S for some ¢ € G by the Sylow theorem.
We want to show that y € U is a central involution of G. Notice that, if y¢ is a central
involution of G, then so is y. Therefore, we may assume that U < S. Since y € Re*(U), then
y € Re(S) C Z(S), so it follows easily that y is an involution and |y©| is odd. However, by
the first paragraph, |y©| is even if y is not central, and this forces y € Z(G). We conclude
that y is a central involution of G, hence xOy (G) = yOy (G) is also a central involution of
G/0Oy(G), and the claim follows.

Since Oy (G/04(G)) = 1, by ([16], the main theorem), the last term of the derived
series of G/Oy(G) is isomorphic to G; x Gy X - - - X G;, where each G; is isomorphic to
either SL;(q) with odd number g > 5, or 2 - Ay, the perfect double cover of Ay. We claim
that, for some i, there exists a real element a of G;, and therefore of G/O,/(G), such that
|a| = 2™ > 4. First, assume that G; = 2 - Ay for some i. Using [17], G; has a real element of
order 4. Next, assume that G; = SL(g) with odd number g > 5. As we know (see ([18],
Theorem 2.8.3)), the Sylow 2-subgroup S of SL,(g) is a generalized quaternion group Qo1
of order 28+1 > 8. From its presentation (a, b : a2 = b2, a2 = 1,b~'ab = a~1), we obtain
a real element a of SL(g) of order 2F > 4. Of course, a is also real in G/O, (G) as G; is a
subgroup of G/O,(G). The claim follows. a must lie in the center of G/Oy (G), which
yields a € Z(G;). Notice that |Z(G;| = 2 for all i > 1, and we get a contradiction. Therefore,
G is solvable.

Suppose that G > O? (G). Using Lemma 10 where we let p = 2 and K = O% (G), we
see that |xK|, = 2 for all non-central x € Rp(K) and by induction O? (G) is 2-nilpotent.
Hence, we may assume that G = O% (G). Let G = G/Oy(G) and use bar as the customary.
Let P = O5(G). G has a Hall 2’-subgroup H since it is solvable. By the second paragraph,
we see that every nontrivial real 2-element of G lies in Z(G). This means that the conjugation
action of H on P fixes all real elements of order 2 or 4, and then H centralizes P by ([19],



Mathematics 2021, 9, 2060

7of 11

Theorem B). By ([12], Theorem 3.21), we get H < C(P) < P, which yields H = 1. Hence,
P = G is a 2-group and we conclude that G is 2-nilpotent. [

Theorem 5. Let p be a prime, |xC| a power of p for every 2-element, and every p-element x of G,
and also for every real primary p’-element x of G. Then, G has a normal p-complement.

Proof. First, by ([8], Theorem 4.2), we see that G is a solvable group. Next, we show that
G has a normal p-complement by induction on |G|. Let P € Sylp (G) and M be a normal
maximal subgroup of G. Then, |G/M| = q a prime. Note that Rp(M) C Rp(G) and
|xM|||xC| for all x € M, By induction, we know that M has a normal p-complement H.
Hence, we may assume that g # p.

Let G = G/H. We claim that G inherits the hypothesis on G. Let % be a p-element
(2-element, resp. ) of G. By Lemma 9(a), there exists a p-element (2-element, resp. ) x1 of G
G| —

such that ¥ = ¥7. Therefore, |% Bl ||x§ |, which yields that |zClisa p-power. Let i

be a real primary p’-element of G, and we can assume that |ij| = " for some prime r # 2,
since otherwise, by hypothesis and Lemma 9(a), we easily get that [7°| is a power of p. By
L °| = 171l IyS;
again, || is also a power of p. The claim follows. Now, if H > 1, then G/H has a normal
p-complement by induction, and therefore G has a normal p-complement.

Based on the above, we may assume that H = 1. In particular, M = P < G. Now,
let K be a Sylow g-subgroup of G. We have that K acts coprimely on P. We claim that
every element of P is K-invariant. Let x € P. Then, |G : Cg(x)| is a p-power since x is a
p-element of G. Therefore, there exists y € P such that Kv! C Cg(x). Then, K C Cg(xY),
and we deduce that the conjugacy class x” = (x¥)" is K-invariant. It follows that the action
of K on P induces an action of K on the classes in P, and, for every class C in P, K fixes
some element of C, say xc. Set | = <xC’ C € con(P)). Clearly, K acts trivially on J. Since |
contains an element from each class in P, we get P = | J,cp J°. Hence, P = ] and the action
of K on P is trivial, which implies that G has a normal p-complement K. This completes
the proof. O

Lemma 9(b), there exists a real r-element y; of G such that 7 = ;. Hence, |j

Remark 1. When p = 2, Theorem 5 still holds of course.

By the inductive method and utilizing the properties of P-groups mentioned before,
we give a sufficient condition for a P-group to be supersolvable. It seems that to date that
there is no similar result of this kind.

Theorem 6. Let G be a P-group. Suppose that 8 1 |xC| for every 2-element and every real primary
element x € G. Then, G is supersolvable.

Proof. Assume that the theorem is false and let G be a counterexample. Thus, G is not
supersolvable.

If every maximal subgroup of G has index a prime, then G is supersolvable. Hence, G
has a maximal subgroup M such that |G : M| = 4. Therefore, |G| is even. Since G is a P-
group, G is solvable by the preceding remarks. There exists a minimal normal subgroup N
of G such that N is elementary abelian of order p" where p is a prime. Consider G = G/N.
It can be shown that G is a P-group. We may suppose that n > 1, since, otherwise, G is
supersolvable as required. Let ¥ be a real primary 2'-element of G, by Lemma 9(b), there
exists a real primary 2'-element x; of G such that ¥ = x7. We see that |x¢| = | ¢[|[x$],
which yields 8 1 |C|. On the other hand, let 7 be a 2-element of G; by Lemma 9(a), it is easy
to deduce that 8 { |7©|. This shows that G inherits our hypothesis and thus is supersolvable.
Note that the class of finite supersolvable groups is a saturated formation, hence ®(G) =1
and N is the unique minimal normal subgroup of G. From these facts, we obtain a maximal
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subgroup M of G such that G = MN and M NN = 1. Since |G : M| is a prime or 4, we
must have |[N| = 4, thatis, p = n = 2.

Consider the permutation representation of G on M. We see that G is isomorphic to a
subgroup of S4. Hence, G= S4 or G= Ay since G is not supersolvable. Furthermore, it is
easy to check that A4 is not a P-group, so G= S;. We remark that every element of S, is
real. Now, for an element x of order 3, for example, permutation (123), since |Cg(x)| = 3,
we have |xC| = |G : Cg(x)| = 8, a contradiction to our hypothesis. Therefore, we conclude
that G is supersolvable. [

Remark 2. By Lemma 9(b), for real 2-elememts, the inductive method may not work out when applied
to quotient groups; therefore, assumptions for (not real) 2-elements are needed in Theorems 5 and 6.

5. The Prime Graph

The implications of the class lengths of G on the structure of G can be studied via
prime graphs. Interestingly, prime graphs related to different subsets of classes exhibit
some similarities in their graphic features. For instance, it was shown that n(I'(G)) < 2 and
n(I;(G)) < 2 for any group G (see [1,2]). In addition, T'),(G) < 2if G is a p-solvable group,
where I',(G) is the prime graph related to the set of classes of p’-elements of G (see [20]).

By the proof of Theorem 2, the condition that all the elements of Rp(G) have odd
number class lengths is equivalent to saying that all the elements of Re(G), and therefore
of Re*(G), have odd number class lengths, hence Theorem 2 shows that 2 is not a vertex of
I'(G) if and only if G has a normal Sylow 2-subgroup P and Re(P) C Z(P).

Our Theorem 7 determines the number of connected components of the prime graphs
I'(G), and the finding is consistent with those regarding I'(G) and I';(G). For convenience,
let ¢ € Re*(G) be a non-central element, and we denote by A (g) the connected component
of T} (G) that contains the set of vertices 77(|g®|), and Ag(q) the connected component of
I'(G) which g belongs to, where g is a prime.

Considering T'»(G), by ([9], Theorem 3.4), we have that G is solvable if T,(G) is
disconnected. It is tempting to wonder wether the corresponding conclusion for I'} (G) is
valid or not. However, we are unable to prove or disprove this yet. Nevertheless, for a
very restrictive case, we have Theorem 9, the proof of which is via a series of lemmas and
theorems, in particular, Theorem 7 and 8 are employed.

Theorem 7. For any group G, n(T}(G)) < 2.

Proof. Working by contradiction, let G be a group of minimal order such that n(I'; (G) > 3.

Assume first that there exists a nontrivial element of odd order x € Re*(G). By taking
a suitable power, we can assume that |x| = p with p an odd prime. By Lemma 2(a), we
have Ag(x) = Ag(2). Since n(T';(G)) > 3, there is a connected component A of T} (G) with
A # Ag(x) and A # Ag(p). Choose y € Re*(G) such that A = Ag(y). Because2 ¢ A,y
is an involution. Furthermore, as p ¢ A, y commutes with a Sylow p-subgroup of G and,
up to conjugation, we can assume that x and y commute. Note that xy € Re*(G), so, by
Lemma 3, we get the contradiction Ag(x) = Ag(xy) = Ag(y).

We see that all elements of Re*(G) are 2-elements, and so are all elements of Re(G).
Hence, by Lemma 5, G has a normal Sylow 2-subgroup P. In particular, G is solvable
by the Feit-Thompson theorem. Let N be a maximal normal subgroup of G containing
P. Then, [G : N| = g an odd prime and Re(G) = Re(N) by Lemma 2(d). If x € Re*(G),
then 7r(|xN|) € 7(]x¢|) € 7(]xN|) U {g}. By minimality, n(T;} (N)) < 2, and this implies
that a connected component of T} (G) must consist of the single prime g, and g ¢ V;(N).
Thus, if ¢ € Re*(G) and q € 71(|g®|), then |¢®| is a g-power and ¢ € Z(N). In addition, by
Lemma 2(a), g is an involution.

Let Z = Z(P) < G. Since P lies in the kernel of the action of N on Z, we have
the decomposition Z = Cz(N) x [Z, N|, with Cz(N), [Z,N] < G. Let x € Re*(G) with
Ag(x) = {g}. Then, x € ZNCg(N) = Cz(N). Observe that [Z, N] # 1, as otherwise
every real class of elements of Re*(G) that has an odd length would have g-power length
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and hence n(I';(G)) < 2. Lety € [Z,N] be an involution. Then, from N C Cg(x) and
N ¢ Cg(y), we obtain (|x¢|, [y®|) = 1, so, by Lemma 3(a), it follows xy € Re(G). Of
course, xy € Re*(G). Since x and y lie in normal subgroups of G which intersect trivially,
we get Cg(xy) = Cg(x) NCg(y) and therefore 7t(|(xy)%|) 2 7(|xC|) N 7(Jy©|). This gives
Ac(x) = Ag(xy) = Ag(y), a contradiction. [J

If N <G, by the fact that Re* (N) C Re*(G), we easily see that I'}(N) is a subgraph of
I';(G). However, it may not be true that I'; (G/N) is a subgraph of I'; (G). However, this is
the case if |[N| is odd.

Lemma 12. Let N < G with |N| odd. Then, I'; (G/N) is a subgraph of T'; (G).

Proof. First, we argue that V' (G/N) C V;(G). Letp € V(G/N) and let xN € Re*(G/N)
such that p||(xN)®/N|. By Lemma 9(b), there exists an element y € Re*(G) such that
xN = yN. Since |(xN)/N| = [(yN)*/N|||y°|, p[|y®| and p € V}(G).

With a similar argument, we can prove that, if there are two different vertices p, q €
V#(G/N), adjacentinI'; (G/N), then p, q are adjacent in T} (G) by using Lemma 9(b) again.
Thus, I'}(G/N) is a subgraph of T'; (G). O

Let H be a subgroup or a quotient group of G. Assume that I'; (H) is a subgraph
of I'}(G), and I’} (G) is also disconnected having two connected components with vertex
sets 711 and 71, respectively. To show that I'; (H) is disconnected, it suffices to show that
Vi(H) Nm; # @ fori = 1,2, or, equivalently, there exists two elements 11, up of Re* (H)
such that 7t(|ul?|) N 7; # @ fori =1,2.

Theorem 8. Suppose that, for a group G, I';(G) has two connected components with vertex sets
111 and 715, where 2 & 15, Then:

(1) If G is not 2-closed and M < G with |G : M| odd, then T'; (M) is disconnected.

(2) If N < G with |N| odd and assuming further that G = O (G) is not 2-nilpotent, then
IF(G/N) is disconnected.

Proof. By Lemma 11, G has an involution i such that |i®| > 1is a 7r,-number and Cg (i)
has a normal Sylow 2-subgroup S.

For (1), let M 9 G with |G : M| being odd. We have V(M) C V;(G) = m; U my.
Notice that, if M is 2-closed, then G is also 2-closed, hence we may assume that M is not
2-closed. By Theorem 2, 2 divides the class length of some element of Rp(M) and hence
2 € V(M) N mr1. Now, M contains every real element of G by Lemma 2(d); then, i € M. If
M < Cg(i), then S <A M as |G : M| is odd, so M is 2-closed, a contradiction. Thus, |iM| > 1
and then V(M) Ny # @. As I';(M) is a subgraph of I'; (G) and V(M) N mt; # & for
each i = 1,2, we conclude that I'} (M) is disconnected.

For (2),let N < G with |N| being odd. By Lemma 12, I'; (G/N) is a subgraph of T'; (G).
In particular, Vi (G/N) C V;(G) = my U . If G/N is 2-closed, then SN < G is of an odd
index, thus G = SN since G = 0% (G). In other words, G is 2-nilpotent, by hypothesis, this
is a contradiction. Hence, we may assume that G/ N is not 2-closed.

The element iN € G/N is clearly an involution. If iN € Z(G /N), we have G/N =
Cg/N(iN) = C;(i)N/N, where the latter equality follows from ([12], Lemma 7.7). Hence,
SN/N is a normal Sylow 2-subgroup of G/N, a contradiction. Therefore, iN ¢ Z(G/N)
and |(iN)/N| > 1,50 Vi (G/N) N 7y # . On the other hand, as G/ N is not 2-closed, by
Theorem 2, again 2 € V;(G/N) N r1;. We conclude that I'; (G/N) is disconnected. [

Finally, recall that the famous Feit-Thompson Theorem from 1963 states that every
group of odd order is solvable. Therefore, we know that G is solvable if |G| = 2r where r
is a prime by ([12], Theorem 1.35). This conclusion as well as some arguments similar to
those in the proof of ([9], Theorem 3.4) are applied to get the following theorem.
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Theorem 9. Let |G| = 2"r, where n < 2 and r is an odd number; if T} (G) is disconnected, then
G is solvable.

Proof. Let G be a counterexample with minimal order. Then, G is non-solvable and I’} (G)
is disconnected. By Theorem 7, we get that I'; (G) has exactly two connected components
with vertex sets 711 and 71y, respectively. We can assume that G has no normal Sylow
2-subgroup, since, otherwise, by the Feit-Thompson theorem, G is solvable. By Corollary 1,
G has a nontrivial real primary 2’-element x. Then, |x®| is even and hence 2 € V;*(G). We
assume that 2 € 71;. Therefore, all vertices in 71, are odd primes. We divide the remaining
proof into three parts.

(1) G is not a non-abelian simple group.

By Lemma 11, there exists an involution i € G such that |i®| > 1 is a 7rp-number
and Cg (i) has a normal Sylow 2-subgroup, say S. As |G : Cg(i)| is odd, S is also a Sylow
2-subgroup of G. Notice that C; (i) is solvable. Now, for a real primary 2’-element x € G,
|xC| is even and so it is a 7r; number. Thus, (|x©|, |i®|) = 1. It follows from ([21], Theorem 2)
that G is not a non-abelian simple group:

2) G = 0?(G) and Oy (G) = 1.

Since G is not 2-closed, by Theorem 8(1), I} (0? (G)) is disconnected. If 02 (G) < G,
then 02 (G) is solvable by the minimality of |G|. Therefore, G is solvable since G /0% (G)
is solvable, a contradiction. Thus, G = 0% (G).

Since G is not solvable, G = OZ/(G) is not 2-nilpotent. Hence, by Theorem 8(2),
IF(G/Oy(G)) is disconnected. If Oy (G) is nontrivial, then, by the minimality of |G|, we
get G/ Oy (G) is solvable, and so is G. Thus, we must have O,/ (G) = 1.

(3) The final contradiction.

Let M be a maximal normal subgroup of G. If |G/M|, = 2, then, by hypothesis,
|M|, = 2 and M must be solvable (see ([12], Theorem 1.35)), and so is G, a contradiction.
The remaining cases where |G/ M|, = 4 or 2 1 |G/ M| both contradict (2). O

6. Conclusions

By mainly considering the lengths of a portion of real classes, and using the prime
graph I'; (G) in particular, we obtain some information about the structure of G. We show
that even this small subset of the set cs,(G), with other proper conditions in occasional
cases, still encodes a lot of structural information on G. This served as a background to
continue the investigation of the influence of real elements and also the lengths of certain
real classes on the structure of groups.

On the other hand, many authors have been inspired by looking at connections
between characters and conjugacy classes, and, of course, between real characters and real
classes (see [2,22-24]). Our works may shed some light on this research.
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