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Abstract: The present paper deals with notions from the field of complex analysis which have been
adapted to fuzzy sets theory, namely, the part dealing with geometric function theory. Several fuzzy
differential subordinations are established regarding the operator L, given by L}’ : A, — Ay,
L f(z) = (1 —a)R™f(z) +aS™f(z), where A, = {f € H(U), f(z) = z+a, 12" +..., z € U}
is the subclass of normalized holomorphic functions and the operators R” f(z) and S™ f(z) are
Ruscheweyh and Sélagean differential operator, respectively. Using the operator L}, a certain fuzzy
class of analytic functions denoted by SL (4, &) is defined in the open unit disc. Interesting results
related to this class are obtained using the concept of fuzzy differential subordination. Examples are
also given for pointing out applications of the theoretical results contained in the original theorems
and corollaries.

Keywords: fuzzy differential subordination; convex function; fuzzy best dominant; differential operator

1. Introduction

Fuzzy sets theory epic started in 1965 when Lotfi A. Zadeh published the paper “Fuzzy
Sets” [1], received with distrust at first but currently cited by over 95,000 papers. Math-
ematicians have been constantly concerned with adapting fuzzy sets theory to different
branches of mathematics, and many such connections have been made. The beautiful
review paper published in 2017 [2] is a tribute to Lotfi A. Zadeh’s contribution to the
scientific world and shows the evolution of the notion of fuzzy set in time and its numerous
connections with different topics of mathematics, science, and technique. Another great
review article published as part of this Special Issue dedicated to the Centenary of the Birth
of Lotfi A. Zadeh [3] gives further details on the development of fuzzy sets theory and
highlights the contributions of Professor 1. Dzitac who has had Lotfi A. Zadeh as mentor.
In 2008, he edited a volume [4], tying his name to that of Lotfi A. Zadeh for posterity.

The first applications of fuzzy sets theory in the part of complex analysis studying
analytic functions of one complex variable were marked by the introduction of the concept
of fuzzy subordination in 2011 [5]. The study was continued, and the notion of fuzzy
differential subordination was introduced in 2012 [6]. All the aspects of the classical theory
of differential subordination which are synthesized in the monograph published in 2000 [7]
by the same authors who have introduced the notion in 1978 [8] and 1981 [9] were then
adapted in light of the connection to fuzzy sets theory. At some point, fuzzy differential
subordinations began to be studied in connection with different operators with many
applications in geometric function theory as it can be seen in the first papers published
starting with 2013 [10-12]. The topic is of obvious interest at this time, a fact proved by the
numerous papers published in the last 2 years, of which we mention only a few [13-16].

In this paper, fuzzy differential subordinations will be obtained using the differential
operator defined and studied in several aspects in [17,18].
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The basic notions used for conducting the study are denoted as previously established
in literature.

Let U = {z € C: |z| < 1} and denote by H(U) the class of holomorphic functions in
the unit disc U. Let A, = {f € H(U) : f(z) =z +a,, 12" +..., z € U} be the subclass
of normalized holomorphic functions writing .A; as A. When a € C and n € N*, denote
by H[a,n] = {f € H(U) : f(z) = a+anz" +a,.12" 1 + ..., z € U} writing Ho = H[0, 1].
The class of convex functions is obtained for « = 0 when 0 < a < 1 the class denoted by

K(a) = { feA:Re Zﬁé‘;) +1>n,z€ ll} contains convex functions of order «.

The definitions necessary for using the concept of fuzzy differential subordinations
introduced in previously published cited papers are next reminded.

Definition 1 ([19]). A pair (A, Fa), where F4 : X — [0,1]and A = {x € X : 0 < F4(x) <1}
is called fuzzy subset of X. The set A is called the support of the fuzzy set (A, Fa) and F, is called
the membership function of the fuzzy set (A, F4). One can also denote A = supp(A, Fa).

lifxe A
0,ifx¢ A~

For a fuzzy subset, the real number O represents the smallest membership degree of a certain
x € X to A and the real number 1 represents the biggest membership degree of a certain x € X
to A.

The empty set @ C X is characterized by Fp(x) = 0, x € X, and the total set X is
characterized by Fx(x) =1, x € X.

Remark 1. If A C X, then Fa(x) = {

Definition 2 ([5]). Let D C C, zy € D be a fixed point and let the functions f,g € H (D). The
function f is said to be fuzzy subordinate to g and write f <r g or f(z) <r g(z), if the conditions
are satisfied:

(1) f(z0) = &(20),

(2) Ff(D)f(Z) < Fg(D)g(Z>' z € D.

Definition 3 ([6] (Definition 2.2)). Let ¢ : C3 x U — C and h univalent in U, with 1 (a, 0;0) =
h(0) = a. If p is analytic in U, with p(0) = a and satisfies the (second-order) fuzzy differential
subordination

Fyewuy(p(2),2p'(2),2°p" (2);2) < Byuyh(z), z€ U, )
then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is
called a fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more simple
a fuzzy dominant, if F,qp)p(z) < Fyuyq(2), z € U, for all p satisfying (1). A fuzzy dominant q
that satisfies F;1y4(z) < Fyu)q(2), z € U, for all fuzzy dominants q of (1) is said to be the fuzzy
best dominant of (1).

Lemma 1 ([7] (Corollary 2.6g.2, p. 66)). Let h € A, and

Lf)(z) = F(z) = — /Ozh(t)t%’ldt, ze .

If

zh"(z) 1
Re(h/(z>+1> > —E,Z S U,

then L(f) =F € K.
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Lemma 2 ([20]). Let h be a convex function with h(0) = a, and let v € C* be a complex
number with Re v > 0. If p € Hla,n] with p(0) = a, ¥ : C2 x U — C, ¢(p(2),zp'(z);2) =
p(z) + %zp’(z) an analytic function in U and

1 . 1
Fyc2uy (p(z) + 7zp’(z)) < Fyuyh(z), ie, p(z) + ;zp/(z) <rh(z), zelU, ()
then

Fouyp(2) < Fouy8(2) < Fyunh(2), ie, p(z) <r g(z) <r h(z), ze€el,

where g(z) = nz% foz h(t)t7/"=1dt,z € U. The function q is convex and is the fuzzy best dominant.

Lemma 3 ([20]). Let g be a convex function in U and let h(z) = g(z) + nazg'(z), z € U, where
« > 0 and n is a positive integer.
Ifp(z) = g(0) + ppz" + pp12"™ 1 + ..., z € U, is holomorphic in U and
Fyu)(p(2) +azp'(2)) < Fyuyh(2), ie, p(z) +azp'(z) <r h(z), zel,

then

Fouyp(z) < Fou8(z) ie, p(z) <r g(z), z€el,

and this result is sharp.

Saldgean and Ruscheweyh differential operators are well known in geometric function
theory for the nice results obtained by implementing them in the studies. Their definitions
and basic properties are given in the next two definitions and remarks.

Definition 4 (Sildgean [21]). For f € Ay, m,n € N, the operator S™ is defined by S™ : A, — Ay,

$°%f(z) = f()
S'f(z) = zf'(2)

S"tf(z) = z(S"f(z)), z € U.
Remark 2. If f € Ay, f(z) =z + 132, 14 ajzl, then S"f(z) = z+ ) B j"aiz, z € U.

Definition 5 (Ruscheweyh [22]). For f € A,, m,n € N, the operator R™ is defined by R™ :
An — An,

Rf(z) = f(z)
R'f(z) = zf(2)

(m+1DR™Mf(z) = z(R"f(z)) +mR"f(z), z € U.
Remark3. If f € Ay, f(z) =2+ 172, 4 ajz), then R™ f(z) = 2+ 52 Cfn1+]-_1a]-zj, ze U

The next definition shows the operator used for obtaining the original results of this
paper, defined in a previously published paper. Two remarks regarding it are also listed.

Definition 6 ([17]). Let « > 0, m,n € N. Denote by L} the operator given by L7 : A, — Ay,

LY f(z) = (1—a)R"f(z) +aS"f(z), zel.
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Remark 4. L is a linear operator and if f € Ay, f(z) = z+ 132, 4 ajzf, then LI'f(z) =
24 T (7 + (1= )Cl a2 € U

Remark 5. Fora =0, Lj'f(z) = R"f(z),z € U,and fora =1, L' f(z) = S"f(z),z € U.
Form =0,Lf(z) = (1 —a)Rf(z) +aS°f(z) = f(z) = Rf(z) = S°f(z),z € U, and
form=1,LLf(z) = (1 —a)R f(z) +aS f(z) = zf'(z) = R} f(z) = S'f(z),z € U.

Definition 7 ([11]). Let f(D) = supp(f(D),Ff(D)) = {z€D:0< Fyp)f(z) < 1}, where
Fg(p)y- is the membership function of the fuzzy set f(D) associated to the function f.

The membership function of the fuzzy set (uf)(D) associated to the function uf coin-
cides with the membership function of the fuzzy set f(D) associated to the function f, ie.,

Foury ) ((1f)(2)) = Frp) f(2), z € D.
The membership function of the fuzzy set (f + g)(D) associated to the function f + g coincide
with the half of the sum of the membership functions of the fuzzy sets f(D), respectively g(D),

associated to the function f, respectively g, ie., Fir oy p)((f +8)(2)) = M,

z € D.

Remark 6. As 0 < Fy(pyf(z) < 1and 0 < Fy(pyg(z) < 1, it is evident that
0 < Fyig)((f+8)(z)) <1,z€D.

2. Main Results

First, a new fuzzy class of analytic functions is defined using the operator given by
Definition 6.

Definition 8. The fuzzy class denoted SL':(5, w) contains all functions f € A, which satisfy the
fuzzy inequality
!/
Fompyany (L f(2) > 6, zel, -

when 6 € (0,1], &« > 0and m,n € N.
The first result for this class is related to its convexity.
Theorem 1. The set SL'%(6, «) is convex.

Proof. Consider the functions

f](z) =z+ 2 ajkzj €eSL%(4,a), k=12 zel
j=n+1

For obtaining the required conclusion, the function

h(z) = mfi(z) + mfa(z)

must be part of the class SL(J, «), with 771 and 772 non-negative such that 171 + 12 = 1.
We next show that h € SLA(6, &),

h’(22 = (pfi +mafr) (z) = ;t/1f{(2) + yzfﬁ(z)/, z € U, and /
(L¥h(z)) = (L (u1fr + u2f2)(2)) = ma (LY f1(2)) + w2(LY f2(2))

From Definition 7 we obtain that
Fwny @) (L) = Fpu ity (Le (fi +12f2) () =
m ! m !
F@Z’(#lflﬂ&fz))/(u) (]/ll (LZf1(2)) + p2(Le f2(2)) ) -
F(?‘lLZlfl)/(w (Vl(Lglfl(Z))/);F(;waz)’(u) (FZ(LZ'fz(Z))/) _ F(Lglfl)/w)(LZlfl (Z))/;F(Lﬁ’fz)’@ (L&"fz(z))/ '
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As f1,f» € SL(d,a) we have § < Foompy (L fi(z)) < 1land§ < F

F(me) (L fl( )) ; (me) (L fZ( ))

L f2)'(U)
(L f5(z)) < 1,z € U. Therefore, § < < 1and we

obtain that § < F(Lg,h)/(u)(L;?h(z))/ < 1, which means that i € SL:(J,a) and SL’]”_-((S,a) is
convex. [J

A fuzzy subordination result is given in the next theorem and a related example follows.

Theorem 2. Considering the convex function in U denoted by g and defining h(z) = g(z) +

528/ (2), withc > 0,z € U, if f € SL'(6,a) and G(z) = I.(f)(2) = S5 [y t°f(t)dt, z € U,
then the fuzzy differential subordination

Eppyn (LiF(2) < Bywh(2), ie, (LIf(2) <7 h(z), zeU, @
implies

F(L;"G)/(u)(LtTG(Z))/ < Fon8(2), ie, (L"G(z)) <r g(z), z€ U,

and this result is sharp.

Proof. Using the definition of function G(z), we obtain

2HG(z) = (c+2) /O S F()t. 5)
Differentiating (5) with respect to z, we have (¢ +1)G(z) + zG'(z) = (¢ +2)f(z) and
(c+1)L"G(z) + z(L'G(2)) = (¢ +2)L"f(z), z € U. (6)

Differentiating (6) we have

(LYG(2)) + —5z(L¥G(2)" = (L{f(2)), z€ U. )

c+2

Using (7), the fuzzy differential subordination (4) becomes

Fizow ((06E) + 566" ) < R (s + 15w @) ). ®)

c+2

If we denote

p(z) = (L¥G(2)), z €U, ©)

then p € H[1,n].
Replacing (9) in (8) we obtain
1

1
Fy) (P(Z) + szp’(z)) < Ry (g(z) + - +2.zg'(z)>, ze .
Using Lemma 3, we have

Eyp(2) < Fong(2), z€ U, ie, Fumeyu(LiG(2) < Fyug(z), ze U,

and g is the best dominant. We have obtained
(LIG(2)) <7 g(z), z€ U.

O

Example 1. If f € SL! ( l) then f'(z) +zf"(z) <r 3(3112;)2 implies G'(z) +zG" (z) <
T4z, where G(z) = 3 [Ftf(t)
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Several fuzzy subordination results are contained in the next theorems and corollaries.
Some are followed by examples.

Theorem 3. Let h(z) = % Be01)andc > 0. Ifao >0,m € Nand I.(f)(z) =

2[5 £ f(t)dt, z € U, then

I.[SL%(B,a)] C SL%(B", a), (10)

c+27
where p* =26 —1+ (C+2)(2 = 0 1+t1dt.

Proof. As function / given in the theorem is convex, we can use the same arguments as in
the proof of Theorem 2. Interpreting the hypothesis of Theorem 3, we read that

Fpu (i’(z) T3 i ZZP/(Z)> < fruyh(2),

where p(z) is given by (9).
By applying Lemma 2, the following fuzzy inequality is obtained:

Fyuyp(2) < Fou8(2) < Fywh(2), e, Fngyan(LiG(2) < Fou8(2) < Fyuyh(2),
(LyG)(U)

where

2

2 (7 e 14 (26— 1)t 2)(2—26) 7 t5
go(z) = Ctz/ I s Eul Ul VLM SEP A Gl )(M )/ i,
nz » J0 1+t nzor 0 1+t

Using the hypothesis of convexity for function g, it is known that g(U) is symmetric
with respect to the real axis and we can write

Frpgu (LY G(z) = lg‘llf}Fg( w8(z) = Fyang(1) (11)
c+2
and p* =g(1) =26 -1+ (C+2),(1272§) 01 t E+t L.

From (11) we deduce inclusion (10). O

Theorem 4. Let ¢ be a convex function with g(0) = 1 and define the function h(z) = g(z) +
z¢'(z),z € U.
If a function f € A, satisfies

oy (L f(2)) < Banh(z), ie, (L' f(2))" <7 h(z), z€ U, (12)
fora > 0and m,n € N, then we obtain the fuzzy differential subordination

Lgljzf(z) < F,n8(z), ie., 7LZ1JZ((Z)

= Tg(u)

Frppuy <r8lz), zel,
and this result is sharp.

Proof. Using Remark 4 concerning the operator L}, we can write

Li'f(z) =z + 2 (ac] + ( )C;”Jrj_l)ajzf, zel.
j=n+1
m AL (" (=) C o Jad
Consider p(z) = L= f( e (+ (Z 1) =14 puz" + pup1z" 1+ .,
ze U.

We deduce that p € H[1,n].
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Let L f(z) = zp(z), for z € U. Differentiating the expression we obtain (L f(z)) =
p(z) +zp'(z),z € U.
Using this result in (12), we can write

Eyuy (p(2) +20'(2)) < Fyuyh(z) = Fyuy (8(2) +28'(2)), zeU.

We can now apply Lemma 3 and obtain

, Lif(z)
F,ayp(z) < Feug(z), z€eU, e, Forp sy . < Fug(z), zel.
Therefore,
L“J;(Z) <rg(z), zel,

and this result is sharp. [
Theorem 5. Let h be a convex function of order —% with h(0) = 1. If a function f € A, satisfies
Fruppyy(Lif(2) < Fyuyh(z), ie, (Lif(2))" <Fh(z), z€U, (13)

forw > 0and m,n € N, then

L f(z . L f(z
FL;”f(U)%() < Fuyq(z), ie, "‘]Zr( ) <rq(z), zel,
where q(z 1 fo ti~dt is convex and is the fuzzy best dominant.
Proof. Let
b = W@ _FTEEen (& + (1= @)ChL o )y
z
= 1+ ) (“fm +(1- “)Cﬂ+j_1)ﬂjzj*1 =1+ Y pZl, zel, peH[Ln]
j=n+1 j=n+1
As Re ( + ((3)) > —5,z € U, from Lemma 1, we obtain that q(z fo tﬁ’ldt

is a convex function and Ver1f1es the differential equation associated to the fuzzy differential
subordination (13) q(z) + zq'(z) = h(z), therefore it is the fuzzy best dominant.
Differentiating, we obtain (L7 f(z))" = p(z) + zp(z), z € U and (13) becomes

Fyu(p(2) +2p'(2)) < Byuwyh(z), zelU.

Using Lemma 3, we have

F <TF U, ie, E Lif@) _ ¢ u
puP(z) < Fanq(z), zeU, ie, Fumpu < Fyu)q(z), z€U.
We have obtained that L
ajzf(z) <rq(z), zelU
O

Corollary 1. Let h(z) = % a convex function in U, 0 < B < 1. Ifa > 0, m,n € N,
f € Ay, and verifies the fuzzy differential subordination

Eupyan (LUF(2) < Fuh(z), e, (L1f(2) <7 h(z), zel, (14)
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then

LZ[f(Z) < Fq(U)q(Z)' i.e., 7LZZ'£(Z) <

Frppaun =

where q is given by q(z) =2 —1+ 2(11@ o tl”H dt, z € U. The function q is convex and it is
nzn

the fuzzy best dominant.

Proof. We have (z) = Z8=12 with h(0) = 1, W'(z) = —21=B) and K'(z) = 21=B)

T+z (142) T (142
1—pcosB—ipsin @ 1—p? 1
therefore Re( (()) —|—1) Re(1+z) = Re(1+z2329+§£2$9) = 1+2pco€9+p2 >0>—5.
Following the same steps as in the proof of Theorem 5 and considering p(z) = %(z),
the fuzzy differential subordination (14) becomes
Fropuy (p(2) +2p'(2)) < Fyuyh(z), zeU.
By using Lemma 2 for v = 1, we have F,;yp(z) < Fy1)q(2), ie.,
Ly f(z
FLzﬂu)i“é( ) < Eyuq(2)
and 1 gz
1) = — [ h(e)esdt =
nzn J0
1
1 /71 31+ (281 2(1— zpu!
—1/ gl @Bty g g 20=P) / P e
nzﬁ.o 1+t nzn JO 1+t
O
1-2z — Nz) = —=2 Mgy — 4
Example 2. Let h(z) = 1+Z 2 withh(0) =1, (z) = Lre? and h"(z) = T
n'( _ _ 1-pcosf—ipsinf\ _ 1—p? 1
As Re(z 2 1) = Re(12) = Re(Eesgrbsnt) = 5t > 0> —, the

function h is convex in U.
Let f(z) = z+z%z € U. Forn =1, m = 1, & = 2, we obtain LIf(z) = —R'f(z) +

251f(z) = —z2f'(2) + 22f'(2) = 2f'(2) = z + 222 Then, (LLf(2))" = 1+ 4z and @ =
1+ 2z

We have q(z) = 1 [§ THdt = =1+ zm(l“)

Using Theorem 5 we obtain

1—
1+4Z‘<‘75ﬁ, ZEU,

induces i1
1422 <7 —1+¥, ze .

Theorem 6. Define the function h(z) = g(z) + z¢'(z), z € U, using g a convex function in U
with g(0) = 1. If a function f € A, satisfies

Fme ( Lm+lf( )) S Fh(U)h(Z)/ i.e‘, <ZLgl+1f(Z)> _<]_. h(Z), z u (15)

L f(z) L f(z)
for o« > 0and m,n € N, then we obtain the sharp fuzzy differential subordination
Lyt f(z) Lyt f(z)

Fme(u W < g(u)g(z>, i.e., LZZf(Z) <F g(Z), z € U.

Proof. For f € Ay, f(z) =z+ 12, 1 ajz/ we have
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Lif(2) =2+ 52 (" + (1 —)Cl, Jazl, z € U.
Consider

B LZ"Hf( ) Z+Z n+1( ] +l+( )C;er_]l> ij
p(z) = Lrf(z) , im 4 (1 — g)CM 2
) B (zx] +(1—-a) m+]—1>a]Z

thJrl 4 m ’ .
We have p'(z) = % — p(z) - LB and we obtain p(z) +z - p/(z) =
(zL;"“f(Z))'
Lifz) ) -

Relation (15) becomes

Fyu) (p(2) +20'(2)) < Fyuh(z) = Fyuy (8(2) +28'(2)), z € UL

By using Lemma 3, we have

. Lm+1 ( )
F,anp(z) < Fqu8(z), z€ U, ie, Frmpqy W < Fuglz), zel.
We obtain “p
Ly f(z
——— <rg(z), ze U
e F 8(2)
O

Theorem 7. Given a convex function g with g(0) = 1, define function h(z) = g(z) + z¢'(z),
z e U.
If we take « > 0 and m,n € N and a function f € A, satisfying

FLg‘f(U) <(LZ1Hf(z))/ N (1 —a)zzilef(Z))//> < ph(u)h(z), ie.,

(i) + LY@ e e, (16)

m+1
then the sharp fuzzy differential subordination results

Eppran LGN < Fung(2), e, LI <£ g(), zeU.
Proof. Using the definition of operator L}, we get
Lyt f(z) = (1 —a)R"™ f(z) + aS" T f(z), ze UL (17)

Using this result in (16), we obtain

FLI{’f(LI) (((1 _ Dc)Rm_Hf(Z) +zx5m+1f(z))' n (1 — R)T:/IZ_('—lef(Z))”) < Fh(u)h(z), ze U,

which can be easily transformed into

Fopp (1= @) (R™F(2)) +a(57f(2)) +2((1 = ) (R"f(2))" + (5" £(2))") ) < Fyuyl(2), 2 € UL
Let

p(z) = (1 —a)(R"f(2)) +a(8"f(2)) = (L{f(2)) (18)

—14 Y (/"1 + (L= @)iCh oy )2t =14 puz” + paa 2™ 4
j=n+1

We deduce that p € H[1,n].
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Using the notation in (18), the fuzzy differential subordination becomes
Fywy (P(2) +29'(2)) < Fyunh(z) = Fu (8(2) +28'(2))-
By using Lemma 3, we have
Fyanp(z) < Founglz), ze U, ie, Fpru(Lif(2)) < Fug(z), z€ U,

and this result is sharp. [

Theorem 8. Let h be a convex function of order —} which satisfies h(0) = 1. If a function f € Ay

satisfies
s ((L;”“f (2)), +8 _a)nr:zzierHf(Z)) ) < Buuh(z), ie.,

(re7s(2)) + (=PRI o, z e (19)

for o > 0and m,n € N, then the fuzzy differential subordination can be written as

Frppun (LY f(2)" < Fyud(2), e, (LY f(2)) <7 4(2), z€U,

with q(z) = ML% IS h(t)t%’ldt being convex and the best fuzzy dominant.

Proof. As his a convex function of order — %, Lemma 1 can be applied and we have that
q(z) = ¢ foz h( t)t%_ldt is a convex function and verifies the differential equation asso-
nzn

ciated to the fuzzy differential subordination (19) g(z) + z4'(z) = h(z), therefore it is the
fuzzy best dominant.

Using the properties of operator L and considering p(z) = (L f(z))’, we obtain

(L?Jrlf(z))/ + (1- “)MZ(Rmf(Z>)//

— =p(z) +zp'(z), z € U.

Then, (19) becomes

Eyu) (p(2) +2p'(2)) < Byuyh(z), z € U

As p € H[1,n], using Lemma 3, we deduce

Fp(u)p(z) < Fq(U)q(Z)f zel, ie, FLZ’f(U)(LZlf(Z))/ < Fq(ll)q(z)/ z e U.
We have obtained

(L"f(2)) <7 q(z), z€ U.
O

Corollary 2. Consider the special case when using the convex function h(z) = %
0<B<1

Ifa >0,m,n €N, f € A, and satisfies the differential subordination

, where

FL,;”f(LI) ([Lgd-i-lf(z)]/ + (1 — UC)WHZZ_(._lef(Z)) > < Fh(u)h(z)/ ie.

)+ SN ne, zeu, (20)
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then
Fip oy (LY f(2) < Fyuna(2), e, (LY f(2)) <7 q(2), z€ U,

where q is given by q(z) =2p — 1+ 20 ﬁ) fz tl"H dt, for z € U. The function q is convex and it

is the fuzzy best dominant.

Proof. Following the same argumentation as for the proof of Theorem 7 and taking p(z) =
(L f(z)), the fuzzy differential subordination (20) becomes

Fyuy(p(2) +2p'(2)) < Fyuph(z), z€ U.

By using Lemma 2 for 7y = 1, we have F,;yp(z) < Fy1)q(2), ie

F(quf)/(u)(L,Tf(z))’ < Fq(LI)‘?(Z)/ ie, (L?f(z))/ <r4q(z), z€l,

1_ 1_114(2p-1)t n
and q(z) = L [ £ ldt = “rf g1 @D g — g 1 %@ St e
U. D
Example 3. Let h(z) = T a convex function in U with h(0) = 1 and Re( ) -1
(see Example 2).

Let f(z) =z+2z%,z€ U Forn=1,m =1, and « = 2, we obtain LY f(z) = zf'(z) =

z+22%and (LY f(2)) = 1+ 4z. Wealso obtain (L' f(2)) + % = (L3f(2)) -

Z(le(z>)” (24 Z) _xze?)

Wehaveq( ) =15 dt = 1+w.

Using Theorem 8 we obtain

1-2z
1
<r 112 ze U,
induce
2In(1 +2)

Ltdz <7 14 =———, zel.

3. Conclusions

Further studies on the newly introduced class can be conducted for obtaining results
that give coefficient estimates, distortion theorems, or closure theorems, as it is usual
in geometric function theory. Furthermore, the way this class is introduced can inspire
research for introducing other interesting fuzzy classes and studying their properties. The
limit imposed on é € (0, 1] could be further investigated so that other possible values of &
for correct definitions of fuzzy classes could be found.
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