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1. Introduction and Preliminaries

Let (X1, 4, p11) and (X2, (), 42) be measure spaces with positive o-finite measures.
For a measurable function f: () — R, let Ay denote the linear operator

/kxt

where k : ()1 x (3 — R is measurable and non-negative kernel with

Aif(x) Hdus(t), (1)

0 < K(x /kxtdyz) x € 0)y. )

The following result was given in [1] (see also [2]), where u is a positive function
on ().

Theorem 1. Let u be a weight function, k(x,y) > 0. Assume that klg’(cxy)) u(x) is locally integrable
on Q) for each fixed y € Q). Define v by

K(x) x)dup(x) < oo. 3)

If ¢ is a convex function on the interval I C R, then the inequality
/ o(f

holds for all measurable functions f : Qp — R, such that Imf C I, where Ay is defined by
(1) and (2).

[ eta @t x o(y)dpa(y) @
M
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Inequality (4) is generalization of Hardy’s inequality. G. H. Hardy [3] stated and
proved that the inequality

YR p .
O/(io/f(t)dt) dx < (ﬂ)po/fp(x) dx, p > 1, 5)

holds for all f non-negative functions such that f € LP (R4 ) and R4 = (0, 00). The constant

(%1) Pis sharp. More details about Hardy’s inequality can be found in [4,5].

Inequality (5) can be interpreted as the Hardy operator H : Hf(x) := 1 [ f(t)dt,

Ot—x

P
p=
In this paper, we consider the difference both sides of the generalized Hardy’s

inequality

maps L? into L? with the operator norm p =

/ PUF))o(v)dna(y / P(AF () (¥)dp (x)

and obtain new inequahtles that hold for n-convex functions.

Now, we recall n—convex functions. There are two parallel notations. First, is given
by E. Hopf in 1926 and second by T. Popoviciu in 1934. E. Hopf defined that the function
f is n—convex if difference [x, ..., X, 41, f] is nonnegative. The ordinary convex function
is 1-convex. For more details see [6]. In the second definition f : [, ] — R is n-convex
n > 0, if its n-th order divided differences [x, ..., x; f| are nonnegative for all choices of
(n+ 1) distinct points x; € [, B]. By second definition 0-convex function is nonnegative,
1-convex function is non-decreasing and 2-convex function is convex in the usual sense. If
an n-convex function is #n times differentiable, then (/)(") > 0. (see [7]).

An important role in the paper will be played by Abel-Gontscharoff interpolation,
which was first studied by Whittaker [8], and later by Gontscharoff [9] and Davis [10]. The
Abel-Gontscharoff interpolation for two points and the remainder in the integral form is
given in the following theorem (for more details see [11]).

Theorem 2. Letn,m € Nyn>2,0<m<n—1and $ € C"([a,B]). Then

¢(u) = Qu-1(a, B, ¢, u) + R(¢p,u),

where Q,,_1 is the Abel-Gontscharoff interpolating polynomial for two-points of degree n — 1, i.e.,

%1wﬁ¢u::2 %) 56 (a)

5=0

n—m—2|( r (M_lx)erlJrS(a_ﬁ)rfs . .
; L;l) (m+1+s)!l(r—s)! ]‘P( ()

and the remainder is given by

Rigw) = /j Goun (1, )™ (8)t,

where Gy, (u,t) is Green’s function defined by

(" -t

1 =
Gmn(u/ t) =71y ’ Onfl

ST ("N wsisp

s=m+1 s

~

(6)
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Remark 1. For o < t,u < f the following inequalities hold

S
(—1)"—5%2@ m+1<s<n-—1

2. Generalizations of Hardy’s Inequality

Our first result is an identity related to generalized Hardy’s inequality. We apply
interpolation by the Abel-Gontscharoff polynomial and get the following result.

Theorem 3. Let (X1, ), 1) and (Xa, O, o) be measure spaces with positive o-finite measures.
Let u : Oy — R, be a weight function and v is defined by (3). Let Ayf(x),K(x) be defined by
(1) and (2) respectively, for a measurable function f: Qp — [a,B] and let n,m € N, n > 2,
0<m<n-—1,¢ e C"([,B]) and Gy, be defined by (6). Then

[ et wnemna(y / P(ARS () ()t (x) )

(s)
-y C‘/ ()= ls)iats)— [t >—a>5u<x>dm<x>)

2

n-m- r r—s r—s g (m-+14r)
X Z s Q}/ @)™ 50 (y)dpa (y)

- (A - 0™ a0
(O}

+ / Q/ G (1), 0(0)dpaly / G (A4 (3), (5 () ) ()
Proof. Using Theorem 2 we can represent every function ¢ € C"([a, B]) in the form
m
Z
"y [Z ua) (1) >1 S ()
s=0

S

) () 8

+ = (m+14s)!(r—s)!
B
+/Gmn(u,t)4>(”)(t)dt.
14
By an easy calculation, applying (8) in f o(f y)dua(y f P(Axf (x))u(x)dp (x),

we get

m - (s)
S (ﬁ/ ()~ & ew)iav) — [ (Axf(x) ~ o) u(x)d <x>)

/) M
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_1\r—s r 9 (m+1+r)
T Sl Y S o el Q/ )"0y ()

/ x)dpa ( ))dﬂz / x)dp (x)

_ / Ii% (ﬁ k(x,y)duz(y)) dpy (x) — / u(x)dp (x)
_ / X)dpn (x) ~ [ u(x)dp (x) = 0

M

the summand for s = 0 in the first sum on the right hand side is equal to zero, so (7)
follows. O

We continue with the following result.

Theorem 4. Let all the assumptions of Theorem 3 hold, let ¢ be n-convex on [, B] and

Q/ Gonn (AR (3), Du(x)dpn (x / Gon (FW), )0 da(y), L€ Bl ©)
Then |
o) - [ (s )tz (10
2 0]
> 3 90 (ﬁ/ () ~ & oy)dpaly) — [ (Axf () ) ulx)ep <x>)
5 : J
= 20 ZS_ZO L gt <1/ (F() — &) 150 (y)dpa(y)

- [ (A =" )
Q

If the reverse inequality in (9) holds, then the reverse inequality in (10) holds.

Proof. We assumed that ¢ € C"([«, f]) is n-convex, so (™) > 0 on [a, B]. We apply
Theorem 3 and (10). O
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Remark 2. Notice that for n = 2 and 0 < m < 1 the function Gy, (-, t), t € [, B] is convex on
[, B]. Therefore the assumption (9) is satisfied and then the inequality (10) holds. For an arbitrary
n>3and 0 < m <1, we use Remark 1, i.e., we consider the following inequality:

2 0?Gn(u, t)
_1\n 2 mn 7 >
()" — = =0

Wuw conclude that the convexity of Gy (-, t) depends of a parity of n. If n is even, then azcm% >0
i.e., Gmn (-, t) is convex and assumption (9) is satisfied. Also, the inequality (10) holds. For odd n
we get the reverse inequality. For all other choices, the following generalization holds.

7

Theorem 5. Suppose that all assumptions of Theorem 1 hold. Additionally, let n,m € N, n > 3,
2<m<n-—1and ¢ € C"([a, B]) be n-convex.

(i) Ifn—mis odd, then the inequality (10) holds.
(ii) If n — mis even, then the reverse inequality in (10) holds.

Proof.
(i) By Remark 1, the following inequality holds

—m—10°Gn (u, t
(—1)n—m 1#)20, a<ut<pB.

In case n — mis odd (n — m — 1 is even), we have

aszn(u, £)
T ol
ou? =0,

ie., Gun(-, t), t € [, B], is convex on [«, B]. Then by Theorem 1 we have
[ 10 G (Aif (), ) (x </ )G (F(4), D2 (),
M

i.e., the assumption (9) is satisfied. By applying Theorem 4 we get (10).
(i) Similarly, if n — m is even, then G, (-, t),t € [&, B] is concave on [, B], so the reversed
inequality in (9) holds and, hence, in (10) as well.
O

Theorem 6. Suppose that all assumptions of Theorem 1 hold and let n,m € N, n > 2,
0<m<n-—1,¢ € C"([w, B]) be n-convex and F : [, B] — R be defined by

Z
_ (X)r—s

i i rr:—l— 1 —|—(sﬁ N(r — s)!q’(mHH)(ﬂ)(t —a)"

(t—a)® (11)

(i) If(10) holds and F is convex, then the inequality (4) holds.
(ii)  If the reverse of (10) holds and F is concave, then the reverse inequality (4) holds.

Proof.
(i) Let (10) holds. If F is convex, then by Theorem 1 we have

[oWF(FW)draty) — [ wx)F(AF ) (x) = 0

(9] M
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which, changing the order of summation, can be written in form

o p(8) (
L (ﬁ/ (F(y) = &) o(y)dpa(y) - / (Acf(x) w)su(x)dm(X)> T

s=1

r— 9 m+1+r m s
2 2 - (m+1+s r s) <n/ o (y)dPlZ(y)

2

~ [ (Anf) = )" (g (o)
M
> 0.

We conclude that the right-hand side of (10) is nonnegative and the inequality
(4) follows.
(ii) Similar to (i) case.
O

Remark 3. Note that the function t — (t — a)? is convex on [a, B] foreach p =2,..,n—1,i.e.,

[ o) (F@) =P dualy) = [ u(x)(Af (x) =) dm(x) > 0,

(9] M

foreachp =2,..,n—1.

(i) If(10) holds, (p(S)(oc) >0fors=0,..mand (—1)’_54)(”’““)(,8) >0fors=0,..,rand
r=0,...,n —m — 2 then the right hand side of (10) is non-negative, i.e., the inequality (4)
holds.

(i) If the reverse of (10) holds, ¢) (&) < 0 for s = 0,...,m and (—1) 5" +1+s)(B) < 0 for
s =0,.,randr = 0,..,n —m — 2, then the right hand side of (10) is negative, i.e., the
reverse inequality in (4) holds.

3. Upper Bound for Generalized Hardy’s Inequality

The following estimations for Hardy’s difference is given in the previous section,
under special conditions in Theorem 6 and Remark 3.

[ et dualy / P(AF () (¥)dp (x)
9]

5w

S

(ﬁ/ (F(y) = @)o(w)dpa(y) - / (Auf (x) = ) u(x)dpy (x))

2

s=1

n—m—2 r
—1)—s r s m+1+r m
+ ;0 S;O( ey ((f B} &/ u(y)dpa(y)

r

- [ (Anf) =y udn )
M
>0
In this section, we present upper bounds for obtained generalization. We recall

recent results related to the Chebyshev functional. For two Lebesgue integrable functions
g,h: [a,b] — R we consider the Chebyshev functional.
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B
h(t

B
T(gh) = 5 [ 8O

With -], 1 < p < o, we denote the usual Lebesgue norms on space Ly[a, b].
In [12] authors proved the following theorems.

—Oé
o

Theorem 7. Let g : &, B] — R be a Lebesque integrable function and h : [«, ] — R be an
absolutely continuous function with (- — a)(b — -)[I']*> € L|w, B]. Then we have the inequality
1
T(g )| < —=[T(s8)]

B 2
% \//;Ta ( / (x—a)(p— x)[h’(x)]zdx) . (12)

The constant % in (12) is the best possible.

Nl—

Theorem 8. Assume that h : [, B| — R is monotonic nondecreasing on [, B] and g : [, B] — R
is absolutely continuous with §' € Leo[w, B]. Then we have the inequality

B
|N&hns2@{aﬂw’wa—wxﬁ—xMMﬂ. 13)

The constant % in (13) is the best possible.

Under assumptions of Theorem 3 we define the function £ : [«, ] — R by
L) = [oW)Gun(F), O (y) = [ u(0)Gun(Af(x), (). (14)
Qz Ql
The Chebyshev functional is defined by
T(L, L) = — /ﬁ £2(t)dt ( ! /'3 £(t)dt>2
Sy B—al '
Theorem 9. Suppose that all the assumptions of Theorem 3 hold. Also, let (- — a)(B — ) (¢p{"+1))2
€ Li[a, B] and L be defined as in (14). Then the following identity holds:

[ el @)emdna(y) /¢Au u(x)dgi (¥) (15)

m o) (n
=2¢(>QU@—WQMMM—ﬂMﬂ%%WWWWO

2

n—m-2 _1\r—s )i m+1+r m
+ ) ) CE (‘f B} <7/ o o(y)dpa(y)

- [ (s ) = " o)
M
+¢“W@:f“%@

/jc(t)dHR(a,ﬁ;(p),
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where the remainder R(w, B; ¢) satisfies the estimation

R(a, B9)] < /B2 m(e )} /f(t—zx)(/s—t>[¢<"+“<t>}2dt\2.

Proof. Applying Theorem 7 for ¢ — £ and it — ¢(") we get

/ﬁc(yp()()azt—L/l3 £)dt - —/4; )t

‘3—06 % :B_
< oo [fe-aE-n[p ] 4 \ .

Therefore, we have

[ £ty (yat = 9”("_”(‘2:?"_”(“) [ £wat + Ria B4),

where the remainder R(w, B; ¢) satisfies the estimation. Now from the identity (7) we
obtain (15). O

The following Griiss type inequality also holds.

Theorem 10. Suppose that all the assumptions of Theorem 3 hold. Let ¢("*1) > 0 on [w, B] and L
be defined as in (14). Then the identity (15) holds and the remainder R(¢; a, b) satisfies the bound

(n—1) (n—1) (n—2) _ p(n=2)
IR(w,ﬁ;qb)ISHC'Hoo{¢ e (ﬁ;_f (“)}' (16)

Proof. By applying Theorem 8 for ¢ — £ and h — ¢") we obtain

ﬁ_a/fﬁ(t)cp( )(t)dt—ﬁi/ﬁﬁ( dti/ ¢ dt' (17)

= z(/sl—a)’ Ll ./f(t —a)(B— 1)tV (¢)dt.

Since

[ =)= 09 0t = (i~ @l (a1
= (B—a) [ (B) + ¢V (w) | —2(¢" 2 (B) — 9D (w),
using the identities (7) and (17) we deduce (16). O

We continue with the following result that is an upper bound for generalized Hardy’s
inequality.

Theorem 11. Suppose that all the assumptions of Theorem 3 hold. Let (p, q) be a pair of conjugate
exponents, thatis 1 < p,q < oo, % + % = 1. Then
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L/qb(f(y)) (y)dp2(y /4> Arf(x))u(x)duy (x) (18)
m () (o
—5214) S!( )(ﬂ/(f(y)—a)s (y)duz(y)—/(Akf( )—Dé)su(x)dyl(x)>
n-Jn-2 r—s r s m+1+r
B 1;) S;) = (n(f&-l-&-s (f 9! <1/ )" 5 (y)dus (y)

(A - a)m““u(x)dm(x)) ‘

M

<o

p(/jL/”(WGM Hdjialy / ) G (A (x), Ddj (x)

9\ 7
dt>.
2 1

The constant on the right-hand side of (18) is sharp for 1 < p < oo and the best possible for
p=1

Proof. We apply the Holder inequality to the identity (7) and get

L Pty / PO () )
o Y)pa(y) - / (Aef(x) - a)ulx )dm(x))

s=1

n—m-2 r s m+1+r

2 2 m+1+s (f B) g]/ ) — ) o(y)duz(y)

r=0 s=0

/ ARf(x) - )" o wl(x))‘
O

0(y)Gun (f (y), t)dp2(y) —/“(x)Gmn(Akf(X),t)dﬂl(X))¢(”)(t)df

2 o)
p(/j|]-'(t)th)q

where F(t) is defined as in (14).
The proof of the sharpness is analog to one in proof of Theorem 11 in [13]. O

<o

We continue with a particular case of Green’s function Gy, (u, t) defined by (6). For
n=2,m=1,wehave
u—t, a<t<u
G (u,t) = , (20)
0, u<t<p

If we choose n = 2 and m = 1 in Theorem 11, we get the following corollary.

Corollary 1. Let ¢ € C?([a, B]) and (p, q) be a pair of conjugate exponents, thatis 1 < p,q < oo,
Lyl — 1 Then
p o q
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L¢Umw sy /¢Auw u(x)dp (x) el)

1
q q
dt> |

The constant on the right hand side of (21) is sharp for 1 < p < co and the best possible for
p=1L1

< ||4’”||p(/jL/U(y)Glz(f(y)/f)dﬂz(y) - /u(x)Glz(Akf(x)rt)dﬂl(x)

2 M

Remark 4. If we additionally suppose that ¢ is convex, then the difference [ ¢(f(y))v(y)duz(y) —
(93]

[ ¢(Axf(x))u(x)dpur (x) is non-negative and we have

M
0< [ plfw)ew)n(y) /¢Au w(x)dps () (22)
M
B T\
§||4>”H,,(/a L/v(y)Gu(f t)dpa (y / X)Gro(Arf (x), )dpy (x) dt) .

In sequel we consider some particular cases of this result.

Example 1. Let Q1 = () = (0,b), 0 < b < oo, replace dyy(x) and duy(y) by the Lebesque
measures dx and dy, respectively, and let k(x,y) = 0 for x < y < b. Then Ay, coincides with the
Hardy operator Hy. defined by

X

/f k(x, ) (23)

0

Hy : Hif(x

where
X

K(x) = /k(x,t) dt < co.

0
If also u(x) is replaced by u(x)/x and v(x) by v(x)/x, then

b b
0= [ome(re) Y ~ [umotEfn=
0 0

< Hgv"np( /[

Example 2. By arquing as in Example 1 but Q1 = Qp = (b,0), 0 < b < co and with kernels
such that k(x,y) = 0 for b <y < x we obtain the following result

b
/ y)Gia(f f)c;y —/”(x)Glz(ka(x)r )—
0

0
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0= [owom ™ - [oEf)um % en
b b

y X
9\
< rrqo"up( [ dt) |

where the dual Hardy operator Hi f is defined by
/ y)dy, (25)

[ee)

dy T d
/ )Gua(f(y), )= — / u(x)Gra(Hef (x), t H=
y b

X
b

Hif(x

where K(x) = [k(x,y)dy < oo.

R%S

We continue with the following Example.

Example 3. Let Q1 = Oy = (0,00) and k(x,y) =1,0 <y < x, k(x,y) =0, y > x, duy (x) =
dx, dus(y) = dy and u(x) = 1 (so that v(y) = %) we obtain the following result

< [otr) Y- [ oo
0 0

B
< ||¢"u,,( a

where Ay, is defined by

q 1

q
dx dt)
X

O/Glz(f(y),t)c;y —O/Glz(Akf(x)/f)

Afx) = ¢ [ Fw)ay

0

Example 4. By arquing as in Example 3 but only with ¢(x) = xP, [T, (p +1—1i) > 0 we
obtain the following result

0 S x p
ogoffwx)dj—o/(}co/f(t)dt) ax

9\ 7
/! ‘B
< l¢ Hp(. ) df)

We continue with the result that involves Hardy—Hilbert’s inequality.
If p > 1 and f is a non-negative function such that f € L¥(R), then

o [ © P
o) o

Inequality (26) is sometimes called Hilbert’s inequality even if Hilbert himself only
considered the case p = 2.

[ertrn2 - [eataswswn®
0 0

X
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Example 5. Let Q1 = Q) = (0, 00), replace duy (x) and duy(y) by the Lebesque measures dx and

dy, respectively. Let k(x,y) = (%x);;/p, p>land u(x) = L. Then K(x) =K = W and
v(y) = % Let p(u) = uP, [T (p —i+1) > 0, replace f(y) with f(y)y% then the following

result follows

0 0

<P”Hp( f 7G12<f( y’“ t)—/Gu Axf(x), )
0

sin(/p) [ f(y) 1
T ; xX+y

< ]ofp(y)dy —K7? 7 (7 fg)ydy) pdx
0

=

q

where

Apf(x) = dy.

We also mention Pélya—Knopp's inequality,

7exp (91( /xlnf(t) dt) dx < e]of(x) dax, (27)
0 0 0

for positive functions f € L!(R;). Pélya—Knopp’s inequality may be considered as a
limiting case of Hardy’s inequality since (27) can be obtained from (5) by rewriting it with

1
the function f replaced with f7 and then by letting p — oo.

Example 6. By applying (22) with ¢p(x) = e*, and f replaced by In f?, p > 0 we obtain that
) P
< P( _
0 / o)) Q/ [exP (m) Q/ K(x,) lnf(y)dﬂz(y))] u(x)dp (x) (28)
2

1
9\ 7
dt)

< [l¢"[l, (/fL/U(y)Glz(lnfp(y)ff)dﬂz(y) - /“(x)Glz(Akf(x)ff)dﬂl(x)

2 M

where k(x,y), K(x), u(x) and v(y) are defined as in Theorem 1 and

Aef(x) = % Q/ K(x,y) In f(y)dpa(y).

At the end, we give interesting application.
Using (10), under the assumptions of Theorem 4, we define the linear functional
A:C"([a,B]) = Rby
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Alg) = / P(F())o(y)dpa(y / P(ARf (x))u(x)dp (x)

ml‘” “o(y)dpa(y) - / (Axf () = &) u(x)dp ()
n—m-2 2 V s m+1+r
Z Z m+1+s r s) Q/ m+1+s (y)dPQ(y)
r=0 s=0
Akf m+l+s ( )d“l/ll
O

If ¢ € C"([a, B]) is n-convex, then A(¢) > 0 by Theorem 4. Using the positivity and the
linearity of functional A we can get corresponding mean-value theorems. We may also
obtain new classes of exponentially convex functions and get new means of the Cauchy
type applying the same method as given in [14-21].
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