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Abstract: In this work, we study variational problems with time delay and higher-order distributed-
order fractional derivatives dealing with a new fractional operator. This fractional derivative com-
bines two known operators: distributed-order derivatives and derivatives with respect to another
function. The main results of this paper are necessary and sufficient optimality conditions for differ-
ent types of variational problems. Since we are dealing with generalized fractional derivatives, from
this work, some well-known results can be obtained as particular cases.
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Fractional calculus is a mathematical area that deals with the generalization of the
classical notions of derivative and integral to a noninteger order. This fascinating theory
has attracted the interest of the scientific community over the last few decades due to the
fact that it is a powerful tool to deal with the dynamics of complex systems. Its importance
is notable not only in Mathematics but also in Physics [1], Chemistry [2], Biology [3],
Epidemiology [4], Control Theory [5], etc. (for completeness, we also point out that partial
differential equations from classical calculus properly fit in the modeling of real problems;
see, for instance, Refs. [6-8] for models from mathematical biology).

Since the beginning of the fractional calculus in 1695, numerous definitions of frac-
tional integrals and derivatives were introduced by important mathematicians such as

Published: 15 July 2021 Leibniz, Euler, Fourier, Liouville, Riemann, Letnikov, etc. Many of these fractional deriva-

tives can be related between them by an explicit formula [9,10]. Later on, in 1969, Caputo
introduced the distributed-order fractional integrals and derivatives [11,12]. These opera-
tors can be seen as a new kind of generalization of the classical fractional operators, since
these operators involve a weighted integral of different orders of differentiation. Another
way that allows a generalization of the classical fractional operators is considering the
notions of fractional integrals and derivatives with respect to another function [9,13,14].

The specificity of fractional calculus that can be considered the cause of its success in
applications to real world problems is that the large number of fractional operators allows
researchers to choose the most suitable one to model the problem under investigation.

In the recent paper [15], the authors introduced new notions of fractional derivatives
combining the distributed-order derivatives and fractional derivatives with respect to an
arbitrary smooth function, creating a new type of derivatives: distributed-order fractional
derivatives with arbitrary kernels. In this paper, we are going to deal with these kinds
of generalized fractional derivatives in order to study different types of problems of the
calculus of variations.
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The fractional calculus of variations was initiated by Riewe in 1996 [16,17] with the
deduction of the Euler-Lagrange equation for problems where the Lagrangian depends
on Riemann-Liouville fractional derivatives in order to deal with linear non-conservative
forces. Since then, several authors have developed the fractional calculus of variations
considering different types of fractional derivatives and different types of variational
problems (see, e.g., [18-23] and references therein). For more details on fractional calculus
of variations, we refer to the books [24-26].

It is well known that, in real world problems, delays are important to model certain
processes and dynamical systems [22,27,28]. However, there are still few works in the
literature dedicated to the fractional calculus of variations with time delay. To fill this
gap, we will study in this paper time-delayed variational problems involving distributed-
order fractional derivatives with arbitrary smooth kernels. We will also study variational
problems involving higher-order distributed-order fractional derivatives with arbitrary
smooth kernels.

The paper is organized as follows: in Section 2, we recall the new concepts of
distributed-order fractional derivatives with respect to another function recently intro-
duced in [15] and then we proceed with the extension to the higher-order case. We finalize
Section 2 with the proof of the integration by parts formulae involving the higher-order
distributed-order fractional derivatives with arbitrary smooth kernels. Section 3 is devoted
to the main results of this paper: necessary and sufficient optimality conditions for varia-
tional problems with time delay and higher-order distributed-order fractional derivatives
with arbitrary smooth kernels. In Section 4, we present three examples that illustrate the
applicability of some of our main results. We finalize the paper with concluding remarks
and also mentioning some possibilities for future research.

2. Preliminaries and Notations

We assume that the reader is familiar with the definitions and properties of the Riemann-—
Liouville and Caputo fractional operators with respect to another function (cf. [9,13], resp.).

In this paper, we consider variational problems involving the new concepts of distributed-
order fractional derivatives with respect to an arbitrary smooth kernel recently introduced
in [15]. For the reader’s convenience, we recall here the definitions introduced in [15].

Let ¢ : [0,1] — [0,1] be a continuous function such that

/01 ¢(a)da > 0.

Definition 1 ([15]). Let x : [a,b] — R be an integrable function and ¢ € C'([a,b],R) be an
increasing function such that ¢'(t) # 0, for all t € [a, b]. The left and right Riemann—Liouville
distributed-order fractional derivatives of a function x with respect to  are defined by:

1 "1
DY k(1) = /0 p()D ¥ x(t)da and DI Vx(t) = /O $(2)D Y x(t)da,

where Dglp and Dgfp are the left and right {-Riemann—Liouville fractional derivatives of order w,
respectively.

Definition 2 ([15]). Let x,¢ € C'([a,b],R) be two functions such that  is increasing and
Y'(t) #£0, forall t € [a,b]. The left and right Caputo distributed-order fractional derivatives of x
with respect to 1 are defined by

1
Cfo)’wx(t) = /

1
A 4)(0()CDZ’fx(t)da and CDZ)E“)’IPx(t) ::/0 ¢(a)CDZipx(t)doc,

where CDZf and CDZip are the left and right y-Caputo fractional derivatives of order «, respectively.
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Now, we will extend the definitions introduced in [15] to the higher-order case.
In the following, we assume that n € Nand ¢ : [n —1,n] — [0,1] is a continuous
function such that

/nn ¢(a)da > 0.

-1
To the best of our knowledge, this is the first work that deals with higher-order
distributed-order fractional derivatives.

Definition 3. Let x : [a,b] — R be an integrable function and ¢ € C"([a, b],R) be an increasing
function such that ¢'(t) # 0, for all t € [a, b]. The left and right Riemann—Liouville distributed-
order fractional derivatives of a function x with respect to the kernel i are defined by:

n

n
DYV x(t) = /n 9D x()dn and DYV x(t) = / o()D Y x(t)da,

n—1

where DZ;” and DZ’,‘IJ are the left and right y-Riemann—Liouville fractional derivatives of order
a € [n—1,n], respectively.

Definition 4. Let x, ¢ € C"([a, b], R) be two functions such that i is increasing and ¢’ (t) # 0,
forall t € [a,b]. The left and right Caputo distributed-order fractional derivatives of x with respect
to i are defined by

CDfJ(f)’wx(t) = /n_l 4)(0()CDZ’fx(t)da and CDfE“)’wx(t) ::/ (p(oc)CDZipx(t)doc,

n—1

where CDZ(’ff and CDZip are the left and right -Caputo fractional derivatives of order x € [n —1,n],
respectively.

In the following, we use the notations

n n
IV (h) = / 1¢(a)13;“f¢x(t)da and T "WVx(t) = / 1¢(a)lgj“'¢x(t)da,

where IZ;“'lp and IZ:MP are, respectively, the left and right Riemann-Liouville fractional
integrals of order n — & with respect to the kernel ¢. In addition, we fix two functions ¢
and ¢ satisfying the assumptions above. In order to simplify notation, we will use the

abbreviated symbol
B0 = () 0
v\ ar '
Next, we prove the integration by parts formulae, which are fundamental tools for
the proofs of our main results. In our previous work, we proved a similar result when
the fractional order is between 0 and 1 [15] [Theorem 3.1]. In this paper, we present

a generalization of such result for the case when function ¢ is defined on the interval
[n—1,n].

Theorem 1 (Integration by parts formulae). Let x : [a,b] — R be a continuous function and
y € C"([a,b],R). Then,

[ xoeof P ywa = [ (0 2y o

i -1d (@) X)) \ n—k—1] t=b
" llgn(l/]'(f)df) (I” 1p'(t))~‘/¢ (f)]
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and

’ (®), _ M pr@ex®) N
[t rywar = [ (DHO Sy o
1

e k t=b
k(LN (gt X k] ] _
" L_Zo( rgma) (5 ) o

Proof. Using the definition of the left -Caputo distributed-order fractional derivative,
we have

[ ot y( )it = / ") [ o DAy 1)

B / /n 1 F (n—a) t< '1( )ny S e dsdu e
_/ /n 1 F (n—a) t< 1(5 ;S>y” i )T e
" Jua F((fz(i)oc) / x(®) |, el

Applying Dirichlet’s formula, we get

/n 1T (n—a) / / 357 n 1] —(s))" " dsdt da

- n—1 F((fl(i)tx) ab ;Sy[n 1]( )/5 x(t) (lp(t) - w(s))niaildtds du.

Us) - (p(t) = p(s)"~*dsdt da.

Integrating by parts, we have
b d e b o
Ja %y%, 1]<5)/s x()((t) —9(s))" " dt ds

= [ [ x0wo - peyar e )L .

= [ ([ o - oy ar)as

= [ 0w - gyt )| B

S=a

[ () ([ 500 - perar) - ks

Using integration by parts in the last integral, we obtain

/b<4»_<1;) ( [ =0 —pe ) -l o

)

_ [(lp‘(l)d) ([ xttwte —piey=tar) - o)
[ oL (o d) ( /"x )9() = p(s))" e s
[( i) ([ s vt o]

[ (o) ([/ om0 -sr+a) Lo e



Mathematics 2021, 9, 1665

50f18

Since

2 s=b
o) (] "Xl - plo)) )y <s>]

then we get

" Do) [ x(0)p00) — pls))— e

s=b
- [ 5 (s ) ([ o - porar) ~y£;”‘”<s>]

k=0

L (Y ([ o —yeyrar) - &y

Repeating the process of integration by parts n — 3 more times, we prove the for-
mula. Using similar techniques, we deduce the integration by parts formula involving the
operator CDZ’E‘X)’IP. O
3. Main Results
3.1. Variational Problems with Time Delay

We begin this section by studying variational problems involving distributed-order
fractional derivatives with time delay. For clarity of presentation, we restrict ourselves to
the case where « € [0, 1], that is, considering the definitions introduced in [15].

Consider two continuous functions ¢, ¢ : [0,1] — [0,1] satisfying the following
conditions

1 1
/0 ¢$(a)da >0 and /0 ¢(a)da > 0.

In what follows, a,b € R are such that a < b and 7 is a fixed real number satisfying
the condition0 < v < b —a.
We are now in position to present the first problem under study.

Problem 1 ((P;)). Determine a curve x € C'([a — 7,b],R), subject to x(t) = u(t) for all
t € [a—7,a], where u € C'([a — 7, a],R) is a given initial function, that minimizes or maximizes
the following functional:

J(x) = / "L (t, x(t), x(t — 1), S DIV x(1), € D;f,(“)’l”x(t))dt, (1)

where L : [a,b] x R* — R is assumed to be continuously differentiable with respect to the second,
third, fourth, and fifth variables. We will consider the variational problem (Pr) with and without
fixed terminal boundary condition, and also with isoperimetric or holonomic constraints.
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Let us fix the following notations: by d;L, we denote the partial derivative of L with
respect to its ith-coordinate and

[x]<(t) := (t, x(t),x(t— 1), S DIV x (1) € Dfﬁ“%(t)) .

To simplify the presentation of our results, we consider the following conditions:

Cy [H,i,b—1]: <D¢( Jp diHlxe ) (t) is continuous for all t € [a,b — 7]

b-1)=

o

,,,E)H

H,i,b]: t— < @ 9 H > is continuous forall t € [b — T, ]
> is continuous for all t € [a,b — 1]

C$[H,i,u] L <

C:,,' [H,i,b—1]: (be( )Tgﬂ i I;IIJ[/X]T) (t) is continuous for allt € [b — T, b]

where H is a function and i € N.

Theorem 2 (Fractional Euler-Lagrange equations and natural boundary condition for
problem (Pr)). Suppose that L satisfies the conditions Cy [L,4,b—7], CJ[L,5,a], Cy [L,4,D]
and CJ[L,5,b—t]. Ifx € C!([a — T, b],R) is an extremizer of functional [J, then x satisfies the
following Euler-Lagrange equations

OaL[xle() + daLlale(1-+ 1)+ (D SR )y 4 (pp 0 S Y1
-

P (t)
—/01 r("’i(f)a)% b:(lp(s) (1))~ *94L[x]¢(s)dsda = 0, V't € [a,b — 7]

@

and

,L[x]<(t) + (DZ’W)WW)IP/( )+ (sz; o, aSiu['x(]tT)(t)>‘Pl(t)

+ /01 F(({i(ﬁ)oc) % /ahT(lp(t) —(s)) *OsL[x]¢(s)dsda =0, Vt € [b—1,b]. (3)

If x(b) is free, then the following natural boundary condition holds:

p1-0@w 0aLlXe(b) _ 1oty sLIx](b) .
b lP’(b) a lP’(b) 4

Proof. Consider that h € C!([a — 7, b], R) is an arbitrary function such that h(t) =0, a —
T < t < a. Define the function j by j(€) := J (x + €h), € € R. Since x is an extremizer of .7,
j'(0) = 0, and we have that

/” (OaLlx]e(t) - () + L[] (t) - h(t = ) + AuL[x] (1) -C DI hr)

+5L[x]<(t) € Dg’f“>"”h(t))dt —=0. (5
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Since
a b—t1
/ AL[x]e () - h(t —T)dt = / sL[x]<(t +7) -h(t)dH—/ sL[x]<(t +7) - h(b)dt,
a—T a
and h(t) = 0for t € [a — 7,a], then we get

b—t
/a3L h(t—t)dt = /a 93L[x|c(t+ T) - h(t)dt. (6)

Replacing (6) into (5), we get

/H (E)ZL[x] () + 0sL[x]« (t+7)>- tdt + b DoL[x]<(t) - h(t)dt

b—1

+/ 84L 1) -C DYV R(t) + 5L [x]< (¢) -CDZ’S“W’h(t))dt:o. @)

Note that, for all f € [a,b — 7|, we have

[ i () e — v oL st

o(a)p IsL[X]z(t) o),
Pe " ey~ P

Dopl) (AN T
e >(¢,() ) [ w0 - o) astie)asin =0, )

Using Theorem 1 and (8), we obtain

/ AuLlx M= [ ((D‘é’é“l";” By
v _)@ a /b'b 96) - ¢<t>>-“a4ux]f<s)dsda>h(t)dt 10
t=b
9(a)p 94L[x]< (¢) [1-#(@)y 91L[x]< (1)
+ bT(Db- S )y omnar + | (100 2T )h(f)]t_u

Once again, by Theorem 1 and (9), we obtain

Lo (52450
+/0 F( dt /b T )~*95L[x] (s )dsdoc>h(t)dt (11)

T (e 9L (D)) | (- e sLE(H)
< (Dﬂ* V) )"’“)h(”‘” [(I V) )h(”]
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Replacing (10) and (11) into (7), we get that

/b_T <8zL[x}T(t) FOsL[x](t+ 1) + <D((Pb( . M) V(1)

¥'(t)
= _a)% :T(lp(s) — (1)) QL [x] ¢ (s)dsd + (Dfi"‘)'“’afp[,x(};)(t)>ll/(t)>h(t)dt
x|r (o ¢,84L[x} ’ 43<1X)IPM /
+ / (entoh )+ (g2 Y 1 (ot 2 12

s [ o= lp(s))“aSL[x]T(s)dsda) h(t)ds
t=b

t=b
1-g(a),p 9aL[x]< (£) | (ot 9sLx](f) _
(5ol )h(*’} {(I v )”(”} e

t=a t

+

From the arbitrariness of /1, we get the desired Equations (2)-(4). O

Next, we consider the case where we add to problem (Pr) an isoperimetric restriction.

Problem 2 ((Py,)). The isoperimetric problem with a time delay T can be formulated in the
following way: minimize or maximize the functional J in (1) subject to an integral constraint

of type .
I(x) = / Glx]<(t)dt = k, (13)

where k € Ris fixed and G : [a,b] x R* — R is a continuously differentiable function with respect
to the second, third, fourth, and fifth variables.

The following theorem presents necessary conditions for x to be a solution of the
fractional isoperimetric problem (Py, ) under the assumption that x is not an extremal for G.

Theorem 3 (Necessary optimality conditions for problem (P, )—CaseI). Let x € C!([a —
T,b],R) be a curve such that J attains an extremum at x, when subject to the integral con-
straint (13). Assume that x does not satisfy the Euler—Lagrange Equation (2) or (3) with respect
to G. Moreover, suppose that L satisfies the conditions C,, [L,4,b — 7], Cj[L,5,a], C, [L,4,b]

and CJ[L,5,b — 7|, and G satisfies the conditions C, [G,4,b — 7], C;[G,5,4], C, [G, 4 b] and
C$ [G,5,b — T|. Then, there exists A € R such that x is a solution of the equations

¥'(t) ¥'(t)

92 [x]x (1) + daHlxlc(t-+ 1)+ (DY B )y o (ppr BB ) g
o 4 (14)
- /01 r("i(_)“) % /bb_T(¢(s) — p(£)) 04 Hx]c(s)dsda = 0, V£ € [a,b — 1]

and

aattlx)«(1) + (D 2D ) )+ (D, B Yy

/) r(q;(f)a) L[ 9) ~ 9lo)asHlxle(s)dsda = 0, Ve € o - T,8], (19

where H := L + AG.
If x(b) is free, then

(16)

Proof. The proof follows from the ideas presented in Theorem 2 and Theorem 3.3 of [15]. I
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Now, we present necessary optimality conditions for the case when the solution of the
isoperimetric problem is an extremal for the fractional isoperimetric functional (13).

Theorem 4 (Necessary optimality conditions for fractional problem (P; )—CaseII). Let x be
a curve such that [J attains an extremum at x, when subject to the integral constraint (13). Moreover,
suppose that L satisfies the conditions C,, [L,4,b — 7], CJ[L,5,a], C, [L,4,b] and CJ[L,5,b — 1],
and G satisfies the conditions qu [G,4,b—1], C;f [G,5,4a], qu [G,4,b] and C;ﬁ [G,5,b — T|. Then,
there exists a vector (Ag,A) € R%\ {(0,0)} such that x is a solution of Equations (14) and (15),
with the Hamiltonian H defined as H := AL + AG. If x(b) is free, then x must satisfy Equa-

tion (16).
Proof. The result is an immediate consequence of Theorem 3. [

In the following, we study variational problems with a holonomic constraint. For this
purpose, we now assume that x is a two-dimensional vector function and L : [a,b] X
R8 — R is assumed to be continuously differentiable with respect to the ith variable,
withi=2,...,9.

Problem 3 ((Pc,)). Consider the variational problem (Pr) but in the presence of a holonomic
constraint:
g(t,x(t)) =0, telab], (17)

where g : [a,b] x R? — R is a C! function. The state variable x is a two-dimensional vector
function x = (x1,x), where x1,x, € C'([a — T, b], R). Moreover, the boundary condition

x(t) =pu(t), tela—1,al, (18)
where u € C'([a — 7,a],R) x C!([a — 7, a],R) is a given function, is imposed.

Theorem 5 (Necessary optimality conditions for problem (P¢_)). Consider the functional

J(x) = / "Ll (B, (19)

defined on C'([a — 7,b],R) x C!([a — 7,b],R) and subject to the constraints (17) and (18).
Suppose that L satisfies the conditions Cy, [L,i+5,b — 1], CJ[L,i+7,a], C; [L,i +5,b] and
CJ[L,i +7,b— 1], withi =1,2.

If x is an extremizer of functional J and if

93g(t, x(t)) #0, Vt€ [a,b],

then there exists a continuous function A : [a, b] — R such that x is a solution of

1 LIxle (1) + iyl <t+r>+ (D‘{’( L 4G

le
0
+(op Wa’f;ff[x] L - w i ")~ () st (s)dsda 2O
+A(t) - 918(t, x(t )) O Vte [a b—1],i=1,2

and

" A0 v
s [0 = o) oLl s)dsa AW - dpagex() =0, OV
Vteb—1,b),i=1,2

diaL[x)e(t) + ngW%WHSHXHt))W( " (DEP( o durLlxe (0 )¢’(t)
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If x(b) is free, then, fori = 1,2,
1-¢(a),y 9i+5L[x]c (D) _ 1-g(a),p 9it7L[x]<(b)
b~ yo) v 22

Proof. The proof follows combining the ideas from Theorem 2 above with Theorem 3.5
from [15]. O

Now, we focus our attention on sufficient optimality conditions for all the variational
problems studied previously.

Definition 5. Function f(t,x3,x3, ..., X, ) defined on U C R" is called convex (resp. concave) if
9if(t,x2,x3,...,Xn), i = 2,...,n, exist and are continuous, and if

n

f(t,x2+ha, x3+h3, ..., xpy + hy) — f(t, X2, %3, ..., Xn) > (resp. <) Z 0;f(t, x2, X3, .., Xn ) Bt

forall (t,x2,%x3, ..., xn), (t,x2 + hp, x3 4+ h3, ..., Xy + hy) € U.

Theorem 6 (Sufficient optimality conditions for problem (Pr)). Let L be convex (resp. concave)
in [a,b] x R Then, each solution X of the fractional Euler-Lagrange Equations (2) and (3)
minimizes (resp. maximizes) the functional J given in (1), subject to the boundary conditions
x(t) = u(t),t € [a—t,a] and x(b) = X(b). If x(b) is free, then each solution X of the
Equations (2)—(4) minimizes (resp. maximizes) J .

Proof. We prove the case when L is convex. The other case is similar. Consider h €
C!([a — 7, b], R) an arbitrary function. Since L is convex, we can conclude that
J(@+h) — >/ (D2L[Fe (£)  h() + DL (1) -t — )

+ 04 L[%] < (£) S DY Vh(¢) + asL[F] () © Dg’f"‘>f¢h(t))dt.

Using the same techniques used in the proof of Theorem 2, we get

TE+0) - TF > /

a

bt - - Wy 04L[x](8)
(BZL[x]T(t) + BL[E](t+T) + <D‘<P( g 44),@) >¢ (t)
d

! _ fﬁ(ﬁ)ﬂ) a4 bb () = (1) LT ()dsda + (Da‘ﬁ(“)"”w) lP’(f)) h(t)dt

¥'()

L e R (G e
f/ T—a) 1_a dt/b ’ )35 L[¥]< (s )dsd«x)h(t)dt

t=b
1-¢(a),p 94 L[X] < (t) | (y1-9@).p95L[x]<(t)
(Ib’ y'(t) )h(t) } . {(Iﬂ* y'(t) )h(t)}

t=b
+

t=a
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If x(b) is fixed then h(a) = h(b) = 0, and so from (23) we obtain

JE+h) —Jx) > /;H <azL[x} (F) + 9sL[F]<(t + 1) + (chw )1);1 84L[(]t)( )>¢/(t)

ey " (9) —p() AL (s + (gt ¥ EEED )y >>h<t>dt

+/T<82L ( (@) 9L x] ))lp()—&-(DT ;”a5L )¢’

+/ T 12 di/ T(IIJ(t)—l/)( ) “0sL[x ]T(s)dsdw)h(t)dt.

Since X is a solution of the fractional Euler-Lagrange Equations (2) and (3), then we
conclude that 7 (X + h) — J(¥) > 0. The case when x(b) is free follows by considering
h(t) =0, t € [a — 7,a] and h(b) non-zero in (23). O

Using similar techniques as the ones used in the proof of the last theorem, we can
prove the following two results.

Theorem 7 (Sufficient optimality conditions for problem (Py,)). Let us assume that, for some
constant A, the functions L and AG are convex (resp. concave) in [a, b] x R* and define the function
Has H = L + AG. Then, each solution X of the fractional Equations (14) and (15) minimizes (resp.
maximizes) the functional J given in (1), subject to the restrictions x(t) = u(t), t € [a — T, a] and
x(b) = x(b), and the integral constraint (13). If x(b) is free, then each solution X of the fractional
Equations (14)—(16) minimizes (resp. maximizes) J subject to (13).

Theorem 8 (Sufficient optimality conditions for problem (Pc.)). Consider the functional J
defined in (19), where the Lagrangian function L is convex (resp. concave) in [a,b] x R”. Define
function A : [a,b] — R by

MY = =5, ) o)

 (orn Ay [ (00w ot ),

! (agL[x]r(t) +astlaleleo+ o)+ (D T )y

fort € [a,b— 1], and

At) = _83g(t?x(t)) <a3L < 1p37L )>¢’(t)

+(D?b(“)r§p agfp[' ) +/ r(1 dt/ T ))_aagux]f(s)dsw)'

fort € [b— T, b], where g is a C! function, such that 93¢ (t, x(t)) # 0 forall t € [a, b]. Then, each
solution X = (X1, X) of the Equations (20) and (21) minimizes (resp. maximizes) the functional
J, subject to the restrictions x(t) = u(t), t € [a — 7,a] and x(b) = X(b), and the holonomic
constraint (17). In addition, if x(b) is free, then each solution X of the fractional Equations (20)—(22)
minimizes (resp. maximizes) J subject to (17).
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3.2. Higher-Order Variational Problems

In this section, we consider the general case with respect to fractional orders. Thus,
the distributions ¢;, ¢; have domain [i —1,i],i = 1,...,n, where n € N is fixed, with

/ ) ¢i(a)da >0  and / ) @i(a)da > 0.
1— —

1

The problem is formulated as follows:

Problem 4 ((P,)). Find a curve x € C"([a, b],R) for which the functional

b
T(x) = / L (t, x(8), S DAV (1) DIV (), . C DI (1) C Dg’r<“>"”x(t)) dt, (24)

a

attains a minimum or a maximum value, where L : [a,b] x R*"*1 — R is a continuously
differentiable function. In addition, the following boundary conditions

xXD(a) =xi and xD(b) = xi, with xi,x) €R, i =0,.,n—1 (25)
may be assumed.
We will consider the variational problem (P;) with and without fixed boundary

conditions (25), and also with isoperimetric or holonomic constraints.
As done previously, we use the abbreviations

[x]u(t) = (t,x(t),c DOV (1) C DI V(1) ., C DI V(1) € Dgf("‘>"”x(t))

and
, J0iH|[x
CplHjl: t— (DZ’Z_(“)"" / w[, ]”)(t) is continuous for all t € [, b]
, J;H
C(; [H,jl: t— (D;Pi(“)’lpjlp[/xh> (t) is continuous for all t € [a, ]

where H is a functionand i,j € N.
Theorem 9 (Fractional Euler-Lagrange equation and natural boundary conditions for

problem (Py)). Let x € C"([a, b],R) be an extremizer of functional J defined by (24). If con-
ditions Cy,[L,2i + 1] and CJ[L,2i + 2] hold, for all i € {1,...,n}, then x satisfies the following
Euler—Lagrange equation:

BoL[x)a(t) + Ty {(Dgw Pt tlh)) 1 1) (D;”ﬁ“""’%ﬁ‘}“”)wﬂ =0, (26)

forall t € [a,b]. In addition, 1fx<i)(a) are free, fori = 0,...,n — 1, then

: 1IN T g o L (1)
k_%[(( soa) (0 i)

k—i—1
4 (=) <¢’1(t) dlt> (IE+¢k(a)/¢W)>] =0, att=a, (27)
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and if x\) (b) are free, fori = 0,...,n — 1, then

Lol N g Qi La (1)
,E-LK( poa) (0 ona)

i 1 1\ (), p Qoo L[x]u (1) _ _
+(—1)+1<¢,(t)dt) <Ia+‘P W) =0, att="b. (28)

Proof. Let h € C"([a,b],R) be a function. Observe that, giveni € {0,...,n — 1}, if x(a)
or x()(b) are fixed, then we need to assume that 1) (a) = 0 or 1) (b) = 0, respectively,
and so

1 d\
(1/]’(t)dt> h(t)=0, at t=a or t=D,

respectively. Defining j as j(€) := J(x +¢€h), € € R, then j(0) = 0, and so

b n (x
/ (azL[ Z(asz Jn(t) € DA h(h)

i=1
+ Do L[x]u(t) € Dg"f(“)"”h(t)> ) dt = 0.

Using Theorem 1, we obtain, for eachi € {1,...,n},

/aleL CD<P:<> h(t)dt:/ab(DZ’fw)wW)wx(t)h(t)dt
VL 1\ (a@edznlla®) ik rb
T (v (& b)) -
and
ah Do L[x]n(t) -© Dgi(“)f“'h(t)df = /ab (foi( )¢a2l+2¢L/([;‘)]()>¢/(t)h(t)dt
i-1 ol 1IN i daia L] (D) ikt rb
_q)ik 1 I+"”( ) 92i42 il It ‘
+ 2|0 () (6 ) o _

Therefore,

/ b (82L[x]n(t) oy {(Dfﬂ“%waﬁﬂl;([;‘)]n(f))lp/(t)

(o) (i)
t=b

ko ‘ ,
+ (1) (1/;’1(1‘) dlt> (1;%@),1# 321+fp%<[;€)}n(f) ) ) hg;:kfl] (t)] —0

t=a
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EE|((oma) (5ror2egi)

0, o A t=b
+(—1)ik <1p’1(t);t> (I;fﬂf(zx),llﬂ azl+pr/([t)}n(f) ) ) hl[;,’k’ﬂ (t)] |

I SN R A k—¢k<a>,¢azk+1L[x]n(t)_
- L ZlK( soa) (0 o)

i=0 k=i+

i 1 1\ e () O2k+2 L [x]n () =
H (Grma) (O m_

from the arbitrariness of h, we prove (26), (27), and (28). O

When in the presence of an isoperimetric or holonomic contraint, similar results are
proven for this new variational problem. To simplify, we will assume that the boundary
conditions (25) hold. In addition, the proofs will be omitted since they follow the same
pattern as the ones presented before.

Problem 5 ((P;,,)). The isoperimetric problem can be formulated as follows: minimize or maximize
the functional J in (24) assuming the boundary conditions (25) and also an integral restriction

I(x) = / Gln(t)dt =k, kER, (29)

where G : [a,b] x R — Risa C! function.

Theorem 10 (Necessary optimality conditions for problem (Pj,)—Case I). Let
x € C"([a,b],R) be a solution of problem (Pr,). Suppose that there exists some t € |[a,b]
such that

azc[x]n (t) + i I:(Dfi(“)rlp aZiJriPCl;([zc)}n(t) > IP/(t) + (Dfi(ﬂé),w a2i+ip§([:c)]n(t) ) l/J/(t):| # 0. (30)

If conditions Cy, [L,2i + 1], Cy [L,2i + 2], C,.[G, 2i + 1], and Cy[G,2i + 2] hold, for all

i € {1,...,n}, then there exists a real number A such that x is a solution of the equation

E)QH[x},,(t)Jré {(D‘lfi(“)rlpmllpljli([tx)]”(w )lp/(t) N <Dzoi<a>,wazi+2¢1}’7([tx)]n(ﬂ ) lp,(t)} _o (1)

forall t € [a,b], where H := L + AG.

Theorem 11 (Necessary optimality conditions for problem (Pj,)—Case II). Let
x € C"([a,b],R) be a solution of problem (P1,). If conditions C, [L,2i + 1], Cg [L,2i + 2],

C;i[G, 2i+1], and C(;[G, 2i + 2] hold, for all i € {1,...,n}, then there exists a vector (Ag, A) €
R?\ {(0,0)} such that x is a solution of Equation (31) for all t € [a, b], with the Hamiltonian H

defined as H := AgL + AG.
To finish this section, we will study problem (P, ) with a holonomic constraint.

Problem 6 ((Pc,,)). The objective is to find x € C"([a, b],R) x C"([a, b], R) that minimizes or
maximizes the functional

J(x) = /ab Lix]u(t)dt, (32)
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defined on C"([a, b], R) x C"([a, b], R) and subject a constraint
g(t,x(t)) =0, telab], (33)
where g : [a,b] x R? — Ris a C" function. In addition, boundary conditions
xD(a) = xéi) and x(b) = xéi), xi,xl € R? for i=0,.,n—1 (34)

are imposed on the variational problem.

Theorem 12 (Necessary optimality conditions for problem (Pc,,)). Let x be an extremizer of
functional J defined by (32) and subject to the constraints (33)~(34). If conditions Cy, [L,4i+j—1]
and CJ [L,4i + j+ 1] hold for all i € {1,..,n} and j = 1,2, and if

a3g(t/x(t)) 7& 0, Vte [ﬂ,b],

then there exists a continuous function A : [a, b] — R such that x is a solution of

n ilx,ai'—L a(t) izx,ai-L n(t)
1 Llx]n(t) + X0y [(Df_( ) % )¢'(t) n (Dj’f ) % )lp,(t)] 5

FAD gt (D) = 0,

forallt € [a,b]and j =1,2.

Remark 1. In a similar way, we can prove that, in case function L is convex (resp. concave), then
the conditions given in Theorems 9—12 are also sufficient conditions to ensure that the candidates of
extremizers are indeed minimizers (resp. maximizers) of the functional.

4. IMlustrative Examples

Some illustrative examples are provided to demonstrate the applicability of our results.

Example 1. Suppose we intend to find a function ¥ € C3([0,1],R), subject to the initial conditions
x(0) = (p(1) = 9(0))%, x'(0) = =5¢'(0) (y(1) — 9(0))*, x"(0) = ~5¢" (0)(p(1) — $(0))* +
20(y'(0))2(y(1) — 1(0))3, and terminal conditions x(1) = x'(1) = x”(1) = 0, that extremizes
the functional

The Euler-Lagrange equation associated is the following (cf. Theorem 9):

_ 3 _ _ 2
_ (p(1) llfl((t)zl) (1/;((1))) ¥(t)) + D?i(“)'lp((lp(l) _ lp(t))S) —0.
By ([14] Lemma 14),

DY (W) = ¥(1))°) = g =y WL — (),
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and so

93(e) 9 sy = @) —9(1)° — (p(1) —y(t)?
Dl* ((1/1(1) lp(t)) ) - 11’1(1[](1) . w(t)) ’

proving that the function x(t) = (p(1) — ¢(t))°, t € [0,1], is a candidate to be an extremizer of
the proposed problem.

Example 2. We want to find a curve X € C'([—1,2], R), subject to the condition x(t) = u(t), t

[—1,0], where u € C'([~1,0],R) is a fixed initial function with u(0) = (p(2) — ¥(0))?, that
minimizes the following functional:

T(x) = /02<<x(t—1)—(1/; $(t—1) z>2
(

+(cD§o_(a),wx(t)_lP() P(2) + (H(2) —y >>>>dt’

In(y(2) — (1)

where ¢ : [0,1] — [0, 1] is defined by

By Lemma 1 in [13], if X : [—1,2] — R is defined by X(t) = (p(2) — p(t))* ift € [0,2],
and X(t) = u(t), ift € [—1,0], then

Cy® =\ _ 2—u
DYY(E) = gy (VD) — (D), tel02)
and so the distributed-order derivative with respect to  is given by

0 2 In(y(2) — (1))

Note that x satisfies the assumptions of Theorem 2 and also the Euler-Lagrange Equations (2) and (3),
as well as the transversality condition (4), proving that X is a candidate to be a local minimizer of
J. Since the Lagrangian function is convex, we conclude by Theorem 6 that X is a minimizer of J .

CDyt(s) = [ gfe) DY x(an = YR LG g0

Example 3. Determine X that minimizes the functional
_ [ (cppww _lP<f>—lP<0>—1>2
7=, << P () - 9(0))

(), p(1) —yp(t) —1\°
+(or - B ) )‘“’

in the class of functions C2([0,1], R) subject to the boundary conditions x(0) = x'(0) = 0, where
$2, 92 = [1,2] — [0,1] are defined by

Again, by [13, Lemma 1], if X(t) = (p(t) — ¥(0))?, t € [0,1], then

Dy x(t) = TG —a) (1) —p(0)* ",
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and so )
CDgi(lx)'tpf(t) _ /1 (Pz(lX)CDgipf(f)d(X _ lP(f) _ lP(O) - 1_

In addition, observe that

DIYE() = DI ((p(1) — p(1) + (¥(0) — p(1)))?

and therefore

DRV (r) = /1‘2 ¢2() DY x(t)da = W

We can easily verify that X satisfies assumptions of Theorem 9, the Euler-Lagrange Equation (26),
and the natural boundary condition (28), proving that X is a candidate to be a local minimizer of J .
Since the Lagrangian function is convex, we conclude that X is a minimizer of J .

5. Conclusions and Future Work

In this article, we continue the study started in [15], considering now new problems in
the calculus of variations. Namely, two distinct types are considered: when the Lagrangian
function involves a time delay and derivatives of order greater than 1. Necessary and
sufficient optimization conditions are proved, for the basic problem and when in the
presence of additional constraints to the problem. The study is formulated in the context of
fractional calculus, where the derivative of the state curve is of the fractional type involving
distributed-orders and the kernel involves an arbitrary smooth function.

In the future, we intend to study variational problems of Herglotz type and
some generalizations involving distributed-order fractional derivatives with arbitrary
smooth kernels.
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