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Abstract: In this paper, the notions of L-fuzzy subalgebra degree and L-subalgebras on an effect
algebra are introduced and some characterizations are given. We use four kinds of cut sets of
L-subsets to characterize the L-fuzzy subalgebra degree. We induce an L-fuzzy convexity by the
L-fuzzy subalgebra degree, and we prove that a morphism between two effect algebras is an L-fuzzy
convexity preserving mapping and a monomorphism is an L-fuzzy convex-to-convex mapping.
Finally, it is proved that the set of all L-subalgebras on an effect algebra can form an L-convexity, and
its L-convex hull formula is given.
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1. Introduction

Effect algebras were introduced by Foulis and Bennett to axiomatize quantum logic
effects on a Hilbert space [1]. The elements of effect algebras represent events that may be
unsharp or imprecise. Effect algebras are partial algebras with one partial binary operation
that can be converted into bounded posets in general and into lattices in some cases. Since
Zadeh introduced the concept of fuzzy sets [2], the theory of fuzzy sets has become a
vigorous area of research in different disciplines. In recent years, many scholars have
studied (fuzzy) ideals [3,4] and (fuzzy) filters [5,6] (the lattice background is [0, 1]) on effect
algebras, but there is no research on the fuzzy subalgebras (L-subalgebras). In order to fill
this gap, we first want to extend the unit interval [0, 1] to a completely distributive lattice L
and introduce the notion of L-subalgebras on effect algebras. As we all know, for a given
L-subset A, A is either an L-subalgebra or not, so let us consider the question: what is the
degree to which A is an L-subalgebra? To solve this question, we propose the concept of
L-subalgebra degree on effect algebras and investigate their basic properties in this paper.

The notion of convexity [7] is inspired by the shape of some figures, such as circles
and polyhedrons in Euclidean spaces. As we all know, a convex structure satisfying the
Exchange Law [8] is a matroid, matroids are precisely the structures for which the very
simple and efficient greedy algorithm works. Many real-world problems can be defined
and solved by making use of matroid theory. So convexity theory has been regarded as an
increasingly important role in solving problems. In fact, there exist convexities in many
mathematical structures such as semigroup, ring, posets, graphs, convergence spaces and
so on [9-13]. It is also natural to consider if there exist convex structures on effect algebras.
By these motivations, we will try to prove the existence of convexity on effect algebras.

With the development of fuzzy sets, the notion of convexities has already been ex-
tended to fuzzy case. In 1994, Rosa [14] first proposed the notion of fuzzy convex structures
with the unit interval [0, 1] as the lattice background. In 2009, Y. Maruyama [15] defined
another more generalized fuzzy convex structure based on a completely distributive lat-
tice L, which is called L-convex structure, some of the latest research related to L-convex
structure can be found in [16-21]. In 2014, a new approach to the fuzzification of convex
structures was introduced in [22]. It is called an M-fuzzifying convex structure, in which
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each subset can be regarded as a convex set to some degrees. Further, there are some studies
about M-fuzzifying convex structures showed in [23-26]. In 2017, abstract convexity was
extended to a more general case, which is called an (L, M)-fuzzy convex structure in [27].
Particularly, an (L, L)-fuzzy structure is briefly called an L-fuzzy convex structure. Many
researchers investigated (L, M)-fuzzy convex structures from different aspects [28-32].
In our paper, we mainly discuss L-fuzzy convex structure and L-convex structure on an
effect algebra.

The paper is organized in the following way. In Section 2, we will give some necessary
notations and definitions. In Section 3, we propose the notion of L-fuzzy subalgebra
degree on an effect algebra by means of the implication operator of L, and we provide
their characterizations by cut sets of L-subsets. For instance, we give the notion of L-
subalgebras on effect algebras. In Section 4, we obtain an L-fuzzy convexity induced by L-
fuzzy subalgebra degree, and we analyze the corresponding L-fuzzy convexity preserving
mappings and L-fuzzy convex-to-convex mappings. Finally, we prove that the set of all
L-subalgebras on an effect algebra can form an L-convexity, and we provide its L-convex
hull formula.

2. Preliminaries

In this section, we provide some notions and results that will be used in this paper.

Definition 1 ([1]). An effect algebra is a system (E, ®,0,1) consisting of a set E with two special
elements 0,1 € E, called the zero and the unit, and with a partially defined binary operation ©
satisfying the following conditions: for any x,y,z € E,

(E1) (Commutative law) if x @ y is defined, then y @ x is defined and x Dy = y D x,

(E2) (Associative law) if x @ y is defined and (x ® y) ® z is defined, then y ® z and x ® (y © z)
are defined and (x Dy) ®z =x® (y® z),

(E3) (Orthosupplement law) for every x € E there exists a unique x' € E such that x @ x' is
defined and x & x" = 1. The unique element x' € E called the orthosupplement of x,

(E4) (Zero-one law) if x ® 1 is defined, then x = 0.

In the following, an effect algebra (E, ®,0,1) is denoted by E unless otherwise speci-
fied.

Definition 2 ([33]). A nonempty subset S of an effect algebra E is called a subalgebra if it satisfies
the following conditions:

i 01€s,

(i) x € Simpliesx’ €S,

(i) ifx,y € Sand x @y is defined, then x By € S.

Let E be an effect algebra. If x @ y is defined, then we say x L y for all x,y € E. Define
a binary relation on E by x < y if for some z € E, x ® z = y, which turns out to be a
partial ordering on E such that 0 and 1 is the smallest element and the greatest element of E,
respectively. If the poset (E, <) is a lattice, then E is called a lattice-ordered effect algebra.

Let L be a complete lattice. We denote the minimal element and the maximal element
of Lby L and T, respectively. An element A € L is called co-prime if A < 6V ¢ implies
A < éor A < ¢. The set of nonzero co-prime elements in L is denoted by | (L). An element
A € Lis called prime if A > § A ¢ implies A > 6 or A > . The set of nonunit prime
elements in L is denoted by P(L). From [34], we know that each element of L is the sup of
co-prime elements and the inf of prime elements.

Let 4, € L, the symbol § < ¢ (¢ is wedge below ¢) means that for every H C L,
¢ <V H implies the existence of 7 € H such that § < 7. A complete lattice L is completely
distributive [34] if and only if § = \/{6 | § < } foreach ¢ € L. Theset {J | & < &},
denoted by B(¢&), is called the greatest minimal family of ¢ in the sense of [34]. Let
B*(&) = B(&) NJ(L). Moreover, define a binary relation <7 as follows: for ¢,0 € L,
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¢ <° ¢ if and only if for every subset H C L, A H < ¢ implies A < ¢ for some A € H.
The set {6 € L | { <% 4}, denoted by «(¢), is the greatest maximal family of ¢ in the
sense of [34]. Let a*(¢) = (&) N P(L). We know that « is an A — |J mapping and f is a
union-preserving mapping, it holds that = \/ (&) = V B* () = ANa(E) = Aa*(E) for
each ¢ € L (see [34]). From [35], we have a(T ) = @and (L) = @.

In the following, a completely distributive lattice (L, A, V) is denoted by L unless
otherwise specified.

For an effect algebra E, each mapping A : E — L is called an L-subset of E, and we
denote the collection of all L-subsets of E by LE. LE is also a complete lattice by defining “<”
point-wisely. Furthermore, the smallest element and the largest element in LE are denoted
by L and T, respectively. The mapping ¢;* : LFt — LE2 is induced by ¢ : E; — E,
as follows:

VAeLB,WyeE, g (Ay) = V Al).
8(x)=y

g : LF2 — LEtis induced by the mapping g as follows:

VB € LE2,vx € E;, g (B)(x) = B(g(x)).

Definition 3 ([36]). Let E be an effect algebra and A € LE. Forany A € L, define
Ay ={x€E|A(x) > A}, AW = {x € E| A(x) £ A},
Apy ={xeE|AeB(A))}, AW = {x e E| A ¢ a(A(x))}.

The right adjoint — of the meet operation A is a mapping from L x L to L defined as
A—u=\{0€LIANG < u}.

Some basic properties of the operation — are listed in the following [37,38].
1N A=pu=Tr Ay
2 ANI<SpueA<i—=y
B A<é=>pu—=A<u—=dandA = u>0—y;
@ A= Ner i = Niet(A = ).
Let L, T € LF represent L(x) = L and T(x) = T forall x € E. Next, we recall
(L, M)-fuzzy convexities in [27], which are more general fuzzy convexities. Let L and M be

two completely distributive lattices. An (L, M)-fuzzy convexity on an effect algebra E is
defined as follows:

Definition 4 ([27]). A mapping C : LE — M is called an (L, M)-fuzzy convexity if it satisfies
the following conditions:

(LMC1) C(L)=C(T)=Twm

(LMC2) if{A; | i€ I} C LF is nonempty, thenC(/\ieIAl) > Aier C(A);

(LMC3) if{A; |i € I} C LF is nonempty and directed, then C(\/iel Ai> > Nie1 C(A)).

In this case, the pair (E,C) is called an (L, M)-fuzzy convex space. An (L, L)-fuzzy convexity is
briefly called an L-fuzzy convexity.

An (L,2)-fuzzy convexity is an L-convexity in [15]. An (I,2)-fuzzy convexity is a
fuzzy convexity in [14], where I = [0,1]. A (2, M)-fuzzy convexity is an M-fuzzifying
convexity in [22]. A (2,2)-fuzzy convexity is a convexity in [7].

Definition 5 ([27]). Let (E,C) and (F, D) be two (L, M)-fuzzy convex spaces. If g : E — F is

a mapping between E and F, then

(i) g:(E,C) — (F,D)is called an (L, M)-fuzzy convexity preserving mapping provided that
C(gi (A)) > D(A) forall A € LE.



Mathematics 2021, 9, 1596

4 of 14

(i) g:(E,C) — (F,D)is called an (L, M)-fuzzy convex-to-convex mapping provided that
D(g;’(B)) > C(B) forall B € LE.

An (L, L)-fuzzy convexity preserving mapping and an (L, L)-fuzzy convex-to-convex map-
ping are briefly called an L-fuzzy convexity preserving mapping and an L-fuzzy convex-to-convex
mapping, respectively.

An (L, 2)-fuzzy convexity preserving mapping is an L-convexity preserving mapping
in [15]. An (L, 2)-fuzzy convex-to-convex mapping is an L-convex-to-convex mapping
in [15].

Definition 6 ([1]). Let {E;};ca be a family of effect algebras, define T] E; as:
ieA

[[Ei={x|x:A— |JEistVie A x;=x(i) € E}.
ieA ieA
Define the operation © on [] E;as: for x,y € T] E;, x Lyiffx; Ly, foralli € A. In this
i€A ieA
case, (x ®y)(i) = x; @y, and x'(i) = x|. Further, 0; = 0;,1; = 1; where 0; and 1; are the
minimal element and the maximal element of E;. Then (T E;, &,0,1) is called the direct product
icA
of effect algebras.

It is easy to check that ([T E;, @, 0,1) is an effect algebra.
ieA
Definition 7 ([39]). Let {E;}! , be a family of effect algebras and A; be an L-subset of E; for all
i € A, then the L-subset T] A; of T1 E; is defined by (T A;)(x) = A Ai(x;).
ieA i€EA ieA icA

3. L-Fuzzy Subalgebra Degree on Effect Algebras

In this section, we introduce the concept of L-fuzzy subalgebra degree on effect
algebras by means of the implication operator of L. We define an L-fuzzy subalgebra
provided that its L-fuzzy subalgebra degree is equal to T;. Moreover, we give some
characterizations of L-subalgebra degree in terms of four kinds of cut sets of L-subsets.

Definition 8. Let E be an effect algebra and A € LE. Then the L-fuzzy subalgebra degree £ (A) of
A is defined as:

A=A A{lA() = A ATA(x) = A A [(A(x) A A(y) = Ax @ y)]}-
x,y€ExLy

Example 1. Let E = {0,x,y,1} and & be given by:

|0 x y 1
010 x vy 1
x | x 1 = %
yly * 1 =x
111 % % x%

Then (E,®,0,1) is an effect algebra. Let L = [0, 1] and define the L-subsets of E as follows:
(i) Ai1(0) = 0.8, A1(x) = 0.5,A1(y) = 0.5,A1(1) = 0.8. By Definition 8, we can obtain

E(A) =1

Indeed, since for any z € E, A1(z) < A1(0), we have A1(z) — A1(0) = 1forall z € E.

We can easily know x' = x,y’ = y,0/ = 1and 1’ = 0, it follows from A;1(0) = A1(1)

that A1(z) = A1(2'), so A1(z) — A1(2') = 1 forall z € E. We can routinely prove

(A(z) NA(w)) — A(z®w) = 1forall z,w € E with z 1 w. Therefore, E(A1) = 1.
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(i) A2(0)=0.3,A2(x) =1,A(y) =1, A2(1) = 1. By Definition 8, we can obtain E(Ay) =
0.3.
Indeed, since Ap(x) — A2(0) = Ax(1) — A2(0) = Az(y) — A2(0) = 0.3, we can easily
obtain £(A,) = 0.3.

(iii) Asz(0) = 0,A2(x) = 05,A3(y) = 1,A3(1) = 0.6. By Definition 8, we can obtain
E(A3) =0.
Indeed, since Az(y) — A3(0) =1 — 0 =0, we have E(A3) = 0.

From the properties (3) of the implication operator, the following lemma is obvious.

Lemma 1. Let E be an effect algebra and A € LE. Then £(A) > A (A € L) if and only if for any
x,y € Esatisfyingx Ly,

AX)NAW AL S A(xDy), A(x) AA < A(x) and A(x) AL < A(0).
By Lemma 1, we can obtain the following theorem.

Theorem 1. Let E be an effect algebra and A € LE. Then

=\V{reLl|VxycEst.x Ly, A(x) NA(y) ANA < A(x®y), A(x) AL < A(x)) A A0)}.

We use four kinds of cut sets of L-subsets to characterize the L-fuzzy subalgebra
degree in the following Theorem.

Theorem 2. Let E be an effect algebra and A € LE. Then
i) EA)=V{rAeL|Vu<A, A[M] = Qor it is a subalgebra of E}.

(i) E(A)=V{rAeL|VueP(L),u ;_4 A, AW = @ or it is a subalgebra of E}.

(i) E(A)=V{AeL|Vud&a(r), A" =Qoritisasubalgebraof E}.

(iv) E(A)=V{reL|VueP(L), yézx( ), Al = @ or it is a subalgebra of E}.

(v) E(A)=V{A €L |VuepA)Ay, = Doritisasubalgebra of E} if B(A AN ) =
B(A) N B(u) forall A, u € L.

Proof. (i) For any x,y € E satisfying x L y, assume that A € L with the property of
AX)NA(y) AL < A(x@dy) and A(x) AA < A(x") A A(0). For any u < A, suppose
Ap # ©andletx,y € A with x Ly, then

U=pUAA < AX)NAY AL < A(x@y)and u=u AL < A(x) AA < A(x") A A(0),
which implies x ®y € A, and x’,0 € A[,;. Hence Ay is a subalgebra of E. This gives that
A) <\H{A € L|Vu <A Ay =Qoritisasubalgebraof E}.

Conversely, assume A € L and for each u < A, Ap; = @ or it is a subalgebra of
E. For any x,y € E satisfying x L y, let y = A(x) AA(y) AAand v = A(x) A A, then
u < Aand ¥ < A. It follows that x,y € A[V] and x € Am. Since A[#] and A[”r] are
subalgebras of E, we have x ©y € Ajand x',0 € A}, ie, A(X) ANA(y) ANA < A(x D y)
and A(x) AA < A(x") A A(0). So we have

E(A) > \{A e L|Vu <A Ay = Doritisasubalgebraof E}.

(ii) For any x,y € E satisfying x L y, assume that A € L with the property of
A(x) /\A(y) /\/\ <A(x®y)and A(x) AA < A(x) AN A(0). Forany u € P(L) withu % A,
suppose A" # @ and let x,y € AW with x L y, ie, A(x) £ pand A(y) £ u, then
A(x) NA(y) NA £ psince p is prime. By A(x) ANA(y) AL < A(x®y) and A(x) AA <
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A(X") A A(0), it follows that A(x @ y) % pand A(x') A A(0) £ p,ie, x@y,x,0 € AW,
Hence A" is a subalgebra of E. This shows that

E(A)<\{reL|VueP(L),u# A, AW = @ or it is a subalgebra of E}.

Conversely, assume that A € L and A(®) = @ or it is a subalgebra of E for u € P(L)
with u # A. For any x,y € E satisfying x L y, let y € P(L) and A(x) AA(y) ANA £ 1,
then x,y € AW and A £ p. Since AW is a subalgebra of E, it holds that x @y € AW,
ie, A(x®y) £ p. Hence A(x) A A(y) ANA < A(x @ y). Similarly, we can prove A(x) AA <
A(x") A A(0). This shows

E(A)=\/[{AeL|VueP(L),u# A, AW = @ or it is a subalgebra of E}.

(iii) For any x,y € E satisfying x L y, assume that A € L with the property of
AX)NA(Y)AA < A(x®y) and A(x) AA < A(x") A A(0). For any i ¢ a()), suppose
AlM £ @ and let x,y € AW with x L y,ie, u ¢ a(A(x)) and u ¢ a(A(y)), then by
¢ a(r), wehave u ¢ a(A(x)) Ua(A(y)) Ua(A). From

a(A(x))Ua(A(y))Ua(A) = a(A(x) NA(y) AA) and a(A(x)) Ua(A) = a(A(x) AA),

we know p ¢ a(A(x) NA(y) ANA)and u & a(A(x) AA). By A(x) NA(y) AA < A(x
and A(x) AA < A(x') A A(0), wehave u ¢ a(A(xDy)), u & a(A(x")) and u ¢ a(A(0)),
ie,x®yx,0¢€ AlMl Hence Al is a subalgebra of E. This shows

E(A)<\V{relL|Vu¢ a(A), AWl = @ or it is a subalgebra of E}.

Conversely, assume that A € L and A"l = @ or it is a subalgebra of E for u ¢ a(A).
Now we prove A(x) ANA(y) ANA < A(x@y)and A(x) AL < A(x") AN A(0) forall x,y € E
satisfyingx L y. Lety € Land u ¢ a(A(x) NA(y) ANA), then u ¢ a(A(x)) Ua(A(y)) U
®(A). Thus x,y € Al and u ¢ a(A). Since Al is a subalgebra of E, it holds that
xdye Al ie, u ¢ a(A(x ®y)). This means a(A(x) A A(y) AA) D a(A(x @ y)). Hence

Ax) N A(Y) A = Aa(A() A AW) AA) < \al(A(x©Y)) = Alx @ ).
Similarly, we can prove A(x) AA < A(x") A A(0). This shows
E(A) > \{relL|Vu¢ a(A), A =@oritisa subalgebra of E}.
(iv) By (iii) we first obtain
E(A)<\{reLl|VueP(L),p¢ w(A), A" = @ or it is a subalgebra of E}.

Conversely, assume that A € L and Al¥] = @ or it is a subalgebra of E for all u € P(L)
satisfying u ¢ a(A). Now we prove A(x) NA(y) ANA < A(x@y)and A(x) AA < A(X)) A
A(0) for all x,y € E satisfying x L y. Let p € P(L) and u ¢ a*(A(x) NA(y) ANA). Tt
follows that

p e a(A(X)ANA(Y) AA) = a(Ax)) Ua(A(y)) Ua(A).

Thusx,y € Al and i ¢ a(A). Since AW isa subalgebra of E, itholds that x ®y € Al
e,y a(A(xdy)). Sou ¢ a*(A(x ®y)), this means a*(A(x) NA(y) ANA) D a*(A(x &
y)). Hence

AX)NAW) AL = Na*(AX) ANAY) AL < Na*(Axdy)) = A(x D y).
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Similarly, we can prove A(x) AA < A(x") A A(0). This shows
E(A)>\{reL|VueP(L),u¢ a(A), A" = @ or it is a subalgebra of E}.

(v) For any x,y € E satisfying x L y, assume that L] # A € L with the property of
AxX) NA(y) ANA < A(x@y) and A(x) AA < A(x") A A(0). For any p € B(A), suppose
Ay # Qandletx,y € A, withx L y, ie, p € B(A(x)) and p € B(A(y)). Then by
i€ B(A), wehave u € B(A(x)) NB(A(y)) NB(A). From

B(A(x)) N B(A(y)) NB(A) = B(A(x) A Ay) AA) and B(A(x)) N B(A) = B(A(x) AA),

we know € B(A(x) NA(y) ANA) and p € B(A(x) AA). By A(x) NA(y) NA < A(x @ y)
and A(x) AA < A(x') ANA(0), wehave u € B(A(x®y)), u € B(A(x')) and u € B(A(0)),

ie,xdyx,0€e A( Hence A(y) is a subalgebra of E. This shows

N
E(A)<\/[{reL|Vue B(A), Ay = Dorit is asubalgebra of E}.

Conversely, assume that A € L and A(,) = @ or it is a subalgebra of E for y € B(A).
Now we prove A(x) NA(y) AA < A(x@®y)and A(x) AL < A(x") AN A(0) forall x,y € E
satisfying x L y. The statement holds obviously when A(x) A A(y) AA = L. Assume
A(x) NA(y) NA # Lp, it implies A(x) # L1, A(y) # Lpand A # L. Takey € L
with p € B(A(x) A A(y) A A), then p € B(A(x)) N B(A(y)) N B(A). Thus x,y € A(,) and
p € B(A). Since A, is a subalgebra of E, it holds that x Gy € A, i.e., u € B(A(x D y)).
This means B(A(x) AN A(y) AA) C B(A(x @ y)). Hence

A NA(Y) A=\ BAX) NA(Y) AA) <V BA(x DY) = A(x Dy).
Similarly, we can prove A(x) AA < A(x") A A(0). This shows
E(A) > \{A e L|VuecpB(A), Ay =Doritisasubalgebraof E}.
This completes the proof. []

Definition 9. Let E be an effect algebra and A € LE. Then A is called an L-subalgebra provided
that E(A) = T . In particular, we say an L-subalgebra is a fuzzy subalgebra when L = [0,1].

Example 2. In Example 1, it follows from Definition 9 that Ay is a fuzzy subalgebra, but A, and
Ajz are not fuzzy subalgebras; Aj is a fuzzy subalgebra in the degree of 0.3.

From Definition 9 and Lemma 1, the following proposition is obvious.

Proposition 1. Let E be an effect algebra and A € LE. Then A is an L-subalgebra if and only if
forany x,y € Ewithx Ly,

A(0) > A(x), A(x") > A(x) and A(x b y) > A(x) A A(y).

Corollary 1. Let A be an L-subalgebra of an effect algebra E. Then
(i) foreachx € E, A(1) > A(x);

(ii) foreachx € E, A(x) = A(x');

(iii) A(1) = A(0).

Proof. (i) Since x L x’ and A is an L-subalgebra of E, we have

Ay =A(xax") > A(x) NA(X) = A(x).
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(ii) By Proposition 1 we first obtain A(x’) > A(x). On the other hand, by Definition 1
(E3), we know x” = x and thus A(x) = A(x") > A(X).

(iii) By (i) we know A(1) > A(0). By Proposition 1, we have A(1) < A(0), so
A1) = A(0). O

By Definition 9 and Theorem 2, we can obtain the following two results

Corollary 2. Let A be an L-subset of an effect algebra E. Then the following conditions are equiva-
lent:

(i) Aisan L-subalgebra;

(ii) foreach A € J(L), Ajy = @ or it is a subalgebra of E;
(iii) foreach A € L, Ay = @ or it is a subalgebra of E;
(iv) foreach A € L, AN = @ or it is a subalgebra of E;

(v) foreach A € P(L), AM = @ or it is a subalgebra of E;
(vi) foreach A € P(L), AN = @ or it is a subalgebra of E.

Corollary 3. Let A be an L-subset of an effect algebra E. If B(A A ) = B(A) N B(u) for all
A, 1 € L, then the following conditions are equivalent:

(i) Aisan L-subalgebra;
(i) foreach A € L, A(yy = D orit is a subalgebra of E;
(ili) foreach A € J(L), A(yy = D or it is a subalgebra of E.

Let E be an effect algebras and (2F)! represents the set of all mapping H : L — 2F.
Then we have the following definitions.

Definition 10 ([36]). Let H € (2F)L.
(i) Ifpu € B(A) implies H(A) C H(u), then H is called an Lg-nest of E.
() Ifu € a(A)implies H(u) C H(A), then H is called an Ly-nest of E.

By Theorem 2.3 in [36], we can prove the following two theorems.

Theorem 3. Let L be completely distributive and let {A(A) | A € L}) (A(A) # @) be an Ly-nest
of subalgebras on an effect algebra E. Then there exists an L-subalgebra B such that

G) BW C AA) C B forall A € L;

() BW =Uyeqn) A(n) forall A € P(L);

(i) B =,car) AA) forall p € P(L).

Theorem 4. Let L be completely distributive and let {A(A) | A € L} (A(A) # @) be an Lg-nest
of subalgebras on an effect algebra E. Then there exists an L-subalgebra B such that

(i) B(A) - A(A) - Bwforall AEL;
(i) By = Unepu) Ap) forall A € L;
(i) By = NMrep(u) A(A) forall p € L.

In particular, when L = [0, 1], we have the following result.

Corollary 4. Let {A(A) | A € (0,1]} (A(A) # @) be a family of subalgebras on an effect algebra
E.IfA <u= A(u) C A(A), then there exists a fuzzy subalgebra B satisfying

(i) Bpy € A(A) C By

(il) By =Un<y A(p) forall A € (0,1];

(iil) By = Na<p A(A) forall p € (0,1].
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4. L-Fuzzy Convexity on Effect Algebras

In this section, we study the relationship between the L-fuzzy subalgebra degree and
L-fuzzy convexity on an effect algebra. Further, we prove that a morphism between two
effect algebras is an L-fuzzy convexity preserving mapping and a monomorphism is an
L-fuzzy convex-to-convex mapping. Finally, we prove that the set of all L-subalgebras on
an effect algebra is an L-convexity. For instance, we give its L-convex hull formula.

For each A € LE, € can be naturally considered as a mapping & : LE — L defined by
A —— E(A). The following theorem will show that £ is an L-fuzzy convexity on an effect
algebra E.

Theorem 5. Let E be an effect algebra. Then £ : LE — L is an L-fuzzy convexity on E.

Proof. (LMC1). It is clear that £(_L) = £(T) = T by Definition 8.

(LMC2). Let {A;}ic; C LE be nonempty. Now we show &(Aic; A;) > Ajes E(A).
Let A € L with A < Aje;E(A;). Then for any i € I, we have A < £(A;), which implies
Ai(x) NA () ANA < Ai(xdy) and A;(x) AA < A;(x') A A;(0) for all x,y € E satisfying
x L y. It follows that

NA) AN\ Ai) A< N\ Ai(x@y),

iel iel iel
N Ai(x) AL < N Ai(x)) AN Ai(0).
i€l iel iel

This gives that A < E(A;c; A;). Hence E(Ajcr Ai) > Nic1 E(A)).

(LMC3) Let {A;};c; C LF be nonempty and directed. Now, we show &(V;c; A;) >
Nie1 E(A;). Let A € Lwith A < A;c;E(A;). Then forany i € I, A < £(A;) implies
Ai(x) NA () ANA < Ai(xdy) and Aj(x) AA < A;(x") A A;(0) for all x,y € E satisfying
x L y. Now, we prove

VAi(x) AV Aiy) AA <\ Ai(x @ y).

icl i€l i€l

Take u € L with
u=< \/Ai(x) A \/ Az(]/) AA,

iel iel
then there exists i,j € I such that u < A;(x), p < Aj(y) and p < A. Since {A;}ic;
is directed, there exists iy € I such that A; < A; and Aj < Ay, we thus have y <
A, (x) N A, (y) A A. By the fact that A; (x) A Aj (y) ANA < Ajj(x@y),sopu < Aj(x@dy) <
Vier Ai(x @ y). Hence

V Aix) A Aily) AA <\ Ai(x @ y).

i€l i€l i€l
Similarly, we can prove

\/ A,»(x) AA L \/ Ai(x’) A \/ A,’(O).

iel iel iel

Hence A < E(Vie1 Aj), itimplies £(Vicr Ai) > Nier E(A;).
Therefore, £ : LE — Lisan L-fuzzy convexity. O

In order to investigate L-fuzzy convexity preserving mappings and L-fuzzy convex-
to-convex mappings, we first give following definition and lemma.

Definition 11 ([40]). Let E and F be effect algebras and g: E — F is called
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(i) amorphismif g(1g) = 1p,and x L y,x,y € E implies g(x) L g(y) in F,and g(x dy) =

g(x) @ g(y)
(i) amonomorphism if ¢ is a morphism and g(x) L g(y) iffx L y.

Lemma 2. Let E and F be effect algebras and g: E — F is a morphism. Then g(0g) = Of and
g(x') =g(x) forallx € E

Proof. Since (0 © 1) = ¢(0r) ® g(1g) = g(0g) & 1 by Definition 11, it follows from
Definition 1 (E3) that g(0g) = Of. Since x L x’ for any x € E, we have g(1g) = g(x @ x’) =
8(x) @ g(x"), thus g(x') = g(x)". O

Theorem 6. Let g : E — F be a morphism between two effect algebras E and F. Then

(i) g (E, &) — (F, E&r) is L-fuzzy convexity preserving.
(i) Ifg:E — Fisamonomorphism, then g: (E,Eg) — (F,EF) is L-fuzzy convex-to-convex.

Proof. (i) In order to prove g: (E,Eg) — (M, Ef) is L-fuzzy convexity preserving, we just
need to prove for any A € LF, Ex(gi(A)) > Er(A).

Let A € L with A < Ep(A). Then by Lemma 1 we obtain A(x) A A(y) ANA < A(x @ y)
and A(x) AA < A(x") A A(0) for all x,y € F satisfying x L y. So for any a,b € E with
alb,

ANgE (A)(a) Agi (A)(b) = AAA(g(a)) NA(g(D))

A
=
=
B
@
%
=

Ag(a®Db))
81 (A)(a®b)
Similarly, we can obtain A A g7 (A)(a) < g5 (A)(a’)and AN gF (A)(a) < g5 (A)(OF),
which implies A < £g(g7 (A)). Hence £ A)) > Er(A).

) <
(8T (
(ii) In order to prove g: (E,Eg) — (F, &) is L-fuzzy convex-to-convex, we just need
to prove forany A € LE, Eg(A) < Er(g77 (A)).

Let A € Lwith A < &g(A), then A(a) NA(D) ANA < A(a@b) and A(a) AA <
A(a") N A(0) for all a, b € E satisfying a L b. It follows that for x,y € F satisfying x L y,

G (AN AGTANW AL = AN\ Al A\ Ab)
g(a)=x g(b)=y

VAN A(a) NAD) | g(a) = x,8(b) =y}
V{A(a®b) | g(a) = x,g(b) =y}
\V{A@®b) |gladb) =xdy}
VA{A(e) | g(c) =xay}

(gL' (A)(x&y).

Similarly, we can prove (g;7(A))(x ) ANA < (g7 (A)(x") A (g7 (A))(0). This gives
that A < Ep(g77(A)). Hence Eg(A) < Er(g7°(A)). Therefore, g : (E,Eg) — (F,&F) is
L-fuzzy convex-to-convex. [

ININ

IN

Corollary 5. Let {E;};c be a family of effect algebras and H A, be the direct product of { A; }ica,
where A; € LEi. If p; H E; —> E; is the projection, then pi: (H Ei, & k) — (Ei, &) is

ieA

L-fuzzy convexity preservzng foralli e A
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Proof. It is easy to check that p; : [] E; — E; is a morphism between effects algebras, so
ieA
by Theorem 6, we know p; is L-fuzzy convexity preserving foralli € A. O

Theorem 7. Let {E;}ic be a family of effect algebras and ] A; be the direct product of { A; }ica,
iEA

where A; € LEi. Then 51—[ Ei( IT Ai) > A gEi(Ai)-
ieA  “ieA ieA
Proof. Let p; : [] E; — E; be the projection. It can be easily proved that [] A; =
(1SN i€eA
A p;(A;). So by the proof of (LMC2) in Theorem 8, we have
€A

Ene (I A) =€ e A pi(A)) 2 AEre(pi (A)) 2 A & (4)

icA ieA [ISVAN IEA  ieA ieA

The last inequality holds because p; is L-fuzzy convexity preserving by Corollary 4. [

From paper [27], we know (E, £,) is an L-convex space forall A € L\ L. In particular,
(E,&7,) is an L-convex space. We should note that &1, = {A € LF | £(A) = T},
by Definition 9, we obtain that £, is the set of all L-subalgebras on an effect algebra E.

The L-convex hull operator with respect to the L-convex space (E, £, ) is as follows:
for A € LE, co(A) = N{B € LF | A< B € &1, } [17], ie., co(A) is the least L-subalgebra
containing A. In the following, we will give the corresponding L-convex hull formula.

Theorem 8. Let A be an L-subset of an effect algebra E. Define for any x € E,

0= A,0(x) = < \  [A(x1) VA A[A(x) v A(xé)]) V A(x),

X=x1Dxp

whenn >2, ou(x) = \/  [ou_1(x1) V 01 (X)) A low—1(x2) V 01 (x3)].
X=x1Dxp

Then co(A) = \/j—o Tn-

Proof. We first show \/;_ 0 is an L-subalgebra of E. To achieve this, we give the follow-

ing statements.
(). Forany x € Eand n > 1, 05,(1) > 0y (x).
Let n = 1. For any x € E, it follows from x & x” = 1 that

01(1) > A(x) VA(X') > A(x) = op(x).
Letn > 2. For any x € E, since x @ x' =1, we have that for each x € E.

(1) =\ loua1) Vo1 (y)] Alow-i(z) Vo1 (2)]
1=y®dz
> [ou-1(x) V ou1 (X)) A fon-1(x) V o1 (x)]

= o, 1(x)Vo,_1(X).
Since for any x € E,

ou(x) =\ ou_1(x1) Vou_1(x)] A [on—1(x2) V 051 (x5)],

x=x1Dxy

then for every pair (x1, x7) satisfying x = x1 @ xy, it holds that 0,1 (x1) V 0,1 (x]) < 0,,(1)
and 0,1 (x2) V 0,1 (x%) < 0,,(1), we thus obtain 7y, (x) < 03, (1).
(i). Vo on(x) < Vi ou(1).
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Since 0p = Aand 1 = 140, we have 07(1) > A(1) V A(0) > A(1). By the above
proof, we obtain 07 (1) > A(x) V A(x’) > A(x). This implies

V ou(x) = A(x) v \/ ou(x) < (1) v \/ 0,(1) < \/ o ().
n=0 n=1 n=1 n=0
(iii). op(x) < 01(x) < 02(x) < -+
For any x € E, from the construction of ¢ (x), it is clear that o7 (x) > A(x) = 0p(x).
Let n > 2. For any x € E, by the fact that x = x ® 0 and (i), we have

on(x) =\ lon—1(x1) Vou_1(x])] A1 (x2) V 051 (x3)]
x=x10x2
> [ou1(x) Vv Unfl(x/)} A on-1(0) V 1 (1)]
> Op-1 (x)

(1Av). Voo on(x) < Vogou(x').
For any x € Eand n > 2, since x' = x' ®0, we have

(Tn(xl) > [on—1(x) Vou_1 (x/)] A [00-1(0) Va1 (1)].

By (i) we know that 0,,_1(x),0,_1(x") < 0,,1(1), it follows that 0, (x") > 0,,_1(x).
Thus V71 0 (x) < Vip 0w (x'). By (iii) we obtain

<3

on(x) = {7 on(x) < (} on(x') = <7 on(x).
n=1

n=0

(v). Forx,yc Eandx L y,

{; ou(xdy) > ( (7 Un(x)> A < {; Un(y)>.
n=0 n=0

n=0

Lett € L such that t < (V,‘f’:o Un(x)) A ( Voo Tn (y)), then we have t < \/;7_ 0 (x)
and t < V7 gou(y). So there exist i,k > 0 such that t < ¢;(x) and t < 0j(y). Put
j = max{i, k}, then by (iii) we obtain t < j(x) and t < 0;j(y). It results that

oo

t < 0j(x) Aoj(y) < [oj(x) Voi(x)] Aloj(y) Voi(y)] S gja(x@y) <\ ou(x @ y).
n=0

Hence Voo 4) > (v;to an<x>) A (vr_o an<y>).
(vi). Voo on(x) < Voo ou(0).

By (ii) and (iv), we have,

<7 0,(0) = {; (1) > G on(1) > (7 on(x).
n=0 n=0 n=0

Therefore, by (iii), (iv), (v), (vi) and Proposition 1, we can obtain that \/,._, 0, is an
L-subalgebra containing A. Next, we prove \/;_ 0y, is the least L-subalgebra containing A.

Assume B € LF is an L-subalgebra containing A, so A(x) < B(x) forall x € E. Itis
clear that 0y < B. Since
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op(x)

IN

(v
(
(
(

X=

xX=

xX=

xX=

A(n) VAGD] A [A(x) v A(D)]) V A(x)

x1€9x2

V. [B(x1) VB(x))] A [B(x2) v B(x))]) V B(x)

xX1Dxp

B(xq1) A B(x2)> V B(x) (by Corrollary 1 and B is an L-subalgebra)

X2

B(x; & xz)) V B(x) = B(x) V B(x) = B(x).

X1 Dx2

@

X1

Assume 0} < B (k > 2) holds. Now,

gep1(x) =\ ow(xr) Vor(x))] Afoi(x2) V oi(x)]

xX=x1Dxp

< 'V [B(x1)VB(x)]A[B(x2) V B(x3)]
X=x1Dxp

= 'V B(x1) AB(x2)
x=x1Dxp

< 'V Bx®x)=B(x).
X=x1Dxp

Thus for any n > 0, it holds that 0;, < B, which implies \/;;_,0, < B. This implies

Vo 0 is the least L-subalgebra containing A. Therefore, co(A) = ;g 0n. O

5. Conclusions

In this paper, we proposed the notion of L-fuzzy subalgebra degree on an effect algebra
based on a completely distributive lattice L. We gave their characterizations in terms of
four kinds of cut sets of L-subsets. We say an L-subset is an L-subalgebra if its L-fuzzy
subalgebra degree is equal to T}. In fact, the L-fuzzy subalgebra degree can describe
the degree to which an L-subset is an L-fuzzy subalgebra. An L-fuzzy convex structure
on an effect algebra was naturally constructed and some of its properties were studied.
For instance, an L-convex structure was induced by the set of all L-subalgebras and its
L-convex hull formula was given.

It should be noted that the same thought can be applied to different algebraic structure
such as MV-algebras, BL-algebras, residuated lattices and so on. Thus, there exist L-fuzzy
convexities in many logical algebras, which enrich the convexity theory in logical algebras.
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