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Abstract: We consider the time-dependent dynamical system 4% = —T} Cq”q" — w(t)Q%(q) where
w(t) is a non-zero arbitrary function and the connection coefficients I}, are computed from the
kinetic metric (kinetic energy) of the system. In order to determine the quadratic first integrals
(QFIs) I we assume that I = Kabq”qb + Kq4" + K where the unknown coefficients K,j,, K;, K are
tensors depending on t,4” and impose the condition % = 0. This condition leads to a system
of partial differential equations (PDEs) involving the quantities K, Kz, K, w(t) and Q%(g). From
these PDEs, it follows that K, is a Killing tensor (KT) of the kinetic metric. We use the KT K,
in two ways: a. We assume a general polynomial form in ¢t both for K, and K,; b. We express
K,p in a basis of the KTs of order 2 of the kinetic metric assuming the coefficients to be functions
of t. In both cases, this leads to a new system of PDEs whose solution requires that we specify
either w(t) or Q?(q). We consider first that w(t) is a general polynomial in f and find that in this

case the dynamical system admits two independent QFIs which we collect in a Theorem. Next,
w(t)
rv
and determine the functions w(t) for which QFIs are admitted. We extend the discussion to the
non-linear differential equation ¥ = —w(t)x* + ¢(t)x (u # —1) and compute the relation between
the coefficients w(t), ¢(t) so that QFIs are admitted. We apply the results to determine the QFIs of

the generalized Lane-Emden equation.

we specify the quantities Q?(g) to be the generalized time-dependent Kepler potential V = —

Keywords: time-dependent dynamical systems; quadratic first integrals; Killing tensors; kinetic
metric; Kepler potential; oscillator; Lane-Emden equation

1. Introduction

The equations of motion of a dynamical system define in the configuration space a
Riemannian structure with the metric of the kinetic energy (kinetic metric). This metric is
inherent in the structure of the dynamical system; therefore, we expect that it will determine
the first integrals (FIs) of the system which are important in its evolution. On the other
hand a metric is fixed by its symmetries, that is, the linear collineations: Killing vectors
(KVs), homothetic vectors (HVs), conformal Killing vectors (CKVs), affine collineations
(ACs), projective collineations (PCs); the quadratic collineations: second order Killing
tensors (KTs). The question then is how the FIs of the dynamical system and the geometric
symmetries of the kinetic metric are related.

The standard way to determine the Fls of a differential equation is the use of Lie /Noether
symmetries which applies to the point as well as the generalized Lie/Noether symmetries.
The relation of the Lie/Noether symmetries with the symmetries of the kinetic metric
has been considered mostly in the case of point symmetries for autonomous conservative
dynamical systems moving in a Riemannian space. In particular, it has been shown (see,
e.g., [1-4]) that the Lie point symmetries are generated by the special projective algebra of
the kinetic metric whereas the Noether point symmetries are generated by the homothetic
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algebra of the kinetic metric, the latter being a subalgebra of the projective algebra. A recent
clear statement of these results is discussed in [5].

In addition to the autonomous conservative systems this method has been applied
to the time-dependent potentials W(t,q) = w(t)V(q), that is, for equations of the form
§" = —T9.4°4° — w(t)V(q) (see, e.g., [6~12]). In this case it has been shown that the Lie
point symmetries, the Noether point symmetries and the associated Fls are computed in
terms of the collineations of the kinetic metric plus a set of constraint conditions involving
the time-dependent potential and the collineation vectors. These time-dependent potentials
are important because (among others) they contain the time-dependent oscillator (see,
e.g., [8,10,13-15]) and the time-dependent Kepler potential (see, e.g., [12,16-18]). A further
development in the same line is the extension of this method to time-dependent potentials
W(t,q) with linear damping terms [12]. It has been shown that under a suitable time
transformation the damping term can be removed and the problem reduces to a time-
dependent potential of the form W(t,q) = @(t)V(q) but with different (). Finally
the Lie/Noether method has been applied to the study of partial differential equations
(PDEs) [4,19-21].

Besides the aforementioned Lie/Noether method there is a different method which
computes the Fls in terms of the collineations of the kinetic metric without using Lie
symmetries. This method we shall apply in this paper. It has as follows.

One assumes the generic quadratic first integral (QFI) to be of the form (the linear FIs
(LFIs) are also included for K,;, = 0)

I = Kup"d" + Keg" + K )

where the coefficients K, K,, K are tensors depending on the coordinates ¢, g and imposes
the condition % = 0. Using again the equations of motion to replace the quantities §*
whenever they appear, this condition leads to a system of PDEs involving the unknown
quantities K,j, K;, K and the dynamical elements, i.e., the potential and the generalized
forces of the system. The solution of this system of PDEs provides the QFIs (1). For future
reference we shall call this method the direct method.

The system of PDEs consists of two parts: a. The geometric part which is independent
of the dynamical quantities; b. the dynamical part which contains the scalar K and the
dynamical quantities. The main conclusion of the geometric part is that the tensor K, is a
KT of the kinetic metric whereas the vector K, is related to the linear collineations of that
metric. The dynamical part involves the scalar K which is determined by a set of constraint
conditions which involve K3, K;;, K, the potential and the generalized forces. Once K is
computed one gets the corresponding QFI I.

The direct method can always be related to the Noether symmetries. Indeed assuming
that the system has a regular Lagrangian (which is always the case since we assume that
there exists the kinetic energy) it can be shown by using the inverse Noether theorem
(see [22] and section II in [23]) that to each QFI I one determines an associated gauged
generalized Noether symmetry with generator 17, = —2K,;4" — K, and Noether function
f = —Kup4*4® + K whose Noether integral is the considered QFI. Therefore, we conclude
that all QFIs of the form (1) are Noetherian, provided the Lagrangian is regular, that is,
the dynamical equations can be solved in terms of §*.

Moreover, the direct method has been employed in the literature (see [17,24-26]) both
for autonomous and time-dependent dynamical systems. A recent account of this method
in the case of autonomous conservative systems together with relevant references can be
found in [27]. This approach being geometric is powerful and convenient because with
minimal calculations it allows the computation of the FIs by using known results from
differential geometry.

The purpose of the present work is to apply the direct method to compute the QFIs
of time-dependent equations of the form j* = —T% 43¢ — w(t)Q"(q). Because many well-
known dynamical systems fall in this category we intend to recover in a direct single
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approach all the known results derived from the Lie/Noether symmetry method, which
are scattered in a large number of papers.

As explained above, the solution of the system requires that the tensor K, is a KT
of the kinetic metric. In general, the computation of the KTs of a metric is a major task.
However, for spaces of constant curvature, this problem has been solved (see [28-30]).
Therefore, in this paper, we restrict our discussion to Euclidean spaces only. Since the KT
K,p is a function of ¢, g% we suggest two procedures of work: (a). The polynomial method;
(b). the basis method.

In the polynomial method, one assumes a general polynomial form in the variable ¢
both for the KT K,;, and the vector K, and replaces in the equations of the relevant system.
In the basis method, one first computes a basis of the KTs of order 2 of the kinetic metric and
then expresses in this basis the KT K,; with the coefficients to be functions of ¢. The vector
K, and the FIs follow from the solution of the system of PDEs. Both methods are suitable
for autonomous dynamical systems but for time-dependent systems it appears that the
basis method is preferable.

Concerning the quantities w(t) and Q%(g), again, there are two ways to proceed.

(a) Consider a general form for the function w(t) and let the quantities Q° unspecified.
In this case, the quantities Q” act as constraints;

(b) Specify the quantities Q“ and determine for which functions w(t) the resulting dy-
namical system admits QFIs.

In the following, we shall consider both the polynomial method and the basis method,
starting from the former. As a first application, we assume the KT K, = N(t)7,, where
N(t) is an arbitrary function and show that we recover all the point Noether integrals
found in [12]. As a second application, we assume that w(t) = by + byt + ... + byt! with
by # 0 and ¢ > 1 whereas the quantities Q? are unspecified. We find that in this case, the
system admits two families of independent QFIs as stated in Theorem 1.

Subsequently, we consider the basis method. This is carried out in two steps. In the first
step, we assume that we know a basis {Cny,;, () } of the space of KTs of the kinetic metric
and require that K, has the form Ky (t,q) = YN_1 &N (t)C(n)as(q)- In the second step,
we specify the generalized forces to be conservative with the time-dependent Newtonian
generalized Kepler potential V = —wr(f) where v is a non-zero real constant and r =
/X% +y? + z2. This potential for v = —2, 1 includes, respectively, the three-dimensional
(3d) time-dependent oscillator and the time-dependent Kepler potential. For other values
of v it reduces to other important dynamical systems, for example, for v = 2 one obtains
the Newton—Cotes potential (see, e.g., [31]). We determine the QFIs of the time-dependent
generalized Kepler potential and recover in a systematic way the known results concerning
the QFIs of the 3d time-dependent oscillator, the time-dependent Kepler potential and the
Newton—Cotes potential. For easier reference, we collect the results in Table 2 of Section 14.

Using the well-known result that by a reparameterization the linear damping term
¢(t)4" of a dynamical equation is absorbed to a time-dependent force of the form w(t)Q%(q),
we also study the non-linear differential equation ¥ = —w(t)x* + ¢(¢)x (4 # —1) and
compute the relation between the coefficients w(t), ¢(t) for which QFIs are admitted. It is
found that a family of ‘frequencies’ @(s) is admitted which for y = 0,1, 2 is parameterized
with functions whereas for u # —1,0,1,2 is parameterized with constants. As a further ap-
plication, we study the integrability of the well-known generalized Lane-Emden equation.

The structure of the paper is as follows. In Section 2, we determine the system of
PDEs resulting form the condition dI/dt = 0. In Section 3, we assume that the KT is
proportional to the kinetic metric and derive the point Noether FIs of the time-dependent
dynamical system (2). In Section 4, we consider the polynomial method and define the
general forms of the KT K,;, and the vector K,; which lead to a new form of the system of
PDEs. In Section 5, we assume that w(t) is a general polynomial of ¢ and we find that the
resulting time-dependent system admits two independent QFIs as stated in Theorem 1.
In Section 6, we discuss some special cases of the QFI I, of Theorem 1. In Section 7, we
consider the basis method. In Section 8, we find a basis for the KTs in E3 in order to




Mathematics 2021, 9, 1503

4 0f 38

apply the basis method to 3d Newtonian systems. In Sections 9-13, we study the time-
dependent generalized Kepler potential and find for which functions w(t) admits QFIs.
Particularly, in Section 13, we study a special class of time-dependent oscillators with
frequency wsp(t) as given in Equation (123). We collect our results for the several values
of v in Table 2 of Section 14. In Section 15, we use the independent LFIs ly1;, I1p; given
in Equations (125) and (126) to integrate the equations of the time-dependent oscillators
defined in Section 13; the Fls L;, E;, A; determined in Section 11.1 to integrate the time-
dependent Kepler potential with w(t) = ﬁ where kb; # 0. In Section 16, we consider
the second order non-linear time-dependent differential Equation (154) and show that it
is integrable with an associated QFI given in Equation (175) iff the functions w(t), ¢(t)
are related as shown in Equation (174). For the special values 4 = 0,1,2 we find also
that there exist additional relations between w(t), ¢(t) for which the resulting differential
equation admits a QFL For 4 = 1 Equation (154) admits the general solution (166) provided
that condition (165) is satisfied. We apply these results in Section 16.1 and we study the
properties of the well-known generalized Lane-Emden equation. Finally, in Section 17, we
draw our conclusions and, in the Appendix A, we give the proof of Theorem 1.

2. The System of Equations

We consider the dynamical system

i* = —T.4" — w(t)Q"(q) 2)

where I']  are the Riemannian connection coefficients determined by the kinetic metric 7y,
(kinetic energy) of the system and —w(t)Q"(q) are the time-dependent generalized forces.
Einstein summation convention is assumed and the metric v, is used for lowering and
raising the indices.

We next consider a function I(t,4%, ") of the form

I = Ku(t,9)§°6" + Ka(t,9)4° + K(t,q) €)

where K,;, is a symmetric tensor, K, is a vector and K is an invariant.
We demand I be a FI of (2) by imposing the condition

dl
~Z o 4
7 =0 @)

Using the dynamical Equations (2) to replace §* whenever it appears, we find the
system of equations

Kapey = 0 ®)

Kapt +Kigpy = 0 (6)

—2wKpQ" + Kt +Kg = 0 )

K;—wK,Q* = 0 (8)

Kot +@(KuQ") = 200,KapQ" = 20K Q" = 0 ©)
_ c _

Kiap) ZW(K[alc\Q);b] 0 (10)

where the last two Equations (9) and (10) express the integrability conditions K ;) = 0 and
K (45 = 0, respectively, for the scalar K. We also note that round and square brackets indi-
cate symmetrization and antisymmetrization, respectively, of the enclosed indices; indices
enclosed between vertical lines are overlooked by symmetrization or antisymmetrization
symbols; a comma indicates partial derivative and a semicolon Riemannian covariant
derivative.

Equation (5) implies that K, is a KT of order 2 (possibly zero) of the kinetic metric .
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The solution of the system requires the function w(t) and the quantities Q?(g) both
being quantities which are characteristic of the given dynamical system. There are two
ways to proceed.

(@) Consider a general form for the function w(t) and let the quantities Q%(¢q) unspecified.
In this case the quantities Q%(g) act as constraints.

(b) Specify the quantities Q?(q) and determine for which functions w(t) the resulting
dynamical system admits Fls.

However, before continuing with this kind of considerations, we first proceed with
the simple geometric choice K, = N(t)y,, where N(#) is an arbitrary smooth function.
By specifying the KT K,;, as above both the function w(t) and the quantities Q?(g) stay
unspecified and act as constraints.

3. The Point Noether FIs of the Time-Dependent Dynamical System (2)

We consider the simplest choice

Koy = N(t)Yap (11)

where N(#) is an arbitrary smooth function. This choice is purely geometric; therefore, the
function w(t) and the quantities Q”(g) are unspecified and act as constraints, whereas the
vector K, is identified with a collineation of the kinetic metric. With this K, the system of
Equations (5)-(10) become (Equation (5) vanishes trivially)

N,t')/ab + K({Z;b) 0 (12)
_ZCUNQQ + Ka,t + K,g - 0 (13)
K;—wK, Q" = 0 (14)
Kosi+@(KyQ") —20NQu—2wN;Qu = 0 (15)
Kigpt —2wNQppy = 0. (16)
We consider the following cases.
3.1. Case K, = K,(q) is the HV of vy, with Homothety Factor ¢
In this case, Kyt = 0 and K,) = 7, where  is an arbitrary constant.
Equation (12) gives
Ni=—1p = N=—¢t+c
where c is an arbitrary constant.
Equation (16) implies that (take w # 0)
Qup) =0 = Qu="V,
where V = V(q) is an arbitrary potential.
Replacing in (13) we find that
K, =2w(—yt+c)V, = K=2w(—9pt+c)V + M(t)
where M(t) is an arbitrary function.
Substituting the function K(t,q) in (14) we get
WK, VA — 20w 4 (—pt + )V + 2wV — M = 0. (17)

The remaining condition (15) is just the partial derivative of (17), and hence is satis-
fied trivially.
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Moreover, since w # 0, Equation (17) can be written in the form
a M,
K,V —2(Inw) (=t + )V + 29V — o 0 (18)
which implies that
2(Inw)(—yt+c) = (19)
M; = cuw (20)
where cy, ¢; are arbitrary constants.
Therefore, Equation (18) becomes
KV + (29 — 1)V —cp = 0. (21)
The QFl is
I = (=9t +)vad"q" + Ka(q)d" + 20 (=9t + )V + M(t) (22)

where Q, = V, and the quantities w(t), M(t), V(q), K,(g) satisfy the conditions (19)—(21).

3.2. Case K, = —M(t)S 4(q) Where S 4 Is the Gradient HV of 7y,

In this case S.;, = Py, and M(t) # 0 is an arbitrary function.

Equation (12) implies N ; = M.

From Equation (16) we find that there exists a potential function V(g) such that
Qa = V,u-

Replacing the above results in (13) we obtain

K, =2wNV,+M;S, = K =2wNV + M,S+C(t)

where C(t) is an arbitrary function.
Substituting in (14) we get (take wM # 0)

(,LJ]\/IS/HV’Lz +2wWiNV +20pMV + MyS+Cy =0 =

2(Inw) (N M 4 Ct
o . , b
S.V*4 429V + M V+wMS+wM 0
which implies that
2(11’1(4.)) tN
~ = 2
M dq (23)
My
g 24
oM m (24)
Ct
— = k 2
oM (25)
S V'+2p+d)V+mS+k = 0 (26)

where dy, m, k are arbitrary constants. The remaining condition (15) is satisfied identically.
The QFl is
I = Nyp"d? — MS 04" + 2wNV + M;S + C(t) 27)

where Q; = V,;, Ny = M and the conditions (23)-(26) must be satisfied.

3.3. Case Qu = Vyand K, = —M(t)V,4(q) Where V., Is the Gradient HV of 7y,
Equation (12) implies N; = M where ¢ is the homothety factor of V,,.
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From Equation (13), we obtain
K, =2wNV,+ M;V, = K=2wNV + M,V +C(t)
where C(f) is an arbitrary function.
Substituting in (14) we get (take wM # 0)
WMV, V" 42w NV + 20pMV + MV +Cy =0 =
2(11’1 w) tN M t C t
) . , b
VaV" + 29V + =22V o =V e =0
which implies that
M tt 2(11’1 w) tN
. . = d 2
oM T T M 2 (28)
Ct
— = k 2
oM (29)
VVi+2p+d))V+k = 0 (30)

where dy, k are arbitrary constants. The remaining conditions are satisfied identically.
The QFI is
Iy = Nyapd®q” — MV,4g* + 2wN + M)V + C (31)

where Q, = V,;, Ny = M and the conditions (28)—(30) must be satisfied.

The above results reproduce Theorem 2 of [12] which states that the point Noether
symmetries of the time-dependent potentials of the form w(t)V(q) are generated by the
homothetic algebra of the kinetic metric (provided the Lagrangian is regular).

It is interesting to observe that the QFIs (22), (27) and (31) produced by point Noether
symmetries can be also produced by generalized (gauged) Noether symmetries using the
inverse Noether theorem. This proves that a Noether FI may not associated with a unique
Noether symmetry.

4. The Polynomial Method for Computing the QFIs

In the polynomial approach, one assumes a polynomial form in ¢ of the KT K, (¢, q)
and the vector K, (t,q) and solves the resulting system for given w(t), Q?(q). One applica-
tion of this method can be found in [27] where a general theorem is given which allows the
finding of the QFIs of an autonomous conservative dynamical system. In the present work,
we generalize the considerations made in [27] and assume that the quantity K, (t,q) has

the form
N

Kap(t,0) = Cioyan(9) + Y Cnyan(9) 35 (32)
N=1

where C(N)ub, N =0,1,...,n, is a sequence of arbitrary KTs of order 2 of the kinetic met-

ric y,p-
This choice of K, and Equation (6) indicate that we set

Ka(tq) = Y Loypa(q)t (33)
M=0

where Ly, (), M = 0,1,...,m, are arbitrary vectors.
We note that both powers #, m in the above polynomial expressions may be infinite.
Substituting (32) and (33) in the system of Equations (5)—(10) (Equation (5) is identically
zero since C(y),;, are KTs) we obtain the system of equations
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0 = Cawya+Crapt+ -+ Comant" " + Loyap) + Lyt + -+ Lomy@p)t" (34)
0 = —2wC()pQ" —2wC(1)pQ"t — .. — 2wC Q" —n + L1y + 2L(2)at + oo+ ML t" 1 + Ko (35)
0 = Ki—wLiQ" —wL),Q% — ... —wLy uQ”t’" (36)
0 = (—ZC(O)ath —2C 1) Qt — ... — ZC(n)ngth>wt — 20C (1) Q" — 2wC 2y Q"t — ... = 2wC ), Q"1 +
2L gy 6L gt o m(m =1 Liat™? + @ (LigpQ")  +w(LipQ') tH ot w (L(m)th),atm (37)
0 = ( 0)[ale| Q° ) + 2w( 1) [afe| Q° ) t . +2w( <n>[a|c\Qc);b]% — Lyfap) —
2L )t t — = ML (e (38)

In this system of PDEs the pairs w(t), Q%(g) are not specified. As we explained in the
introduction, we shall fix a general form of w and find the admitted QFIs in terms of the
(unspecified) Q”. In the following section, we choose w(t) to be a general polynomial in ¢;
however, any other choice is possible.

5. The Case w(t) = by + byt + - -+ + byt with by, #0,£ > 1
We assume that

w(t) =bo+ byt + ..+ bet’, by #£0, £>1 (39)

where / is the degree of the polynomial. Substituting the function (39) in the system of
Equations (34)—(38) we find that there are two independent QFIs as given in Theorem 1
(the proof of Theorem 1 is in the Appendix A).

Theorem 1. The independent QFIs of the time-dependent dynamical system (2) where w(t) =
bo + byt + ... + byt! with by # 0 and £ > 1 are the following:

Integral 1.

tk-‘ri’-‘rl

— Z tk .q b k
I = <C(O)”b+k=zlkc(k)”b>qq +Zf el +ZZ b ) +6(a)

where n = 0, 1,2, veey C(O)ab isa KT, the KTs C(N)zzh = —L(Nfl)(a;b)for N = 1, ey, n, L(n)a isa KV,
G(q) is an arbitrary function defined by the condition

Ga =2boC(g ubQ — Ly (40)
s is an arbitrary constant defined by the condition
L(n)aQa =S 41)

and the following conditions are satisfied

— 2(r+5)b(rys<e b
Zf:(]l [7%C(717520)ath - 2h(r+s§éf)c(nfs>0)abe + b(r+s§l/) (L(nfsflzo)le) a] =0, r=12,..,¢ (42)

2sby
|: n s>0)ubQ :| + Z |: stc(n—s>0)abe + bs (L(n—s—lzo)be) a:| =0 (43)
0 7
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k(k— 1)L, — iy [%C(kﬁsqzo)nb@] +Xi {72bsc(k7571>0)ube +bs (Laf*sfzzo)th) J =0 (44)

withk =2,3,..n.
Integral 2.

I =L(£ =1) = —eML)4"4" + AeMLog" + (bo — lj\l)e“LuQ“ + byteM L, Q°

where L, is a KT, (Lbe) = g—fLa and A3L, = —ZblL(a;b)Qb.
A
We note that the FI 1, exists only when w(t) = by + byt, that is, for { = 1.

6. Special Cases of the QFI I,

The parameter 7 in the case Integral 1 of Theorem 1 runs over all positive integers,
ie,n=0,1,2,... Thisresults in a sequence of QFIs Iy, I1, I, ..., one QFI I,, for each value
n. A significant characteristic of this sequence is that I < I, that is, each QFI I; where
k=0,1,2,... can be derived from the next QFI I, as a subcase.

In the following, we consider some special cases of the QFI I;, for small values of .

6.1. The QFI Iy

For n = 0 we have

{+1 t2
oo F bys— + byst
71 + ...+ 018 5 + 0ps

Io = Coyapd*d” + L(o)ad” + bys

where C ()4 is a KT, L), isa KV, L((),Q" = s and C(O)abe =0.
This QFI consists of the independent Fls

b tf-‘rl t2
IOLI = C(O)abqaq , Iob = L(O)aqa + ngm “+ ...+ blSE + bOSt.
6.2. The QFI I
For n = 1 the conditions (41)—(44) become
L), Q" = s (45)
(L(O)be> = 26+ DLy Q" (46)
kbkC(o)abe = —(l—k+1)b_4 L(O)(a;b)Qb, k=1,..71. (47)

Since by # 0 the last condition for k = ¢ gives

by_
b b b
ComQ = b, L0y(a0)Q

and the remaining equations become

kbiby 1

{(e kDb -

]L(O)(a,-b)Qb =0, k=1,..,0—1.

The last set of equations exists only for £ > 2. From these equations, using mathemati-
cal induction, we prove after successive substitutions that
14

bf*l b
<b0 - é"b;‘1> L)@@ =0

The QFl is (I is a subcase of I1)
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b . . 2 1
L = (*tL(O)(a;b) + C(O)ub)q”q + tL( )uqa + L(O)gqa + Sbge ) (Sbg 1+ pr aQ ) 1

+ ...+
(sb0+b1L Q“) +boL(0)sQ"t + G(q)

where C(O)ub/ L( 0)(a;b) are KTS, L(l)a isa KV, L(l)uQa =S5, (L(O)be) . = —Z(Z + 1)L(0)(ﬂ;b)Qb,

kbiby_
ComQ = —FLoyan Q" [(f —k+1)be1 — 1}L(0)(a;b)Qb =0
wherek =1,...,/ —1and G4 = 2b9C ()5 Q" — L(1)a

For some values of the degree ¢ of the polynomial w(t) we have:
(1) For/t =1.

We have w = by + b1t and the QFI is

13
b = (~tL0)(wt) + Clopap ) 1" + H1)ad" + Lioyad” —l—sbl— (sbo+b1L g QQ”) +boL () Q" + G(g)

where C(g)q, L( 0)(ab) are KTs, Ly, is a KV, L WQ" =5, (L(O)be)’a = —4L (e Q"
CioyavQ” = =12 L(0)(ap) Q" and G4 = 2bC )i Q" — L1
(2) Fort=2.

We have w = by + byt + byt? and the QFI is

.a-b .a .a t4 4 t3
L = (_tL(O)(a;b) + C(O)ub)q q + tL(l)aq + L(O)aq +SbZZ + (Sbl + bZL(O)aQ )5
(sbo +b1Lg gQﬂ) + bOL aQ t+G(q)
where C(g)qp, L(0)(a;p) are KTs, L(q), is a KV, L(1),Q" = s, (L(o)be) = —6L( ub)Q ,

b2
Cioym Q" = _;}leL(O)(a;b)Qbr <bo - 4;}2> L(o)(a)Q" = 0and G4 = 2byC) Q" — L1
(3) For/t =3.
We have w = by + byt + byt? + bst® and the QFI is

5 3
L = (—tL(O)(a;b) + C(O)ab> 474" + tL(1) 00" + L(o)ad” + sbg— (sz +b3Lgg aQ”) (sb1 +bL aQ”)

(sb0+b1L aQ”) +boL(0)eQ"t + G(q)

where C(O)ub/ L(O)(u;b) are KTS, L(l)u is a K\I, L(l)uQu =5, (L(O)be) . = _8L(O)(a;b)Qbr

bZ
CowQ" = ~35Loyan (bo—%) 0@nQ’ =0, (bl _31723)L(0)(a;b)Qb = 0and
Ga = 2boCi0)p Q" —
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7. The Basis Method for Computing QFIs

As it has been explained in the introduction, in the basis method instead of consid-
ering the KT K, to be given as a polynomial in ¢ with coefficients arbitrary KTs (see
Equation (32)) one defines the KT K (t,q) by the requirement

Kub(t/ ‘7) = 1\]21 “N(t)C(N)ab(q) (48)

where ay (t) are arbitrary smooth functions and the m linearly independent KTs Cy)q;(q)
constitute a basis of the space of KTs of the kinetic metric 7y,;(¢). In this case, one does not
assume a form for the vector K,(t,q) which is determined from the resulting system of
Equations (5)—(10).

The basis method has been used previously by Katzin and Levine in [17] in order to
determine the QFIs for the time-dependent Kepler potential. As we shall apply the basis
method to 3d Newtonian systems, we need a basis of KTs (and other collineations) of the
Euclidean space E°.

8. The Geometric Quantities of E3

In E3 the general KT of order 2 has independent components

a a
Cn = fyz + 3122 +a4yz + asy + az + as
Cnp = azﬂz2 - L;—éxy — %xz — %yz - %SX - %y + 4162 + ayy
a a
Cp = ?69(2 + 5722 + a14Xz + a15x + a;pz + a3
Coys = %le - %xy - azﬂxz - %yz — (a16 +a18)x — %y - %Sz + ay
a a
Cy = %xQ + 573/2 + a10xy + a11x + agy + ag

where a; with I =1,2,...,20 are arbitrary real constants.
The vector L? generating the KT Cpp = L4y is

—ais5y? — a112% + asxy + arxz + 2(a1g + a18)yz + asx + 2a4y + 2a1z + ag

L, = —asx? — agz® + aysxy — 2a18xz + apyz + 2(ayy — ag)x + ayzy + 2a7z + ary (50)
— apy? — 2a16xy + ay1xz + agyz + 2(ajg — ar)x + 2(ax — a7)y + agz + ayg
and the generated KT is
asy +axz + as — X = Py +aez + a1z —Fx+agy — Gz +a
Cop=| —5x—By+amez+ary a15x + appz + a3 —(a16 +a18)x — Py — Fz +axp (51)
—%zx + aigy — %Z +dq9 —(1116 + Illg)x — %y — %82 + apo a11x + agy + ag

which is a subcase of the general KT (49) for a1 = a4 = a¢ = ay = a9 = a14 = 0.
We note that the covariant expression of the most general KT M;; of order 2 of E3is
(see [32,33])

M; = (€ikm€jin + EjrmEitn) A" q"q" + (Bl(iﬂj)kl + A0y — 6ijAk)g" + Djj (52)

where A™", Bll, D;; are constant tensors all being symmetric and Bll» also being traceless;

AK is a constant vector; ¢ijk is the 3d Levi-Civita symbol. This result is obtained from the
solution of the Killing tensor equation in the Euclidean space.
Observe that A™", D;; have each six independent components; Bll. has five independent

components; A* has three independent components. Therefore, M;; dependson 6+ 6 +5 +
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3 = 20 arbitrary real constants, a result which is in accordance with the one given above in
Equation (49).

9. The Time-Dependent Newtonian Generalized Kepler Potential

The time-dependent Newtonian generalized Kepler potential is V = —% where

v is a non-zero real constant and r = (¥ + y? + Zz)%. This potential contains (among
others) the 3d time-dependent oscillator [8,10,13-15] for v = —2, the time-dependent
Kepler potential [12,16-18] for v = 1 and the Newton—Cotes potential for v = 2 [31].
The integrability of these systems has been studied in numerous works over the years
using various methods, mainly the Noether symmetries. Our purpose is to recover the
results of these works—and also new ones—using the basis method.

The Lagrangian of the system is

w(t)

L= @@+ +

53
2 rv ©3)
and the corresponding Euler-Lagrange equations are

; vw(t) . vw(t) vew(t)

s R s, B T R (54)

a

For this system the Q” = T where g% = (x,y, z) whereas the w(t) is unspecified. We
shall determine those w(t) for which the resulting FIs are not combinations of the angular
momentum.

The LFIs and the QFIs of the autonomous generalized Kepler potential, that is, w(t) =
k = const, have been determined in [27] using the direct method and are listed in Table 1.

Table 1. The LFIs/QFIs of the autonomous generalized Kepler potential for w(t) = k = const.

v=-k LFIs and QFIs
Vv Ly=yz—zy Ly=zt—xz, Ly=xy—yt, Hy = (2 +? + %) - &
v=-2 Bij = q4igj — 2kq;q;
v=-2,k>0 Lot = eV (4, T v/2kq,)
v=-2k<0 Loz = V=M (g, F iv/=2kq,)
v=1 Ri = (§d))q: — (§q;)4i — %ai
v=2 L = —Hot* + t(4'q;) — é I = —Hyt + 5(4'q;)

In Table 1, H, is the Hamiltonian of the system, L; are the components of the angular
momentum, R; are the components of the Runge-Lenz vector and B;; are the components
of the Jauch-Hill-Fradkin tensor.
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Using Q% = %, conditions (5)—(10) become (see [17])

Kiapey = 0 (55)

Ky + Kapy = 0 (56)

P 7)

K;— %Kaq“ - 0 (58)

Kot +vw (I:Vhfs ) — 2;:1]; Kapg” — %Kah,tqb 0 (59)
.

Kigp)p — 2vw (Kr[?)j_zqc ) ) = 0. (60)

From the Lagrangian (53), we infer that the kinetic metric is ¢;; = diag(1,1,1).
According to the basis approach, the KT K, (t, 9) of (55) is the KT given by (49) but
the 20 arbitrary constants a; are assumed to be time-dependent functions a;(t).
Condition (56) gives
Kop + Kpa = —2Kgpp =

Kip = =K (61)
Kyp = —Kopt (62)
K3z = —Kss; (63)
Kip+Kon = —2Kyp (64)
Kig+Ksp = —2Kiz; (65)
Kog+Ksp = —2Kpa (66)

From the first three conditions (61)—(63) we find

Ky = —612—6xy2 - %sz — A4xyz — Asxy — axxz — azx + A(y, z,t)

a a . . . .
Ky = —56]/952 - 37]/22 — d14XYz — a15xY — d12yz — a13y + B(x, 2, t)
Ky = —ﬂ%lzx2 — %zyz — d10xyz — d11xz — dgyz — doz + C(x,y, 1)

where A, B, C are arbitrary functions.
Substituting these results in (64)-(66) we obtain

d1022 — 3aexy — 204xz — 2414Yz — 245X — 2015y + 2416z + 2417 + Ap + B (67)
= d14y2 — 2a4xy — 3d1xz — 2d10Yz — 242X + 2018y — 2411z + 2419 + A,3 + C,l (68)
= d4x2 — 2a14xYy — 2a10xz — 347yz — 2(5116 + dlg)x — 2410y — 248z + 2420 + B3 + C 5. (69)

By taking the second partial derivatives of (67) with respect to (wrt) x, y, of (68) wrt
x,z and of (69) wrt y, z we find that

a] =101, dg =C2, A7 =C3

are arbitrary constants.
Then, Equations (67)-(69) become

0 = 6’11022 — 204x7 — 20414YZ — 245X — 2415y + 24162 + 2417 + Ap + B (70)
= d14y2 — 2a4xy — 2a10yz — 2apx + 2418y — 24112 + 2419 + A3 +C1 (71)
= c'z4x2 — 2a14xy — 2d410X2 — 2((116 + d1g)x — 2a1py — 248z + 2430 + B3 4+ Co. (72)
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By suitable differentiations of the above equations, we obtain

A,22 = 26'1142 + 2&15
A’33 = Zilloy + 2a11
B11 = 2a4z+24a5

Baz = 2a10x + 2ag

Ci1 = 2a4y+2ap

Co = 2da14x+24d1.

Then,
A = dpzy? + oyt + asy? 4 a1z 4+ o (Dyz + o (H)y + 03(t)z + oy (k)

B (42X% + a10x2° + a5x? + agz? + 1 (1) xz + () x + 13 (H)z + 1 (t)
C = agyx® 4 dpgxy? 4 apx® + appy® + 1 (D) xy + 12 (H)x 4 73()y + n4(t)

where 0y (), T (t), i (t) for k = 1,2,3,4 are arbitrary functions.
Substituting in (70)-(72) we find

(70) = ajp=c4 01 =-—T74 —2d16, 02 = —Tp — 21y
(71) = ay=cs, 11 = —01 — 218, o = —03 — 2dq9
(72) = ay=cs, T1 = —11+2(d16 +a18), T3 = —13 — 20

from which we finally have
a10 = C4, @14 =C5, A4 = Co, T| = 2018, 1 = 216, 01 = —2(d16 + a13),

Ty = —0p — 2417, 1o = —03 — 2019, 3 = —T3 — 24y

where ¢y, 5, cg are arbitrary constants.
Therefore, the KT K, is

c

Ky = 22y2+ —2% + coyz + asy + apz + a3

Ky = %422 %xy— %xz— C—yz— %Sx 15]/—0—11162—0—1117
c c ap a

K3 = 253/2 — —6xyf —1xzf yzf ?x+alsy7 %Z+ﬂ19 (73)
c

Kyp = szz + > Z + C5XZ + a15X + A1z + 413
c c c

Ky = E6x2 — ?Sxy— E4xz— —yz — (a16 + a18)x — —y— —z+a20

_ A 2
Kzz = 2x + ]/ + caxy + ap1x + agy + ag

and the vector K, is

Ky d15y2 + {flllZ2 — As5XY — A2XZ — 2((5[16 + dlg)yz — 43X + 0oy + 03z + 04
K, = {i5x2 + 12822 — A15XY + 2418Xz — A12YZ — (02 + 2417)x — aRY +13z2+ 1 (74)
K3 dzxz + ﬂlzyz + 2a16xYy — d11X2 — Agyz — (0'3 + 26119)3( - (T3 + 25120)}/ — a9z + 4.

Replacing the above results in the constraint (60) we find the following set of equations:
ay = a1y, 45 =dg, Ay =15, d16 =13 =0 (75)
(v—=1)ap =0, (v—1)as =0, (v—1)a;; =0 (76)

(V+2)a7 =0, (v+2)a19 =0, (v+2)ay =0, (v+2)(az—a9) =0, (v+2)(az—ar3) =0 77)
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iy = lis = iy =0, 02 = —d1y, 03 = —lhyy, T3 = —iiz. (78)
We consider three cases depending on the value of v:

- Yv. The general case.
- v = 1. Time-dependent Kepler potential.
- v = —2. Time-dependent 3d oscillator.

The Newton—Cotes potential (v = 2) is contained as a subcase of the general case.

10. The General Case
This case holds for any value of v and conditions (75)—(78) give

ap =as = dg = A1) = d1p = 415 = A1 = 17 = 18 = d19 = dz0 = 0,

a3 = a9 = a13, 0 =Cy7, 03 =Cg, T3 = C9

where c7, cg, cg are arbitrary constants.
Substituting in the constraint (59), we find that

W3=0, (v—2)wiz—2waz =0 (79)

('7"42"54:774:0, w(74:wT4:w174:O — 0'4:T4:774:O.

Therefore, the KT K, becomes

S T T O ek ol Lt ST TR
Kp=1| % 2—szy—%xz Syz  Gx*+ % 2+C5xz+a3 $x?— Sxy— Gxz— Gyz (80)
Sy?— Sxy— Gxz— Gyz Czéx2 Csxy $xz—Gyz  Gx*+ 3P+ C4xy+ as
and the vector
—azx + cyy + cgz
K, = —cyx —asy +coz . (81)
—CgX — ColY — d3Z
Since the ten parameters a3(t) and c4 where A =1,2,...,9 are independent (i.e., they
generate different Fls) we consider the following two cases.
10.1. a3(t) =0
In this case, the conditions (79) are satisfied identically leaving the function w(f) free.
Therefore, the KT (80) becomes
F2 432 foz G2 - Gxy - Fxz—Gyz G2 - Gay - Gaz -Gz
Ky = C2422— —xy——xz— iyz 2 2+ %22 +C5xz $x?— Fxy— Fxz— Gz
nyz Sxy — Fxz— Fyz %xz—CSxy Gxz — Fyz 3 2+C3]/ +c4xy

and the vector (81) becomes the general non-gradient KV

c7y + cgz
K, = —cyx + Cc9z
—C8X — ColY

Then, the constraint (58) implies that (since K,q* = 0) K = G(x,y,z) which when
replaced in (57) gives (since K,,q” = 0) G, = 0. Hence K = const = 0.

The QFI I = K44 + K,4" leads only to the three components L; of the angular
momentum. We note that I contains nine independent parameters, each of them defining
an FI: (a) ¢y, cg, ¢ lead to the components L1 = yz — zy, Ly = zx — xZ, L3 = xij — yx of the
angular momentum (LFIs); (b) c1, 2, ¢3, ¢4, c5, ¢¢ lead to the products (QFIs depending on
L;) L2, 13,12 1Ly, LiLs and L,Ls.

We have the following result.
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Proposition 1. The time-dependent generalized Kepler potential V (t,q) = — wr(f) for a general

smooth function w(t) admits only the LFIs of the angular momentum L;. Independent QFIs in
general do not exist, they are all quadratic combinations of L;.

10.2. co = O where A=1,2,...,9
In this case, the conditions (79) imply that a3 (t) = by + byt + bot? and

—2

W) (1) = k(bo byt bztz) 2 (82)

where k, by, by, b are arbitrary constants and the index () denotes the dependence of w(t)
on the value of v.
Since c4 = 0 the quantities (80) and (81) become

Kab = a35ab/ Ka = —Iigqa.
Substituting in the remaining constraints (57) and (58), we find

o 2k(by + byt + byt?)"/?

K= b21’ v

The QFl is

; > L2583

gig; k(b +bit +bot2) T | by +2bot ;. bor?
5 i

Ju = (bo + bt + bat?) l
We note that the resulting time-dependent generalized Kepler potential

v=2

D wy = zc(zao+blt+bzt2)T (84)

is a subcase of the Case III potential of [18] if we set the function

with 5
b
¢I\/b0+b1t+b2t2, klzbozﬁfgl.

Then, the associated QFI (3.13) of [18] (for K; = K, = 0) reduces to the QFI J,,.
For some values of v, we have the following results:
- v =1 (time-dependent Kepler potential).

/2 and the QFI J; = Ej3 (see Section 11.2 below).

The w(1) (t) = k(bo + bit + bztz)
- v = 2 (Newton—Cotes potential [31]).

The w(y) = k = const and the QFl is

. '
q4i k>_b1 +2b2tqll7'+b£I’Z

2 _K
(b0+b1t+b2t)<2 > 5 i+

= bQH2 — bllz - bZIl'

J2

This expression contains the independent QFls

. k . 2 i,
H, = 14 b= —PHy+tg'g— o, b= —tHy+ Ll
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where H, is the Hamiltonian of the system. These are the FIs found in [27] (see also Table 1)
in the case of the autonomous generalized Kepler potential for v = 2.

- v = —2 (time-dependent oscillator).

The W) = k(bo + b1t + bth) 2 and the QFlis

o 2 %7 k 2 7b]+2b2t iy %
J—2 = (bo + byt + bpt*) 2 (bo+b1t+b2t2)2r — qq;+ >

This is the trace of the QFIs (111) found below for a3(t) = by + byt + byt?. Substituting
this a3(t) in (110) and (111) we find, respectively, that the w = w(_2) with constant

k= _%(b% — 4bybg + 2¢g) and the QFIs are

Iij = Aij(as = by + byt + bot?) = (bo + bt + bot?) (4id; — 2w0q;q;) — (by + 2bat)q 47y + b2qig- (85)

Therefore, the trace Tr[I;;] = I11 + I + I33 = 2] 5. Note that > =q'q;.

We infer the following new general result which includes the time-dependent Kepler
potential and the time-dependent oscillator as subcases.

Proposition 2 (3d time-dependent generalized Kepler potentials which admit Fls). For all
functions w(t) the time-dependent generalized Kepler potential V (t,q) = — “’r(f ) admits the LFIs of
the angular momentum and QFIs which are products of the components of the angular momentum.

v—2
However for the function w(t) = w,)(t) = k(bo + byt + byt?) 2 the resulting time-dependent
generalized Kepler potential admits the additional QFI |, given by (83).

11. The Time-Dependent Kepler Potential
In this case, v = 1 and conditions (75)—(78) give

a1 = 17 = a1g = a9 = apo = 0, a5 = ag, a; = ayp, az = dg = a1z, 411 = a15
ip =5 =d11=0
0p =Cy, 03 =Cg, 173 = C9.

Then, constraint (59) gives
a3=0, 4 =14 =14=0
and
2
azw= = C1p, 2w = C11, 45w = C12, A11W = C13

where cq9, c11, €12, €13 are arbitrary constants.
Finally, we have

C C
Ky = Ezy2+ilzz+c6yz+a5y+az.2+ﬂ3
_ G- 2 . % G 45 M
Ky, = 22 ny 2xz Zyz > >
Cs o Cg C1 C4 ap a1
K = —_— _— _— —_— - e
13 zy 2xy 2xz Zyz 2x 22
c o
Ky = szz + 5322 + c5xz2 + a1 x +axz +az
C6 o C5 C4 C3 as as
K = —X"'— =XY— =XZ— —Yz— =Y — =
73 zx ny sz Zyz Zy 2z

c c
Kzz = %xz + ;yz + cqxy +anx +asy +as



Mathematics 2021, 9, 1503 18 of 38

and
Ky = anyz + a11z2 — A5XY — A2XZ — 43X + c7Y + C8Z
K, = iz5x2 + c'z522 — 411Xy — Axyz — C7X — 43y + C9z
Kz = arx? + dzyz — (11XZ — As5Yz — €gX — Coy — (A3Z
where
iy =ids =iy =0, d3 =0, a3w” =cy0, daw =c11, A5wW =12, anw = 13- (86)

From the last conditions follow that in order QFIs to be admitted the function w(t)
can have only three possible forms:

- w(t)ageneral function
- w(t) = a)zK(t) Botbif +b 7 where C11b1 7& 0;
- (U(t) = (U3K(t) W where k # 0 and b% — 4b2b0 # 0.

This result confirms the results found previously in [12,17,18]. We note that the time-

“’ZK(t) is a subcase of the Case II potential of [18] for

_‘U3K(t)

dependent Kepler potential V =

uo = c11 and ¢ = by + bit, whereas the potential V = is a subcase of the Case III
potential of [18] (see Section 10.2).
In the following, we discuss the cases for the special functions wyk(t) and w3k (t)

because the case for a general function w(t) reproduces the results of Section 10.1.

11.1. a)(t) = a)zK(t) = ﬁ, ciibi1 #0
In that case, conditions (86) give

C C C
ay = by +bit, a3 = > (bo+bit)?, a5 = —>(by +bit), a1 = —>(bo + bt).
Cll 11 C11

Substituting the resulting vector K, and the KT K, in (58) we find the solution

2cq9bqt
101_|_
c11r

K(q,t) = — G(q)-

Replacing this solution in the remaining constraint (57) we find

2
2c10bg  c13x + c1py + €112 n cuoby »

G(x,y,z) = —

2
c11r r Cll
Therefore,
b2 2c19(bo + byt
K(x,y,2,t) = C1021r _ 2c19(bo +b1t) 13X + 1oy + cnz.
C11 c11r r
The QFl is
c3 c 2c
I = > L% —l— 5 L + EZL% c4lq1Ly —c5L1L3 —cgloLy — cgLq + cglo — c7L3 + jEz +
11

c c
+£A1 + EAz + Az
C11 €11
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where wk (t) = p-F47 and
Li = qiv1div2 — qGiv2fitr (87)
_ 2[d'4  en _ i, b
E2 = (bo+bit)"|5 o+ 01D bi(bo +bit)q'di + —5 (88)
5 NN C11
= (§aa — (g — .
= 040 (09)0 = g (89)
Ai = (bo+b1t)R; + b1 (qir2Livs — qivaLivz). (90)

We note thati =1,2,3, 9; = (x,y,z) and q; = g;,3; for all k € N, that is

x:q1:q4:q7:”./ y:qZZqSZQS:-“/ Z:q3:q6:q9‘

The QFI I contains the already found LFIs L; of the angular momentum; the QFI E,

which for by = 0 reduces to the Hamiltonian of the Kepler potential V = — %; the QFIs
A; which may be considered as a generalization of the Runge-Lenz vector R; ( = %01) for

time-dependence wok (t) = ;9. Indeed we have A;(b; = 0) = boR; (k = %)

The expressions (88)—(90) are written compactly as follows

1 (4w 1d( 1\,  d( 1\
= 2 - @_ﬂ — | — 1y, - | — I
B2 = (2 r > 2dt(w21<> T e (WZK) 4] oD

=

| Wok
R. — PRV 'f.'._%. 92
io= (d4))qi— (@ap)gi — —~ai (92)
1 - In wox )
A = Ri—(ﬂ()(Qi+2Li+1—qi+1Li+z)] (93)
| WK WK
where wok (t) = 17(]55711"

We remark that only five of the seven Fls E,, L;, A; are functionally independent
because they are related as follows

A-L=0, 26,17+ 2, = A% (94)

For by = 0, by # 0 we have wyoi = %01 = k = const, E, = b3H, R; = R; and A; = byR;

where H is the Hamiltonian and R; the Runge-Lenz vector for the Kepler potential V = — %
Then, as expected, Equation (94) reduces to the well-known relation

2HL? + kX = R%

11.2. w(t) = w3k (t) k #0,b% — 4byby # 0

In that case (observe that if b% — 4byby = 0, this case reduces to the case of the
Section 11.1 because equation by 4 byt + byt? = 0 has a double root tg and can be factored
in the form by (t — t9)?), conditions (86) give

‘1
k2

Substituting the K, and Kj; of that case in (58) we find the solution

m=as=a; =0, cjy=cpp=c13=0, az= — (bp + byt + bot?).

2010
rwsk

K(gt) =~ G(q)-
When this solution is introduced in the remaining constraint (57) gives G(x,y,z) =
%72. Therefore,
bacio o 2c10
re— .
k2 rwsk

K(x,y,zt) =
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The QFI is
c c c 2c
I= ;L% + %L% + ?ZL% —c4l1Ly —c5L1Ls — cgloLy — cgLq 4 cgly — c7L3 + leoEg
where
it k by + 2byt ;. bzl’z
Es = (bo + byt + bot?) | TIE — A g+ 22 95

is the only new independent QFI. This QFI is written equivalently

1 (§4 w 1d( 1\,  d[/ 1)\
2| L (99 wsk) L1af 1 L I N
Fs=k [w§K< 2 r ) 2df<w31<> (T2 <w31<> 4]' 6)

For by = by = 0, E; reduces to the well-known Hamiltonian of the time-independent
Kepler potential.
We note also that the QFIs (88) and (95) can be written compactly as (see Equation (2.86)

in [17])
p, 2| L (dh @) 1A (1N @1 N o7
e wﬁK 2 r 2dt \ wyk 79T g2 wuk) 4

where yu = 2,3, wyk(t) and w3k (1) =

_ _k k
T botbit (bo+by t+bp12)1/2°

Proposition 3 (Time-dependent Kepler potentials which admit additional FIs [17]). The
time-dependent Kepler potential V (t,q) = —@ for the function wyk (t) = %, c1iby #0

and the function w3k (t) = W where k # 0 and b3 — 4baby # 0 admits additional

QFIs given by (88), (90) and (95), respectively.

12. The 3d Time-Dependent Oscillator
In this case, v = —2 and conditions (75)-(78) give

ap =as =dag = a1 = app = a15 = a6 = d1g = 0

and
0y = —iy7, 03 = —ilyg, T3 = —iiy. (98)

Then, the constraint (59) implies that
0y — 2(4](74 =0, Ty — 260”[4 =0, 774 - 2(4)174 =0, (99)

a3 —8wiz —4waz =0, @9 — 8wig — 4wag =0, G153 — 8wiyz — 4wayz =0, (100)

‘51'17 — 8wd17 — 40:)&117 = 0, '{'1.19 — 8605119 — 4606119 = 0, '1:1'20 — 8(/.)6'120 — 4(06120 =0. (101)
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Therefore,
c
K1 = 22y2+ 22 4 cgyz + a3
o c C
Kyp = 5422— szy— iéxz— —Yyz+ayy
c C
Kiz = 5y2 - —6xy— Dl —yz—i—alg
_ C2 2
Ky»p = Ex + > 322 + c5xz + ai3 (102)
Ky = 42_ C—Sxy e —yz + az
2 2
B - 2
K3z = 2 2 y + c4xy + ag
and
Ki = —dax+omy+o3z+oy
K, = —(0’2 + 2[117)3( —A13Y + B2+ T (103)
Ky = —((73 + 21119)3( — (T3 + Zdzo)y — 9z + 4.

Before we proceed with considering various subcases it is important that we discuss
the ordinary differential equations (ODEs) (100) and (101).

12.1. The Lewis Invariant

Equations of the form
a —8wad —4wa =0 (104)

where a = a(t) can be written as follows
1
aid — 5512 — 4wa® = ¢y = const. (105)

By putting a = —p? where p = p(t), Equation (105) becomes

o

p—2wp— = =0. (106)

For 2w(t) = —?(t), Equation (106) is written

-+ 2o — p —0. (107)

Equation (107) is the auxiliary Equation (see [8,34,35]) that should be introduced in
order to derive the Lewis invariant for the one-dimensional (1d) time-dependent oscillator

i+ y?x = 0. (108)

By eliminating the ¢ using (108) and multiplying with the factor xp — px Equation (107)
gives

-
s P G0 _ 1. 2, CfX _
p—x 203 0 = lz(xp px)+4<p)] 0 =

_ 1. N2, CofXx 2_
I:E(xp px) +4(p) = const (109)

which is the well-known Lewis invariant for the 1d time-dependent harmonic oscillator or,
equivalently, a FI for the two-dimensional (2d) time-dependent system with equations of
motion (107) and (108).
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12.2. The System of Equations (98)-(101)

The conditions (99) are not involved into the conditions (98), (100) and (101). This
means that the parameters oy, 174, 74 give different independent Fls from the remaining
parameters as, 49, 413, 417, 419, A20. Therefore, without loss of generality they can be treated
separately. This leads to the following two cases.

12.2.1. as 7& 0, 04 =Ty =14 = 0

Because the ODEs (100) and (101) are independent (i.e., each one leads to a different
FI) and are of the same form without loss of generality we assume

a9 = kiaz, a1z = koas, a17 =ksaz, a19 = kaaz, ax = ksas

where k1, kp, k3, ky, k5 are arbitrary constants.
From the discussion of Section 12.1 and the assumption a3 # 0 condition (100) con-
cerning a3(t) becomes (see Equation (9.2) in [8])
1 i 1/4a)\2
~i3 —4wad =cg = w(t) = B2 (ng) o (110)

a3 —8wiz —4waz =0 — aziiz — —
3 3 3 M) 403 8\a3) 42

where ¢y is an arbitrary constant and a3(t) is an arbitrary non-zero function.
Moreover, conditions (98) become

0y = —d17, 03 = —d19, T3 = —d
because any additional constant (in general 02 = —day7 + m1 where m; is a constant) leads
to the usual LFIs of the angular momentum.
Then the KT (102) and the vector (103) become (we set c; = ... = ¢ = 0 because they
generate the already-found FIs of the angular momentum)
1 kz ky X+ ksy + kaz
Kipy=a3| ks ka ks |, Ko =—a3| ksx+koy+ksz
ky ks kq kax + ksy + kqz

Substituting in the constraints (57) and (58) we find

a3+ 20 ( 2 2
K = T (x + koy + k1z° 4 2k3xy 4 2kgxz + 2k5yz>.
. . . a2+2c0 i3
Using Equation (110) we can write -5 el 2was.
The QFl is

[ = a3 (x2 + koy? + ki 22 + 2ky ity + 2ky ¥z + 2k5y'7;) — a3(x + ksy + kaz) % —
—as (k3x + koy + k5z)y' — a3 (k4x + ksy + klz)Z +

This expression contains six QFIs which are the components of the symmetric tensor
(see Equations (1.4) and (6.24) in [8])

.. . . i
Aij = a3(4id; — 2wq:q;) — a3q(;4j) + 33171'%" (111)

This tensor for a3 = const # 0 reduces to the Jauch-Hill-Fradkin tensor Bj; for
w = —;—02 = const.
a3
If we make the transformation (see Section 12.1) az(t) = —p%(t) and 2w (t) = —9?(t),
Equation (54) becomes

i —2wq" =0 = §"+¢*" =0 (112)
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and the QFIs (111) give
A — . . . . Co 2
i = —(pdi — 04:) (0dj — 04j) — 044 (113)

where the condition (110) takes the form (107).

The symmetric tensor (113) may be thought of as a 3d generalization of the 1d
Lewis invariant (109). Moreover, Equation (113) coincides with Equation (8) in [14] and
Equation (1.4) in [8] when ¢y = 2.

12.2.2. a3z = d9 = a13 = a1y = d19 = dpp = 0, 0y 75 0
In this case, the conditions (100) and (101) vanish identically; the conditions (98) imply
that oo, = ¢y, 03 = cg and 13 = 9.

Since the remaining ODEs (99) are all independent (i.e., each one generates an inde-
pendent FI) and of the same form without loss of generality we assume

T4 = k10y, 14 = kooy

where k1, ky are arbitrary constants.

From (99) for 04 # 0 we get
0y
t) = —. 114
wlt) = 52 (114)
The parameters c4 where A = 1,2, ...,9 produce the Fls of the angular momentum
and we fix them to zero. Therefore

Kab = 0, Kg = 0'4(1,k1,k2).
Substituting in the remaining constraints (57) and (58) we find
K = —04(x + k1y + kpz).

The QFl is
I = 04% — 04x + k1 (04 — 0ay) + ka(04z — 042)

which contains the irreducible LFIs (see Equation (6.25) in [8])

Lii = fgi — fqi (115)

where f(t) is an arbitrary non-zero function satisfying (114). We note that the LFIs (115)

can be derived directly from the equations of motion for w(t) = %

From the above two cases, we arrive at the following conclusion.

Proposition 4 (3d time-dependent oscillators which admit additional FIs). For the function

i N2
w(t) = 4“733 - %(%) - 4070% where as(t) # 0, co is an arbitrary constant and the function

w(t) = % where f(t) # 0 the resulting 3d time-dependent oscillator V (t,q) = —w(t)r* admits
the QFIs (111) and the LFIs (115), respectively.

13. A Special Class of Time-Dependent Oscillators

In Proposition 4, it has been shown that the time-dependent oscillator (v = —2) for
the frequency
fo_1(f €
£ — (L) =24 116
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where f(t) is an arbitrary non-zero function admits the six QFIs
Aij = f(1) (didj — 200qi9;) — faady + ngi%‘ (117)
and for the frequency
3
wyo(t) = == (118)
2010 = 21
where g(t) is an arbitrary non-zero function admits the three LFIs
Li = g(t)4i — &qi- (119)

We consider the class of the 3d time-dependent oscillators for which wyo(t) = wao (t).
These oscillators admit both the six QFIs A;; and the three LFIs Iy;.
The condition wyp(t) = wyo(t) relates the functions f(t), g(t) as follows

P e
o= g -5(7) ~ap w0 .
It can be easily proved that
g=f"2cos, 6= ("Zﬁ)l/zf—1 — 0(t) = (%0)1/2 f’fi) (121)
and s ) o\ 1/2 . co\1/2  dt
¢ =f"2sin6, 6= (E) 1= o) = (E) 1o (122)

satisfy the requirement (120) for any non-zero function f(t). In other words, all the time-
dependent oscillators with frequency

_ S Ny«
wso(t) = @ s\f 172 (123)
admit the six QFIs )
Ajj = f(8) (didj — 2wqi9;) — fqdp + g‘h‘h (124)
and the six LFIs
co\1/2 : o f
Iy = (EO) f 1/2qis1n9+<f1/2qi—£f Uzqi) cos @ (125)
co\1/2 ) [ _ .
lp; = —(EO) f 1/2qic039+(f1/2qi—£f 1/2qi> sin 6. (126)

These are the LFIs ]é‘, ] i‘ derived in Equations (44) and (45) in [10] using Noether point
symmetries and Noether’s theorem.
We note that

dlyp;
= Iy; 127
70 41 (127)
and
Njj = Inilaj + Lpils;. (128)

Next, we consider the LFIs of the angular momentum L; = q; 11412 — §i+24i+1 Which
can be expressed equivalently as components of the totally antisymmetric tensor

Lij = qid; — qjdi = e L* (129)
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where ¢;j; is the 3d Levi-Civita symbol and L! = L; since the kinetic metric 7Yij = dij. Then
(see Equation (51) in [10])

1/2
Lij= <C0> (I1ilagj — Iaajlani). (130)

Proposition 5. For the class of 3d time-dependent oscillators with potential V (t,q) = —w(t)r?

where w(t) is defined in terms of an arbitrary non-zero (smooth) function f(t) as in (123), the only
independent Fls are the LFIs I41;, Iyp;.

In order to recover the results of [10], we assume a time-dependent oscillator with
w30 (t) given by (123) and we write the non-zero function f(t) in the form f(t) = p?(t).
Then Equation (123) becomes

.
wso(t) = % 4 (131)

The relations (121) and (122) become

. rcN/2 co\1/2 [ dt

—pcos, 6= (2 — o) = (2 /7 (132)
g=¢ (3) (3) /7
_ . co\1/2 5 co\1/2 [ dt

— osing, 6= (2 — o) = (2 /7 (133)
8= (3) v (3) /2

and the LFIs (125) and (126) take the form
co\1/2 . ) )
Iyi = (50) 0~'qisin6 + (og; — pq;) cos 6 (134)
C 1/2 — . . .
lpi = —(?0) p1g;cos0 + (pg; — pg;) sin . (135)

These latter expressions for cy = 2 coincide with the independent LFIs (44) and (45)
found in [10].

Finally, we note that if we consider in this special class of oscillators the simple case
f =1, wefind wsp(t) = const = —F = k which is the 3d autonomous oscillator (for k < 0).
Then it can be shown that the exponential LFIs I3, (see Table 1) found in [27] can be written

in terms of Iyy;, 142]'. Indeed we have L34 (k > O) = Iy1; F ilgp; and I3t (k < 0) = Ig1; T ilyp;.

14. Collection of Results

We collect the results concerning the time-dependent generalized Kepler potential
for all values of v in Table 2. We note that for v = —2,1,2 the dynamical system is the
time-dependent 3d oscillator, the time-dependent Kepler potential and the Newton—Cotes
potential, respectively. Concerning notation, we have §' = (x,y,z), ; = i3 forallk € N

and R; = (4/4;)9; — (419)di — s 5 i
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Table 2. The LFIs/QFIs of the time-dependent generalized Kepler potential V = — wr((,t ),
v w(t) LFIs and QFIs
Vw Li = qit19it2 — %+2%+1, Lz; = qidj — qjdi = €Lk
Vv k ) Hv - zq qz ]f/
v—2Z . 2
wy = k(bo + byt + byt?) 2 Jv = (bo +b1t+bzt2)(”’ - &) Aot gig, 4 b
k Bij = Gi4j — 2kqiq;
k>0 g = Y2 (g, T v/2kq,)
k < 0 Ly = V=2 (g, F iv/~2kqa)
[ Iij = (bo + b1t + bztz) (qlq] — qu,'q]') — (b] + 2b2t)q(,'q]') + quzq]
1/2
5 Lij= <%> (Lnilyj — Injlai), )
; ; = f(t)(4:4; — 2wqiq;) — faqdj) + jz:q_i’ij = Iytilnj + loilp;,
1 c _ . . _
i 3(7) ~ap Iy; = (Cio)l/zf 1/2g;5in6 + (fl/2 - L2 )C059
I = _(070)1/2](—1/2[1 cosf + <f1/2q — ff_l/2 )smé‘
where § = (%O)l/sz Ldt
% Iy = g(t)d4i — 84
k R = (¢1d;)q: — (419;)di — Eai
gk .
. E, = (bo+b1t) [ (b0+b1t)] bl(bg-l-blt)q qi+ =5,
1 bo+byt A = (b~0 + blt) i+ by (qz+2Lz+1 — q1+1Ll+2)
where R, = (74,4 — (4'0))d: T i
k — 2y [ d'di k by+ 20yt
T+ 5P By = (b + i+ o) [ — b ] - S+ B
2 k I = —Hof? + (') — '3, b = —Hat + }(4'q))

15. Integrating the Equations

In this section, we use the independent LFIs I4y;, I4p; to integrate the equations of
the special class of 3d time-dependent oscillators (v = —2) defined in Section 13 with
w(t) given by (123). We also use the FIs L;, E;, A; to integrate the time-dependent Kepler
potential (v = 1) with w(t) = ﬁ where kb; # 0 (see Section 11.1).

15.1. The 3d Time-Dependent Oscillator with w(t) Given by (123)
Using the LFIs (125) and (126) we find

) 1/2
l]i(t) = <C0) f1/2 (1411' sinf — I42i CcOs 6) (136)

where Iy, Ipp;, i = 1,2,3, are arbitrary constants (real or imaginary) and 6(t) = (%’)1/ 2
[ ftat.

The solution (136) coincides with the solution (52) in [10].

In the case of the 1d time-dependent oscillator, if we set 2w (t) = —9?(t), ¢y = 2 and
f(t) = p?(t), Equation (54) and the defining relation (123) for w(t) become

= —¢x (137)
po= —yp+p’ (138)

The LFIs (134) and (135) become
Iy = p lxsin®+ (px — xp)cosh (139)

Iy = —p ‘xcosf+ (px — xp)siné. (140)
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The general solution (136) is
x(t) = p(t) (141 sin@ — Iy cos 9) (141)

where 6 = p~2 and p(t) is a given non-zero function which defines 1 (t) through (138). This
is the 1d solution (9) in [10].

15.2. The Solution of the Time-Dependent Kepler Potential with wyk (t) = ﬁ Where kby # 0

In Section 11.1, it is shown that this system admits the following FIs:

Ly =yZz—zy, Ly =zx—xz, Lz =xy—yx

B ofda k] i
EZ—(b0+blt) 2 T(b0+b1t) bl(b0+blt)q qgi + 2

Aj = (bo + b1t)R; + b1 (qizaLiy1 — qiz1Liv2)

where R; = (¢/ ;)9 — (¢/ ;)i — qu. The components of the generalized Runge—
Lenz vector are written

k

Ay = (bo+bit)(yLs — zLy) + by (zLa — yL3) — P
k

Ay = (byg+bit)(zLy — xL3) + by (xLs — zL1) — ;]/
. . k

Az = (bo + blt) (XLZ — yLl) + by (yLl — XLz) — ;Z.

Since the angular momentum is an FI, the motion is on a plane. We choose, without
loss of generality, the plane z = 0 and on that the polar coordinates x = rcos, y = rsin#.

Then,
2 4,242 2,2
. + r-0 k bsr
Li=Ly=0, Ly =7, En= (bo+b1t)?|" - - o
1=L=0, Ly =770, Ep = (bo+b1t) [ 7 r(b0+b1t)} by (bo + byt)ri + >
Al =1L3 {(bo + byt)i — blr} sin @ + {(bo + byt)Lard — k} cos @
Ay = —Ls [(bo 4 byt)i — blr} cosf + [(bo 4 byt)Larf — k] sinf, As = 0.
Using the relation 6 = % to replace 0, the above relations are written
212 k b2
Ey = (bo+bit) |5+ 75— | —bi(bo+ byt)ri+ — 142
2 (bo +b1t)" | 5 + 23 (B0 £ D10) 1(bo + bit)ri + =5 (142)
LZ
Ay = Ij [(bo + byt)r — blr} sinf + {(bo + blt)73 — k} cos 6 (143)
LZ
A, = —L3[(b0+b1t)if—b1r] cosf + [(b0+b1t)73—k} sinf. (144)
By multiplying Equation (143) with cos 6 and (144) with sin # we find that
1 k L3(bo + byt
(1+kycosf +kysinf) = r= 3(bo +bf) (145)

r L2(bo+bit) k(1 + ky cos 6 + ky sin 6)

where k1 = % and kp = %.



Mathematics 2021, 9, 1503 28 of 38

Applying the transformation ky = a cos p and ky = a sin 8, Equation (145) is written
(see also Section 5 in [17])

L3wyi
1+ acos(6 — B)

%:%[1+acos(9—ﬁ)] = r=

(146)
13

which for wy (t) = const (standard Kepler problem) reduces to the analytical equation of
a conic section in polar coordinates. In that case « is the eccentricity.
It is also worthwhile mentioning that the relation (94) becomes

26,15+ K = 0?k* = 2E5L% = k*(a® — 1).

Moreover, Equation (142) gives

d r 2 | 13 k Ep
Z(—] =-2 =3 - .
Lit (bo —i—b]t)} (bo + brt) [2# r(bo+brt)  (bo + bit)2

Finally, in the polar plane the equations of motion (54) for v = 1 become

. 2, Wk
rd+2i = 0. (148)

Equation (148) implies the FI of the angular momentum Lz = r26. It can be easily
checked that the solution (145) satisfies Equation (147) by replacing @ from (148) and 6 with
%. The solution (145) into the FI L3 gives

K*dt do k biLly [ do
/ 3 2~ / 2 T 12 =- ——. (149
L3 (bo + b1t) (14 k1 cosB + ko sinf) L5(bo + b1t) k (14 k1 cosB + ko sinf)

Substituting (149) in (145) we obtain

1 b L
= _173(1 —i—klcosH—i-kzsinB)/

a6
(1 + ky cos 0 + ky sin 0)?

(150)

which coincides with Equation (5.17) in [17].

16. A Class of 1d Non-Linear Time-Dependent Equations
In this section, we use the well-known result [12] that the non-linear dynamical system

§" = ~Thed"d" — w(HQ"(q) + p(1)d" (151)
is equivalent to the linear dynamical system (without damping term)

d>q" L dgPdgt
72 = Lhegg g —@06)Q"(9) (152)

where ¢(t) is an arbitrary function such that

s(t) = / el 20t gt o (s) :w(t(s))<gz)2 = w(t) = a(s(t))e ) o0t (153)

We apply this result to the following problem:
Consider the second order differential equation

¥ =—w(t)x" +¢(t)x (154)



Mathematics 2021, 9, 1503

29 of 38

where the constant y # —1 and determine the relation between the functions w(t), ¢(t) for which
the equation admits a QFI; therefore, it is integrable.

This problem has been considered previously in [36,37] (see Equation (28a) in [36] and
Equation (17) in [37]) and has been answered partially using different methods. In [36], the
author used the Hamiltonian formalism where one looks for a canonical transformation to
bring the Hamiltonian in a time-separable form. In [37], the author used a direct method
for constructing FIs by multiplying the equation with an integrating factor. In [37], it is
shown that both methods are equivalent and that the results of [37] generalize those of [36].
In the following, we shall generalize the results of [37]; in addition, we discuss a number
of applications.

Equation (154) is equivalent to the equation

d*x
i —w(s)xt, u# -1 (155)

where the function @(s) is given by (153).

Replacing Q! = x# in the system of Equations (5)—(10) (in 1d Euclidean space, the KT
condition (5) Kapey = 0 becomes Kj11 = 0 = Kj; = Ky (s), thatis, it is an arbitrary
function of s), we find that Kj; = Ky (s) and the following conditions

Ki(s,x) = —dKllx+b1(s) (156)

ds
;H—l d2K11 x2 dbl
Klsx) = 20K 3+ 50 57— %

X+ by(s) (157)

299K, 20%u gk
" (;1111 RS ol AU
PKiy 2 Pby db
TR T (158)

ds3 2 ds? ds

where b1 (s), ba(s) are arbitrary functions. Then, the general QFI (3) becomes

2
I =Kiq1(s) (Z) + K (s,x)fl—z + K(s, x). (159)

We consider the solution of the system (156)—(158) for various values of p.

As will be shown for i # —1 results a family of ‘frequencies’ @(s) parameterized with
constants. However, for the specific values u = 0, 1, 2 there results a family of ‘frequencies’
@(s) parameterized with functions.

(1) Caseu=0.
We find the QFI

B dx\? dKy; dx dx y db _
1= Kll(d > s Y +b1(s)E+C3x +2w(s)K11x—gx—k/bl(s)w(s)ds (160)

where K11 = ¢1 + ¢35 + €352, 1, ¢, c3 are arbitrary constants and the functions by (s), @(s)
satisfy the condition
d%b, dw dK11
— =2—K 3w
2 Cds YT

Using the transformation (153), Equations (160) and (161) become

(161)
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I =

2
e [l #0%a ( / ef¢<t>dtdt) ]ewvwxz _ [CZ 20 | ef4><t>dtdt] e Pty 4

+by(s())e S PWatE 4 cax? 4 200 (1)

" 3 2 n
cres [ el 90t f ol o010 ] o2 o0ty

—bye J oDy 4 / by (s())w(t)e™ 90t gt (162)
and
.. . 2
bi—ph = 207 P0G 2pw) o +r [[ef #0110y ( [ 4><t>dfdt) +
+3w [cz + 2c3 / el ¢<f>dfdt} (163)
(2) Caseu=1.
We again derive the results of the time-dependent oscillator (see Table 2 for v = —2)

in one dimension. Using the transformation (153), we deduce that the original equation

¥=—w(t)x+ ¢(t)x (164)
for the frequency
w(t) = —p~ '+ p(np) +p~ ke PO (165)
admits the general solution
x(t) = p(t)(Asin® + BcosH) (166)

where p(t) = p(s(t)) and 0(s(1)) = [ p=2(t)e/ #01dt,
(3) Caseu=2.

We find the function @ = KﬁS/ 2 and the QFI

dx\* dKy _dx dx 2 a5 5 d?Kyp x2
= =) - = =4 - 167
I Kll(s)(ds) 75 Y s +(C4+c5s)ds +3K11 Xt g 05X (167)
where cy, ¢5 are arbitrary constants and the function Kjq(s) is given by
d°K -
dse}l = 2(cq + c58)K;7 % (168)
Using the transformation (153), the above results become
w(t) _ Ki5/262f¢(t)dt (169)
) 2
I = Kye 2/oWdt2 g e 2 eWdtyy 4 {c4 +c5 / el 4’(t)dtdt} e oty 4 gKl‘f’/ 233 +
.. . . x2
—|—(K]1 — (PKH)eizj (p(t)dt? — C5X (170)
and

Kll — 3(PK11 — (j)KH + ZCPZKH =2 |:C4 +c5 / ej.¢(t>dtdt:| ij'¢(t)dtKﬁ5/2 (171)

where the function Ky; = Kj1(s(t)).
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We note that for y = 2 Equation (154), or to be more specific its equivalent (155),
arises in the solution of Einstein field equations when the gravitational field is spherically
symmetric and the matter source is a shear-free perfect fluid (see, e.g., [38—43]).

(4) Caseyu # —1.

3
In this case, by = by = 0, Ky; = c1 + 25 + 352 and @(s) = (cq + cos + 6352)_%

where ¢y, ¢, 3 are arbitrary constants.

The QFI (159) becomes
dx )\ d 2
I = (c1+cos+ c3s?) (;;) — (2 + 203s)xd—§ + T (c1+cas+ 6352)7’4%136“H + c3x2 (172)
and the function i3
@(s) = (c1 +cos +c38%) " 2. (173)

It can be checked that (172) and (173) for 4 = 0,1, 2 give results compatible with the ones
we found for these values of y.

Using the transformation (153), we deduce that the original system (154) is integrable
iff the functions w(t), ¢(t) are related as follows

3

. . -t
w(t) = |a +cz/e-f¢(t)‘“dt+cg (/ e-f"’(t)dtdt) ] 2 et (174)

In this case, the associated QFI (172) is

2
L= |ate [ol#00c < / ef¢<t>dfdt> ]eu'wdtxz - [Q +2cs | ef¢<t>dtdt] e T9Witgy
2 -t
+P‘ | + cz/ef‘l’(t)dtdt +c3 (/ ej“i’(t)dtdt) ] D (175)

These expressions generalize the expressions given in [37]. Indeed, if we introduce
the notation w(t) = a(t), ¢(t) = —pB(t), then Equations (174) and (175) for c3 = 0 become
Equarions (25) and (26) of [37].

16.1. The Generalized Lane—Emden Equation
Consider the 1d generalized Lane-Emden Equation (see Equation (6) in [44])

¥=—w(t)xt — %x (176)
where k is an arbitrary constant. This equation is well-known in the literature because of its
many applications in astrophysical problems (see Refs. in [44]). In general, to find explicit
analytic solutions of Equation (176) it is a major task. For example, such solutions have only
been found for the special values y = 0,1, 5, in the case that the function w(t) = 1 and the
constant k = 2. New, exact solutions, or at least the Liouville integrability, of Equation (176)
are guaranteed, if we find a way to determine its FIs. We see that Equation (176) is a subcase
of the original Equation (154) for ¢(t) = — % ; therefore, we can apply the results found
earlier in Section 16.

In what follows, we only discuss the fourth case where y # —1 in order to compare our
results with those found in Table 1 of [44]. In particular, for ¢(t) = —% the function (174)
and the associated QFI (175) become

ut+3

2

w(t) = 7% (cl M+ C3M2> 177)

and

2
1=t* (61 + oM+ C3M2) %% — tk(Cz + 263M)x9€ + 1

ptl

(cl + oM+ 03M2> R S (178)
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where the function M(t) = [ t~%dt.
Concerning the form of the function M(t) there are two cases to consider: (a) k = 1;

(b) k # 1.
(a) Casek=1.
We have M = Int and Equations (177) and (178) give

_ i3
w(t) = 172 {q +odnt+cs(in t)z} 2 (179)
and
I = ¢ [cl +eplnt+ C3(lnt)2} %2 —t(co +2c3Int)xx +
2 -
+ 1 [cl +cInf+ c3(In t)z} x4 o (180)

We consider the following subcases:
- cp=c3=0,c1 #0.

Equations (179) and (180) give the function w(t) = At 2 and the QFI (divide I
with 2¢q)
2, A
= —X _— V+1
I > X+ it 1x
u+3

where the constant A = ¢; 2 . This is the Case 5 in Table 1 of [44].
- c1=c3=0,c0 #0.

Equations (179) and (180) give the function w(t) = At=2(Int)~ “5* and the QFI (divide
I with 2¢;)

t A 1+1
2(nt)? — Lxi+ 2 (Ing) =7 i1

I:
2 u+1

NI~

+3

=
N

where the constant A = c; . This is the Case 6 in Table 1 of [44].
- C]ICZIO,C::,#O.

Equations (181) and (182) give the function w(t) = At~2(Int)~#~3 and the QFI (divide
I with 2¢3)

I= 1(tlnt)%'c2 —t(Int)xx + i(lnt)*ll*%c?‘+1 + ©
2 p+1 2

_ 148
where the constant A = c¢; * . This is the Case 7 in Table 1 of [44].

(b) Casek # 1.
We have M = % and Equations (177) and (178) give

-2
£) = 42 €2 -k €3 j2(1-k) 181
w() |:C1+1k +7(1—k)2 (181)
and
_ 2% 2 1k €3 2(1-k) |52 4k 23 1 k).,
I t [C1+1—kt +(1—k)2t }x t(cz+1_kt XX+
2 1k €3 2(1-k) pt1 2
— t — . 182
+V+1{C1+1_k +(1—k)2 } x + c3x (182)

We consider the following subcases:
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- C2:C3:0,C1;ﬁ0.

Equations (181) and (182) give the function w(t) = At~% and the QFI (divide I

with 2¢7)
t2k ) A
[ = —x 7 yntl
> X + V+1x

_n43
where the constant A = ¢; * . This is the Case 2 in Table 1 of [44].

- c1=c3=0,c0 #0.
Equations (181) and (182) give the function w(t) = At (kn=k=1=3) and the QFI (multi-
11—k
ply I with ?) .
=12 4 (k= 1)tk + ——2 g (D (k=1) ypt
* ) +y+1
u+3

where the constant A = (&) 7. This is the Case 3 in Table 1 of [44].

We note also that for k = ﬁ—f? where y # 1 the function w(t) = A = const. This

reproduces the first subcase of Case 1 in Table 1 of [44] which is the Case 5.1 of [45].
- C]ICZIO,C;:,#O.
Equations (181) and (182) give the function w(t) = At#+¥=#=3 and the QFI (multiply

. —k)?
[ with (1263) )

P oA ke et L 2.2
I—Ex +(k—1)txx+mt x +§(k—1)x

+3
where the constant A = (1\/;%) : . This is the Case 4 in Table 1 of [44].
We note also that for k = Z%‘;’ the function w(t) = A = const. This recovers the second
subcase of Case 1 in Table 1 of [44] which is the Case 5.2 of [45].

We conclude that the seven cases 1-7 found in Table 1 of [44] are just subcases of
the above two general cases a) and b). To compare with these results one must adopt the

notationw = f,k =nand u = p.

17. Conclusions

The purpose of the present work was to compute the QFIs of time-dependent dy-
namical systems of the form §* = —T? 4%4° — w(t)Q"(q), where the connection coefficients
are computed from the kinetic metric, using the direct method instead of the Noether
symmetries as it is usually done. In the direct method, one assumes that the QFI is of
the form I = K,,4°g" + K4 + K and demands that dI/dt = 0. This leads to a system of
PDEs whose solution provides the QFIs. One key result is that the tensor K, is a KT of the
kinetic metric.

We have discussed the solution of the system of equations at two levels. The first
level is purely geometric and concerns the KT K,;; the second level is the physical, which
concerns the quantities w(t), Q?(q) defining the dynamical system.

Concerning the first level we have applied two different methods:

a. The polynomial method in which one assumes a general polynomial form in the
variable ¢ both for the KT K, and for the vector K.

b.  The basis method where one computes first a basis of the KTs of order 2 of the
kinetic metric and then expresses K, in this basis assuming that the ‘components’ are
functions of ¢.

In both methods, the key point is to compute the scalar K.
Concerning the dynamical quantities w(t), Q?(q) we have chosen to work in two ways:
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a. First, we considered the polynomial method and assumed the function w(t) to be a
polynomial leaving the quantities Q% unspecified. It is found that in this case, the
resulting dynamical system admits two independent QFIs whose explicit expression
together with conditions involving the quantities Q” and the collineations of the
kinetic metric are given in Theorem 1.

b. In the basis method we worked the other way. That is, we assumed the quantities

Q"(gq) to be given by the time-dependent generalized Kepler potential V = — wr(f ) and

determined the functions w(t) for which QFIs exist. The results of this detailed study
are displayed in Table 2 for all values of v. For the values v = —2,1,2 we recovered
the known results concerning the time-dependent 3d oscillator, the time-dependent
Kepler potential and the Newton—Cotes potential, respectively. We note that these
latter results have appeared over the years in many works whereas in the present
discussion occur as particular cases of a single geometric approach.

The last part of our considerations concerns the well-known proposition that under
a reparameterization the linear damping ¢(t)4" can be absorbed to a time-dependent
generalized force. We used this proposition in the case of a 1d non-linear second order time-
dependent differential equation, we determined the condition that the time-dependent
coefficients of the equation must satisfy in order a QFI to exist and we computed this
QFI. As an application, we studied the properties of the well-known generalized Lane-
Emden equation.

We note that one is possible to consider other dynamical quantities and/or kinetic
metric and compute the QFIs. What is the same in all cases is the method of work which
we hope we have presented adequately in the present paper.
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Appendix A

Substituting the polynomial function w(t) given by (39) in the system of Equations (34)—(38)
we have the following cases.
I. Case n = m (both n, m finite)

From Equation (34) we obtain

C(k)ub = 7L(k71)(a;b)r k= 1,..., n, L(n)(u;b) =0. (Al)

Therefore, L(,,), is a KV of 7.
Condition (37) gives
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_ "
0 = -2 (b1 + 2Dyt + ... 4 Lhyt 1) (C(o)ath + CyapQt + -+ C(n)uthn) +2L ()0 + 6L3)0t + .. +
+1’l(l’l — 1>L(n)atn72 — 2(170 -+ blt + ...+ bgtz) (C(l)ngh + C(z)abet + ...+ C(n)ﬂbetnil) +

+(b0 F byttt bgtf) [(L(O)be) + (L(l)be)ﬂt ot (L(n_Ube)ﬂt”’l + (L(n)be)at”].

A

This is a polynomial of the general form Pg),(q) + P(1),(9)t + ... + P(n_ma(q)t”” =0.
The vanishing of the coefficients P(),(q) in the last polynomial implies that

L(),Q" = s = const (A2)
-1 2(k+5)b k+s<t
[—n_(ss)c(npo)ath — 2520 Cn—s>0)ap Q" + blirs<o) (L(nfsflzo)be) | =0 (A3)
s=0 ,
wherek =1,2,..., ¢,
¢ ZSbs b £ b b
- Z fc(n—szo)abQ + Z _stc(n—s>0)abQ + bs (L(n—s—lzo)bQ ) =0 (A4
s=1 n § s=0 A
and
C [ 2sbs o] L v b b
k(k =)Ly, — ) s —1Ck-s-120aQ"| + Y| —26sC—s150p Q" + bs (L(k—s—ZZO)bQ ) =0 (&Y
s=1 5=0 ,
wherek = 2,3, ...n.
We note that in the n 4 ¢ + 1 formulae (A3)-(A5), when the undefined quantity %
appears in the calculations, it must be replaced by C(q),; in order to have a consistent result.
We continue with the remaining constraints (35) and (36) in order to determine the
scalar coefficient K(t, q).
The solution of (36) is
K, = L(O)aQa (bo +bit+ ...+ bgtz) + L(l)aQa (bot + b1t2 + ..+ bgte-H) +..+
+L (- 1)0Q" (bot”*l T b 4+ bgt”“*l) + s(bot” Fh 4+ bgt”“) —
t2 tf+l tz t3 {42
— a a
# ti’l+1 thrE tn+1 tn+2 t?thJrl
L i — — — —_— 4 ... _ .
Fl0aQ" | bogy + b1 g + o F by 8| bog g b e A b |+ 6)

Replacing K in (35) and using the conditions (A2)-(A5) we find that
Ga = 2b0C(0)rQ" — L1)a-

Condition (38) is satisfied trivially from the above solutions.

The QFl is
tn o a - . . .
I = (nc(n)ab + ...+ tc(l)ub + C(O)ub) q”qb + tnL(n)aqu +..+ tL(l)uqu + L(O)uq” +
. 2 ¢ e £3 042
HLaQ | Dot + b1 + ot by [+ La)aQ7 | Loy + 15+ by

. I tﬂ+1 ti’H*Z ti’l+l tn+2 tn+é+1
L — — —_— — ... _
FLin-1)aQ b0n+b1n+1+ +bzn+€ +e bon—l—lebln—!—Z+ +b[n+€—|—1 +G)
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where C(g),p, is a KT, the KTs Cy)op = —L(x_1)(4p) fork = 1,...,n, L(;,), is a KV such that
Lo Q" =5, Ga = 2b0C(g)ap Qb — L(1), and the conditions (A3)-(A5) are satisfied.

II. Case n # m. (one of n or m may be infinite)
We find QFIs that are subcases of those found in Case I and Case III which follows.

III. Both n, m are infinite.

In this case, we consider the solution to have the form

Kap(t,q) = g()Cap(q), Ka(t,q) = f(t)La(q)

where the functions g(t), f(t) are analytic so that they may be represented by polynomial
functions as follows

n
gt)=Y ctt = co+ 1t 4 oo+ cut"
k=0

m
f(t) =Y dit* = do+dit + ..+ dut™.
k=0
In the above expressions, the coefficients cy,c1, ...,cx and dy,dy, ..., dy are arbitrary
constants. We find that only the following subcase gives a new independent FI. All other
subcases give results already found.

Subcase (g = e, f = et), Au # 0.
In this case, the system of Equations (34)-(37) (Equation (38) is satisfied trivially from
the solutions found below) becomes:

AeMCyy+ MLy = 0 (A6)
—2(b0+b1t+...—l—bgte)eMCube+yeWLa—i—K,a - 0 (A7)
K¢ — (by+bit + ...+ bpt)et L, Q" = 0 (A8)

(bl byt 4t Zbgtffl)e“cabe — 2A(bg + byt + oo+ byt")eMCp QP+

+u2eM Ly + (b + byt + ... + byt")ett (Lbe) = 0. (A9)

e
We consider the following subcases.
a. ForA # u

From (A6) we have that C;;, = 0 and L, is a KV.
From (A9) we find that L, = 0.
Therefore, the QFI I,(A # p) = const which is trivial.

b. ForA=pu:

From (A6) we have that C;, = — %L(u;b)- Therefore, L, is a KT.
We consider two cases according to the degree ¢ of the polynomial w(t).

- Case / = 1.
From (A9) we find that
(LQ") = 2aCaQ" (A10)
a

/!

/\ZLa+b0(Lbe) —2(by + Aby)CpQ® = 0. (A11)

A
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Replacing with C,;, = —%L(a;b) and by substituting (A10) in (A11) we obtain

(LQ") = -2 (A12)
ALy +2b1 L, Q" = 0. (A13)
The solution of (A8) is
bo b1\ b1, at
K = ()\—/\2>€ LaQa+xte LuQa+G(q)

which when replaced in (A7) gives G, = 0, thatis G = const = 0.
The QFI is

L(£=1) = —eMLip %" + AeMLog” + (bo - lj\l)eMLaQ“ + by teML, Q" (A14)

where L, is a KT, (Lbe) = g—fL,Z and A3L, = _2b1L(a;b)Qb'

yi

- Case / > 1.

From (A9) we find that (Lbe) = 21AC,,Qb, C,p QY = 0 and A2L, = 2b;C,, Q".

/!

Therefore, L, = 0 and hence C,, = —%L(a;b) = 0. We end up with a trivial FI
I, = const.
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