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Abstract: The paper is devoted to a nonstationary initial-boundary value problem governing complex
heat exchange in a convex semitransparent body containing several absolutely black inclusions. The
existence and uniqueness of a weak solution to this problem are proven herein. In addition, the
stability of solutions with respect to data, a comparison theorem and the results of improving the
properties of solutions with an increase in the summability of the data were established. All results
are global in terms of time and data.
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1. Introduction

Complex heat transfer problems, in which it is necessary to simultaneously take into
account the transfer of energy by thermal radiation and thermal conductivity, arise in
various fields of science and industry. The discussion on the properties of complex heat
transfer problems and the methods for solving them constitutes an extensive physical
literature (see, for example, [1-4]).

Mathematical problems of radiative—conductive heat transfer are nonstandard, inter-
esting and rather complicated. Heat radiation is nonlinearly dependent on temperature,
and integro-differential equations or nonlocal boundary conditions are used to describe
radiation heat transfer. Various nonlinear nonlocal boundary and initial-boundary value
problems arise in this field.

The first mathematical results in this direction were obtained by A.N. Tikhonov [5,6]
in the late 1930s. The construction of the mathematical theory of radiative-conductive heat
transfer problems was continued for roughly forty years [7-14]. In the early 1990s, many
mathematicians were paying attention to such problems. As a result, over the past 30 years,
a large number of papers have been devoted to the solvability of complex heat transfer
problems (cf. [15-63]). Naturally, the above list is not exhaustive.

To date, the solvability of various statements of complex (radiative—conductive) heat
exchange problems in systems consisting either only of radiation-opaque bodies or only
of radiation-semitransparent bodies has been studied in sufficient detail. At the same
time, the problems of radiative—conductive heat exchange in systems consisting of both
radiation-opaque and of radiation-semitransparent bodies remain to date unexplored. This
specific area of study, to the best of the author’s knowledge, has only been the subject of
the following articles: [64-66].

In this paper, the existence and uniqueness of a weak solution to a nonstationary
boundary value problem governing radiative-conductive heat transfer in a semitranspa-
rent body containing several absolutely black inclusions were proven. All results are global
in terms of time and data. The unknown functions u and I physically represent the absolute
temperature and radiation intensity. The problem was considered in a gray approximation.
The technique used was developed in [41,53,57]. In the stationary version, this problem
was studied in [65].
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The paper is organized as follows. In Section 2, the physical sense of the problem is
explained. Section 3 is devoted to notations. In Section 4, the boundary value problem
for the radiative transfer equation is considered. Section 5 contains the formulation of
the main results of the paper. In addition, in this section, the problem is reduced to the
equivalent initial-boundary value problem for a nonlinear operator-differential equation
(Problem P) with only one unknown function u. In Section 6, a number of important
auxiliary assertions are proven. In Section 7, an auxiliary problem P is introduced and its
solvabilty is proven. In Section 8, a priori estimates for weak solutions to Problems P and
Pl are established. Section 9 establishes the stability of weak solutions to Problem P with
respect to the data. A comparison theorem, which, in particular, implies the uniqueness of
a weak solution, is also proven. Section 10 contains the proof of the existence of a weak
solution to the problem P. Finally, Section 11 establishes the validity of the main results of
the article.

2. Physical Statement the Problem

Let G be a bounded convex domain in R? and {Gb,j}]m:l be a system of strictly internal

subdomains of the domain G. Assume that G ; N Gy = Dforalli # jand Gs = G\ ’Gléb’j
j=

is a domain. We put G, = Gle,]- and G = G; UG,
]:

We assume that each of the domains Gh,]', 1 < j < mis an absolutely black body and
the domain G; is occupied by a semitransparent optically homogeneous material with a
constant absorption coefficient s > 0 and a scattering coefficient s > 0.

The unknown functions u(x, t) and I(w, x, t) physically represent the absolute tem-
perature at point x € G at moment f € (0, T) and the intensity of the radiation propagating
at point x € G in direction w € Q = {w € R?| |w| = 1}, respectively. The function u is
defined on the set Q1 = G x (0, T). Its restrictions to the set Q; 7 = Gs x (0, T) and to the
set Q7 = Gy, x (0, T) will be denoted by us and uy, respectively. The function I is defined
on the set D x (0, T), where Ds = Q) x Gs.

To describe the nonstationary process of radiative-conductive heat transfer, a system
consisting of two heat equations and radiative transfer equation is used:

cp% —div(A(x, us)Viug) + 4sch(us) = %/ Tdw+f, (xt)€QsT, 1)
(@]
d
CP% —div(A(x, up)Vuy) = f,  (x,t) € Qpr, ?)
- V4 (e+5)1 =sS(I) + Zh(us), (w,x,t) € Ds x (0,T). 3)

Here, ¢, is the heat capacity coefficient, A(x,u) is the thermal conductivity coefficient, and
f is the density of heat sources. The function h(u) = op|u|?u for u > 0 corresponds to
the hemispherical radiation density of an absolutely black body according to the Stefan—
Boltzmann law, where oy > 0 is the Stefan—-Boltzmann constant.

Equation (1) describes the heat transfer process in the gray semitransparent medium
Gs. The terms 43¢ h(us) and 5 f Idw in it correspond to the densities of the energies emitted

Q
and absorbed in Gs, respectively. Equation (2) describes the heat transfer process in opaque
inclusions G;. Equation (3) describes the transfer of radiation in a radiating, absorbing
3 0
and scattering medium Gs. Theterm w - VI = Y, wigl in (3) denotes the derivative of [
i=1 i
along the direction w. We denote by S the scattering operator:

S()(w,x,t) = ﬁ/Q(w“w)I(w’,x,t) do', (w,x,t) € Ds x (0,T)
0
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with the scattering indicatrix possessing the following properties:

1
0ell(-1,1), 6>0, %/Q(V)dyzl.
-1

We regard R? as the Euclidean space of elements x = (x1,x2,%3), ¥ = (y1,Y2,3)

equipped with the inner product x - y = % x;y;. Assume that the domain G; is Lipschitz.
i=1

Thus, the domains Gy, 1 < j < m are also Lipschitz. We denote by dw and do(x) the

measures induced by Lebesgue measure in R3 on Q and 3G, respectively.

We also assume that the boundary JdG; is piecewise smooth in the following sense.
There exists a closed subset G C 0G;s such that meas (G;do) = 0; moreover, for each
point x € 9'Gs = 9G; \ G, there exists a neighborhood of it, in which the boundary 9G; is
continuously differentiable.

Note that 0Gs = G UGy, where 9G NG, = @. We putd'G = 9G \ G, 9'G, = 3Gy \ G.
It is clear that the outward normal # to the boundary dG; is defined and continuous on 9’ G
and the outward normal to the boundary of the set G, coincides with —n(x) for x € 9'Gy,.

We introduce the sets:

Fr=QxdG, T™={(w,x) €T |w-n(x) <0}, I'" ={(w,x) €T | w-n(x) >0},
I"={(wx) el |x€dG}, T, ={(w,x)eT" |x€IGy},
O (x)={weQ|w-n(x)<0}, O (x)={weQ|w-n(x)>0}, xecdG,.

Denote by I|r+ the values (traces) of the function I on I't, where I|;- and I|p+ are
interpreted as the values of the intensity of radiations entering into Gs and coming out
of Gs.

Endow the system (1)-(3) with the boundary conditions:

Alx, us)% =0, (xt)€dQr, (4)
Alx, us)% +y(trus —truy) =0, (x,t) €0Qyp T, (5)
M) S (trug) + (g — trug) = MO (L), (56 €9Qsr,  (6)
Il- = %h(tr up), (w,x,t) €T, x(0,T), (7)
Ir- =T (w,xt) €T x(0,T) @®)

and the initial condition:
ul—o =1, xe€G. 9)

Here, 307 = 9G x (0,T) and 0Qy,r = 0Gy, x (0,T) are the lateral surfaces of cylinders
Qr =G x (0,T) and Qb = Gy x (0,T). By trus and tru;, , we denote the values (traces) of
us and uj on 0Qy 1.

It is assumed that the body G is surrounded in a vacuum. Therefore, on the boundary
of the body, the boundary condition (2) is set, which means the absence of heat flux. On the
boundary 0Gy, separating the semitransparent material G; and absolutely black inclusions
Gy, we set two boundary conditions. They account for incoming and outgoing energy
flows using a heat transfer mechanism. In addition, it is taken into account that absolutely
black inclusions emit energy and absorb the incident radiation on them. Here,  is the heat
transfer coefficient and:
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ME(Ips ) (x,8) = / I+ (w,x, B w - n(x) dw
QO+ (x)

represents the flux of radiation coming out of Gs and absorbed at dG;. The condition (7)
means that on the boundary dG,, the intensity of radiation entering into G is equal to the
intensity of radiation leaving the set G. In (8), ]« denotes the intensity of external radiation
incident on 9G.

3. Function Spaces

Throughout the paper, 1 < p < co and p’ denotes the conjugate exponent of p, i.e.,
1<p'<ocoand1/p+1/p =1.

Let 1 be a real number or a real-valued function. We put ul =N = max{—N, min{u, M}},
uMl = y[=MM] ‘where —-N < 0 < M. We also put [u]y = max{x,0} and [u]_ =
max{—u,0}.

Let S be a set where the measure dy is given. We denote by L?(S; di) the Lebesgue
space of functions f defined on Z that are measurable with respect to the measure dy and
have the finite norm:

<5f|f )P du(s) )W' 1<p<oo,

esssup [f(s)|, p=oo.

seS

ANl zr(sian) =

3.1. Spaces of Functions on G, Gs and 9Gy,
We set:

LP(G) = LP(G;dx), LP(Gs) = LP(Gs,dx), LF(0G,) = LF(0Gy;do(x)).
We introduce the space LP(Gs,dGy,) = {(F,]) € LP(Gs) x LP(9Gp)} equipped with
the norm:

1/p
(4754l FIly ) + 7l g,y ) - 1S P <o,

maX{HFHL“(GS A =@, b p = oo

I(E, Dller(c,06,) = {

Let functions f, ¢ defined on G or G; are such that fg € L!(G) or fg € L}(G;). In
these cases, we use the notations:

(F.8)c = [ Fxg)dx, (£.8)e. = [ f(0)g(x)dx
G Gs

Let functions f, ¢ defined on 9G, are such that fg € L'(dG,). In this case, we use
the notation:

(£.906, = | fx)g(x)do().

3Gy

Let u be a function defined on G. We denote by us, u, and u b,js the restrictions of u to
Gs, Gp and Gb,j, 1 < j < m, respectively.
By W'2(G), we understand the space:

W2(G) = {u € L*(G) | us € W2(Gs), Upj € Wl'z(cb,j), 1<j<m}

(where W12(G;) and W'2(G,, ;) are the classical Sobolev spaces) equipped with the norm:
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/
2
Wl’z(cb,j)>

m
Iz = (I lnzcc,) + 1 o
]:

If u € WY2(G), then by tr us and tru;, we denote the traces of the restrictions us and
up on 9Gy,.
We remind the important multiplicative inequalities:

3/2-3/ 3/ 1/2
lullrig) < Cup(G)llullymey Tullfale) ™ Vue W2(G), (10)
3/2 2 2 1/2
ltrusliaac,) < Caqg(Golluslia el sHLﬁG 2 Vs e WIA(G)), an
3/2-2/ 2/q-1/2
ltrupllsac,) < Coq(Golllupllygnc)lusllzl,) ™ Ve € W(Gy), (12)

which hold forall p € [2,6], g € [2,4].

3.2. Spaces of Functions on Qr and 0Qy T
We set:

LP(Qr) = LP(Qr;dxdt), LP(Qs 1) = LP(Qs 1;dxdt), LF (9Qp, ) = LF(9Qy, 15 do(x)dt).

Note that LP(Qr) = LP(0,T;LP(G)) and LF(0Q,r) = LF(0,T;LP(9Gy)) for
1<p<oco.
We introduce the space V>(Qr) = L®(0, T; L>(G)) N L2(0, T; W'2(G)) equipped with
the norm:
lullvyary = el o,mr2(6y) + 1 Vull2op)

and the space Vzl'O(QT) = V»(Qr) N C([0, T]; L*(G)).
The inequalities (10)-(12) imply the estimates:

[l 7y (0,T;L71(G)) < Cl,?l,ﬁl(G/ T) ||”HV2(QT) Vu € Va(Qr), (13)
[tr uSHLFZ(O,T;Lﬁz(aGh)) < C2,7z,ﬁ2(Gr T) ||”HV2(QT) Yu e V2(Qr), (14)
It sl a0 a2 0600 < Coraa (G T) ltlhg(on) ¥t € Va(Qr), (15)

which hold for all exponents 71, §;, 72, §,, such that:

2 2
p—— + p—
2. 4

> (16)

N\OJ

r1e(l,0], g€ (1,6], 7€ [1,4], g,€ [1,4],

From the estimates (13), (15), it follows that if u, |u|'/?u € V5(Q7), then u € L>(Q7),
truy € L4(9Qy 1) and the following estimates hold:

lullisiay) < Ca(G T u2ullP3y . 17)
ltruslliscogy ) < Ca(G DIl 2ulBl, . 18)

We also draw attention to the following multiplicative inequality, which follows
from (11), (12):
1/2 1/2
HtruSHL2 (9Q,1) _'_ ||t7” ubHL2 (0Qy,T) < C5 G T HuHLé 0,T;W1L2( ))HuHLé(QT)' (19)

This inequality, in particular, implies that if u € V»(Qr), the sequence {u¥}2* | C V»(Qr)
is bounded in V5 (Qr) and u* — u in L2(Qr) as k — oo, then tr uf — tru, truk — truy in
L*(3Qs,7)-
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3.3. Spaces of Functions on Ds and T
Remind that:

D.=QxG, T=0QxdG,,
I ={(w,x)eT|w-n(x) <0}, TT={(w,x)eT|w-n(x)>0},
I* ={(wx) eI |x€dG}, TFf={(wx)el*|xcdGy}.

We set: LP (Ds) = LP(Ds; dwdx). We introduce the following measures on I and I'*:

dl' (w, x) = dwdo(x), (w,x) €T,
dr*(w,x) = |w - n(x)|dwdo(x), (w,x)eT*.

We set:
LP(T%) = LP(I%;d0%), IP(TF) = LP(TH;dl®), LP(TF) = LP(T5;dl*), 1 < p < 0.

Note that L*(I'*) = L®(T#), L®(T*) = L*®(T*), L () = L™(T}).
By the weak derivative in direction w of a function f € L'(D;), we understand a
function z € L(Ds), denoted by z = w - V f and satisfying the integral identity:

/ [f(w,x)w-Vo(x)+z(w,x)p(x) | p(w) dwdx =0 V¢ € C°(Gs), Vi € L®(Q).
Ds
We denote by WF (D;) the Banach space of functions f € L?(D;) possessing the weak
derivative w - Vf € LP(Ds) and equipped with the norm:

1/p

4 VFIP

”f”WP(DS) = {(Hf”L”(Ds) +w foLP(DS)) , 1<p<oo,
max{||fll=(p,). [l @ Vflli=pn,)} P =co.

We will denote by f|r- and f|r+ the traces of the function f € W?(Ds) on '~ and
I'", respectively. It is known that f|r+ € Lfoc(l‘i). Moreover, if f € WP (Ds) and f|p- €
LP(T~), then f|r+ € LP(T'F).

We refer to [67-69] for more detailed information about the properties of functions
f € WP(Ds) and their traces f|p+.

4. Boundary Value Problem for Radiative Transfer Equation

For almost all t € (0, T), the unknown function I(t), involved in the problem (1)—(9),
is a solution to the following subproblem:

w-VI+ (sx+5s)] =sS(I) +»F, (w,x) € Ds, (20)
I|l"* = Jb, (w/x) € FI;/ (21)
Ip-=Jo, (wx) el (22)

where F = %h(tr us(t)), Jp = %h(tr up(t)).

We formulate some results on the properties of the problem (20)—(22) which follow
from [67,69].

Let (F, ]y, J«) € LY(Gs,9Gy) x LY(T ™). By a solution to the problem (20)-(22), we mean
a function I € W' (D) that satisfies Equation (20) almost everywhere on Ds, condition (21)
almost everywhere on I b and condition (22) almost everywhere on .
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Theorem 1. If (F, J, J+) € LP(Gs,0Gy) x LP(T ™), where 1 < p < oo, then a solution to the
problem (20)—(22) exists and is unique. Moreover, I € WF(Ds) and for 1 < p < oo the following
estimates hold:

wllw- vz|| <2”(%+s) (II(F Ib)llm Goacy t IU*llmf—)) @)

and for p = oo, the following estimates hold:

111l (pyy < max{1(E, Jo) (G, 06,) <l ovgiy }- (25)
|- VIlpp,) < 20+ s) max{ | (F, o) (G, 6, s limr-) - 26)
In addition:
el Tl + 10l Nz rey < N0F)s U)oy + 10l @)

and as a consequence, if F > 0, [, >0, J, > 0, then I > 0.
We denote by A the resolving operator for the problem:

w- VI + (3 +9); =sS(Ls) + #F, (w,x) € Ds,
lr- =Jo, (w,x) €T,
Llp- =0, (w,x)eT".
It with a pair (F,J,) € LP(Gs,0Gy), 1 < p < oo associates the solution Iy = A[F, J,| €

WP(Ds). This operator is linear and continuous.
We denote by A the resolving operator for the problem:

w- VI + (sc+3)L, =sS(I), (w,x) € Dy,

Lir- =0, (w,x)ely,

Lir- =]« (w,x)el".
It with a function J, € LP(T~), 1 < p < co associates the solution I, = A [J,] € WP (D).
This operator is also linear and continuous.

We introduce the operators (A)q : LP(Gs,0Gy) — LP(Gs), (A)q :IP(T7) — LP(Gs)
and B : LP(Gs,9Gy) — LP(3Gy), B : LP(I~) — LP(9Gy) by the formulas:

(AalFR) = 5 [AE @0 do, (A)all]x) = 1 / Al )(w, ) des
Q

BIF, () = Z M (ALE )l )(x), BILI(x) = %M*(A [lle) (),
where:
M* () (x) = / p(w,x)w-n(x)dw, x€0Gy, @eLI(I})
Ot (x)

These operators are linear and continuous. Their continuity follows from the esti-
mates (23), (25) and the estimate:

1M @) lracy < TP 9l o € TP,
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We introduce the characteristic functions 1p_, 1¢,, lag, and 1~ of sets D, G, 0Gy, and
I~. Notethat] =1 D. is the solution to the problem (20)-(22) with (F, Jp, D = (1¢,, 1aGb/T_ ).
Consequently, A[lg,, 15¢,] + A[17] = 1p, and:

(Aalle, lag] +7=1g, Bllg, lag,] + B =15, (28)

where @ = (A)q[17] for x € Gsand B = B[17] for x € 3G, Since A[17] > 0 then@ > 0,
B> 0.
It follows from (25) that:

[{(Aallr=cac)—r=c) <1 I1Bll=c,a6,)=1=@06,) < 1- (29)

We also introduce the operators C : L?(Gs,0G,) — LF(Gs), D : LF(Gs,9Gy) —
LP(0Gy) by the formulas:

C[F,J] =F—=(A)alF,J], DIF,J]=]—B[F,]].
It follows from (29) that:

ICllre (s 06,)—12(G) <2 I Dllrw(c.06,)—1=06,) < 2- (30)

We draw attention to the following equality proven in [65]:
45(C[F, ]I, F)6, + (DIF, ]}, T )ag, = 42(F,C[F", ]"])c, + (1, DIF*, J"])ag,-  (31)

It holds for all (F,]) € LP(Gs,dGy) (F*,J*) € LV (Gs,9Gy), 1 < p < oo.

5. Main Results: Reducing the Problem (1)-(9) to Problem P
5.1. Formulation of the Main Results
In what follows, it is assumed that the following conditions on the data are satisfied.
(A1) The function A(x,u) is defined on G x R, and for any u € R, it is measurable
with respect to x. Furthermore:

0 < Amin < AMx,u) < Amax ¥V (x,u) € G xR, (32)

where Apin and Amax are constants.
In addition, the following holder condition holds:

IA(x,u+0) —A(x,u)] < Ljo|"? V(x,u) e GXR, Yovel[-1,1], (33)

where L is a constant.
(A2) cp € L%(G),0 < ¢, < cp(x) <Tp for x € G, where ¢
(A3) v € L*®(9Gy), v > 0. R
(Ay) u® € 13(G), felL’(0,T;L1(G)), J« € L™(0,T;L9(T~)), where:

p and ¢, are constants.

2 2 2
6[1/00]/ q€[9/7,°°]/ 7*6[3/2,00], q*6[3/2/00]/ r+;§3/ 7+q7§2

We introduce the spaces:
V(Qr) = {u € ,°(Qr) NLH(Qs1) | truy € LH(9Qy,1)},
V =W1(G)NL®(G), C[0,T]={y<cC®0,T]|y(T)=0}.

By a weak solution to the problem (1)—(9), we mean a pair of functions
(u,I) € V(Qr) x LY(0, T; W'(Ds)) such that:
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(1) The following identity holds:

T
/cp Gdt dt+/ dt+/b v) y(t)dt
0
T
= (cyu®,0)G - 7(0) +/(f(t),v)G17(t) dtdt YoeV, VyecC,T], (34)
0

where:

a(u,v) =ap(u,v) +ay(u,v),
ag(u,v) = (A(-,u)Vu,Vo)g = /A(x,u)Vu -Vodx,

ar(u,v) = (y[trus — truy), tros — troy)ag,,

b(u,1,v) = (4sch(us) — » /Idw,vs)cs + (h(trupy) — M (I)+), trvb)acb.

Here and below, by us(t),vs and u;(t), v, we denote the restrictions of u(t),v to Gs
and Gy, respectively, by trus(t), tr uy(t), tr vs, tr v, we denote the traces of the functions
us(t), up(t), vs, vy on 9Gy,.

(2) For almost all t € (0, T), the function I(t) satisfies Equation (3) almost everywhere
on D; and the conditions (7), (8) almost everywhere on ', T, respectively. meaning that:

I(t) = I(t) + L(t), (35)

where (1) = %A[h(us(t)),h(tr up(t)], L(t) = A[J.(t)] for almost all t € (0, T).

Remark 1. The fulfillment of the identity (34) is equivalent to the fact that
(cpu,v)g € WY(0, T) for all v € V; moreover:

dt(cpu v)g +a(u,v)+b(u,I,v) = (f,v)g foralmostall t € (0,T),
(cpu(t),v)c — (cpu ,0)c as t — 0.
Remark 2. It follows from Theorem 1 that I, € L (0, T; W1+ (Ds)) and:
1Ll o, rswme (D2 < 77 [1 42052 + ) el 1 (0,720 (£ - (36)
In addition, for almost all t € (0, T), the following estimates hold:

1/@*
(IO )+ IOl ) < WOy 1< g0 <oo, (37)

max{ || L (£) [ () 1L () e+ [[orey } < Ml o)y g5 = 001 (38)
In what follows, the following notations are used:

1T e = 1l 0asen + Ul oo 6oy
1, f, T lprareg. = ||”O||LP(G) + 1 fllero,ra(c)) + 1Tl e (0,T;19+ (F-))*

The main results of this paper are the following theorems.

Theorem 2. A weak solution to the problem (1)—(9) exists and is unique.
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Theorem 3. Let (u', I') and (u?, I?) be two weak solutions to the problem (1)~(9) with (u®!, f1,T1)
and (u®?, f2,J?) instead of (u°, f, J). Then, the following estimates hold:
llepAutllcqo, iy < lepdulligy + IAF o) + 18T o rir 6y (39)
lleplAul+llcorperc)) < ||Cp[Au0]i||L1(G) + MAflellpgp + ATl om0 7)), (40)

where Au = u' — u?, Au® = 1O —u02, Af = f1 — f2 AJ, =]} - J2.

Theorem 4 (Comparison theorem). Let (u', ') and (u?,1?) be two weak solutions to the
problem (1)~(9), with (%, 1, J1) and (12, £2, ]2) instead of (u°, f, J.). If u®t < u®?, f1 < f2
and ]1 < ]f, then ul < u? and I' < I2.

Note that the uniqueness of the solution to the problem (1)-(9) and Theorem 4 are
direct consequences of Theorem 3.

Consider that u and I are interpreted as the absolute temperature and the radiation
intensity. Therefore, it is important to show that u and I are nonnegative under some
natural assumptions on the data. It is clear that (1, I) = (0,0) is a solution to the problem
(1)-(9) with u® = 0, f = 0 and J. = 0. Thus, Theorem 4 implies the following result.

Corollary 1. Let (u, I) be a weak solution to the problem (1)—(9). If u® > 0, f > 0and J. > 0,
thenu > 0and I > 0.

The following three theorems show that an increase in summability exponents of f
and g leads to improved properties of a weak solution.

Theorem 5. Let (u,I) be a weak solution to the problem (1)—(9). If:
ul e LF(G), felL’(0,T;L1(G)), J«<€L™(0, T; L% (/l:_)), (41)
3 2 2
pe[3,0), refl,«o], ge [m,w}r Ty € [m/w}r q« € [mrm}r (42)
2/r+3/q<2+3/p, 2/r«+2/q:<1+3/p, (43)

then |u|7"'u € Vo(Qr) forall v € [1,p/2], Iy € L5(0, ;W17 (D)) for all rs € [1,p/2],
gs € [1,p/2] such that 1/rs +1/qs > 6/p and:

_ 1/
| Ju] 1“||V22QT) < C||(u0,f,g) PAAT (44)

sl zrs (o, (D)) < CIl(, £, 8) (45)

4
P "

In addition, u € C([0, T]; L°(G)) forall s € [1, p).

By C (with or without indices), we denote various positive constants that may depend
on Gr T/ gp/ Epl )\min/ /\maX/ UO/ x, S and PI 7’, q/ r*/ q*

Theorem 6. Let (u,I) be a weak solution to the problem (1)—(9). If:

Prl’l € L1(G) forsome By >0, f€L(0,T;L9(G)), J. € L*(0,T;19%(T7)), (46)
2 2 2
€[1,00], g €[3/2,00], 1« €[2,00), g« € [2,00), - +3 <2, —+ o <1, (47)
then there exists a constant B € (0, Bo/2] such that ePl*| € V,(Qr) and:
0
1P vy 0p) < CUIPM 2 + 1), (48)

where C depends on || (f, J+)lr,qr.,q., but does not depend on u°.
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In addition, u € C([0, T];L°(G)) forall s € [1,00) and Is € L"s(0, T; W% (Ds)) for all
ts,qs € [1,00).

Theorem 7. Let (u, I) be a weak solution to the problem (1)—(9). If:

¥ e L®(G), felL'(0,T;L(G)), J.e€L™(0,T;L7(T")), (49)
€ (1,00], g€ (3/2,00], s € (2,00], gu € (2,09], f+‘;’ <2, f+; <1, (50)

then u € L®(Qr) and L;(t) € W (Ds) for almost all t € (0, T). Moreover:

il roo(ap) < CHWO, £, T oo grages (51)

esssup Hl(t)HW‘”(DS) < CH( o g)”oorqr* Gs* (52)
te(0,T)

5.2. Reducing the Problem (1)—(9) to Problem P
Let (1, I) be a weak solution to the problem (1)—~(9) and I, = A[].]. We put:

fo= / L dw = 47 A)all,] for (x,t) € Qur,
g« = MT(L|p+) = nB[J.] for (x,t) € 0Qyr-
It follows from (37), (38) that f,. € L™ (0, T; L9%(Gs)), g« € L™ (0, T; L7*(0Gy) ) and
| fll e 0,70+ (o)) HI &+ e 0,509+ (BG,)) < ((4700) 1/ +7T1/q*)||f*|\m (o1t (@) 3)
It follows from (35) that:
dsch(ug) — 5 /Idw — o h(ug) — 45e{ Ao h(us), h(tr )] — f
= 45Clh(us), h(trup)] — fi,

h(trup) — M (I|p+ ) = h(trug) — ;M+(A[h(us)/h(tmb)]|r;) — &«
= h(truy) — Blh(us), h(truy)] — g« = D[h(us), h(truy)] — g«.

Using these formulas, we exclude the function I from the problem (1)-(9) and arrive

at the problem:
¢ aa”t — div(A (e, ts) Vi) + 43¢ Cll(us), h(try)] = £+ for (5,8) € Qur
&y div(A(xw) Vi) = £, (x8) € Qur,
/\(x,us)% =0, (x1) €dQr,
Alx, us)% +y(trus—truy) =0, (x,t) €0Qp,
— Ax, ub)% + D[h(us), h(truy)| +y(tru, —trus) = g, (x,t) € 0Qp 1,

Ul = W, xegG,

in which only one function u is unknown. This problem will be called Problem P.
Remind that V(Qr) = {u € V,°(Qr) N L*(Qsr) | truy, € L*(dQy1)}. Therefore,
it follows from u € V(Qr) and the boundedness of the operators C : L'(Gs,0G;) —
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LY(Gs), D : LY(Gs,3Gy) — L1(3Gy) that Clh(us), h(truy)] € LY(Qs1), Dl(us), h(trup)] €

L'(0Qy,r)-
By a weak solution to Problem P, we mean a function u € V(Qr) satisfying the identity:

T
/cpu Gdt dt+/A ,0)y(t)dt
0

where:

A(u,v) = a(u,v) +b(u,v),
b(u,v) = (45 Clh(us)), h(trup)], vs), + (D[h(us), h(truy)], tr oy )ac,, (55)
(F(8),0) = (f(t), ) + (fe(t),vs)c, + (8= (b), trvp)ag, -

Remark 3. Due to the equality (31) instead of the formula (55), it is possible to use an alterna-
tive formula:

b(u,v) = (h(us), 42 Clus, trvg))g, + (h(trup), Dvs, tr vp])ac, - (56)

Remark 4. It is easy to see that if (u,1) € V(Qr) x L1(0, T; WY(Ds) is a weak solution
to the problem (1)—(9), then u is a weak solution to Problem P. On the other hand, if u €
V(Qr) is a weak solution to Problem P, then defining I by the formula (35) for almost all
t € (0,T), we obtain the pair (u,1) € V(Qr) x L1(0, T, W(Ds)) that is a weak solution
to the problem (1)—(9). The fact that I € LY(0, T; W'(Ds)) follows from the continuity of the
operator A : L1(Gs,9Gy) — W(Ds) and properties h(us) € LY(Qs 1), h(truy) € L*(9Qy,1)
that the function u € V(Qr) possesses.

6. Auxiliaries

6.1. Forms f)(ul-, uy, v, Vi), D(U;, Uy, Vi, Vi;) and Some of Their Properties
We set:

A(ug, upr, vy, 011) = (4¢Clug, ur), vr)c, + (Dlur, ui1), v11)ag,,
d(ur,ugr, v, v11) = (42(A)alle,, lag,lur vi)c, — (42(A)qlur, url, vr)a,
(Bllc, 1aG, Juinvir)og, = (Blur unil vir)ye,,

+

where (MI,MH,UI,ZJH> S Ll(Gs,aGb) X LOO(GS,aGb) or (MI,MH,U[,ZJH) S LZ(GS,BGb)
xL2(Gs,9Gy).
It follows from (28) that:

d(ug, ug,v1,011) = d(ug, ug, g, 011) + (4@ uy, UI) + (Bur, 011)aG, - (57)

The following three statements are proven in [65].

Lemma 1. Assume that (uj,uj) € LY(Gs,0Gy), (vi,v11) € L®(Gs,9Gy), {(ul,ulN)}2_,
C LY(Gs,0Gy), {(oN,oN)}%_; C L®(Gs,0Gy). Assume also that (ul,ulN) — (ur,uyy) in
Ll(Gs, 0Gy), 05\] — v almost everywere on Gs, v% — vrg almost everywhere on Gy as N — oo
and sup | (v, v%)HL“’(GS,aGb) < o0. Then:
N>1
I\%li}cl)o d(u[ ,M%,U?]/U%> C?(MI,MH,U[,'UH>-
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Lemma 2. Assume that (uj,uj) € L%*(Gs,9Gy), {(ul,ul)}¥_, < L2(Gs,0Gy) and
(ul¥, ulN) = (ur, upr) in L*(Gs,0Gy) as N — oo. Then:

N N N 7
lim d(ul ,uppup  upy) = d(ug, up, g, ).
N—oo0

Let {E;;} Y, be a system of measurable pairwise disjoint subsets of G, such that

N
Gs = U E;; and let {Shg}ﬁ\jzl be a system of measurable pairwise disjoint subsets of 9G,

i=1

such that 4G, = U Spe. We denote by 1; and 1 the characteristic functions of sets Ej;
=1
and Sy, respectlvely We set:

ai = (45e(A)aller 0 1si) o Box = (BIO, Lot Lsk) o, Oei = (43¢(A) a0, 1], Lsi) -
Note that ay; > 0, g > 0,54 > 0.
Lemma 3. Let:

N N
Y(x) =Y uglsi(x), upp(x) =Y upelpe(x) (58)
i=1 =1

be simple functions defined on G, 0Gy, respectively, and let:

N N
=Y vilsi(x), vR(x) = Y vpelpe(x)
i=1 =1

be other simple functions defined on Gs, 0Gy, respectively. Then:

d(u?]' u%' U1 /UII 2 2 Qi usz vSl vsk]
1 1k=
N N
E Z Z ¢ltpe — upk][Ope — O] + Z Z Opiltsi — pe] [Vsi — Vpe]-
(=1k=1 i=1/¢=1

6.2. Forms b(u,v), b" (1, v) and Some of Their Properties
Consider that:

b(u,v) = (4Clh(us), h(trup)], vs)c, + (D[h(us), h(tr up)], tr vp)ac,,
(u,v) € WH2(G) x V.

We also set:

b (11, 0) = (4« CHI (1), W) (b1 up)], 00) g, + (DI (), B (tr uy)]), tron)ac,
(u,v) € WH(G) x W2(G), (59)
where A"l = min{max{h(u), —n},n}.
Note that:
b(u,v) = d(h(us), h(truy),vs, troy) = d(h(us), h(tr uy), vs, trop)
+ (45c@ h(us), vs) + (Bh(trup), tros)ag,,
(us), Kl ](tr up),vs, troy) =d(h [”](us),h["](truh),vs,trvb)
+ (4@l (us), 05) o+ (BRI (b up), tr05)ag, -
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Lemma 4. Forall n > 1, the following inequality holds:
b (u,u) >0 Yue W2(G). (60)

Proof of Lemma 4. We construct sequences of simple functions {u}}%5_; and {uN}%_; of
the forms (58) such that:

|ul (x)] < |us(x)| and I\ljggou?](x) = us(x) foralmostall x € Gs,

[ul (x)| < |trup(x)| and I\%gr})ou?}(x) = truy(x) foralmostall x € 9G,.

It follows from Lemma 3 and the monotonicity of the function / that:
Sl Ny Ny N Ny L e (1] (., N ¢ N\I[,N _ N
(R (up ), B (ugp) up ugy) = 5 2 Y [P (ugy) — U (ug)] g — ug]

13 & B (N Bl (NN N
+ 52 2 Bl (ugy) (uagi) [t — ]

N N
+ 3 Y Sulh (ud) — B )] [ud — u]
+ (4@ h (u), ul ), + (BRI (uf)), ul})ag, > 0. (61)

Itis clear that (h[”](u?]),h["](u%)) — (R (us), W) (7 up)) in L2(Gs, 9Gy) and (ulV, ulN) —
(us, tr up) in L?(Gs, 0Gy). Therefore, by Lemma 2:

~

Jim AR @™y, B N, ulN, ulNy — a0 (ug), B (tr uy), us, trug) = B (1, 1),
— 00

Passing in the inequality (61) to the limit as N — co, we arrive at the inequality (60). [

Lemma 5. Assume that w € C(R), w be a non-decreasing function such that w(0) = 0. Then,
foralln > 1, M > 0, the following inequalities hold:
b(u, wu™)) >0 VueW"G), (62)
b (u,w@™)) >0 Vue WH(G). (63)
Proof of Lemma 5. Let {ulN}%_; and {ulY}%_, be the same sequences of simple functions

as in the proof of the previous lemma.
It follows from Lemma 3 and the monotonicity of the function & that:

A(n(u), (), w((u)) M), w( (uy) M)
N N

=2 L 1 o) —h(u)] () — ((u) )]
N N

+3 L L Baln) — ne)) o ) ™) — () )

) = () oo ((ul) ™M) — w((uh) )]

+
™=
™M=

i=1/¢=1
+ (@ h(up), w((up)™))e, + (Bh(up), w((u)™))ag, = 0. (64)
It is clear that (h(ul),h(ul)) — (h(us), h(truy)) in LY(Gs,0G,) as N — oo;
[M]

w((u?’)[M]) — w(u£M]) almost everywhere on Gs, w((u%)[M}) — w(tru, ') almost every-
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where on dGy, as N — oo; in addition, ||w((u?])[M])||Loo(Gs) < Cum, ||w((u%)[M])HLoo(aGb) <
Cm, where Cy; = max{w (M), |w(—M)|}. Therefore, by Lemma 1:

lim dA(h(uZIV),h(u?}),w((u?])[M])rw((“%ﬂM]))

N—oo

= dA(h(“s)fh(fr ub),w(uLM]),w(tr uLM])) = b(u,w(u[M}))_

Passing in (64) to the limit as N — oo, we arrive at the inequality (62). The proof of
the inequality (63) is quite the same. O

7. An Auxiliary Problem PN and Its Solvability

Consider an auxiliary Problem P[], which differs from Problem P only in that in its
formulation, the function /(1) is replaced by hl") = min{max{h(u), —n},n}, where 1 < n
is a natural parameter.

By a weak solution to Problem P!/, we mean a function u € Vzl’O(QT) satisfying
the identity:

T T
~ [teputty e Snyae+ [ AV (ue) o) n(t)
0 . 0
= (cyu®,0)G - 17(0) —|—/<]—"(t),v>17(t) it YoeW2(G), ¥yec®0,T], (65
0

where A" (1,v) = a(u,v) + bl (u,v) and b" (1, ) is given by the formula (59).

Theorem 8. Assume that u® € L2(G), f € L'(0,T;L1(G)), J« € L™ (0, T; L9+ (T ™)), where
re (1,00, g€ [6/5,00], 1. € [4/3,00], gs € [4/3,00],2/7+3/9<7/2,2/r«+2/q. < 5/2.
Then, a weak solution to Problem Pl exists.

Proof of Theorem 8. Let {¢,}%° , be a basis in W' (G) that is orthonormal in L2(G) with
weight ¢,
We set Vi = span {ey, ..., e}, k > 1 and will seek an approximate solution to Prob-

k
lem P in the form u®(t) = ¥ dlgk)(t)eg, determining the coefficients d§k> from the
(=1

Galerkin method:
(cp%u(k)(t),v)c + A @O (1), 0) = (F(t),0), te€(0,T) YoeV, (66)
k
u®(0) = u* = Z(cpuo, er)G ep.
(=1

Note that u%* — 10 in L2(G) as k — oo, moreover Hc%,/ZuO'kHLz(G) < Hc}q/zuOHLz(G).

The Caratheodory theorem implies the existence of a time-local solution u(X). Tt is
defined on the whole interval (0, T) by virtue of the global to time a priori estimate:

149 lvy0r) < LI, £ 1) 2. )

To obtain this estimate, we substitute v = 1) (¢) in (66) and use the inequalities:

Amin||vu(k)||%2(G) <a®,u®), 0 <pllu®, 4, H),
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which follow from the condition (32) and Lemma 4, and arrive at the inequality:
1d
3 el 2u® (1) ) + Aminll V) ()2 < (F(5),uP(0)), 1€ (0,7)

Integrating it, we deduce the inequality:

ey 2 (0] + Amin Vi 22

Sl 2 o)+ [, a0 () de

ey 20 ) + 1 sl g

k
+ “f* HL"* (0,T;L7*(G) Hug ) H LTk (O,T;Lqi (Gs))
k
+ l1gellir (0.150- a6yl g 2 oratacyy € 0T

Applying the inequality (13) with 7/, g’ and 7}, g}, instead of 74, 7, the inequality (14)
with 7, g, instead of 75, §, and using the inequality (53), we arrive at the estimate (67).
Let us derive one more estimate. Since || (h[”](ugk)),h[ ](tr ub )||L°° GG, < M, then

it follows from (30) that:

et @), 1l e u] || ) < 20 (IPB @), 10t )], < 20

Consequently:
6V (), 0)] < 20 (45 [osl| 13 G,y + 17 95l 1o, ) )-

Integrating (66) over (t,t + 7), where 0 < 7 < T, and taking into account the
estimate (67), we have:

t+T

(cpp @) (1), 0)g = / [— Al (B (), 0) + (F(¢'),0)] dF’
t

< Tl/zAmaxnv”(k)||L2(QT)||VU||L2(G)

k
+ T2 oy I

1-1
+2tn (4 |[os| 11,y + It vnll L ag,)) + T /erHU(o,T;M(G))||U||Lq/(c)

k
— trul | 2o, ) l1tr o0 — ol a6,

1-1/rs 1-1/r4
+ 1fellr om0 (o)) sl gt ) + 7 a 8l 0,29 a6, ) 1#7 V0l gt 5,7

where A u® (£) = u® (£ 4+ 1) — u® (1),
Taking v = A@ k) (1), integrating the resulting inequality over t from O to T — 7 and

using the inequalities (53), (67), we obtain:
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QpHA(T)u(k) ||%2(QT7T)

< 27212 A [V 2 QT )+ 1l @y 1t = trul [0, ]

+4tn (4%H”§k) Loy + IItr “b ||L1(8Qb,T)> JF271_1/rHf”U(O,T;L‘?(G)) [ k)||L1(0,T;Lq’(G))
+20 " ol e 6 18 1 st 6

+20 7" gl o o 171” sg mast o

<TG £ T2 grog. +1)’,

where v = min{1/2,1—1/r,1—1/r.}. Thus:
1A uO 2, ) < ST (100, £, T 2 7., +1)- (68)

It follows from (67) that there exist a function u € V,(Qr) and the subsequence
{ulke) }724 such that uke) — y weaklyin L2(0, T; W2(G)) and weakly stars in L*(0, T; L2(G))
as ky — oo.

By virtue of the Riesz precompactness criterion for L%(Qr), the estimates (67) and (68)
allow us to select a subsequence, such that uk) — u strongly in L2(Qr) and almost
everywhere on Qr.

It is clear that A(-, u*))Vuke) — A(-,u)Vu weakly in L2(Qr) and therefore

ao(uk0),v) — ag(u,v) weakly in L'(0, T) for allv € W2(G).

From the estimate (19) applied to u(k¢) — y, it follows that tr ugk oty us and tr ul(]k 0
truy, in L2(dQy,1) as £ — 0. So a1 (uk0),v) — ay(u,v) in L1(0, T).

It is also easy to see that h[”](ugké)) — K" (us) in LY(Qs,r) and Al (tr ul(jk‘)) —
W (b 1) in LY (0Qp,1)- Using the formula (59), we have:

bl (ko) vy = 4%(h[”}(u§k[)),(3[vs,tr vb])Gs + (h[”](tr uékf)),D[Us,tr vbDBG
— 4%(h[”](us),(3[vs, trog))g, + (h["](tr up), Dlvs, trvp))ac, = b[”}(u,v)
in L1(0,T) for allv € W'2(G).
)

Multiplying (66) on #(t), where 7 € C°[0, T|, and integrating the result over ¢ from 0
to T, we have:

T
/ cpu G 17 dt—i—/A[”] B(t),0)n(t)dt
0 0

T
= (epu™,0)g - 0(0) + [ (F(6),0)n(t) at
0

Passing to the limit atk =ky — oo, we establish the validity of the identity (65) for an
arbitrary function v € U1 Vi. Since the set U Vk is dense everywhere in W'2(G), then the

identity (65) holds for all v € W2(G).
Since the function u satisfies this identity, it follows (see, for example [41], Lemma 4.1)

that u € C([0, T}; L*(G)). Thus, u € V,°(Qr). O

8. Estimates for Weak Solutions to Problems P and PN

We need the following statement, following from [41], in Lemma 4.4.
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Lemma 6. Assume that a function u € Vy*(Qr) satisfies the identity:

T T
/cpu Gdtﬂ :/ n(t)ydt VoeV, VypeCy[0,T], (69)
0 0

where:

(F(t),0) = (F(t), Vo) + (F(£),0)6 + (85(£), trvs)ac, + (86(t), 17 0p)ac,,
Fe L*(0,T;(L*(G))*), feLY(Qr), 88 € L'(9Qy7).

Assume also that w € C'(R), w' > 0, w(0) = 0 and WM (1) = 7w(s[M])ds, where
0

M > 0.
Then:

lep WO (u(t)) 13
= epW () 16y + [(F O, E)ar, teT),  (0)
0
lep WO () (8)) 13 g

t
= lep WM ()4 ) 36 + [ (PO, 0P, teloT. @D
0

Lemma 7. Let u be a weak solution to Problem Puor to Problem P, .
Suppose that U € CL(R), U’ > 0, w(u) = [(U'(s))*ds, W(u) = [w(s)ds. Then:
0 0

lepW (™M (D)1 ) + Aminl| VU M) 172 Q,

< lepW ()l ) + / (F(E),w@))at, tefo,T. 72

Proof of Lemma 7. A weak solution to Problem P satisfies the identity (69) with:

Using Lemma 6, we arrive at the equality:
t
ey WD ()l 1 6 +/A(u(t’),w(u[M](t’)))dt’
0

t
= lep WM @) gy + [(F(O, @M@ dt. 73
0

Note that:
ag(u, w(u™)) = (A, u)Vu, V(™)) g = (A(,u)Vu, [U'<u[M1>Fw[M1>
ACu)vU ™M), VU @™M)) g > Al VU @M)]2,

a1(u, w(u™MD) = (y[truy (t) — trus(£)], w(tr ul[jM]) w(tr u[M]))aGb > 0.
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Using these inequalities, the inequality (62) and the estimates:
W) < W () <W(u),

we arrive from (73) at (72).
The inequality (72) for the weak solution to Problem Plil is established in the same
way. The only difference is that the inequality (63) is used instead of the inequality (62). O

Theorem 9. Let u be a weak solution to Problem P or to Problem P, If the assumptions (41)~(43)
are satisfied, then |u|""'u € Vo(Qr) for all v € [1, p/2]; moreover, the estimate (44) holds. In
addition, u € C([0, T|; L5(G)) forall s € [1, p).

Proof of Theorem 9. Lety € [1, p/2]. We set:
u ,)/2
Uy () = 70, () = [(U} ()2 ds = - JulPr2u,
0 29y -1
u ,)/ )
W, (1) = [w,(s)ds = ﬁ|u| v,

Since:

Uy (1)) < Wy (u) < l[uv( 2wy (u)] < 'y\Uy(u)|2*1/7,

==
N

the inequality (72) implies the inequality:

1
21U M) [F2(6) + Amin| VU (M) [
1 _
< S I @) ) + VLo maan U ) e/ o),
9l fellire o (G0 I\Uv(uﬁM]ﬂligl(é”T 17 (G)

M2 L

+')’||g*||L'*(OTM* (3Gy)) HU7 t”‘ L7+ (0,T;L7+ (3G,))”

where7 = (2—1/7)r, §=2-1/7)q, ¥. = 2-1/7)r}, 4. = (2—1/7)q.
Asa consequence, we have:

2—-1/
1 aM)IB, g,y < G013 ) + YAl miasian 1 U (4P 10 s,
2-1 2-1
Ml e o7 1 (1 I 0 oy H I e DT e )] 79

Using (13) and (14), we derive from (74) the estimate:
- 1
[ e /7 ) < CN, £ T g a. (75)

with a constant C that does not depend on M. Since uM — u in L2(0, T; W'2(G)) and
ulMl(t) — u(t) in L2(G) for all t € [0,T] as M — co, the estimate (75) implies that
lu|"~1u € V5(Qr) and the estimate (44) holds.

Since |u|P/>~'u € V,(Qr) then u € L*(0, T;LP(G)). Taking into account that u €
C([0, T]; L*(G)), we come to the conclusion that u € C([0, T]; L*(G)) forall s € [1,p). O

Theorem 10. Let u be a weak solution to Problem P or to Problem P"L. If the assumptions (49), (50)
are satisfied, then u € L*®(Qr) and the estimate (51) holds.

Proof of Theorem 10. We put A = ||(1%, £, J+) [lcor.g,r. 4. - If A = 0, then it follows from (44)
that # = 0 and the estimate (51) holds.
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Let A > 0. We divide both sides of the inequality (74) by A%7. Taking into account
that v > 1 and (74) holds for all M > 0, we obtain:

2-1
||U7(u )||V2 Q) < ley[measG + ||U«,(u[M |2 O/TWUI(G))

o6 U Erm I

=M
+ ||U’Y(u[ ])| L7 (0 T; L7+ (Gs L7+ (0,T;L7* (9Gy))

< cﬂ[um + U, @M 2

HLZr/ 0,T;L2 (G)) L2%(0,T;L%%(G))

+ ||u')/(tr ub )HLZr O T;Lquk (aGb)) + 1]’
where uw = u/A.

By condition (50), we can assume that 2/r +3/g <2-39, 2/r.+2/q. <1-30
with some 6 € (0,1).

Setting v = ¢ = (14 6), k > 0, we obtain the inequality:

2(1+0
U G ) < C2(1+8)F Uy, GMHIED 5 o)
M] 2(1+49) (1+6
+[|Uy,_, @@ )HLE*(()TW ©) + Uy, 1(tru )”m O)TLq*(aG))+1], k>1,

where 7 = 2(1+40)r,§ =2(1+96)q’, 7 = 2(1 +6)rl, 4« = 2(1+ 0)q,. It is easy to check
that 7, g and 7., g satisfy (16) in the role of 71, §; and 7+, g satisfy (16) in the role of 75, 7.
Using (13) and (15), we arrive at the inequality:

Uy, @)1y, +1 < Ca(1+0) {l Uy, @M 55 +1], k> 1,

which implies the inequality:
d < CY/ (148 My, k>1,
) 1/ %

where d; = (H |ﬁ[M]|7’<H€2(QT) +1
Iterating these inequalities, we find:

di < Cado = Co([#M 13,0,y + 1) < Cal|[Hll, 0,y + 1)) k> 1.

Thus:

< TV || [atMly| e 1u[M]||2£zYéT)

< TV My < TY%Cy(|[1lf3 0, +1), k> 1.

1720 o,

The limit passage as k — oo leads to the estimate:
™M o) < CalllElfygp +1) ¥YM =1,
which implies that u € L*(Qr) and:
2 2
[ulls(@r) < Co(lullfy gy +A%)-
Taking into account the estimate (44) with v = 1, we obtain the estimate (51). O

Theorem 11. Let u be a weak solution to Problem 'P. If the assumptions (46), (47) are satisfied,
then there exists a constant p € (0, Bo/2) such that ePl"l € V,(Qr), the estimate (48) holds and
u e C([0, T]; L*(G) forall s € [1,00).
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Proof of Theorem 11. Let:

Ug(u) = [Pl — 1] sgnu, wg(u) = /(Ul’g(s))z ds = g[eZﬁ\ul —1] sgnu,
0

/wﬁ )ds = — [Pl —2pu],
where 8 > 0. Since:

1 1
1 WUp())? < Wg(u) < 5 (Up(w))?,  [wp(u)| < [Up(w)* +1],
inequality (72) implies the inequality

U (011226, + IV Up M) 22 ) < CrllUp (™ (0))]2 g,
+clﬁ[||f\|U<O,T;m<G)>(uuﬁ< N2 o ram ) + 1
+ 1L fellr o e oy (1Up (u™ >Ilm<om oyt 1)

+ ||g*||y* 0,T;L7 (3G)) (Huﬁ(t””b )HU* (0,T;L7+ (3G)) +1)} te (0,T],

where 7, =21, q, =2q9', 7. = 27,9, = 24..
Using (13) and (14), we derive the estimate:

U (M), o) < 2CHIUs () 26y + BCr 1. (1M1, g, +1)),

where Cf,]* = C2(Hf||L’(O,T;L”I(G)) + H]*HU* (0,T;La* (f—)))'
Taking p = min{f, CJ?}* }/2, we obtain the estimate:

(M]
1P vy < (1 16y +1). (76)

Since ulM — 4 in L2(0, T; W'2(G)) and ulMl(t) — u(t) in L?(G) for all t € [0, T] as
M — oo, the estimate (76) implies that el € V,(Qr) and the estimate (48) holds.

Note that the conditions of Theorem 9 are satisfied for all p € [3,00). Therefore,
u e C(|0,T];L5(G)) foralls € [1,00). [

9. Stability and Uniqueness of Weak Solutions to Problem P: Comparison Theorem

The proof given in this section uses some ideas of the method [70] proposed for
proving comparison theorems for quasilinear elliptic equations. Special modifications of
this method for some nonstationary radiative-conductive heat transfer problems were
used in [41,53,57].

The following theorem concerns the stability of weak solutions to Problem P with
respect to data.

Theorem 12. Let u' and u? be two weak solutions to Problem P with (u®', f1, J1) and (u®?, f2,]?)
instead of (u°, f, J..). Then, the estimates (39), (40) hold.

Proof of Theorem 12. We put Au = u! —u?, Au® = 1% —u02 Af = f1 — 2, A], =
Ji— T2
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Let0 <t <T,0 < <1,¢is aparameter. We introduce the sets:

Qf ={(xt") € Q| Au(xt') >0}, Q; ={(xt)€Q:|Au(xt)<0},

Q= {(x,t) € Q| Au(x,t)>6}, Q" ={(xt)eQ|0<ru(xt)< 5}
Qh=QunQf, Q=0unQ;, Q=0unq, Q% =0q,nq"

We introduce the function v = 6~1(Au)04 = mm{& YAu]y,1}. Tt is clear that

0 < v® < 1; moreover v°(x,t) = 0 for (x,t) € Qp, ¥’(x,t) = 1 for (x,t) € QF and
(lsin}) v°(x,t) = 1for (x,t) € QF.
—

Subtracting from each other the identities (34) corresponding to the definitions of the
weak solutions u! and u? leads to the identity:

—
o

=
>
=

d T
(), 0)gZn () dt + ({[a(ul(t),v) —a(u?(1),0)]y(t) dt

[b(u! (1), 0) = b(u?(1),0)]y(t) dt = (cpsu®,v)G - 1(0) + ({T(Af(f)rv)c 7 (t) dt

+ o+
O —H O—/|m O—H

(Afi(t),vs)G, (t )dt"’({T(Ag*(t)/t"Ub)aGbU(t) dt YoeV,v¥yeCZ0,T], (77)

where Af, = f1 — f2 = 4x(D)a[A].], Ag. = g} — g2 = 7BIALL]
u
Using Lemma 6 with w(u) = 6 'u, M = §, W (1) = 671 fsm ds and taking into
0

account that:

WO (Au),) < (8], 0 < wl(a) ) = of <1,
||[Af*]+||L1(Q') + ||[Ag*]+||Ll(aQb/t) < ”[AI*]HU(O,T;El(ff)) 78)

(the inequality (78) follows from (27)), we have:

||CPW(5)({Au]+(t))HLl(G) + (A u" )Vl = A, u?)Vi?, VU(S)U(QQ

t.
+ [Tl (#), %) = ayua(t), ()] at
0
+ [T (#),27(1)) = b (), 0 (¢))]at' = [leg W ([86°) )|y
0

+ / (AF(),0° (E))g + (A (), 08(F))o, + (Ag(#) tr e (¢))ac,] d¥
< eyl e I+l HIBR gy VEE T (9

Using the fact that Vo? =071V (u' — u?) almost everywhere on Q(To’é) and Vo = 0
almost everywhere on Q. U Q‘} and taking into account assumptions (32), (33), we find that:

(AC,u)yVul —A(,u?)Vi?, VU‘S)Lz(Qt)
= 3(A(, uh)Ve?, Vo) 12, + (MG, 1) = A( u?)] Va2, Vo)
> 8 Amin V9[22, — Lél“I\WZIILz(ngm)IIVU‘SHLz(Qt)

2"

> *7||VM2H2

> (50)
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We note also that:

a1 (u!,0°) — a1 (u?,0°) = (y[tr Aus — tr Aup), trovd — tr v‘g)gcb > 0. (81)

We set Ah(us) = h(ul) — h(u?) for (x,t) € Qsr1, Ah(truy) = h(trui) — h(tru2) for
(x,t) € 0Qp,r and introduce the sets:
3 Qur = {(x,1) €9Qy1 | tr Auy(x,t) > 0},
0" Qur = {(x,t) € 9Qur | tr Aup(x,t) <0},
Q= {(x,t) € 9Qur | tr Auy(x, ) > 6},
9090y 1 = {(x,t) €0Qy7 | 0 < trAuy(x,t) < 6}

From the formula (56), it follows that:
(", o) — b(u, o) = (4seth(us), Clof, tr o)), + (Bh(trug), DIof, trvf))ac,-
Noticing that:
Clvl, trvd] = v — (A0, trvf] = ( yalvd, trod] <0, (xt) € Qir
Cvs,trvb] ‘5 — (A [vs,trvb] -1, (x1)€ Q;FT,

D[vs,trvb] = trvb — B[vs,trvb] = —B[vs,trv‘bs] <0, (x,t)€d Qpyr,
D[vg, tr vi] =tr v‘; — B[vi, tr vg] > tr vi -1, (xt)€ 8+Qh,T,

[
[

we find that:

[b(u! (), 0° () = b(u? (1), o ()] dF’

o—_ _

= (4s¢Ah(us),C[02, tr vi])Qs} + (42¢(Ah(us),C[02, tr vg])%
(

Ah(truy), [Us,trvg])aQb_t + (Ah(truy), D[V, t”vi])anQb,t

v+

(43¢ (us), S 1)% + (Ah(truy), trod — Da+q,,
(4%Ah(us) — 1)Q§0/(5> + (Ah(t?’ le), tr Ui — 1)B(O’J)Qb,t

> —4%\|Ah<us>||ﬂ( — [ Ah(tr )l s (52
It follows from the inequality (79) and the estimates (80)—(82) that:

llep W(‘S)([Au] (Nl

22
< 47\mm [Vu HLZ(Q 04)) + 4| AR (us )| @) T |8kt up)[| 1 g0 g, )
+ llep[Bu] Iy + NI € [Af]+/[A]*]+)|’1,1,1,1 Vte (0,T]. (83)

We pass to the limit as § — 0 in this inequality. Since:
(WO ([Au]4) = [Au)+| <5,

then:
lep W ([Au) (D)) |11y = Nlep[dul+ (D)l q)
The first three terms on the right hand side of (83) tend to zero as 6 — 0, since:

meas (QT ;dxdt) — 0, meas (Qg,of);dxdt) — 0, meas (09 Qy ;do(x)dt) — 0
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Thus, (83) implies the inequality:

lep[Aul+ (Dl ey < leplaw’l4llie) + 1A+ (AT )lhaas YEE(O,TL  (84)

The following inequality can be established in the same way:
leplau] - (D)l (q) < Neplan’] Iy + 1(1Af1-, (AT )lliaan YEE(O,T.  (85)
Adding (84) and (85), we obtain the inequality:

llepu()llp1ig) < llepAull gy + 1(Af, D) 1111 Y E € (0,T]. (86)

The inequalities (84), (86) imply the estimates (39), (40). O

Corollary 2 (Comparison theorem). If u%! < u%2, f1 < f2and J! < J2, then u' < u?.
Corollary 3 (Uniqueness theorem). If a weak solution to Problem ‘P exists, then it is unique.

10. Solvability of Problem P
Theorem 13. A weak solution to Problem P exists and is unique.

Proof of Theorem 13. Firstly, we suppose that assumptions (49), (50) hold. By Theorems 8
and 10, for all n > 0, there exists a function u € Vzl’O(QT) NL®(Qr) C V(Qr), whichisa
weak solution to Problem Pl and satisfies the estimate:

H“||L°°(QT) < Moo = CH(uorfr]*)Hw,r,q,m,q*/

where Ms, does not depend on n. By this estimate, hl"l (1) = h(u) for n > h(Me).
Therefore, a weak solution to Problem P with n > h(Ms) is simultaneously a weak
solution to Problem P.

Now, we prove the existence of a solution without additional assumptions (49), (50).
Let N,M be natural numbers. Since (u0)[=N-M ¢ 1*(G), fI=NM ¢ 1*°(Qr) c L®(0,T;
L%(G)), ,[fN’M] e L®(T x(0,T)) C L°°(0 T; L3( ~)) then, by the first part of the proof,
Problem P with (uo)[_N'M], f[_N M| and ]* M} in the role of u° , f, and ], has a weak
solution 1(~N-M) such that:

T
cpul N M) )G%n(t)dt+/A(u(_N'M)(t),v)iy(t)dt

O\H

0
T
= (cp(u®)NM )6 - (0) +/(f[—N,M](t),U)G;7(t)dt
0
T
—l—/ [ NM] G+ (gg_NrM)(t),trvb)aGb] n(t)dt YoeV, VineCP0,T]. (87)
0
Here, fi MM = 475 (A) o1, g = B[yl NM),

Note that:

|(u0) =NMI fENM GENMYy o= 10, £ T L.
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So, by Theorem 9, the following uniform parameters N and M estimates hold:
_ _ - -N.M
[N o < ClHO)NML fENML N e < 1= CCo, (88)
— — 2/3 — — —
[l NMI2 ENMUIS ) 0) MM N ENMY e (89)
The estimate (89) and the inequalities (17), (18) imply the estimates
||u(7N'M)||L°°(O,T;L3(G)) <Gy, (90)
||“(_N'M)||L5(QT) <G, 1)
-N,M
ltr ™| aog, 1) < Cs. (92)

We fix N. Since:

(u0>[7N,M] < (u0>[7N,M+1], f[fN,M} < f[fN,M+1} ]LfN,M] < L[(*NMH],

then by Corollary 2, the sequence {u(~N ’M)}O]\Zzl is non-decreasing with respect to M.
Therefore, from the estimate (91), by virtue of Levi’s monotone convergence theorem,
there exists a function u(~N) € L5(Qr) such that u(~NM) — 4(=N) in [5(Qr) and almost
everywhere on Qr as M — co. From (88), it follows that u=N) ¢ V2(Qr), u(=NM) _; 4y(=N)
weakly in L?(0, T; W'2(G)) and weakly stars in L®(0, T; L3(G)) as M — co. From the

multiplicative inequality (19), it follows that tr ulNM Nty ul(;N’M) — tr ul(fN)
in L2(0Qy,1)-

Since the sequence {tr ul(;N’M) };:1 does not decrease with respect to M, then it
follows from the estimate (92) and Levi’s monotone convergence theorem that tr ul™N) ¢
149Qyr) and trul ™™ = trul ™M in 143Qy 7). So h(trul ™) — n(trul ™) in
LY (9Qy,1)-

Passage to the limit as M — oo in (88), (90)—(92) leads to the inequalities:

1 yy0p) < Cr 1Ym0 11300y < C1 (93)
_ —-N
||1/l( N) ||L5(QT) S C2, ||t7’ Mé )HL4(aQb,T) S C2. (94)

Letv € V. Since Vu(~NM) — vy (=N) weakly in L2(Qr), A(-, u=NM)) — A(-, u(=N))
almost everywhere on Qr, then ag(u("NM), 0) — aq(u(~N),v) weakly in L'(0, T) as M —
oo. It is also clear that a; (u("NM), v) — a;(u(=N),9) in L1(0, T). Thus, a(u(-NM) ) —
a(u=N),v) weakly in L'(0, T) as M — co.

Since h(u(~NM)) = h(uN))in L1 (Qr) and h(trul ™M™y = h(trul ™) in L1 (0Qy 1),
then:

(h(u=NM)), Clos, trop))g, — (h(uN), Clos, trog))e, in LY(0,T),

(h(trul MM, Dlog, troy])ag, — (h(trul ™), Dlog, troy])ae, in L0, T).

Thus, b(u"NM),v) — b(u(=N),v) in L1(0, T).
Passing to the limit as M — oo in the identity (87), we arrive at the identity:
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T T
~ [t (6),0) (e dt + / AN (8),0) p(e) dt
0

= (ep(u) =N, +/ Nl (1), ) (¢ dt+/ (1), 0)c. n(t)dt 95)
+ (85NN (1), 0)a6, () dt Vo eV, Ve CTo,T], (96)

where (10)["N>l = max{u®, —N}, fl-N~l = max{f,fN}, IEN’DO] = max{/s, —N},
SN = are (A, 67N = mBLN)

Theorem 12 implies the estimate:

(=N, M) 0)[=NMi] _ (3,0)[=N.Mo] (oY

cpllu —uCNM o706y < Epll(1°)

(N N N GENMly Y My > 1, My > 1

This estimate means that {u(’N'M)}ﬁil is a Cauchy sequence in C([0, T]; L'(G)).
Hence, u(=N) € C([0, T]; L'(G)). Taking into account that u(~N) € L=(0, T; L3(G)), we
have u(=N) € C([0, T]; L3(G)).

Thus, the function u(~N) is a weak solution to Problem P corresponding to the data
(u0) =Nl fl=N:o] and 77N> in the role of u?, f and J..

Since:

(uO)[f(Nle),oo] < (uO)[fN,oo], f[f(NJrl),oo] Sf[—N,oo]l ]Lf(N+1),oo] Sg[fN,oo],

then by virtue of Corollary 2, the sequence {ul=N) }{_; is non-increasing. Therefore, from
the estimates (93), (94) it follows that there exists a function u € V5(Qr) N L?(Qr) such
that u(-N) — u weakly in L2(0, T; W'2(G)), weakly stars in L®(0, T; L3(G)), strongly
in L3(Qr) and almost everywhere on Qr as N — co. In addition, tr ung) — trug in
L?(0Qy,r) and tr u,g_N) — truy in L*(dQy 7). As a consequence, h(ul"N)) — h(u) in
LY(Qr), hltruy ™) = h(uy) in L1 (3Qy1).

Therefore, a(u(~N),v) — a(u,v) weakly in L'(0,T) and b(u("N),v) — b(u,v) in
LY(0,T) for all v € V. Passage to the limit as N — oo in the identity (96) gives the
identity (34).

Theorem 12 implies the estimate:

cp N — w0 g1y < Bl (u0) N — 0Ny

S |[(FINeel — pleNpeo] plmNuel _pENasly Ny > 1, Ny > 1

HG)).

This inequality means that {u(~N )}ﬁzl is a Cauchy sequence in C([0,T]; L
)), we have

Hence, u € C([0,T);L'(G)). Taking into account that u € L*(0,T;L3(G)),
u € C([0, T]; L*(G)).

We proved the existence of a weak solution to Problem P. Its uniqueness follows from
Corollary 3. O

11. Justification of the Main Results

Proof of Theorem 2. Note that (see Remark 4) the pair (u,I) € V(Qr)x L} (0, T; W'(D))
is a weak solution to the problem (1)-(9) if and only if u € V(Qr) is a weak solution to
problem P and I is expressed by the formula:

I =~ Alh(us), h(r )] + AL ©7)
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Therefore, the existence and uniqueness of a weak solution to the problem (1)—(9)
follow directly from Theorem 13. [

Proof of Theorem 4. Assume that the conditions of Theorem 4 be satisfied.
By Corallary 2 we have u' < u?. Thus, h(u}l) < h(u?), h(tru}) < h(tru?) and

I'= —Afh(ug), h(tru)] + A[J] <

Alh(id), h(truz)] + A[J2] = .

-

L
T
O

Proof of Theorem 5. Assume that the conditions of Theorem 5 are satisfied.

By Theorem 9, |u|"~1u € V,(Qr) for all v € [1,p/2], the estimate (44) is valid and
u € C([0,T]; L5(G)) for all s € [1, p).

From |u|P/2"1u € V5(Qr), it follows (see (13), (14)) that h(us) € L's(0,T; L%(Gs)),
h(truy) € L™(0,T; L% (0Gy)) forallrs € [1,p/2],gs € [1,p/2] such that 1/rs +1/gs > 6/p.
In addition, the following estimate holds:

_ 8/
”h(us)||L’S(0,T;L'75(Gs)) + || (tr ”b)”Lrs(o,T,-Lﬂs(aGb)) < C1|||”|p/2 1“||V2€QT)'

From this estimate, the boundedness of the operator A : L% (G, dGy) — W17 (D;) and
the estimate (44) with v = p/2, it follows that I; € L"s(0, T; W1 (Ds)) and:

2-1,,18/ 4
sl o, rowms (b)) < CalllulP/ 2 ully fy ) < CHGE, £ T 1 g roe
O

Proof of Theorem 6. Assume that the conditions of Theorem 6 are satisfied.

By Theorem 11, there exists a constant 8 € (0, Bo/2) such that eP!*l € V5(Qr) and the
estimate (48) holds.

Note that the conditions of Theorem 5 are satisfied for all p € [3,00). Thus, I; €
L"s(0, T, W1 (Ds)) forall rs € [1,00), g5 € [1,00). [

Proof of Theorem 7. Assume that the conditions of Theorem 7 are satisfied.
By Theorem 10, u € L®°(Q7) and the estimate (51) holds. Consequently,
(h(us(t)), h(truy(f)) € L®(Gs, dGy) for almost all t € (0, T) and:

ess sup || (h(us(t)), h(tr up(t)) |l =G, a6,)
te(0,T)
S 0p €ss sup ||u(t)H4°°(G) S C1||(u0,f, ]*)Hgo,r,q,r*,q*' (98)

te(0,T)

Therefore, I;(t) = %A[h(us(t)),h(tr up(t))] € W*(Ds) for almost all t € (0,T) and
by virtue of the estimate (98):

4

0,7,q, s+ ,q+”

ess sup [|Ls(#) [l (p,) < Cll(, £, ].)]
te(0,T)

1
where C = Cl;HAHLW(GS,&GbHW""(Ds)' .

12. Conclusions

In this paper, the author continues to construct a mathematical theory of complex heat
transfer problems.

A nonstationary initial-boundary value problem governing a radiative—conductive
heat transfer in a convex semitransparent body with an absolutely black inclusions was
considered. To describe the process, a system consisting of two heat equations and the
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integro-differential radiative transfer equation was used. This system is supplied by
boundary conditions, which describe the energy exchange between semitransparent body,
external media and opaque inclusions.

The unique solvability of this problem was proven. In addition, the stability of solu-
tions with respect to the data was proven, which established a comparison theorem. Besides,
results on improving the properties of solutions with an increase in the summability of the
data were established. All results are global in terms of time and data.

The considered mathematical model of radiative—conductive heat transfer contains a
number of simplifying assumptions. One should consider the process of heat transfer in a
system of bodies, and not in one convex body. In a more complex model, it should be taken
into account that the properties of the semitransparent medium and the radiation intensity
depend on the radiation frequency. In addition, inclusions may not be completely black,
but gray or even “colored”. The author expects to study the more complex corresponding
models in the near future.
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