. mathematics

Article

A Constrained Markovian Diffusion Model for Controlling the
Pollution Accumulation

Beatris Adriana Escobedo-Trujillo ¥, José Daniel Lépez-Barrientos

check for

updates
Citation: Escobedo-Trujillo, B.A.;
Loépez-Barrientos, J.D.;
Garrido-Meléndez, J. A Constrained
Markovian Diffusion Model for
Controlling the Pollution
Accumulation. Mathematics 2021, 9,
1466. https://doi.org/10.3390/
math9131466

Academic Editor: Anténio M. Lopes

Received: 19 May 2021
Accepted: 16 June 2021
Published: 22 June 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

2%%() and Javier Garrido-Meléndez !

Facultad de Ingenieria, Universidad Veracruzana, Xalapa de Enriquez 91090, Mexico;
bescobedo@uv.mx (B.A.E.-T.); jgarrido@uv.mx (J.G.-M.)

Facultad de Ciencias Actuariales, Universidad Andhuac México, Naucalpan de Judrez 52786, Mexico
*  Correspondence: daniel.lopez@anahuac.mx; Tel.: +52-55-5627-0210 (ext. 8506)

1t These authors contributed equally to this work.

Abstract: This work presents a study of a finite-time horizon stochastic control problem with restric-
tions on both the reward and the cost functions. To this end, it uses standard dynamic programming
techniques, and an extension of the classic Lagrange multipliers approach. The coefficients considered
here are supposed to be unbounded, and the obtained strategies are of non-stationary closed-loop
type. The driving thread of the paper is a sequence of examples on a pollution accumulation model,
which is used for the purpose of showing three algorithms for the purpose of replicating the results.
There, the reader can find a result on the interchangeability of limits in a Dirichlet problem.

Keywords: dynamic programming; lagrange multipliers; numeric approximation

1. Introduction

The aim of pollution accumulation models is to study the management of some goods
to be consumed by a society. It is generally accepted that such consumption generates
two byproducts: a social utility, and pollution. The difference between the utility and the
disutility associated with the pollution is known as social welfare. The theory developed
in this work enables the decision maker to find a consumption policy that maximizes
an expected social welfare for the society, subject to a constraint that may represent, for
example, that some costs of cleaning the environment are not to exceed some given quantity
along time.

This paper deals with the problem of finding optimal controllers and values for a class
of diffusions with unbounded coefficients on a finite-time horizon under the total payoff
criterion subject to restrictions. It uses standard dynamic programming tools, the Lagrange
multipliers approach, and a result on the interchangeability of limits in a Bellman equation.
The driving thread of the paper is a sequence of examples on a pollution accumulation
model, which is used for the purpose of showing how to replicate the theoretical results of
the work.

The origin of the use of the optimal control theory in the context of stochastic diffu-
sions on a finite-time horizon can be traced back to the works of Howard (see [1]), Fleming
(see, for instance, [2-4]), Kogan (see [5]), and Puterman (cf. [6]). However, the stochastic op-
timization problem with constraints was attacked only in the late 90s and early 2000s, when
some financial applications demanded the consideration of these models, under the hypoth-
esis that the coefficients of all: the diffusion itself, the reward function, and the restrictions,
are bounded (see, for Example [7-10]). Constrained optimal control under the discounted
and ergodic criteria was studied in the seminal paper of Borkar and Ghosh (see [11]), the
work of Mendoza-Pérez, Jasso-Fuentes, Prieto-Rumeau and Herndndez-Lerma (see [12,13]),
and the paper by Jasso-Fuentes, Escobedo-Trujillo and Mendoza-Pérez [14]. In fact, these
works serve as an inspiration to pursue an extension of their research to the realm of
non-stationary strategies.
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Although this is not the first time that the problem of pollution accumulation has been
studied from the point of view of dynamic optimization (for example, [15] uses an LQ
model to describe this phenomenon, [16] deals with the average payoff in a deterministic
framework, [17,18] extend the approach of the former to a stochastic context, and [19]
uses a stochastic differential game against nature to characterize the situation), this paper
contributes to the state-of-the-art by adding constraints to the reward function, and by
taking into consideration a finite-time horizon. Moreover, this work profits from this fact
by proposing a simulation scheme to test its analytic results. However, it would not be
possible to find a suitable Lagrange multiplier for such simulations without the results
presented in Example 3, and Theorem 2, below.

The relevance of this work lies in the applicability of its analytic results in a finite-
time interval. Unlike the models under infinite-time criteria (i.e., discounted and average
payoffs; and the refinements of the latter), which focus on finding optimal controllers
in the set of (Markovian) stationary strategies, the criterion at hand considers as well
the more general set of (Markovian) non-stationary strategies. This fact implies that the
functional form of the Bellman equation includes a time-dependent term, and that the
feedback controllers will depend explicitly on the time argument. Since the coefficients
of the diffusions involved in this study are assumed to be unbounded, all of the points in
R"™ will be attainable, and a verification result will be needed to ensure the existence of a
solution to the Bellman equation that remains valid for all (¢, x) in [0; T] x R", where T will
be the horizon.

Significance and contributions.

¢  This paper presents an application of two classic tools: the Lagrange multipliers
approach, and Bellman optimization in a finite horizon for diffusions with possibly
unbounded coefficients. This fact represents a major technical contribution with
respect to the existing literature.

e This study illustrates its results by means of the full development and implementation
of an example on control of pollution accumulation. It also gives actual algorithms
which can be used for the replication of the results presented along its pages.

e This work lies within the framework of dynamic optimization. However, it considers
a broader class of coefficients than, for instance, [15]. As is the case of [16], it presents
a pollution accumulation model. However, it focuses on a stochastic context (as
in [17,18]), with the difference that the present project does so in a finite-time horizon,
and with restrictions on both the reward and the cost functions.

The rest of the paper is divided as follows. The next section gives the generalities of the
model under consideration, i.e., the diffusion that drives the control problem, the total
payoff criterion, the restrictions on the cost and the control policies at hand. Example 1
introduces the pollution model. Section 3 deals with the actual (analytic and simulated)
solution of the problem. Examples 2, 3, 4, Lemma 2, Theorem 2 and Example 5 illustrate the
analytic technique and serve the purpose of comparing it with some numeric simulations.
Finally, Section 4 is devoted to the presentation of the final Remarks.

This section concludes by introducing some notation for spaces of real-valued func-
tions on an open set R". The space WP (R") stands for the Sobolev space consisting of all
real-valued measurable functions / on R" such that D*h exists for all |«| < £ in the weak
sense, and it belongs to L7 (R"), where

D% ol ith & = ( ), and Jali=)
= withae= (a3, - ,&,), and |a|:=) a;.
T,y n 2

Moreover, C*(R") is the space of all real-valued continuous functions on R" with
continuous /-th partial derivative in x; € R, fori = 1,..,N, ¢ = 0,1, ..., x. In particular,
when x = 0, CO(R") stands for the space of real-valued continuous functions on R”. Now,
C*(R™) is the subspace of C*(R") consisting of all those functions / such that D*h satisfies
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a Holder condition with exponent 7 €]0; 1], for all || < x; that is, there exists a constant K
such that
[D*h(x) = D*h(y)| < Ko|x —yl".

Define
Wl’é;”([O; T] xR") :={h:[0;T] xR" = R, h(t,-) € W&”(R") and h(-,x) € Cl([O; }.

The space WP ([0; T] x R") is assumed to be endowed with the topology of WP ([0; T] x
R™). Similarly, p € [1; 00 in CY*(R") and L£P([0; T] x R").

2. Preliminaries

This work studies a finite-horizon optimal control problem with restrictions. In
concrete, let (), F, {F; : t > 0}) be a measurable space. Let there also be an F;-adapted
stochastic differential system of the form

dx(t) = b(x(t),u(t))dt +o(x(t))dW(t), x(0)=x, t>0, 1)

where b : R" x U — R" and ¢ : R" — R"*? are the drift and diffusion coefficients,
respectively; and W(+) is a d-dimensional standard Brownian motion. Here, the set U C R"
is a Borel set called the action (or control) set. Moreover, let u(-) be a U-valued stochastic
process representing the controller’s action at each time ¢ > 0.

Now, the profit that an agent can obtain from its activity in the system is measured
with the performance index:

Tt x,u,r) = B [/tTr(s,x(s),u(s))ds n rl(T,x(T))}, @)

where r and r; are the running and terminal rewards, respectively; and the symbol E%[-]
stands for the conditional expectation of - given that x(t) = x, and the agent uses the
sequence of controllers u.

The goal is to maximize (2) subject to a finite-horizon cost index of the operation:

T
Jr(t,x,u,c) :=E! {/t c(s,x(s),u(s))ds + cl(T,x(T))]
(©)
< E! [/tT 6(s,x(s))ds + 91(T,x(T))],

where c is a running-cost rate, c; is a terminal cost rate function; 0 is a running constraint-
rate function, and 0; is a terminal constraint-rate function. Observe that as the running
reward-rate function r depends on the action of the controller; the running constraint-rate
6 is independent of such variable.

The following is an assumption on the coefficients of the differential system (1).

Hypothesis (H1a). The control set U is compact.

Hypothesis (H1b). The drift coefficient b(x,u) is continuous on R" x U, and x — b(x,u)
satisfies a local Lipschitz condition on R", uniformly on U; that is, for each R > O, there exists a
constant Ky (R) > 0 such that for all |x|, |y < R

sup [b(x, u) — by, u)| < Ky (R)|x —y.

uel

Hypothesis (H1c). The diffusion coefficient o satisfies a local Lipschitz condition on R"; that is,
for each R > 0, there exists a constant Ky(R) > 0 such that for all |x|, |y| < R; that is, there exists
a positive constant Ky such that for all x,y € R".
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lo(x) = o (y)| < Ka(R)[x —yl.

Hypothesis (H1d). The matrix a(x) := o(x)o’(x) satisfies a uniform ellipticity condition, i.e.,
for some constant K3 > 0,

va(x)y > Ksly|? forall x,y € R".

Remark 1. The local Lipschitz conditions on the drift and diffusion coefficients referred to in
Hypothesis (H1b)-(H1c), along with the compactness of the control set U, stated in Hypothesis 1a,
yield that for each R > 0, there exists a number K4(R) > K1 (R) + K(R) such that

sup [b(x, u)| + |o(x)] < Ky(R)(1 + [x])

forall |x| <R.

Foru € U,and k(t,-) € W?P(R") for all t > 0, define:

L'h(t x) = (Vh(t,x),b(x,u))+%Tr[[Hh(t,x)]a(x)] )

1 n
bi(x, u)ox;h(t, x) + ) ijZ::1 aij(x)aiixjh(t/ x),

|
™=

Il
_

with a(-) as in Hypothesis 1d, and Vh, H representing the gradient and the Hessian matrix
of h with respect to the state variable x, respectively.

The main application of this work is the pollution accumulation model. Although it
will be possible to solve this problem within the realm of pure feedback strategies, this is
not always the case. As a consequence, the set of actions needs to be widened.

Control Policies. Let M be the family of measurable functions f : [0; T] x R" — U. A
strategy u(t) := f(t,x(t)), for some f € M s called a Markov policy.

Definition 1. Let (U, B(U)) be a measurable space, and P (U) be the family of probability mea-

sures supported on U. A randomized policy is a family 7t := (71, : t > 0) of stochastic kernels

on B(U) x R" satisfying:

(a) foreacht > 0and x € R", 7ty(-|x) € P(U) such that 7t;(U|x) = 1, and for each D € B(U),
n¢(D|-) is a Borel function on R"; and

(b)  foreach D € B(U) and x € R", the function 1t;(D|x) is a Borel-measurable in t > 0.

The set of randomized policies is denoted by I1.

Observe that every f € M can be identified with a strategy in I1 by means of the
P(U)-valued trajectory dy, where ¢ represents the Dirac measure at f. When the controller
operates policies m = (71; : t > 0) € II, both the drift coefficient b, and the operator "
defined in (1) and (4), respectively, are written as

b(x, ) = ./L‘Ib(x,u)m(du|x), L™v(t, x) := ./UIL,”v(t,x)m(du\x).

Under Hypothesis (Hla)-(H1d) and Remark 1, for each policy 7t € II there exists
an almost surely unique strong solution x”(-) of (1), which is a Markov-Feller process.
Furthermore, for each policy m = (71; : t > 0) € II, the operator d;v(t,x) + L™v(t,x)
becomes the infinitesimal generator of the dynamics (1) (for more details, see the arguments
in [20] (Theorem 2.2.7)). Moreover, by the same reasoning of Theorem 4.3 in [20], for each
7t € 11, the associated probability measure P (¢, x, -) of x”(-) is absolutely continuous with
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respect to Lebesgue’s measure for every t > 0 and x € R". Hence, there exists a transition
density function p™(t, x,y) > 0 such that

P™(t,x,B) = /BP”O’x,y)dy,

for every Borel set B C R".

Topology of relaxed controls. The set I1 is topologized as in [21]. Such a topology
renders I1 a compact metric space, and it is determined by the following convergence
criterion (see [20-22]).

Definition 2 (Convergence criterion). It will be said that the sequence (7™ : m =1,2,...) inI1

. W .
converges to 7 € I1, and such convergence is denoted as ™ — 7, if and only if

/n/OT /ug(t,x)h(t,x,u)ntm(du\x)dtdx%

T ©)
/ / g(t, x)/ h(t, x, u)m(du|x)dtdx.
nJo u
forall g € LY([0;T] x R"), and h € C,([0;T] x R* x U), i.e., in the set of continuous and
bounded functions on [0; T| x R" x U. Denoting h(t,x, ;) by [, h(t, x,u)m(dulx) for each
= (rt; : t > 0) € I, the convergence referred to in (5) reduces to

T T
/ /0 g(t,x)h(t,x,n?)dtdx%/R /0 g(t, x)h(t, x, my)dtdx.

Throughout this work, the convergence in Il is understood in the sense of the conver-
gence criterion introduced in Definition 2.

The following Definition is this work’s version of the polynomial growth condition
quoted in, for instance [18].

Definition 3. Given a polynomial function of the form w(x) = 1+ |x|* (with k > 2),and x € R",
let the normed linear space By, ([0; T| x R™) be that which consists of all real-valued measurable
functions v on [0; T] x R" with finite w-norm given by

[vlo=  sup D)
(£,x)€[0;T] xR™ w(x)

Remark 2.
(a)  Observe that for any function v € By, ([0; T] x R™):

vt ) <[ v o w(x) =] v llw (14 [x]F).

This last inequality implies that any function v € By, ([0; T] x R") satisfies the polynomial
growth condition.

(b)  Assuming that the initial data x(s) = x has finite absolute moments of every order (i.e.,
E|x(s)|* < oo for each k = 1,2,...)—see [23] [Theorem 4.2], gives that

E|x(H)F < C(1+E|x(s)[F), s<t<T,

where the constant Cy depends on k, T — s, and the constant K; is as in Hypothesis (H1b).

(c) In the application developed throughout this paper, the constant initial data x(s) = x is
considered. Then E|x(t)|¥ also has finite moments of every order (see Proposition 10.2.2
in [18]). Therefore, B|x(t)|* < Cr(1 + |x[F).
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Now, hypotheses on the reward, cost and constraint rates from (2) and (3) are stated.
These are very standard, and represent an extension of the ones used in classic works, such
as p. 157 in [23] (Chapter V1.3) and p. 130 in [24] (Chapter 3).

Hypothesis (H2a). The functions r,c : [0;T] x R" x U — R are continuous, and locally
Lipschitz on R", uniformly on U; that is, for each R > 0, there exists a constant K5(R) > 0 such
that for all |x|, ly| < R

sup [r(t,x,u) —r(t,y,u)|+ sup le(t,x,u) —c(t,y,u)| < Ks(R)|x —y|.
(Lu)el0;TIxU (tu)el0;T]xU

Hypothesis (H2b). r(-,-,u)and c(-, -, u) are in By, ([0; T] x R") uniformly on U; in other words,
there exists M > 0 such that for all (t,x) € [0; T] x R",

sup [r(t,x,u)| + sup le(t, x,u)| < Mw(x).
(tu)€[0;T] x U (tu)€[0;T] x U

Hypothesis (H2c). The terminal reward and cost rates r1(-,-),c1(-,-) € By ([0; T] x R");
and the running and terminal constraint rates 0(-,-),01(-,-) € By([0; T] x R") are non-
negative measurable functions which are locally Lipschitz on [0; T] x R", i.e., for each R > 0, there
exists a constant K5(R) > 0 such that for all |x|, |y| < R,

sup(|ri(t,x) = ri(t,y)| +[e(t, x) — er(t,y)]

t>0
+Stg}O>[l9(th) —0(t,y)| +[61(t, x) — 61(t,y)|]
< Rs(R)|x —yl.

For m = (m; : t > 0) € I the reward and cost rates are written as
r(t, x, 7tt) ::/ r(t,x,u)me(dulx), c(t, x, ) ::/ c(t, x, u)me(du|x). (6)
u u

To complete this section, the main application of this work is introduced. It consists
of a pollution accumulation model. This application is inspired by the one presented
in [17,18], and satisfies Hypotheses (Hla)-(H1d) and (H2a)-(H2c).

Example 1. Fix the probability space (QO, F,{F: : t > 0},P), and let T > 0 be a given time
horizon. Consider the pollution process defined by the controlled diffusion

dx(s) = [u(s) — nx(s)]ds + cdW(s), x(t)=x>0, (7)

fors € [t; T], where 0 < u(t) <y < 1. Here u(s) represents the consumption flow at time t > 0,
and vy is certain consumption restriction imposed by, for instance worldwide protocols. Additionally,
the number 11 €10; 1] is the rate of pollution decay.

It is easy to see that the coefficients of (7) meet Hypothesis (H1a)-(H1c). A simple calculation
yields that K3 > 0 — c for any ¢ €]0; 02|

Now, a simulation of the trajectories of the Itd’s diffusion (1) is presented. To this end,
the extension of Euler’s method for solving first order differential equations known as Euler-
Maruyama’s method (see, for instance [25] and Chapter 1 in [26]) is used. This technique is
suitable for diffusions that meet Hypothesis (H1a)—(H1d). The focus is on the comparison between
Vasicek’s model for interest rates in finance (see, for instance Chapter 5 in [27]):

dx(s) = [ —nx(s)]ds + cdW(s), x(t)=x>0, (8)

with s € [t; T|, and Kawaghuchi—-Morimoto’s model (7).
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Let zN : {0,1,..,N} x Q — R", N € N, be the Euler-Maruyama approximations for the
stochastic differential Equation (1), recursively defined by zl\ := x and

T
2y i 2 bl ) g+ o) (Wosgr — Wog )

foralln € {0,1,..., N}, with N € N.

In Figures 1 and 2, observe that Kawaguchi-Morimoto’s process allows one to choose a
deterministic (implicit) function of t, whereas Vasicek’s series features what is known in the
literature as mean reversion. The latter fact is clear from the choice of a constant parameter y.

Let h € WYZP([0; T] x R). After (4), the infinitesimal generator of (7) is given by

he(t,x) + L"h(t, x) = he(t, x) + (4 — nx)hye (£, x) + %Uzhxx(t/x)-

The polynomial function w(x) = x> + x + 1 satisfies Definition 3. Please note that this
function does not depend on the time argument t.

wit)

°ZENRNIRAMIIRNRSIENRRIBIR "
o o O O o o O O o o O O o o o O o o o O
t
Figure 1. A realization of a trajectory of (7) withxg = 5,7 = 1,0 = 05, u(t) = /x(t), T =1,
and N = 100.
5.6
5.5
5.4
5.3
5.2
51
< 5
a8
a5
a5
cErENSUERNAIIedseeNEeRgEn g
o o o O o o o O o o o O o o o O o o o O

t
Figure 2. A realization of a trajectory of (8) withxg =5,7=1,0 =05, =5,T =1,and N = 100.

The reward-rate function used in further developments represents the social welfare, is given
byr:[0;T] x Rx U — R, and is defined as:

r(t,x,u):=F(u)—a-x, )

where F € C%(R) stands for the social utility of the consumption u, and a - x stands for the social
disutility (so to speak) of the pollution stock x, for a > 0 fixed. It is assumed that
F' >0, F" <0, (10)

F'(c0) =F(0) =0, F'(04) = F(o0) = c0.
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The cost rate function will be given by
c(t,x,u) :=c1x +cou forall (t,x,u) € [0; T| x R x U, (11)

with ¢y > 0, and ¢y € R satisfying
c1 +1nex > 0. (12)

Since the pollution stock x depends on the time variable t > 0, the functions defined in (9) and (11)
also depend on this variable.
The running constraint-rate function has the form

o(t,x) == % +q, forall (t,x) € [0;T] x R, (13)

where q is a positive constant. (Here, as with the reward and cost functions, it is assumed that x
implicitly depends on t.) The terminal constraint, cost and reward rates will be fixed at a level of
zero. It is not difficult to see that if F meets Hypothesis (H2a)—(H2c), then so do the social welfare,
the cost rate and the running constraint functions.

3. A Finite-Horizon Control Problem with Constraints

This section is devoted to the introduction of the study of the finite-horizon problem
with constraints.

Definition 4. For each m € Il and T > t, the total expected reward, cost and constraint
rates over the time interval [t; T| given that x(t) = x are, respectively,

T
Jr(t,x, m,r) = E?/t r(s,x(s),rcs)ds—i—rl(T,x(T))},
r T
Jr(t,x, mc) = E;T/t c(s,x(s),ns)ds+c1(T,x(T))},
_ r T
Br(t,x, ) = E;T/t G(S,x(s))ds—i—Ql(T,x(T))},

with r(s, x(s), 7ts) and c(s, x(s), 7ts) as in (6).
The proof of the next result is an extension of [28] [Proposition 3.6].
Lemma 1. Hypothesis (H2a)—(H2c) imply that the total expected reward Jr(t, x, 7T, 1), the total

expected cost J1(t, x, 71, c), and the constraint rate O (t, x, 7) belong to the space By, ([0; T] x R™).
In fact, for every (t,x) € [0; T] x R",

sup |Jr(t,x, )] < My(T, tHw(x), (14)
nmellte[0;T]

sup |Jr(t,x,mc)| < My(T,tw(x), (15)
nellte[0;T]

sup |0r(t,x,m)| < Ma(T, t)w(x), (16)
nellLte[0;T]

where Mp(T,t) := M(C(T — t) + (T — t) + Cy).
Proof of Lemma 1. The proof is presented only for Jr(t, x, 7z, r), for the line of reasoning is

the same for Jr(t, x, 7t,c) and Or(t, x, 77). By Hypothesis (H2b), it is known that for every
(t,x) € [0;T] x R",

T
Ef/t r(s,x(s), ms)ds +r1 (T, x(T))

’]T(t/ X, 7T, 7’)| =
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T
M[/t E;Tw(x”S(s))ds—l—w(x(T))}
Now, Remark 2(b)—(c) gives that
(2, 70,7)| < M(CeJxF+1)(T = £) + (T = £) + Cel[x[* +1) ).

Letting My (T, t) := M(Cx(T —t) + (T — t) + Cy) yields the result. O

For each T > 0, and x € R", assume that the (running and terminal) constraint
functions 6(-, -) and 6; (-, -) are given, and that they satisfy Hypothesis (H2c). In this way,
let

Fo = {mw eIl Jr(t,x,m,¢) < Or(t,x,7)}.

To avoid trivial situations, it is assumed that this set is not empty (see Remark 3.8
in [14]). To formally introduce what is meant when talking about the maximization of (2)
subject to (3), the finite-horizon problem with constraints is defined.

Definition 5. A policy w* € I1 is said to be optimal for the finite-horizon problem with
constraints (FHPC) with initial state x € R" if m* € F(;'Tx and, in addition,

Jr(t,x, t*,r) = sup Jr(t x, m,r).
nefé’;

In this case, J5(t,x,1) := Jr(t,x, w*, 1) is called the T-optimal reward for the FHPC.

Example 2 (Example 1 continued). One intends to find a strategy 7* € I1 that maximizes the
total expected reward

Jo(t x, 7, 7) = ET MT(P(nS) _ ax(s))ds] (17)

subject to
T
Jr(t,x,t,c) = ET {/ (c1x(s) + czﬂs)ds}
t

<ET [/tT(Clj;(s) +q>ds} =: 07(t,x, 70).

That is, find 7v* € 11 such that Jr(t,x, w*,r) := sup Jr(t,x,7T,7).
ﬂefé’Tx

(18)

3.1. Lagrange Multipliers

To solve the FHPC, the Lagrange multipliers approach and the dynamic programming
technique are used to transform the original FHPC into an unconstrained finite-horizon
problem, parametrized by the so-named Lagrange multipliers. To do this, take A < 0 and
consider the new (running and terminal) reward rates

Mt x,u) = r(tx,u) + A(c(tx,u) — 0(tx)),
1 (x(T)) = r(T,x(T)) +Aler(T,x(T)) — 61(x(T))).

Using the same notation from (6), write

Mt x, ) = r(tx, ) + AMce(t,x, ) — 0(tx)), m=(m:t>0) eIl
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Observe also that for each A < 0, (-, -, 71;) € By/([0; T] x R") uniformly in IT, and
r{‘ < w. Indeed,

|r(t,x, 70)| + [Alle(t, x, 7me) [ 4 [A]|0(t, x)|
Muw(x) + M|A|lw(x) + |A]]0(¢, x)|

(M + MIA|+ [A]-[|0]]w)w(x) = N*w(x),
(M + MIA| + [A[[]61 ]|w)w(x) = Njw(x),

[CEEA]

VAN VAN VAR VAN

where N* := M+ M|A| + |A] - ||0]|lw, N} := M+ M|A| + |A| - [|61]|w, and M as in
Hypothesis (H2b).
It is natural to let, for all (¢, x) € [0; T] x R",

Jr(t,x, ") == EX [/tTr/\(s,x(s),nS)ds +1(T,x(T))|.

Notice that
Jr(tx, m,rY) = Jr(tx, m,r) + AJr(t, x, 7t,¢) — Op(t,x, 7). (19)

Example 3 (Examples 1 and 2 continued). The performance index for the FHUP is given by
A T T Clx(s)
Jr(t,x, ") = ET / F(ms) —ax(s) + A c1x(s) + coms — . q)|ds. (20)
t

Return now to Example 1, where a single trajectory of the processes (7) and (8) for certain
parameters were simulated, and the policy u(t) = /x(t), for (7); and u(t) = u, for (8). One’s
aim is to compute (20) for a fixed value of A < 0, when the utility function derived from the
consumption is given by F(u) = +/u, by means of Monte Carlo simulation. To this end, the
following pseudocodes are presented.

Walkthrough of Algorithm 1. This pseudocode’s goal is to compute the integral inside (20).

e Line 1 initializes the process.

*  Line 2 emphasizes the fact that A < 0 is supposed to be given.

e Inlines 3-11, the algorithm decides if it will work with (7), or with (8).

e Line12sets F = \/uand D = a - x, and computes initial values for r, c and 6 according
to (9), (11) and (13), respectively.

e Line 13 computes the integrand in (20) for the initial step.

*  The while loop in lines 15-30 does the following:

- For each step, lines 16—24 decide between (7) and (8).
- Lines 25-26 implement Euler—-Matuyama’s method.
- Line 27 updates the values of F, D, r, c and 6,

- Line 28 updates the value of the integrand.

e Line 31 computes the integral in (20).

Walkthrough of Algorithm 2. The purpose of this pseudocode is to compute a 95%-
confidence interval for the expectation of the result of Algorithm 1 according to Monte Carlo’s method.

e Line1 calls Algorithm 1 N times.

e Line 2 computes an average of the iterations just performed.

e Line 3 computes the sample mean of the iterations.

®  The Algorithm uses the results of lines 2-3 to return the desired interval.
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Algorithm 1: Integral algorithm

Data: xo,dt, T, u,0,c1,¢2, 9,14, a
Result: The integral inside the expectation operator (20)

1 X < Xo,

2 A4 Ag;> Ag is an arbitrary negative constant.
3 if work with (7) then

4 | ue—p

5 else

6 if work with (8) then
7 | u—Vx;

8 else

9 | return error;

10 end

11 end

=
N

P<—\/H,D<—ax,r<—F—D,c<—clx+czu,9<—%—f—q;
B I+r+A-(c—0);

1 j<0;

15 while j < T do

16 if work with (7) then

17 | u—

18 else

19 if work with (8) then
20 | u— Vx;

21 else

2 | return error;

23 end

24 end

25 | dW <« N71(0,dt);

> N~1(0,dt) stands for a random number that comes from a Normal
distribution with mean 0 and variance dtf

26 | x4 x+ (u—nx)dt+odW;

27 F<—\/H,D<—ax,reF—D,c<—c1x+czu,9<—%4—{7;

8 | I+ I+r+A-(c—0);

29 | j«j+dt

30 end

31 [« I-d¢t;

32 return I;

Algorithm 1 receives the initial value x, the step size dt, the time horizon T, and the parameters
of the diffusion (7) (resp. (8)) to calculate the (It6) integral inside the expectation operator in (20)
when the process (7) (resp. (8)) is used; then, Algorithm 2 iterates this process and returns the
average of such iteration, thus approximating the value of (20). These algorithms require a negative
and constant value of the Lagrange multiplier. Later, in Example 5, a modification of Algorithm 1
that solves this situation will be proposed. For the sake of illustration, take the parameter values
from Example 1 (that is xo = 5,71 =1, 0(x) =05 4 =5 T = 1, and N = 100), and
use Algorithms 1 and 2 to compute an approximation to the value of (20) when one considers the
diffusion (8) (that is, the diffusion (7) with u(t) = u) for all t > 0). Additionally, take

v¥=04,c1 =0.1,cp =0.05,9 = 0.0195, and a = 1.25.
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Algorithm 2: 95%-confidence interval for the expectation of an It6’s integral
using Monte Carlo’s method.

Data: xo, dt, T, N

Result: A 95%-confidence interval for the expectation of the result of Algorithm 1
1 fori < 1to N do V; < Integral(xo,dt, T,p,0,c1,¢2,9,1,4);
2 MC+ £ N, v;
3 by — w1 L (Vi - MO)%;

s return [Mc - 1.96%;MC + 1.96%};

In this case, an arbitrary value of Ay = —40 is used. Taking 10,000 simulations, these values
yield averages around

J1(0,5,1,7%) ~ —6.6549064 and
Jr(0,5, 1, 1) —13.235737,

Q

for (7), and (8), respectively.

Let T be any stopping time valued in [t; T], and ¢ € WP ([0; T] x R™) N By, ([0; T] x
R"). Should p > n, an application of It6’s Lemma to ¢(T A 7,x(T A T)) yields the
following result.

Proposition 1. Suppose that Hypotheses 1 and 2 are met. Fix w € Il and A < 0; assume that
there is a function ¢ € WP ([0; T] x R") N By ([0; T] x R™) satisfying:

Mt x, 1) + 0rp(t, x) + L g(t,x) = 0, forall x € [0;T] x R", (21)

with boundary condition ¢(T,x(T)) = r} (x(T)). Then

Q(t,X) = IT(tlx’ nter)- (22)

Moreover, if the equality in (21) is replaced by “<” or “>", then (22) holds with the corre-
sponding inequality.

Notice that Proposition 1 does not assert the existence of a function that satisfies (21)
(this is the purpose of Proposition 2 below). It rather motivates the definition of the
finite-horizon unconstrained problem.

Definition 6. A policy t* € I1 for which

Jr(t, x, n*,r’\) =sup Jr(t,x, 7, r)‘) =: Jr(t,x, r)‘)for all (t,x) € [0;T] x R", (23)
mell

is called finite-horizon optimal for the finite-horizon unconstrained problem (FHUP), and
Ji (-, -, 7") is referred to as the finite-horizon optimal reward for the FHUP.

The first part of the following result is an extension of Proposition 1 and the verification
result Theorem 3.5.2(i) in [29] to the realm of Sobolev spaces. The proof of the second part
mimics that of Theorem 3.5.2(ii) in [29].

Proposition 2. Suppose that Hypotheses 1 and 2 are met. Then:

(i) For each fixed A < 0 and all t € [0; T), the finite-horizon optimal reward J3(-,-, -, ) defined
in (23) belongs to WYP([0; T] x R™) N By ([0; T] x R"), and verifies the total reward
Hamilton-Jacobi-Bellman (HJB) equation; that is,

0= sup{r)‘(t, x,70) 4 0¢J1(t, x, )+ L™t (t, X, r)‘) }for all (t,x) € [0;T] x R". (24)
mell
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(ii)

with boundary condition J;(T,x(T),r*) = r}(x(T)). Conversely, if some function ¢ €
WLZP([0; T] x R™) N By ([0; T] x R™) verifies (24) with boundary condition (T, x(T)) =
r(x(T)), then ¢(t, x) = Ji(t, x,1*) forall (t,x) € [0; T] x R™.

If there exists a Markovian policy f* € M (depending on A) that maximizes the right-hand-
side of (24), i.e.,

0=r\t, X, f*) 4 9t J7(t, x, ) + Lf*ﬁ(t, x, ™), forall (t,x) € [0;T] x R";

and this policy is such that the boundary condition J+(T,x(T),r") = r(T,x(T)) is met as
well, then this policy is a finite-horizon optimal policy for the FHUP.

Use the former result to introduce the HJB equation for the FHUP for the examples

presented along the paper.

Example 4 (Examples 1-3 continued). The H|B equation for the FHUP is given by:

{ he(t, x) +supy€[0;ﬂ{lf(y) —ax + A[clx + oy — % - q} —I—]Lyh(t,x)} =0, fort<T;

h(T,x) =0,

(25)

where h € CY2([0; T] x R); and

LYh(t,x) = (g — 7)lee(t,2) + 507 (8, ).

According to Proposition 2, a solution of the H]B equation (25) yields the finite-horizon optimal

reward J%(t, x, ") and the optimal policy 7v* for the FHUP over the interval [t; T).

Now use Definition 6 and Propositions 1 and 2 to set expressions for the optimal

performance index, policies, and constraint rates from the examples presented along this
work.

Lemma 2 (Examples 1-4 continued). Let A and Z be the Lebesgue’s measure and the indicator
function, respectively. Consider the planning horizon [t; T| and assume the conditions in (7),
(9)—(13) hold. Then,

(i) Forevery x > 0and A < 0, the value function J1(t, x, 1) in (23), becomes
Ji(t %) = my [1 = e 1 T0]x o), (26)
where
mp = ;+)1\7c21_)t;1/ (27)
ma(t) = —Aq(T — ) + (F(y )+?\702) {yeET]: F(y) Zar(y)})
+ JyelF () <ay 1 (@1 ()) + AcaI(an(y)) + ky [1 - e*”(Tfy)] I(ﬂA(y))>dy (28)

T—
+m1’Yf{ye [ET):F (y)>ay (y)} [1 —e 77( y)}d]//

(ii)

and a) (t) := —Acy — my {1 — e"l(T’t)}, and 1(-) is the inverse of F'(-). Moreover, this
policy turns out to be optimal for the FHUP; i.e., it is such that (23) holds.
Define
A Kar() ifF'(7) <ax(t),
t) = 29
ro={ " Lep o @)
For every x > 0and A < O, the total expected reward, cost and constraint, respectively
Jr(t,x, fA(t),r), Jr(t, x, fA(t),c), and O7(t, x, f(t)); defined in Example 2, take the form
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Tr(t,x, fA(t),r)
_ oy alla) g 1) ey
/{yE[t;T]:F’(v)@A(y)} {F(I( ) 1 1 }dy
ay , (30)
+[Fn - DAl e 6T P 2 W)
—”17%7 e =1 Tpza 0y

Jr(t,x, fA(1),¢) =

Lar(y)) | nx = L@ar(y)) —ye-y)
‘/{ye[t}T]ZF/(7)<ﬂA(y)} {Cl[ n " n ' y} +C21(a)‘(y>)}dy

(31)
+ [01177 + cz'y} A({ye 5T Fi(y) 2 ax(y)})

X — _ —
7c1¥[e 7T—t] *1}I{t:lf/(’y)2ﬂ/\(t)}’

Ui
Or(t,x, fA(t))
I —1 o (f—
/ [Cl (”Az(y)) o I (;A(y))e 0t y):|dy
{yeltT]:F (v)<ax(y)} Ui

C X — _ _
+%A({]/ eET:F(y) >an(y)}) — Clw {e L 1}-’[{1‘:1?’(7)2@(1&)}

(32)

n
+q(T —t).
Proof of Lemma 2.
(i)  Start by making an informed guess of the solution of (25). Namely
h(t, x) := p(t)x + my(t). (33)

Observe that 1 (t, x) = p'(t)x — m)(t), he(t, x) = p(t), and hyx (¢, x) = 0. The substi-
tution of these expressions in (25) yields

(ot den = 5L ap() +5/(0) ) + sup {Flu) -+ Acau+ up(t)) = Aq = (e

0<u<y
= O,
This means that
A
—a+Acy — %—np(t)—l—p’(t) =0 (34)
sup {F(u) 4+ Acqu +up(t)} —Ag—mj(t) = 0, (35)
0<u<y
Impose the terminal condition p(T) = 0 to (34) to obtain
p(t) =m [1 — e_W(T_t)} ,
where kj is as in (27). Now, from (35), write
my(t) = —Aq+ sup {F(u)+ Acou+up(t)}
0<u<y
= —Ag+ sup {F(u) + Acou + umy {1 - e_”(T_t)} } (36)

0<u<y
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To find the supremum of the expression inside the braces, use a standard calculus
argument to see that at a critical point u:

F'(u) + Acg +my [1 - e*”(T*t)} =0. (37)
Next, since by (10), F'(u) > 0, it turns out that
gAcy + mq {1 — e*”(Tft)} <0. (38)
Then, from (37):
F'(u) = —Acy —my (1 — e*”(T*t)) =:a,(t) >0,
and

o [ Lax(®) iEF(y) <ar(D),
0 ‘{ ¥ if F/(1) > ay (1),

With this in mind, (36) turns into
mh(t) = ~Ag+ F(FH(1) + AcafM (1) + m [1 - e 1] (),

Finally, m () = =Aq(T — £) + [T (F(FA (1) + Acaf ) + ma [1 = e 170 fA(y))

dy, which equals
—Aq(T —t)
+ [yetsmi () <ay ) (EFA W)+ Acaf (y) +m |1 — e 1T¥))| fA(y) )dy
+ et za o (EC W) +AcafA (y) +mi |1 — e8| fA(y) )dy

= —M(T-1)
+ Jyelp ) <ay ) (FU (@A (1)) + Acal(an(y)) +m {1 - efn(Tfy)}I(ﬂA(l/)))dy

 iyetemironza oy (F) + Aczy +mi [1 =710 ) dy
= —Aq(T—t)
+ Jiyelsm)r (v)<ar () (F(I(M(y))) +AcaI(an(y)) +m {1 - ef”(T*y)} I(a, (y)))dy
+(F(7) + Ave) A{y € [T : F'(7) > ax(y)})
Y fyetpreza oy |1 1T dy,

where A(-) stands for Lebesgue’s measure. Therefore, from (33), obtain
h(t,x) == p(t)x +ma(t) = Ji(t,x, ) = Jr(t, x, fA(1), 7).
This proves (26)—(28). The optimality of (29) for the FHUP (20) follows from

Proposition 2(ii).
(i) To see that (30) holds, use (17) to write

A AT e
g0 = BL | [EE @) - ar)dy
T " f,\
= [ () - aB] ().
Here, the interchange of integrals is possible due to the finiteness of the interval [t; T],

and Fubini’s rule. Now, since the solution of the controlled diffusion process (7) is
given by
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A T
— et [y o T (-t 1 n(s—t)
x(t) =e 0 [x—i— . (e 0 )+a/t0 A dW(s)],

where x(tg) = x and its expected value is

A A
B [x(t)] = {7 + ’7x17fev1(tto).

Now, by (29) observe that the former equals:

Jr(t,x, fA(6),7)
-/ F(F'(v)dy

{yeltTIF (v)<ar(y)} g
+/{ye[t;ﬂzpmzm)}ﬂf ")y — o [/t x(”dy]
N {yE[t;T]iF’(7)<aA(y)}F(I(aA(y)))dy L
B /{yE[t;T]:F’(v)ZaA W} Fmdy - QE£ {/t x(y)dy}
- F(I(ax(y)))dy

{yeltTIF (v)<ap(y)} oo
AU €T F ) 2 a0 — sl [ [ ]

/{yE[t;T]F( )<aA( )} F(I(ax(y)))d
) (A{J(/)G g())za ( ")
—a [y nx—f —
/t { Ui 7 dy}

. ~al(ax(y)) _aﬂx—l(ﬂA(y)) o
/{ye[t;ﬂf'wmm} FIm ) 7 7 " ]dy

+ {F(ry) — ?]A({y €L F(y) 2 ax(y)})

NX =90 _yi1—
tema [e i —1}I{t:P'<7>zaA<t)}-

To prove (31), use the two leftmost members in (18), and proceed as above to put:

]Tg,x,fA(t),c)
— /t(cl]EJ;A[x s)}+czlE§A[fA(S)]dS

(
- /tT {fA(y) +nx—fA(y)en<yt>]dy+CZE§A [ /t ! fA(y)dy}

7 n
Ks8|, 1= T ] |

¢ + e 1V +col(a d

/{yE[fT] P (7) <o (9)) 1{ 7 7 21(ax(y)) | dy

+ {;Y +cz'y}A({y eBTI:F(y) >ar(y)})

X (onlT-
a2 (e = 1) Ziepr )20,

Finally, by the two rightmost members of (18), write

Pritn £ 0)
= | [ Saeas] +qr-)
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_ /tT %E{? [x(s)]ds + (T — #)

AP W =) e
A e T LRI

_ /{ N cll(aAz(y)) b I(za/\(]/))efiy(yft) dy
ybfr[;,T]-F (M)<ar(y)} Ul Ul
+?A({y €T F'(y) >ar(y)})
X — _ _
—o 7 [T = 1) Ty )00y + (T = 1):
This proves (32).

The proof is now complete. [

Remark 3. The equality

h(t,x) = ];i(t,x,r)‘)
= Jr(t,x, A7) + A []T(t, x,f)‘(t),c) - éT(t, x,fA(t))}

follows from (30)—(32).

3.2. From an Unconstrained Problem, to a Problem with Restrictions

This section starts with an important observation on the set of strategies which will
be used.

Remark 4. For each A < 0, define [T* := {m = (r;; : t > 0) € T1: 0 = M t,x, ;) +
OtJ5(t, x, rN) + L I (t, x,vY) for all (t,x) € [0; T] x R"; and J#(T,x(T),r*) = r} (x(T))}.

Since Ml can be thought of as a subset of T1, Proposition 2(ii) ensures that the set TT*
is nonempty.

Lemma 3. Let (Ay,) be a sequence in | — o0;0] converging to some A* < 0, and assume that there
exists a sequence (7t'm) C IT' for each m > 1 that converges to a policy 7t € IL Then 7t € m;
that is, 7t satisfies

0= rA*(x, ) + 0¢J1(8, c,r’\*) + L™ ]7(t, x, rA*)for all (£,x) € [0; T] x R™.

Proof of Lemma 3. Recall Definition 2. Take an arbitrary sequence (™) C IT* such that

o Lv> 7. Observe that Proposition 2 ensures that for each m > 1, Jr(t, x, r/‘m) satisfies:
0= rMi(t,x, ") 4+ 0¢J5(t, x, ¥ + L7 Ji(t, x,#m) for all (£ x) € [0; T] x R".
In terms of the operator Iﬁnf:, defined in (A4), the former relation reduces to
0=L7 J3(t,x, ") forall (t,x) € [0;T) x R, (39)

for the special case v1 =1, v3 = ¢, p(t,x,u) = 0(t,x), 1} = nf‘”’, b (t,x) = J5(t, x, ),
and A, constant. A verification that the hypotheses of Appendix A follows. Specifically,
part (a) trivially follows from (39). Then, the focus will be on checking that part (b) of
Theorem Al is met. To do that, for some R > 0, take the ball Bg := {x € R" : |x| < R}.
By [30] [Theorem 9.11], there exists a constant Cy (depending on R) such that for a fixed p > n:

175y ) ||W1'2JP([O;T] xBR)
CO(IU?(‘, ) 2 o1 Bag) + P C 'rﬂf")||cﬂ<[o;ﬂx3m>>

Co (Mz(Tr I llwll 2r jo;71x Bor) T M||wH£P([O;T]><BZR))

IN

IN
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< Co(Mz(T, t) + M)T|BZR|1/p max w(x) < oo,

XEByR

where |Byg| represents the volume of the closed ball with radius 2R; M and M,(x, T, t) are
the constants in Hypothesis (H2b), and in (14), respectively.

Notice that conditions (c) to (f) from Theorem Al trivially hold, and that condi-
tion (g) is given as a part of the hypotheses just presented. Then, one can claim the
existence of a function " € WP ([0; T] x BR) together with a subsequence () such
that J7(-, L) = J3 (e 7™, ¥ ) — BAT (-, ) uniformly in [0; T] x Bg and pointwise on

[0; T] x R" as k — oo and 7t X . Furthermore, 1" satisfies:
0=V (t,x, ;) + L7 h" (t,x), for (t,x) € [0; T] x Bg.

Since the radius R > 0 was arbitrary, one can extend the analysis to all of x € R”. Thus,
Proposition 1 asserts that 1" (t, x) coincides with J%(t, x,7*"). This proves the result. [

Lemma 3 gives, in particular, the continuity of the mapping 7t — Jr(t, x, s, ).

Lemma 4. Assume the hypotheses of Proposition 1. Then:
(a)  For each fixed (t,x) € [0;T] x R", A <0, and 1 € R under which A +1 < 0:

nJr(tx, 7t ) = r(t,x, )]

* A1) _ 7 A
ih(t,x,r ) = Jz(t,x,17) Hn)} @0)

A _
U) |:]T(t/ X, Tct +17, C) - GT(t, X, 7Tt

(b)  The mapping A v Ji(t, x,r") is differentiable on | — 00; 0|, for any (t,x) € [0; T] x R"; in
fact, for each A < 0,

A% (t, x, 1)

s =Ir(tx,mt ) = Or(t x, 7). (41)

Proof of Lemma 4.
(@) Observe that from (19), (23), and the definition of r**", one can assert that

Tt 2, 7MY > Jp(t, x, 7, M

_ 42
= Jr(t,x, n{\,r) +(A+7) {]T(t, X, 7'({\,6) —0r(t,x, nA)}. #2)

On the other hand, Proposition 2(ii) and the definition of 7* € TT* yield the equality

Ji(t,x, ) = Jr(t, x, 7, 1)

_ 43
= Jr(t, x, n?,r) +A {]T(t, X, n?,c) —0r(t,x, n)‘)] . )

Subtracting (43) from (42) yields
Ji(t,x, M) — Tt x, 7)) > []T(t, x, ), c) — 0r(t, x, ﬂ?)}. (44)

Applying analogous arguments to those given in the above procedure, but taking
Ji(t, x, ') and the policy w17, it is possible to obtain

Tt 2, /M) — Ti(tx, 1) < g [Ir(t, x, 0 ¢) = Br(t, x, ﬂt“”)] (45)

Hence (a) follows by combining (44) and (45).
(b) By (15) and (16):

Jr(t,x, 7 0) = Bp(t,x, )| < Maw(x).
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Therefore, the continuity of A — J%(-,-, ) follows by letting 7 — 0 in all of the terms
of (40). Now let (t,x) € [0,00[xR" and A < 0 be fixed, and consider a sequence
of negative numbers (7,,) such that 7, T 0 together with its associated sequence
of policies (7)), where 7**m € IIM " for each m. From the compactness

of the metric space I1, there exists a subsequence (nA +Wk) and 7t € IT such that

Mm% 7 as k — oo, From Lemma 3, T belongs to IT*, so, denote it by 7t* := 7. By
Lemma 3, the mapping 7t; — Jr(t, x, 714, v) is also continuous on I, with o(t,x,u) =
c(t,x,u) — 0(t, x). Please note that (¢, x, 71, v) = Jr(t,x, 711, ¢) — 07 (¢, x, 71¢), which
gives

A — A
IT(t,x,ﬂt ”"'k,C)—9T<t,x,7rt ”’"k>

— ]T(t/xr n;\lc) _éT(t,x, 7'(;\),
for (t,x) € [0;00[xR" as k — oo.

Therefore, from part (a) of this result, it turns out that the limit

lim Jr(t x, r)‘+’7"lk) — J5(t,x, ™)

k—o00 Umk

= Jr(t,x, i}, c) — Or(t, x, 1)), (46)

for (t,x) € [0;00[xR". Similarly, if one considers a sequence of positive real numbers
(7m) such that A + 17, < 0, it is possible to prove that there exists a subsequence
(A + #m, ) such that (46) holds. This proves that A — J5 (¢, x, ) is differentiable on
| — 00;0], with derivative given by (41).

O

The following is the main result of this section. It shows how to compute optimal
policies for the FHPC.

Theorem 1. Let Hypotheses 1 and 2 hold, and consider a point (t,x) € [0; T] x R”" fixed. Then:
(@) If Ay, < 0isa critical point of J3(t,x, 1) that is, if the derivative in (41) equals zero at
A = Af,, then every " = (n?t'x it > 0) € TV is optimal for the FHPC, and

t,xs
Jr(t x, mix, ) = Op(t, x, i),

Moreover, J}(t, x, rhix) is the optimal value for the FHPC which in turn coincides with

A »
Jr(t, x, 7, ", r). In addition,
Ji(t, x, M) = Airéf) Ji(t, x, ™). (47)

(b) Case Af, = O Ifn® = (7Y :t>0) e I satisfies Jr(t,x, 7Y, c) < Or(t,x, 1Y), ie.,
e ]-'é’Tx, then this policy is optimal for the FHPC. Moreover, J%(t,x,1°) = Ji(t, x,r)
becomes the optimal value for the FHPC and it coincides with Jr(t, x, 70, 7). Furthermore,

7(t,x,7%) = min J5.(t, x,r"). 48
Ji(t,x, 1Y) r{lglgfr(,x,r) (48)
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Proof of Theorem 1.

Since A;‘,X < 0is a critical point of [;(t, x, r/\), the relation (41) yields:

1 (t, x, r)‘)
oA

A=Afy (49)
AF — Af L * *
=Jr (t, X, 7T, t"‘,c) — 07 (t, X, 71, "*) = 0 for every e IV,

Thus, using (19) and (49), it can be said that:

% * A* A* 7 /\*
Jr(t, x, nAer,r)‘w) = Jr(t,x,m",r) + Af, [IT(t, x, ", ¢) — Or(t, x, "")}

A ' (50)
= Jr(t,x,m ", r).

Moreover, given that " is in IV, Proposition 2(ii) and Remark 4 yield

J7(t, x, r/\:x) = sup Jr(t, x, 71, r)‘:X) = Jr(t,x, N?ZX,VA;X). (51)
mell
On the other hand, observe that for all 7 € ]-"et'Tx, Jr(t,x, 7w, ¢) — 01(t, x, 1) < 0, im-
plying that /\;‘/ r(t,x, m,c) — g(t, x, 7t¢)] > 0. This last inequality, together with (19),
(23), (50) and (51), leads to

Jr(tx,m ) = Jr(tx ), i) = Ja(t x, i) > Tt m, )
= Jr(t,x, 7w, r) + Af, [Jr(t,x, 7, ¢) — 07 (t, x, ) | (52)
> Jr(t,x,m,r) forall T € .Fé’Tx.
Therefore,
Jr(t x, ﬂ?"*,r) > sup Jr(t, x,m,r). (53)
7'(6]-'5’;(
Finally, by (49):

Al — Af sy
]T(t/xl nt b /C) = GT(t/xr nt t, )/

yielding that " isin ]—'é’Tx . This fact, along with (52) and (53), gives that

x AF
Ji(tx,rhix) = Jr(tx, ", r) = sup Jr(t,x,m,r);
nefé;(
that is, 7" is optimal for the FHPC, and ]}(t, X, r)‘:X) coincides with the optimal
reward for the FHPC.

To prove (47), observe that for each A < 0 and for all ©* € IT*, Proposition 1 gives

]?(t,x,rA) > ]T(tl X, 7'L't,7’/\) = ]T(t,x, 7Tt,r) +/\[]T(t/x/ ﬂt,c) —g’]‘(t,x, ﬂt)]

forall 7 € I, (t,x) € [0;00[xR", in particular, taking 77 := 7x in the latter expres-

sion, and observing that the second term is zero (see (49)) yield

]}(t,x,r/\) > ](txnt T )—l—)\{]T(txn;\ , )—GTtxrct }

Ay My
- IT(t/x/nttl /r) _._)\;ix |:]T(t,x,7ft b / )_HT(t x ntt )i|
= Jp(tx, ).
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Since A < 0 was an arbitrary negative constant, then (47) holds.

(b) Itis clear that Af, = 0 implies r(t, x, i) = 10(t, x, 7ty), for all (t,x) € [0;00[ xR" and
7t € T1. Since I1° is nonempty (see Remark 4), Proposition 2(ii) ensures that 7r° € T1°
is optimal for the FHUP (A = 0). Given that ° € F, tf, then 7¥ is optimal for the
FHPC. Therefore,

]}(t,x,ro) = Jr(t,x, n?,r) = sup Jr(t x, 7, 7).
nE]—'é';f

Moreover, since J7(t, x, 71?, c) <0r(t,x, n?), one can take #7 < 0. From (40):
0<7y {]T(t,x, md,c) —0r(t,x, n?)} < Ja(t,x, 7)) = Ja(t, x, ).

This yields J7(t, x, 1’0) < J3(t, x,77), for all 7 < 0. Therefore, (48) follows trivially.
O

Theorem 2 (Examples 1-4, and Lemma 2 continued). Assume that K > 0 and let z > 0 fixed
such that for all t € [0; T]

(54)
pen TR kY oy
no 21 '
and
0 < Ke 1T=1) < o (55)

(a) IfF (Ke_”(T_t)) > —m (1 - e_”(T_t)), then the mapping A — J%(t,z,1*) admits a
critical point A} = A} (z) < 0 satisfying

ap: () = —Ajea —m (1 - ef’l(Tft)) =F (Ke*W(Tft)), (56)

where my is as in (27). Hence, every 7w € T is optimal for the constrained control problem
and Jr(t, z, M, c) =01(t,z, o ); in particular, the corresponding f M eMNIY defined
in (29) becomes the policy

f(t) := Ke 1(TH), (57)

and the optimal value for the FHPC is given by
Jr(tz,r) = Jr(t 2, f4,7)

_ /tT F(Ke,U(Tfy))dy 4 ?712< (e*’Y(Tft) _ 1) (58)

az

U

(e =) 4 ST ),

Moreover,

Jr(t,z, f4 (£),¢) = 0r(t,z, f4 (1)
_ {efﬂ[T*t]—l} K cz oK K clz>
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) IfF (Ke*W(T*t)) < —m [1 - e*’ﬂT*fJ}, then

o) = I(—ml [1 - ef’i(T*t)D € [0; 7]

defines a policy which belongs to T1° and [ (t,z, fO(t),c) < 01(t,z, fO(t)); thatis f© € M N TT°.
Moreover, fO is an optimal policy for the FHPC with optimal value

Ji(t,z,1%) = Ji(t,z,r) = Ji(t 2 f (£),7)

_ oy @) oz = @) ]y, O
/{ye[t;T]:F'w><aA<y>} [PU( o(¥))) 1 1 }dy'

Proof of Theorem 2.
(a) Consider A} € R from (56). Then it satisfies the following inequality too

<0. (60)

From (55):
0 < Ke 1T=H < o,

Since F/(+) is a strictly decreasing function, then
F'(7) < P (Ke™1T70) = ay (1),

Hence, from (29), fA (t) = I(a A (t) € IT' takes the form (57). On the other hand,
from Lemma 4(b), the mapping A — J5(t,z, rA) is differentiable in A} < 0, with

i (t,z,r) A+ 3 A+ A oM
4 = — for all I,
31 Y Jr(t,z, 7" ,c) —Or(t,z, ") forall " €
In particular, if one considers 77 := f} as given by (57), and then replaces it

in (31) and (32), one obtains that ]T(t z, f/\t ¢) = 0r(t,z, fM) using the condition (54),
i.e.,, A} is a critical point of the function A — ];(t, Z, r/\). Thus, from Theorem 1(b),
every 77 € TTV is an optimal policy for the control problem with constraints, and
Jr(t,z, 7 ,c) = Or(t,z, '), with optimal value Ji(t,z, 1) = Jr(t,z, T, r) =
]T(t,z,f)‘?,r).

(b) Observe that

Fiy) < F/(Ke T0) < —my[1-e100] = 1), (61)
which implies that

(ag(t)) = 1(—m1 - e*ﬂ(T*f)]) < Ke T < 4. (62)
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From (29), it follows that fO(t) = I(ag(t)) € M NTI°. Moreover, by (61)—(62)

]T(tzf )_QT(thO
I( _ o
= (1-3) fyemmr )% | [t o ettt om0 g
*fszeuan )<ao(y ( <dey tﬂ t)

c1Ke™ n(T— ﬂz—Ke’W(T*y) _ _t
(1__ﬂ>kﬁy€UﬂTF%w<mMW}[l p e e )}dy (63)

+2 [{ye 1 (1) <anyyy Ke TV Ay —q(T = 1)

— —n(T—t) _ ) _aK_az_ oK ok 612)
(e 1 12 ] 1 + 7 +

e ilT=(T — 1) (4K — 9K} —g(T— 1) =0,

IN

that is, J7(t,x, f°,c) — 07 (t,x, f°) < 0. Hence, Theorem 1(b) ensures that f° is an
optimal policy for the FHPC with optimal value J}(t,z,7) = Jr(t,z, f 0 r). Henceforth,
replacing f? into (30), one easily deduces (59).

O

Remark 5. If the opposite condition in (54) occurs, then the existence of a critical point of the
mapping A v+ J%(t,z,1") implies necessarily that

F(y) > ag(t) = —my {1 - e_”(T_t)} and f(t) = forall A <O0.

In this case, every A < 0is a critical point of A — J+(t,z,v") and fA(t) = vy is an optimal
policy for the FHPC. To avoid this trivial situation, under the fact F (co) = 0, choose « large
enough such that

F (7v) < —my {1 - e*W(T*t)]

Now use Theorem 2 to propose a modification of Algorithm 1 to compute the integral
inside (20). Observe that it is no longer needed to include the computation of the Vasicek
process (8) because the optimal values of the controllers f* —given by (57), and the
Lagrange multipliers A{—given by (60)- are non-stationary along time.

Example 5 (Examples 1-4, Lemma 2, and Theorem 2 continued). Algorithms 2 and 3 can
be used to compare the Monte Carlo simulations for the integral inside the expectation operator
(20) with the results (formula (58)) from Theorem 2. To this end, recall from Example 1, the choice
made for the parameters of (7) (that is: xg = 5, 0(x) = 0.5, 7 = 1and T = 1). In addition,
choose constants that meet (12): these are a = 1.25, v =1, ¢; = 0.1, ¢ = 0.05, and g = 0.0195.
With this configuration, condition (54) holds for all t € [0;1] with an error of, at most 0.004
(see Figure 3). With all these in mind, formula (58) in Theorem 2 yields an optimal value for the
FHPC of

* *
J5(0,5,7) = J(0,5, A, r) = —3.58813. (64)
0.0045
0.0035
0.003
0.0025
3 oom
m
0.0015
001
,,,,, 5
,,,,,, s°8383KCMIL RSB RERR"
t

Figure 3. Error in the approximation of (54).
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Algorithm 3: Integral algorithm

Data: xo,dt, T, 0,c1,¢2,49,14,a
Result: The integral inside the expectation operator (20) when x(t) is a solution of
7
1 x%xo,(l)eo,jko;
2 F< \Ju, D+ ax,r+ F—D,c< c1x+cou, 0 « %4—{7;
3 whilej < T do
s | if F(KenT=1) >~ (1 e71(T9) then
> Now use (57):
5 u* +— Ke (T,
> Now use (27) and (60):
,p/(Kefv(Tfﬁ)f% [ke,,ﬂ,,)] )

6 A® 5 ;
7 else

8 u* < ;

9 A0

10 end

11 I« r+A*-(c—0);

12 | dW <« N7Y(0,dt);

1B | x4 x4+ (u* —yx)dt +odW;
u | [+ I+r+A*(c—0);

15 | jj+dt;

16 end

17 I < I-dt;

18 return I;

The use of Algorithms 2 and 3 (with 10,000 simulations) gives optimal values for the
FHUP around
J5(0,5,rM) ~ —3.3231104.

The relative error implied by the latter numeric expression and (64) is about 7.3%. The step
size used, along with the error involved in hypothesis (54) explain this difference. Figure 4 shows
the resulting pollution stock along time when the optimal strategy is implemented.

Figure 4. A realization of a trajectory of (7) with xg = 5,7 = 1, o(x) = 0.5, u(t) = fA'(t), T =1,
and N = 100.

4. Concluding Remarks

This paper studies a stochastic system on a finite-time horizon under the criterion of
the total performance with restrictions with unbounded coefficients of all: the diffusion,
the reward and the constraints. The results have been illustrated by means of a sequence
of examples, a Lemma and a Theorem. The approach is based on the use of some classic
dynamic programming tools, and the Lagrange multipliers technique for optimization
with restrictions.

The results of this work represent a natural extension of the ones introduced in [12],
to the non-stationary case. All these can also be applied to the control of pollution accumu-
lation as presented in [17,18]. An additional contribution of this presentation is given by
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the optimal controllers —and objective function- for a finite-time horizon under constraints.
Moreover, this work used the tools presented in [25], and the Monte Carlo simulation
technique to test its analytic findings. This represents a major implication of this work
concerning the current methodology for resource management and consumption when
pollution has an active role. Indeed, the model presented along this paper can be used
for the purpose of decision-making when the social welfare, and the cost and rewards
constraints are known and parametrized.

A plausible extension of this paper could be related to looking for optimal controllers
on a random horizon with a constrained performance index, in the fashion of [31].
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Appendix A. Technical Complements

In this appendix, an extension of Theorem 5.1 from [32] to the non-stationary case
with only one controller, in a finite horizon is introduced.

Forx e R", t € [0;T], u € U, A < 0; and assuming the existence of the functions
A € By([0; T] x R"), h € WY2P([0; T] x R"™), v1,0v3,p : [0; T] x R* x U — R. Now define

Y(t,x,u,Ah) = vt x,u)+A(t,x)[v3(t, x,u) —p(t, x, u)]
+(Vh(t, x),b(x,u)) (A1)
Lhn(t,x) = ¥(t,x,u,Ah)+0h(t x)+ %Tr[[Hh(t,x)]a(x)]. (A2)

Furthermore, for 7w = (71 : £ > 0) € I, define
Y(tx, A ) = / Y(t,x,u, A, ) (dulx), (A3)
u
Loh(t,x) = ¥(tx, A K) + h(t,x) + %Tr[[]H[h(t,x)]a(x)}. (A4)
Definitions (A1)—(A4) will be used in the next couple of results.

Theorem A1. Let R" be a C*-class bounded domain and suppose that Hypotheses 1 and 2 hold.
Moreover, assume the existence of sequences (hy,) C WY2P([0; T] x R"), (e) C LP([0; T] x R")
with p > n, (Ay) C Bw([0; T] x R"), (™) C I1 satisfying that

(a) Eﬂhm =en €[0T xR, form=1,2,...

(b)  There exists a constant My such that ||hu|[\y1.2p (o7 xrey < Maform =1,2,...

(c)  &m converges in LP([0; T] x R™) to some function e.

(e) Ay converges uniformly to some function A.

f X el
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Then, there exists a function h € WV2P([0; T] x R") and a sequence (my) C {1,2,...}
such that for t € [0; T) fixed, hy, (t,) — h(t,-) in the norm of CVI (R") fory < 1 — 5 sk — oo;

and for x € R" fixed, hy, (-, x) = h(-, x) in the norm of C1([0; T]). Moreover,
LFh = ein [0; T] x R™.

Proof of Theorem A1. The first step is to prove the existence of a function i € W27 ([0; T] x
R"), and a subsequence (fn,) C () such that by, — has k — oo weakly in W27 ([0; T] x
R"), and for t € [0; T] fixed, hy, (t,-) — h(t,-) in the norm of C1(R") fory < 1 — % as
k — o0; and for x € R" fixed, hy, (-, x) — h(-, x) in the norm of C1([0; TY).
As W?P(R") is a reflexive space (see [33] [Theorem 3.5]), then, by [33] [Theorem 1.17],
the ball
H(t) := {h(t,-) € WF(R") : [Blly2n ey < M} (A5)

is sequentially compact for each t € [0; T] fixed. Since p > n, by [33] [Theorem 6.2, part III],
the mapping W?? (R") — CVI(R"), fory < 1 — % is compact (and continuous too), so

the subset #(t) in (A5) is relatively compact in C1(R"). This ensures the existence of a
function (¢, -) € W?P(R") and a subsequence (hy, (t,-)) = (hm(t,-)) C H(t) such that

B (t,-) — h(t,-) weakly in WP (R"), and strongly in C17 (R")
for each t € [0;T]. Now, since [0;T] is a compact set, hy,, — h as k — co weakly in
WLZP([0; T] x R"), and for t € [0; T| fixed, hy, (t,-) — h(t,-) in the norm of C1 (R") for

1 <1— 3 ask — oo;and for x € R" fixed, B, (-, x) = (-, x) in the norm of C*([0; T)).
Now, it is needed to prove that

T
/ / e(t, x)¥(t, x, 71}, A, i ) )dtdx
n.Jo
T
e / / g(t, x)¥ (t,x, 711, A, h)dtdx for all g € £L1([0; T] x R™).
"Jo
To this end, use (A1), and the triangle’s inequality, to write

!fRn o gt x)¥ (b2, 7, Ay, ) dbdx — [ [ (8, %) ¥ (£, %, 711, A, h)dtdx
< Jn [ g(6, ) [01 (b, x, 70)7) — 01 (¢, x, 717)|dtdxc
+‘fRn fo (t, ){Am(t, x)[v3(t, x, ") — p(t, x, T")] — A(t, x)[v3(t, x, 1) — p(t, x, 71¢)] pdidx

o i ([t ), bl 7} — (Vh(t, ), b, 7))l

Now work with the terms of the right-hand-side separately.

‘fR” I gt ) {Am(t, %) [03(t, x, ") — p(t, x, ")) = A(t, ) [03(t, x, 71) — p(t, x, 77)] }drdix
’fR” fo (t, x)[Am(t, x) — A(t, x)]o3(t, x, 7y )dtdx

+‘fRn fo (t, ) Am(t, x)[v3(t, x, 7T ) — v3(t, x, 7r;)|dtdx

+UR" fo (t,x)o(t, x, 7t¢) [Am(t, x) — A(t, x)]dtdx

+’fR” fo (t, x)Am(t, x)[p(t, x, ") — p(t, x, nt)]dtdx‘,

(
) =
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and
/ / B (t,x),b(x, 71f") — (Vh(t, x),b(x, ;)| didx
[ 062 (P60, b2, 7))t
* //0 8(t,x)(Vim(t,x) = Vh(t, x),b(x, m))dtdx|.
Now write

<

T T
/ g(t, x)¥(t, x, 7T}, A, i )dtdx — / / g(t, x)¥(t, x, r, A, h)dtdx
n R JO

St x)Ap (8, x)[p(t, x, ") — p(t, x, 714)|dtdx

T

+ g(t, ) (Vhy(t, x), b(x, ") — b(x, 71;))dtdx

0
L st x)len 0t — o1t )
T
+ /R/O g(t, X)[Am(t, x) — A(t, x)]vs(t, x, ;) dtdx
* /R /()Tg(tfx))‘m(ffx)[vs(t/x/ ") — vs(t, x, my)|dtdx
+ /R /OTS(’*IX)p(f,x/ 70) [Am(t, x) — A(t, x)]dtdx
T
for
for

n

+ /R” /OTg(t,x)(th(t,x) — Vh(t,x),b(x, ;) )dtdx|.

Since the mapping W2F (R") < CV(R") is continuous, Hypothesis (H2b) yields that
for each t € [0; T fixed:

maxy [l (t, +)], max [9ihm(t, )| ¢ < (B (t, )l ern ey < MllAm(t, ) [y ey < M- My.
1<i<n

Since t € [0; T], remove the time argument from the latter expression by merely
substituting the constants M and M; by another constants. To keep the notation as straight-
forward as possible, this will not be done. Now, Hypothesis (H1b) gives the existence
of a constant K; (R"), such that |b(x, 71)| < K;(R"). Moreover, there also exists a positive
constant k([0; T| x R") such that

lo1(t, x, T)| + |vs(t, x, )| < k([0; T] x R").

Take all of these facts, and observe that:

T T
/ / 2(t, XV (b %, 72", A, i)ty — / / g, V¥ (t x, 7, A, h)dtdx
R™ JO R® JO

T
’/ / g(t, x)[o1(t, x, ") — v1(t, x, 71p)]dedx
n Jo
+k([0; T] x R") - (I8l 21 (jo;7) x ) * 1Am = All By 0,1y xR)

T
HAmllg, (017 xR) | 80 [us(t,x, ") —vs(t, x, m)dbdx

181l 21 o7y xR - HP('I , )||Bw (0T xR * 1Am = All g, (o] xR
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o
L sttx)lpti et - plt, 3 m)ldedn

FlAmll 5, (0,77 xR -

+nMM;

/]R'7 /OT g(t, x)(b(x, ") — b(x, nt))dtdx‘

+K1(R") - (|8l 8, (j0:1) xR7) - 51[111;] [P (£, ) = Bt )|l cn o1 ey -
te(0;

The boundedness of v; and v3 in [0; T| x R"; and the convergence of 1" in the
topology of relaxed controls yield that the right hand of the latter expression equals zero
when m — oco. Use Theorem 2.10 in [34] to see that

LFh = ein [0; T] x R".

This proves the result. [J
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