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Abstract: In this article, we investigate a two-dimensional generalized shallow water wave equation.
Lie symmetries of the equation are computed first and then used to perform symmetry reductions.
By utilizing the three translation symmetries of the equation, a fourth-order ordinary differential
equation is obtained and solved in terms of an incomplete elliptic integral. Moreover, with the aid of
Kudryashov’s approach, more closed-form solutions are constructed. In addition, energy and linear
momentum conservation laws for the underlying equation are computed by engaging the multiplier
approach as well as Noether’s theorem.

Keywords: two-dimensional generalized shallow water wave equation; Lie point symmetries;
Kudryashov’s method; conservation laws; Noether’s theorem

1. Introduction

It is widely known that most physical phenomena of the natural world are governed by
nonlinear partial differential equations (NPDEs). Such equations arise in several physical
and other problems such as in the study of electromagnetism, electrodynamics, fluid
flow, elasticity, propagation of heat or sound, quantum mechanics, meteorology, and
oceanography, just to mention a few. Some of these models include the modified Zakharov–
Kuznetsov model [1] that recounts the ion-acoustic drift solitary waves existing in a
magnetoplasma with electron–positron ions, which are found in a primordial universe.
A generalized system of three-dimensional modified Kadomtsev–Petviashvili–Burgers-
type equation, which describes ion-acoustic and dust-magneto-acoustic waves in one of
cosmic or laboratory dusty plasmas, was studied in [2]. Moreover, in [3], the vector bright
solitons of the Fokas–Lenells system, which models the femtosecond pulses in an optical
fibre, was investigated. In addition, the Boussinesq–Burgers-type system of equations,
which delineates shallow water waves appearing close to lakes or ocean beaches, was
studied in [4]. The list continues; see also [5–15].

To obtain a good understanding of physical phenomena that are governed by NPDEs,
it is imperative to look for their closed-form solutions. However, this is an arduous exercise,
and for several years, researchers and scientists have been working on developing methods
for finding closed-form solutions.

A good number of methods for obtaining closed-form solutions of NPDEs have
been proposed. We have, amongst others, the following various special methods for
finding closed-form solutions of NPDEs: the inverse scattering transform technique [16],
the bifurcation method [17], the simplest equation technique [18], the extended simplest
equation technique [19], Kudryashov’s technique [20], Hirota’s technique [21], Bäcklund
transformation [22], Darboux transformation [23], the homogeneous balance method [24],
(G′/G)—expansion technique [25], Lie symmetry method [26–28], etc.
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It was during the halfway point of the nineteenth century that Sophus Lie, a Norwe-
gian mathematician, endowed the study of continuous transformation groups, presently
called Lie groups. These groups have had an intense impact on pure and applied mathemat-
ics in addition to engineering, physics, and other applied sciences. It provides the most effec-
tive and powerful techniques for obtaining closed-form solutions to NPDEs. For example,
see [26–33]. It is worth noting here that the notion of a Galois group had influenced Lie’s
work on differential equations (DEs).

In the study of DEs, conservation laws play a crucial part. Conservation laws can be
used to check whether a given differential equation is integrable. The accuracy of numerical
solution methods can be checked by invoking conservation laws. They can be utilized
in constructing solutions of partial differential equations (PDEs) by reducing their order.
Conservation laws refer to certain physical properties that do not change subsequently
within an isolated physical system. For example, conservation of energy, linear momentum,
angular momentum, and electric charge. Recently, exact solutions were obtained for some
PDEs using conservation laws. For differential equations that arise from the variational
principle, there exists a connection between the symmetries of differential equations and
conservation laws. This fact was established by Emmy Noether, a German mathematician,
in 1918 and is stated in Noether’s theorem. For more details, see for example [34–45] and
the references therein.

In this work, we study the generalized two-dimensional generalized shallow water
wave equation, given by [46]

utx + αuyuxx + 2αuxuxy + βuxy + νuxxxy = 0, (1)

where α, β, and ν are nonzero constants. Here, t, x, and y represent, respectively, time and
two scaled space coordinates whereas u(t, x, y) represents the height of the Riemann wave.

In [46], the authors presented painlévé analysis, nonlocal symmetries, and exact
solutions of a variable coefficients form of (1), whereas in [47], the binary Bell polynomials
technique was employed to a variable coefficient form of Equation (1). We note that, in the
study of fluids, this equation decomposes to well-known equations when taking special
cases of constants α, β, and ν. For example, when α = −2, β = 0, and ν = −1, it becomes a
(2 + 1)-dimensional breaking soliton [48]:

utx − 2uyuxx − 4uxuxy − uxxxy = 0, (2)

which is one of the models used in describing the two-dimensional interplay of a Riemann
wave distributed along the y-axis with a long wave generated along the x-axis. Wazwaz [49]
obtained solutions of this equation using the modified form of Hirota’s bilinear method.
The authors in [48] presented solutions of Equation (2) using the symmetry method. In
the case where α = 2, β = 0, and ν = 1, Equation (1) transforms to a (2 + 1)-dimensional
Calogero–Bogoyavlenskii–Schiff [50]

utx + 2uyuxx + 4uxuxy + uxxxy = 0, (3)

which describes the exchange of a long generating wave in the x direction with a Riemann
generating wave in the y direction. Moreover, the researcher indicated that Equation (3)
possesses soliton as well as N-soliton solutions, which are smooth in one coordinate. In [51],
Wazwaz invoked Hirota’s bilinear approach to secure solutions of (3) and further utilized
the tanh-coth method to gain its travelling wave solutions in [52]. The authors in [53]
derived a Bäcklund transformation alongside a Lax pair of the form in the Calogero–
Bogoyavlenskii–Schiff Equation (3) via singular manifold method. Furthermore, in [54], the
authors invoked a tanh function as well as improved the (G′/G)—expansion methods to
construct travelling wave solutions of (3). It was also revealed that some analytic solutions
secured via these methods are analogous. However, a generalized version of (3), namely

utx + auxuxy + buyuxx + uxxxy = 0, (4)
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has been studied by many researchers by simply replacing 4 by a and 2 by b in (3). For
instance, the (G′/G)—expansion technique was invoked to achieve some travelling wave
solutions of (4) in [55]. Moreover, in [56], the authors obtained breather-type and analytic
soliton solutions of (4) by utilizing Hirota’s bilinear method and the extended homoclinic
test technique. Using the idea of a tanh-coth approach, some closed-form solutions of (4)
were obtained in [57]. Furthermore, sine-cosine and complex techniques were engaged to
secure, respectively, analytic and meromorphic exact solutions of (4) in [58,59].

The formation of this paper is as follows: In Section 2, first, we employ Lie’s theory
to reduce (1) to an ordinary differential equation (ODE). Closed-form solutions are then
derived by an integration of the ODE and by invoking Kudryashov’s method. Thereafter,
in Section 3, we construct conserved densities and spatial fluxes for (1) by invoking the
multiplier method and Noether’s theorem. Finally, we present concluding remarks in
Section 4.

2. Exact Solutions

In this section, we derive exact solutions of the two-dimensional generalized shallow
water wave Equation (1). We begin by deriving symmetries of (1) and thereafter use
them to obtain an ODE. We then employ the direct integration procedure together with
Kudryashov’s method to construct closed-form solutions of (1).

2.1. Symmetries and Symmetry Reductions

Consider the symmetry group of (1) brought about by

U = T
∂

∂t
+ X

∂

∂x
+ Y

∂

∂y
+ η

∂

∂u
,

where all T, X, Y, and η are functions of variables t, x, y, and u. Using the fourth prolon-
gation pr(4)U in (1) and with the help of Maple, we obtain an overdetermined system of
linear homogeneous PDEs:

Tu = 0, Tx = 0, Ty = 0, Xy = 0, Yu = 0, Yx = 0, Ytt = 0, Tttt = 0, Xu = 0, Yyy = 0,

2ηu + Tt −Yy = 0, 2αηx + βTt − βYy −Yt = 0, αηy + Xt = 0, 2Yty − Ttt = 0,

2Xx − Tt + Yy = 0.

The above linear PDEs may be easily solved and yield the following eight Lie point
symmetries:

U1 =
∂

∂t
, U2 =

∂

∂x
, U3 =

∂

∂y
, U4 =

∂

∂u
,

U5 = 2αt
∂

∂y
+ x

∂

∂u
, U6 = 2αt

∂

∂t
+ αx

∂

∂x
− (βx + αu)

∂

∂u
,

U7 = αx
∂

∂x
− 2αy

∂

∂y
− (αu + βx)

∂

∂u
,

U8 = 2αt2 ∂

∂t
+ αtx

∂

∂x
+ 2αty

∂

∂y
− (βtx− xy + αtu)

∂

∂u
.

(5)

Consider the symmetry U = U1 + aU2 + bU3, where a and b are constants. Using
this symmetry U, we reduce (1) to a PDE with one less independent variable, that is,
two independent variables. The symmetry U gives three invariants:

f = x− at, g = y− bt, θ = u. (6)
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Using these invariants, Equation (1) reduces to

νθ f f f g + βθ f g + αθgθ f f + 2αθ f θ f g − bθ f g − aθ f f = 0, (7)

which has

R1 =
∂

∂ f
, R2 =

∂

∂g
, R3 = αH(g)

∂

∂g
+ aH(g)

∂

∂θ
,

R4 = α f
∂

∂ f
− αg

∂

∂g
+ (b f − β f − αθ)

∂

∂θ

as its symmetries. The symmetry R = R1 + cR2, with c a constant, provides two invariants
q = g− c f and U = θ. These invariants transform (7) into a nonlinear ordinary differential
equation (NLODE)

k1 U ′′′′(q)− k2 U ′(q) U ′′(q) + k3 U ′′(q) = 0, (8)

where k1 = b− ac2 − β, k2 = −3αc, k3 = −νc2 and q = (ac− b)t− cx + y.

2.2. Solution Using Direct Integration

In this subsection, we derive a solution of the two-dimensional generalized shallow
water Equation (1) by direct integration of the ODE (8). Taking U ′(q) = V(q), Equation (8) becomes

k1 V ′′′ − k2 V V ′ + k3 V ′ = 0. (9)

Twice integration of (9) with respect to q gives

1
2

k1 V ′
2 − 1

6
k2V3 +

1
2

k3V2 + r1 V + r2 = 0 (10)

with r1 and r2 constants. Equation (10) can be rewritten as

V ′2 =
k2

3k1
V3 − k3

k1
V2 − 2r1

k1
V − 2r2

k1
. (11)

Assume that n1, n2, and n3 are roots of

V3 − 3k3

k2
V2 − 6r1

k2
V − 6r2

k2
= 0

with n1 > n2 > n3. Equation (11) now becomes

V ′2 =
k2

3k1
(V − n1)(V − n2)(V − n3)

and its solution could be written in terms of the Jacobi elliptic function [60–62]

V(q) = n2 + (n1 − n2)cn2


√

k2(n1 − n3)

12k1
q, R2

, R2 =
n1 − n2

n1 − n3
, (12)

where cn is the elliptic cosine function. Integrating Equation (12) with respect to q and
returning to the original variables, we accomplish the solution of (1) as
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u(t, x, y) =

√
12k1(n1 − n2)

2

k2(n1 − n3)R8

EllipticE

sn

√ k2(n1 − n3)

12k1
q, R2

, R2


+

{
n2 − (n1 − n2)

1− R4

R4

}
q + K, (13)

with q = (ac− b)t− cx + y, K being a constant, and EllipticE[g, k] being the incomplete
elliptic integral given as [60]

EllipticE[g, k] =
∫ g

0

√
1− k2s2

1− s2 ds. (14)

The wave profile of the periodic solution (13) for parametric values k1 = 70,
k2 = 10, a = −4, b = 0.2, c = 0.6, K = 1, n1 = 100, n2 = 50.05, and n3 = −60 at
t = −14, can be seen in Figure 1.

-10 -5 0 5 10
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-5

0

5

10

{a}

-10 -5 5 10
x

-200

200

400

Figure 1. The 3D and 2D solution profiles of (13).

2.3. Solution via Kudryashov’s Method

In this subsection, we present the solution of (1), which is obtained by employing
Kudryashov’s method [20]. This method is one of the most popular approaches for de-
termining closed-form solutions of NPDEs. The first step is to reduce the NPDE (1) to
a nonlinear ODE, which we already performed using the Lie symmetries in the previ-
ous section. Thus, we work with the ODE (8). We suppose that a solution of (8) can be
expressed as

U (q) =
N

∑
n=0

AnYn(q), (15)

where Y(q) satisfies the first-order nonlinear ODE

Y′(q) = Y2(q)−Y(q). (16)

We note that the solution of (16) is

Y(q) =
1

1 + exp q
. (17)
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For Equation (8), the balancing procedure yields N = 1. Thus, from (15), we have

U (q) = A0 + A1Y(q). (18)

Now substituting (18) into (8) and using (16), we obtain

2b A1cY3(q)− 2a A1c2Y3(q) + 3a A1c2Y2(q)− 3b A1cY2(q)

− A1c2Y(q)a + bA1cY(q) + 6 α A1
2c2Y5(q)− 15 α A1

2c2Y4(q)

+ 12 α A1
2c2Y3(q)− 3 α A1

2c2Y2(q)− 2 β A1cY3(q) + 3 β A1cY2(q)

− β A1cY(q)− 24 ν A1c3Y5(q) + 60 ν A1c3Y4(q)− 50 ν A1c3Y3(q)

+ 15 ν A1c3Y2(q)− ν A1c3Y(q) = 0.

Separating on the powers of Y(q) gives the algebraic equations for the coefficients A0
and A1 as

α A1
2c2 − 4 ν A1c3 = 0,

bcA1 − ν A1c3 − ac2 A1 − β A1c = 0,

β A1c− α A1
2c2 + 5 ν A1c3 + ac2 A1 − bcA1 = 0,

6 α A1
2c2 − 25 ν A1c3 − ac2 A1 + bcA1 − β A1c = 0.

The solution of these equations is

A0 = A0, A1 =
4νc
α

, a =
b− β− c2ν

c
.

Thus, the solution of (1) reads

u(t, x, y) = A0 +
4νc

α(1 + exp{(−β− c2ν)t− cx + y}) . (19)

The wave profile of the solution (19) for parametric values A0 = 0, α = 1, β = 0.05,
c = 0.01, ν = 1, t = 0 is presented in Figure 2.
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Figure 2. The 3D and 2D solution profile of (19).

Invariant solution using U5
The Lie point symmetry U5 produces the invariants I1 = t, I2 = x, and I3 = u −

xy/(2αt). The use of these invariants furnishes us with the group invariant solution of (1)
given by
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u(t, x, y) =
xy
2αt
− β

2α
x− C

x
+ h(t), (20)

where C is a constant and h is a function of t.
Invariant solution using U6
The point symmetry U6 of (1) yields the group invariant solution:

u(t, x, y) =
1√

t
G( f , g)− β

2α
x, f =

x√
t
, g = y. (21)

The substitution of this expression for u into (1) gives the PDE

2νG f f f g + 4αG f G f g + 2αGgG f f − f G f f − 2G f = 0, (22)

for which the symmetries are

Γ1 =
∂

∂g
, Γ2 =

∂

∂G
, Γ3 = 2α

∂

∂ f
+ g

∂

∂g
, Γ4 = f

∂

∂ f
− 2g

∂

∂g
− G

∂

∂G
. (23)

The symmetry Γ3 gives the invariant solution G( f , g) = U(z) + f g/(2α), where
z = g. This expression for G satisfies the Equation (22) for arbitrary function U. Thus, the
group-invariant solution under U6 of (1) is

u(t, x, y) =
xy
2αt
− β

2α
x− U(y)√

t
, (24)

where U(y) is an arbitrary function of y.
Invariant solution using U7
Here, we use the symmetry operator U7 to obtain the invariant solution associated

with this symmetry. The usual procedure gives

u(t, x, y) =
1
x

U(ξ)− β

2α
x, ξ = x2y. (25)

Substituting this expression of u into Equation (1) gives the nonlinear ODE

αU′2 + 6αξU′U′′ − 2αUU′′ + 3νU′′ + 4νξ2U
′′′′

+ 12νξU
′′′
= 0. (26)

Invariant solution using U8
Finally, the use of symmetry U8 gives the invariant solution

u(t, x, y) =
1√

t
Φ( f , g) +

xy
2αt
− βx

2α
, (27)

with f = x/t1/2 and g = y/t, which when substituted in (1) gives the reduced PDE

αΦ f f Φg + 2αΦ f Φ f g + νφ f f f g = 0. (28)
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The above PDE (28) has three Lie symmetries

Γ1 =
∂

∂ f
+ F1(g)

∂

∂g
, Γ2 = F2(g)

∂

∂g
+

∂

∂Φ
, Γ3 = f

∂

∂ f
+ F3(g)

∂

∂g
−Φ

∂

∂Φ
. (29)

Now utilizing Γ1 with F1(g) = 1, we perform a reduction of Equation (28). We obtain
the invariant solution Φ( f , g) = U(z), where z = g− f . This reduces Equation (28) to
an ODE

νU′′′′ − 3αU′U′′ = 0, (30)

for which the solution is

U(z) = −

√
28/3ν

α4/3 ζ


√

α2/3

24/3ν
z + C0; s1, s2

, s1 =
25/2

3
√

α
C0, s2 = 2C1,

where C0, C1 are arbitrary constants and ζ is the Weierstrass zeta function [60]. Thus, the
solution of (1) is

u(t, x, y) = −

√
28/3ν

α4/3t
ζ


√

α2/3

24/3ν

(
y
t
− x√

t

)
+ C0; s1, s2

+
xy
2αt
− βx

2α
. (31)

For the operator Γ2 with F2(g) = 1, we obtain the invariant solution Φ( f , g) =
U( f ) + g, which reduces (28) to the ODE U f f = 0, for which the solution is U = C1 f + C2,
where C1, C2 are constants. Reverting to the original variables, we attain the solution of (1)
given by

u(t, x, y) =
C1x

t
+

C2√
t
+

y
t3/2 +

xy
2αt
− βx

2α
. (32)

The dynamic behaviour of the solution (32), for parametric values α = 10, β = 5,
C1 = 0.3, C2 = 0.01, and x = 0.5, is sketched in Figure 3.

-15 -10 -5 5 10 15
t

-5

-4

-3

-2

-1

1

Figure 3. The 3D and 2D solution profiles of (32).

3. Conservation Laws

We now construct conservation laws for the two-dimensional generalized constant-
coefficient shallow water Equation (1). To achieve this task, we utilize two methods; the
first one is the multiplier method, and the second is classical Noether’s theorem.
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3.1. Conservation Laws Utilizing the Multiplier Method

We determine the conserved vectors of Equation (1) by employing the multiplier
method [26]. Here, we seek first-order multipliers Q = Q(t, x, y, u, ut, ux, uy), which are
established from

δ

δu
[
Q
(
utx + αuyuxx + 2αuxuxy + βuxy + νuxxxy

)]
= 0, (33)

where δ/δu is the Euler operator [37]

δ

δu
=

∂

∂u
+

∞

∑
s=1

(−1)sDi1 · · ·Dis
∂

∂ui1···is

and for our purpose

δ

δu
= ∂u − Dx∂ux − Dy∂uy + DtDx∂utx + D2

x∂uxx + DxDy∂uxy + D3
xDy∂uxxxy , (34)

with Dt, Dx, and Dy being the total derivative operators given by

Dt = ∂t + ut∂u + utt∂ut + utx∂ux + uty∂uy + · · · .

Dx = ∂x + ux∂u + utx∂ut + uxx∂ux + uxy∂uy + · · · .

Dy = ∂y + uy∂u + uty∂ut + uxy∂ux + uyy∂uy + · · · .

(35)

Expanding (33) and separating on the appropriate derivatives of u, we obtain twenty-
six multiplier-determining equations:

Qtx + αuxQxy + βQxy = 0, Qtu + αQxy = 0, Qtut + 4Qu = 0, Qxut = 0, Qxy = 0,

Qxux −Qu = 0, Qtux − 2αuyQu + αQy = 0, Qtuy − 2αuxQu + 2αQx − 2βQu = 0,

Qxx = 0, Qux = 0, Qyy = 0, Quy = 0, Qyut = 0, Qyux = 0, Qyuy − 2Qu = 0,

Quu = 0, Quut = 0, Quux = 0, Quuy = 0, Qutut = 0, Qutux = 0, Qutuy = 0,

Quxux = 0, Quxuy = 0, Quyuy = 0, Qxuy = 0,

for which the solution is

Q = yF′(t) + G(t)− αuxF(t)− 2K5αt2ut − K5αtxux − 2K5αtyuy

− K5αtu + 2K6βtuy − 2K1αtuy − K5βtx + 4K6tut + K6xux

+ 2K6yuy + K5xy + K6u + K2ut + K3ux + K4uy + K1x,

where F and G are arbitrary functions of t and Ki, where i = 1, . . . , 6, are constants of
integration. The conserved quantities of Equation (1) are constructed using the diver-
gence identity

DtTt + DxTx + DyTy = Q
(
utx + αuyuxx + 2αuxuxy + βuxy + νuxxxy

)
, (36)

where Tt represents the conserved density and Tx and Ty are spatial fluxes. Thus, af-
ter some reckoning, we obtain low-order conservation laws corresponding to the eight
multipliers and these are given below.



Mathematics 2021, 9, 1439 10 of 17

Case 1. For Q1 = x− 2αtuy, we have the conserved vector

Tt
1 =

1
2

αtuuxy −
1
2

αtuxuy +
1
2

xux −
1
2

u,

Tx
1 =

2
3

α2tuuxuyy +
2
3

α2tuuxyuy −
4
3

α2tuxuy
2 +

3
4

ανtuuxxyy +
1
2

αβtuuyy −
1
2

ανtuxuxyy

+
1
4

ανtuxxuyy − ανtuxxyuy +
1
2

ανtuxy
2 − 1

2
αβtuy

2 +
1
2

αtuuty −
1
2

αtutuy + αxuxuy

+
1
2

βxuy +
3
4

νxuxxy −
1
2

νuxy +
1
2

xut,

Ty
1 = − 2

3
α2tuuxuxy −

2
3

α2tuuxxuy −
2
3

α2tux
2uy −

3
4

ανtuuxxxy −
1
2

αβtuuxy −
1
4

ανtuxuxxy

− 1
2

αβtuxuy +
1
4

ανtuxxuxy −
1
4

ανtuxxxuy − αtuutx +
1
2

αxux
2 − 1

2
αuux +

1
2

βxux

− 1
2

βu +
1
4

νxuxxx −
1
4

νuxx;

Case 2. For Q2 = ut, we have the conserved vector

Tt
2 =

2
3

αuuxuxy +
1
3

αuuxxuy +
1
2

νuuxxxy +
1
2

βuuxy +
1
4

uutx +
1
4

utux,

Tx
2 = − 3

8
νuutxxy +

3
8

νutuxxy −
1
4

νutxuxy +
1
8

νutxxuy +
1
4

νutxyux −
1
8

νutyuxx −
1
3

αuutxuy

− 1
3

αuutyux −
1
4

βuuty −
1
4

uutt +
2
3

αutuyux +
1
4

βutuy +
1
4

ut
2,

Ty
2 =

1
3

αutux
2 − 1

3
αuutxux +

1
4

βutux +
1
8

νutxxux −
1
8

νuutxxx +
1
8

νutuxxx −
1
8

νutxuxx

− 1
4

βuutx;

Case 3. For Q3 = ux, we have the conserved vector

Tt
3 =

1
4

ux
2 − 1

4
uuxx,

Tx
3 =

2
3

αux
2uy +

1
3

αuuxuxy +
5
8

νuxuxxy +
1
4

βuxuy +
1
4

utux +
1
8

νuuxxxy −
3
8

νuxxuxy

+
1
8

νuxxxuy +
1
4

βuuxy +
1
4

uutx,

Ty
3 =

1
3

αux
3 +

1
4

βux
2 − 1

3
αuuxuxx +

1
4

νuxuxxx −
1
8

νuuxxxx −
1
4

βuuxx −
1
8

νuxx
2;

Case 4. For Q4 = uy, we have the conserved vector

Tt
4 =

1
4

uxuy −
1
4

uuxy,

Tx
4 =

2
3

αuxuy
2 +

1
4

βuy
2 − 1

3
αuuxyuy +

1
2

νuxxyuy +
1
4

utuy −
3
8

νuuxxyy +
1
4

νuxuxyy

− 1
8

νuxxuyy −
1
4

νuxy
2 − 1

3
αuuxuyy −

1
4

βuuyy −
1
4

uuty,

Ty
4 =

1
3

αuuxuxy +
1
3

αuuxxuy +
3
8

νuuxxxy +
1
4

βuuxy +
1
2

uutx +
1
3

αux
2uy +

1
8

νuxuxxy

+
1
4

βuxuy −
1
8

νuxxuxy +
1
8

νuxxxuy;
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Case 5. For Q5 = −2αt2ut − αtxux − 2αtyuy − αtu− βtx + xy, we have the conserved
vector

Tt
5 = − 4

3
α2t2uuxuxy −

2
3

α2t2uuyuxx − αβt2uuxy − ανt2uuxxxy −
1
2

αt2uutx −
1
2

αt2utux

+
1
4

αtxuuxx +
1
2

αtyuuxy −
1
4

αtxu2
x −

1
2

αtyuxuy +
1
4

αtuux −
1
2

βtxux +
1
2

βtu

+
1
2

xyux −
1
2

uy,

Tx
5 =

1
2

αt2uutt −
1
2

β2txuy + αtuut −
1
2

βtxut +
1
2

βνtuxy −
1
4

αxuux +
3
4

νxyuxxy

+
1
2

βxyuy −
1
3

α2txuuxuxy +
2
3

α2tyuuxuyy +
2
3

α2tyuuxyuy −
1
8

ανtxuuxxxy

+
3
4

ανtyuuxxyy −
1
4

αβtxuuxy +
1
2

αβtyuuyy −
5
8

ανtxuxuxxy −
1
2

ανtyuxuxyy

− 5
4

αβtxuxuy +
3
8

ανtxuxxuxy +
1
4

ανtyuxxuyy −
1
8

ανtxuxxxuy − ανtyuxxyuy

− 4
3

α2t2utuxuy +
3
4

αt2νuutxxy +
1
2

αt2νutxuxy +
1
4

αt2νutyuxx −
1
4

αt2νutxxuy

− 1
2

αt2νutxyux −
3
4

αt2νuxxyut +
1
2

αβt2uuty −
1
2

αβt2utuy −
2
3

α2txux
2uy

− 4
3

α2tyuxuy
2 + α2tuuxuy +

1
2

ανtyuxy
2 − 1

2
αβtyuy

2 − 1
4

αtxuutx +
1
2

αtyuuty

+
3
2

ανtuuxxy + αβtuuy −
1
4

αtxutux −
1
2

αtyutuy −
1
2

ανtuxuxy −
3
4

βνtxuxxy

+ αxyuxuy +
2
3

α2t2uutxuy +
2
3

α2t2uutyux +
1
4

u2α +
1
2

νux −
1
2

αt2ut
2 − 1

4
νxuxx

− 1
2

νyuxy +
1
2

utxy,

Ty
5 =

1
3

α2txuuxuxx −
2
3

α2tyuuxuxy −
2
3

α2tyuuxxuy +
1
4

αβtxuuxx +
1
8

ανtxuuxxxx

− 3
4

ανtyuuxxxy −
1
2

αβtyuuxy −
1
4

ανtxuxuxxx −
1
4

ανtyuxuxxy −
1
2

αβtyuxuy

+
1
4

ανtyuxxuxy −
1
4

ανtyuxxxuy +
2
3

α2t2uutxux −
1
4

ανt2uxutxx −
1
2

αβt2uxut

+
1
4

αt2νuutxxx +
1
4

αt2νuxxutx −
1
4

αt2νuxxxut +
1
2

αβut2utx −
2
3

α2tyux
2uy

− 3
4

αβtxux
2 +

1
8

ανtxuxx
2 − αtyuutx +

3
4

αβtuux +
3
8

ανtuuxxx −
1
8

ανtuxuxx

− 1
4

βνtxuxxx −
1
4

yνuxx −
1
2

βyu +
1
2

β2tu− 2
3

α2t2utux
2 +

1
2

αxyux
2 − 1

2
αyuux

+
1
2

yβxux +
1
4

yνuxxxx− 1
3

α2txux
3 +

1
3

α2tuux
2 − 1

2
β2txux +

1
4

βνtuxx;
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Case 6. For Q6 = 2βtuy + 2yuy + 4tut + xux + u, we have the conserved vector

Tt
6 =

8
3

uuxuxyαt +
4
3

uuxxuyαt + 2uuxxxyνt +
3
2

uuxyβt + uutxt− 1
4

uuxxx− 1
2

uuxyy

− 1
4

uux +
1
2

uxuyβt + uxutt +
1
4

ux
2x +

1
2

uxuyy,

Tx
6 =

1
2

βyuy
2 +

1
4

utuxx +
1
2

utuyy +
1
2

β2tuy
2 − uuttt−

1
2

νyuxy
2 − 3

2
νuuxxy +

1
2

νuxuxy

+
1
4

xuutx −
1
2

yuuty − βuuy + ut
2t− uut +

4
3

αβtuxuy
2 − 4

3
αtuutxuy −

4
3

αtuutyux

− 3
4

βνtuuxxyy +
8
3

αtutuxuy +
1
2

βνtuxuxyy −
1
4

βνtuxxuyy + βνtuxxyuy +
1
3

αxuuxuxy

− 2
3

αyuuxuyy −
2
3

αyuuxyuy −
2
3

αβtuuxuyy −
2
3

αβtuuxyuy +
2
3

αxux
2uy +

4
3

αyuxuy
2

+
1
4

βxuxuy −
1
2

β2tuuyy −
1
2

βνtuxy
2 − 3

2
νtuutxxy −

3
2

βtuuty +
3
2

νtutuxxy +
3
2

βtutuy

− νtutxuxy +
1
2

νtutxxuy + νtutxyux −
1
2

νtutyuxx +
1
8

νxuuxxxy −
3
4

νyuuxxyy

+
5
8

νxuxuxxy +
1
2

νyuxuxyy −
3
8

νxuxxuxy −
1
4

νyuxxuyy +
1
8

νxuxxxuy + νyuxxyuy

− αuuxuy +
1
4

βxuuxy −
1
2

βyuuyy,

Ty
6 =

2
3

αyuuyuxx +
2
3

αβtux
2uy −

4
3

αtuutxux −
1
3

αxuuxuxx +
2
3

αyuuxuxy +
1
4

βνtuxuxxy

+
3
4

βνtuuxxxy −
1
4

βνtuxxuxy +
1
4

βνtuxxxuy +
2
3

αβtuuyuxx +
2
3

αβtuuxuxy

+
1
4

νyuxxxuy +
1
2

uβ2tuxy −
1
4

uβuxxx +
1
2

uβuxyy +
4
3

αtutux
2 +

2
3

αyux
2uy

+
1
2

β2tuxuy + βtutux +
1
2

νtutxxux +
1
4

νxuxuxxx +
1
4

νyuxuxxy +
1
2

βyuxuy

− 1
2

νtuutxxx −
1
8

νxuuxxxx +
3
4

νyuuxxxy +
1
2

νtutuxxx −
1
2

νtutxuxx −
1
4

νyuxxuxy

+ uyutx −
1
3

αuux
2 +

1
4

βxux
2 − 1

4
βuux +

1
8

νuxuxx −
1
8

νxuxx
2 − 3

8
νuuxxx

+
1
3

αxux
3;

Case 7. For Q7 = yF′(t)− αuxF(t), we have the conserved vector

Tt
7 = − 1

2
yuxF′(t) +

(
1
4

αuuxx −
1
4

αu2
x

)
F(t),

Tx
7 = − 1

2
yuF′′(t) +

(
αyuxuy −

1
4

αuux +
3
4

νyuxxy +
1
2

βyuy −
1
2

uβ +
1
2

uty−
1
4

νuxx

)
F′(t)

−
(

1
3

α2uuxuxy +
2
3

α2u2
xuy +

5
8

ανuxuxxy +
1
4

αβuxuy +
1
4

αutux +
1
4

αβuuxy

+
1
8

ανuuxxxy +
1
4

αuutx −
3
8

ανuxxuxy +
1
8

ανuxxxuy

)
F(t)

Ty
7 =

(
1
2

αyu2
x +

1
2

βyux +
1
4

νyuxxxx

)
F′(t) +

(
1
3

α3uuxuxx −
1
3

α2u3
x −

1
4

αβu2
x +

1
8

ανu2
xx

−1
4

ανuxuxxx +
1
8

ανuuxxxx +
1
4

αβuuxx

)
F(t);
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Case 8. For Q8 = G(t), we have the conserved vector

Tt
8 =

1
2

uxG(t),

Tx
8 = − 1

2
uG′(t) +

(
αuxuy +

1
2

βuy +
3
4

νuxxy +
1
2

ut

)
G(t),

Ty
8 =

(
1
2

αu2
x +

1
2

βux +
1
2

νuxxx

)
G(t).

3.2. Conservation Laws Utilizing Noether’s Theorem

We now construct conservation laws for Equation (1). We utilize the classical Noether’s
theorem [34,43] to achieve this task.

Equation (1) has a second-order Lagrangian

L =
1
2

(
νuxxuxy − utux − αu2

xuy − βuxuy

)
, (37)

since δL/δu = 0 on (1). Here, δ/δu is the Euler operator. Thus, we can determine the
Noether symmetries of (1) by employing the Lagrangian (37) on the determining equation

: X[2]L+ L
{

Dt(τ) + Dx(ξ) + Dy(φ)
}
− Dt(Gt)− Dx(Gx)− Dy(Gy) = 0, (38)

with gauge functions Gt, Gx, and Gy. Expanding (38) and solving the resultant linear PDEs
yield the following Noether symmetries and gauge functions:

X1 =
∂

∂t
, Gt = 0, Gx = 0, Gy = 0,

X2 =
∂

∂y
, Gt = 0, Gx = 0, Gy = 0,

X3 = g(t)
∂

∂u
, Gt = 0, Gx = −1

2
ug′(t), Gy = 0,

X4 = 2αt
∂

∂y
+ x

∂

∂u
, Gt = −1

2
u, Gx = 0, Gy = −1

2
βu,

X5 = α f (t)
∂

∂x
+ y f ′(t)

∂

∂u
, Gt = 0, Gx = −1

2
uy f ′′(t)− 1

2
βu f ′(t), Gy = 0,

X6 = 4αt
∂

∂t
+ αx

∂

∂x
+ 2αy

∂

∂y
− (βx + αu)

∂

∂u
, Gt =

1
2

βu, Gx = 0, Gy =
1
2

β2u.

Thus, the conserved vectors corresponding to the above obtained Noether point
symmetries, using [41]

Tk = Lξk +
(

ηα − uα
xj ξ

j
)( ∂L

∂uα
xk

−
k

∑
l=1

Dxl

(
∂L

∂uα
xl xk

))
+

n

∑
l=k

(
ζα

l − uα
xl xj ξ

j
) ∂L

∂uα
xkxl

are given by, respectively,

Tt
1 =− 1

2
αu2

xuy −
1
2

βuxuy +
1
2

νuxxuxy,

Tx
1 =αutuxuy +

3
4

νutuxxy −
1
4

νuxxuty −
1
2

νutxuxy +
1
2

βutuy +
1
2

u2
t ,

Ty
1 =

1
2

αutu2
x +

1
2

βutux +
1
4

νutuxxx −
1
4

νuxxutx;
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Tt
2 =

1
2

uxuy,

Tx
2 =

1
2

utuy + αuxu2
y +

3
4

νuyuxxy −
1
2

νu2
xy −

1
4

νuxxuyy +
1
2

βu2
y,

Ty
2 =

1
4

νuxxuxy +
1
4

νuxxxuy −
1
2

utux;

Tt
3 =− 1

2
uxg(t),

Tx
3 =

(
−αuxuy −

3
4

νuxxy −
1
2

βuy −
1
2

ut

)
g(t) +

1
2

ug′(t),

Ty
3 =

(
−1

2
αu2

x −
1
2

βux −
1
4

νuxxx

)
g(t);

Tt
4 =

1
2

u− 1
2

xux + αtuxuy,

Tx
4 =

1
2

νuxy −
1
2

xut − αxuxuy −
1
2

βxuy −
1
2

νxuxxy + αtutuy + 2α2tuxu2
y + ανtuyuxxy

− ανtu2
xy − ανtuxxuyy + αβtu2

y,

Ty
4 =

1
2

βu + ανtuyuxxx −
1
2

νxuxxx −
1
2

βxux −
1
2

αxu2
x − αtutux + ανtuxxuxy;

Tt
5 =

1
2

αu2
x f (t)− 1

2
yux f ′(t),

Tx
5 =

(
1
2

α2u2
xuy +

3
4

ανuxuxxy −
1
4

ανuxxuxy

)
f (t) +

(
−1

2
yut − αyuxuy −

3
4

νyuxxy

+
1
4

νuxx −
1
2

βyuy +
1
2

βu
)

f ′(t) +
1
2

yu f ′′(t),

Ty
5 =

(
1
2

α2u3
x +

1
2

αβu2
x +

1
4

ανuxxxux −
1
4

ανu2
xx

)
f (t)−

(
1
2

αyu2
x +

1
2

βyux

+
1
4

νyuxxx

)
f ′(t);

Tt
6 =

1
2

xαu2
x − 2tα2uyu2

x +
1
2

xβux +
1
2

αuux + yαuyux − 2tαβuyux + 2tανuxyuxx

− 1
2

βu,

Tx
6 =

1
2

xuyu2
xα2 + 2yu2

yuxα2 + uuyuxα2 + 4tuyuxutα
2 + yβu2

yα− yνu2
xyα + 2tu2

t α

+
1
2

βuuyα + xβuyuxα− νuxuxyα− 3
4

νuyuxxα− 1
2

yνuyyuxxα− 1
4

xνuxyuxxα

+
3
4

νuuxxyα +
3
2

yνuyuxxyα +
3
4

xνuxuxxyα +
1
2

uutα + yuyutα + 2tβuyutα

+ 3tνuxxyutα− tνuxxutyα− 2tνuxyutxα +
1
2

xβ2uy −
1
2

βνuxy +
3
4

xβνuxxy

+
1
2

xβut,
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Ty
6 =

1
2

xα2u3
x + xαβu2

x +
1
2

α2uu2
x + 2tα2utu2

x +
1
2

xβ2ux +
1
2

αβuux −
1
2

ανuxxux

+
1
4

xανuxxxux − yαutux + 2tαβutux −
1
4

xανu2
xx −

1
4

βνuxx +
1
2

yανuxyuxx

+
1
4

xβνuxxx +
1
4

ανuuxxx +
1
2

yανuyuxxx + tανuxxxut − tανuxxutx −
1
2

β2u.

It should be noted that we derived eight conservation laws of (1) by invoking the
multiplier method whereas Noether’s theorem yielded six conservation laws. However,
we see that only one conservation law is common when using both methods. The conser-
vation laws obtained with the Lagrange multiplier method could be obtained by means
of Noether’s theorem using contact transformations. Thus, we conclude that there are
benefits and constraints of the different methods used when deriving the conservation
laws of nonlinear partial differential equations.

4. Concluding Remarks

In this paper, we investigated the generalized two-dimensional generalized shallow
water wave Equation (1). We determined the Lie point symmetries of this equation,
performed symmetry reductions, and reduced it to an NLODE (8). This NLODE (8) was
integrated directly and its solution was obtained in the form of an incomplete elliptic
integral. Moreover, Kudrayshov’s method was employed to obtain the solution of the
NLODE (8). These solutions were presented graphically. Finally, we used the multiplier
method and Noether’s theorem to derive the conservation laws of (1). The multiplier
method yielded eight multipliers, which gave eight local conservation laws for Equation (1),
whereas Noether’s theorem provided us with six local conservation laws, which included
energy and linear momentum conservation laws.
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