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Abstract: In this paper, we give sufficient conditions for the existence and uniqueness of the solution
of Sturm-Liouville equations subject to Dirichlet boundary value conditions and involving Kurzweil-
Henstock integrable functions on unbounded intervals. We also present a finite element method
scheme for Kurzweil-Henstock integrable functions.
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1. Introduction

The Sturm-Liouville equation appears in certain practical areas, such as heat flow and
vibration problems, electroencephalography applications, and other areas of physics. It
has a relevant role in quantum mechanics, and some of these problems are formulated in
unbounded intervals. On occasion, these problems are described by differential equations
with highly oscillatory coefficients. A particular characteristic of these coefficients is that
they are not square Lebesgue integrable. The study of differential equations involving
integrable Henstock—Kurzweil functions has been developed by several authors, for exam-
ple, [1-7]. In [8], Pérez et al. introduced the KH-Sobolev space on bounded intervals and
guaranteed the existence and uniqueness of the solution to some boundary value problems
involving Kurzweil-Henstock integrable functions on [0,1]. In this paper, particularly
in Section 3, we introduce the KH-Sobolev space for unbounded intervals, and then we
apply these spaces and the Fredholm alternative theorem to establish the existence and
uniqueness of the solution to the Sturm-Liouville differential equation

—[pu] +qu = f ae.ona, )
subject to the Dirichlet boundary value conditions
u(a) = ua+) =0, u(eo) = u(co—) =0,

where the derivative is in the weak sense, g is a Lebesgue integrable function, f is Kurzweil-
Henstock integrable, p is a function of bounded variation on all compact intervals | C [a, ),
% is Lebesgue integrable, and ACG* on [a, oo]. The solution is proven to be stable under
small variations of f. See Section 4.

The Finite Element method (FEM) has been used to give approximations of the
solution of a differential equation when the functions involved are continuous or square
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integrable. Ledn—Velasco et al. in [9] used the FEM to find numerical approximations of
the solution of certain Sturm-Liouville-type differential equations involving Henstock—
Kurzweil integrable functions. The existence and uniqueness of the problems given in [9],
as well as the convergence of the FEM are not studied in that paper. In Section 5, we give
conditions for the existence and uniqueness of elliptic problems on a bounded interval. In
Section 6, we show a scheme for the convergence of the Finite Element method.

2. Preliminaries

Throughout this paper, I will be an interval of the form [a, %), (—00, ), (—o0, b], or
[a, b]. Positive functions & defined on I will be called gauge functions. These functions will
control the refinements of the partitions in the Kurzweil-Henstock integral. Next, we give
the definition of this integral when I is a bounded interval. Let § : I — R™ be a gauge
function. A tagged partition P = {([sx_1,5¢], tx)}}_; of I is said to be é-fine, when for
everyk=1,---,n,
[sk—1,8k] C (e — 6(tx), tx + 6(tx))-

Definition 1. A function f : I — R is said to be Kurzweil-Henstock integrable (in abbreviation,
KH-integrable) if there exists a number A € R with the property that for every € > 0, there exists
a gauge b : I — R such that for every tagged partition P = {( [sk_1,s¢], tx) }}_; of [a, b], if P
b¢—fine, then

Y Flt) (s —si) — A < e
k=1

The Kurzweil-Henstock integral of f on [a, b] is denoted and defined by | : f=A

Now we define the Kurzweil-Henstock integral for non-bounded intervals. Leta € R
and é : [1,00] — R* be a gauge function. A tagged partition P = {( [sy_1,s¢], ) }{'] of
[a, 0] is said to be d-fine, if 5,11 = t,11 = 00, 1/6(t,41) < sp and foreach k = 1,2,...,n,

[sk—1,8k) C (tx — 6(t), tx + (1))

Definition 2. A function f defined on [a, 0| is said to be Kurzweil-Henstock integrable (KH-
integrable) if there exists a number A € R with the property that for every € > 0O, there exists a
gauge bc : [a,00] — R such that

S Ft) (s —sp1) — 4| < ¢
k=1

for all tagged partitions P of [a, co] which is 6. —fine.

For functions defined over the intervals [—oo, a] and [—o0, 0], we have similar defini-
tions. In the case where f is defined on [a,0), we can extend f on [4, o], assuming that
f(00) = 0. In this situation, we say that f is Kurzweil-Henstock integrable on [a, o) if f
extended to [, o] is KH-integrable. Similar considerations are given for intervals of the
form (—oo, b], (—00, 00).

The space of functions which are Kurzweil-Henstock integrable on I is denoted by
KH(I). The Alexiewicz seminorm for this space is denoted and defined as

Iflla = sup{‘ /]f‘ : ] is an interval contained in I}.

The Lebesgue space L¥(I), for 1 < p < oo, is defined as the set of Lebesgue-measurable
functions f on I for which [, |f|P < co. The seminorm of this space is given by

1= | |f|Pf’.
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It is well-known that L'(I) ¢ KH(I). See ([10], Corollary 4.80). This inclusion is
strict, see, for example, ([11], Example 3.12). In particular, if f € L!(I), then ||f]|a =
| f|l1. Moreover, when I is a bounded interval, it follows that LP(I) C L'(I) € KH(I).
Unfortunately, the space (KH(I),|| - || 4) is not a complete space.

The variation of a function / on the interval I is denoted by V;h. If Vih < oo, then h is
of a bounded variation on I, and we write & € BV (I). The functions of bounded variations
are the multipliers of the KH-integrable functions. This allows the following Holder-type
theorem to be established:

Theorem 1. ([12], Lemma 24) If f € KH(I) and h € BV (1), then fh € KH(I) and

< |/ |t + 114

A function F is AC, on a set E, if for every € > 0 there exists d¢ > 0 such that for every
collection {Ji}}_; of non-overlapping closed intervals with endpoints in E, it follows that
if Y 1 1(Jk) < b¢, then Y} sup{|F(v) — F(u)|: u,v € Ji} < e. Additionally, the function
F is ACG, on a bounded interval J, if F is continuous on | and | = U,cnEy,, where (E;)
is a sequence of subsets of | and F is AC. on each E,. In the case of unbounded intervals,
we say that f is ACG, on [a,00] if f is ACG, on each compact interval ] C [4,00) and f is
continuous at . For other intervals, we have similar definitions.

Theorem 2. ([13]) Let q; be the left end of the interval 1. The following properties hold:

1. Iff € KH(I) and Fy = f( f, then F¢ is ACG. onlandF = f a.e. on 1. Moreover, if f is
continuous at s € I then Ff( s) = f(s).
2. Fis ACG, on I if, and only if F' exists a.e. on I and qu1 F' =F(s)—F(q) foralls € I.

Theorem 3. ([12], Lemma 25) Let f : R — R and w : R> — R be functions such that
f € KH(R) and for each compact interval ] C R,

1. [ Viw(-, t)dt exists,

2. thereexists Kj > 0 such that ||w(s,-)|1 < Ky foralls € ].

Then
/:/Zf(s) (s, t)dtds = //f w(s, t)dsdt

forall a,b € R with a < b. Moreover, if

/ / f(s)w(s, t)dtds
/ / f(s)w(s, t)dtds = hm / / f(s)w(s, t)dsdt.

3. The Kurzweil-Henstock-Sobolev Space for Unbounded Intervals

Let C3([a, b]) be the space of functions v € C([a, b]) for which there exists { [sy_1, s¢] }/_,
a partition of [a,b] such that for every k = 1,---,n, v € C%((s¢_1,5¢)), and v (sp+),
0 (s1=), 0D (s14), -+, 0D (s,_1=), v (s,_1+), v (s,—) exist, for i = 1,2. Now, we
define the space V for an interval I as follows:

V) ={v € C3([a,b]) : v(a) = v(b) = 0}, when I = [a,b],

Vi = {v € C(I) : there exists 4,b € R such that suppv C [a,b] and v € C3([a,}])},

when I = R,

Vi = {v € C(I) : v(a) = 0, there exists b > a such that suppv C [g,b] and v €

C3([a,b])}, when I = [a,00),

exists, then
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Vi = {v € C(I) : v(b) = 0, there exists a2 < b such that suppv C [4,b] and v €
C2([a, b))}, when I = (—oo,b].

It is clear that if v € V|, then v and v’ belong to BV (I). Throughout this section,
we will only consider the interval I = R. We denote by KH,.(R) the space of functions
defined on R that are KH-integrable on every compact interval.

Lemma 1. Let f € KHj,.(R) and suppose that [ fv = 0 for all v € V. Then the function f
is zero a.e. on R.

Proof. Let &« € R. Then we show that
S
Eu(s) := / F=0
[

for all s € R. Let s* > &, choose v > O such thata < a + ¢ < s* — v < s*, and define
the function

0, ifs <ua;

=4 fa<s<a+ty
v(s) =41, ifa+y<s<s*—r;

s*—s ok £

T if s v <s<s%

0, if s* <s.

Then v € Vg and so

0:/O;fv:/:*fvz/:va+/jvva+/sf*va

' * M
1 aty s*— 1 s .
=7 f(S)(s—vc)der/lxﬂ foo [ R - s

s*—

From ([14], Theorem 12.5), there exist 6; € [x,a + 7] and 6, € [s* — 7y, s*] such that

ot 61 at at
[ =@—w) [Ty [T = [T
and

s* 92 s* 92

[ O === =) [ fr ) [ f= [ f
Thus, by (1),

a+y s*—y (23
0:/91 f+/tx+7 f+/s*7'yf.

Therefore,

s* a+y s*—y (23
/ f_th f+/ f+/ f]_o.
« 7—0[J6; at+y s*—
The case when s* < c is proved in a similar way. Consequently, F; = 0. On the other
hand, F;, = f a.e. on R, thus, f =0 a.e.onR. [

Corollary 1. Let f € KHjy.(R) and suppose that [ fv' = 0 for all v € Vg. Then there is
K € Rsuch that f = Ka.e. on R.

Proof. Take z € Vg satisfying [* z = 1. Lety € Vg and define

o b (1)



Mathematics 2021, 9, 1403 50f 20

Then, v € Vg and so
Oz/wfv’
[ s~ (/. yuwﬁzwﬂ%
= [" s ds—// F(s)2(s)y(t)dtds,

where 4,0 € R are such that supp(z) C [a,b]. Let f* = fz and w(s,t) = y(t), then
f* € KH(R) and for every compact interval |, [* Vjw(-,t)dt < oo and |w(s,-)|l1 =
[, ly(t)|dt for all s € ]. Therefore, by Theorem 3,

// FH(s)w(s, t)dtds = //f w(s, t)dsdt.

Consequently,

0:/700]‘ dt—/ /f )dsdt
—/o;(ft —/Oofszsds>ytdt

Therefore, by Lemma 1,
f= [ _fezs)ds

Lemma 2. Let f € KH(R) and define

Us):/_soof, seR.
[

ae.onR. O

Then, o € C(R) and

forallv € Vp.

Proof. First, observe that

/ f(s) s)lim [o(I) — o(s)]ds

= [

/ s)lim [ / )dt} ds
/ [ / dt] ds
I.
-4

/ £)dtds.

ifs <t
ift <s.

Define
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Then, for every compact interval | = [a, b],

0, ift <a
Viw(-,t) =< [J/(t)|, ifa<t<b; )
0, ifb < t.

Thus, | fooo Viw(-, t)dt exists; moreover,

lw(s, )l < 12111

for all s € J. Therefore, by Theorem 3,

/ / f(s)w(s, t)dtds = 11m / / f(s)w(s, t)dsdt.

From (2), w(-,t) € BV(R) for all t € R. Therefore, by Hake’s Theorem,

blg?o ./ahf(s)w(s,t)ds = /_0:0 f(s)w(s, t)ds

‘/f w(s,t)ds

and v’ € L'(R), it follows by the Dominated Convergence Theorem that

//f dtds_/ / F(s)eo(s, t)dtds
—/ / F(s)co(s, t)dsdt
_/ / F(s)0/ ()dsdt
:/_ooatz/tdt

/;o;av’ = —/_O:ofv.

Definition 3. The KH-Sobolev space Wy (R) is defined as

Now, since

< 'Ol

Therefore,

O

Wky (R) :{u € KHjpo(R) : there exists w € KH(R) such that / ug’
= —/ we forall ¢ € VR}.

The weak derivative of u € Wiy (R) is denoted and defined by # = w, where w
is as in Definition 3. Lemma 1 implies the uniqueness of 1, except for sets of measure
zero. It is clear that if uy,uy; € Wiy (R) and A is a scalar, then Auy + up € Wiy (R) and
(Auq + up) = A + 1ip.

Remark 1. 1. Iff e KH(R)and F = f f, then by Lemma 2 F € Wgy (R) and F = f.
2. Ifu; = upae onRand uyis ACG, on R, then uy € Wxp(R) and 11y = ub a.e. on R.
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Theorem 4. For each u € Wiy (R), there is x,, € C(R) for which u = x,, a.e. on R and
b _
xu(b) — xu(a) = / u, foralla,b e Rwitha <b.
a
S [e9) o0
Proof. We seto(s) = / 1. From Lemma 2, we obtain that / o' = — / v for every

v € Vg, and since u € IX’KH(R),
—/ 1o = / uv’
forall v € Vi.

Consequently, for each v € Vg,

/oo(u—(f)v’:O.

—00

Therefore, by Corollary 1, there is K € R for which © — ¢ = K a.e. on R. Putting
xu = 0 + K, we obtain the conclusion of the theorem. [

By ([6], Corollary 2.4) we have the following integration by a parts formula for the
weak derivative.

Theorem 5. If u,w are in Wyg(R), then uw is also in Wyg(R) and (uw) = nw + ut.
Moreover, for every c,d € R, if the product 1w is in KH([c,d]) and u(c+) = u(c), w(c+) =
w(c), u(d—) = u(d) and v(d—) = v(d), then
d d
- / b, @)
c c

d
/ uw = uw
c

4. Sturm-Liouville Differential Equations for Unbounded Intervals

We denote by W2, (I) the space of functions u € Wiy (I) such that i1 € Wi (I), and
by Qo (I) the space of functions u € Wgy(I) such that i € L*(I), u(q1) = u(g1+) = 0 and
u(q2) = u(q2—) = 0, where q; is the left end of the interval I and ¢ is the right end.

Observe that if u € Qy(I), then by Theorem 4, there is x, € C(I) so that u = x, a.e.
on I, therefore u € L®(I). In this way, we can equip the space () (I) with the seminorm
illw = Nitlleo + Nt oo + .

In this section, we will only consider I = [a, 00); however, the results are also true for
intervals of the form (—oo,b] or (—c0, ).

Problem 1. Let f € KH([a,0)), g € L'([a,0)) and p be a function such that p € BV(]) for
all compact intervals | C [a,o0), and % € ACG*([a, o0]) N L([a, 00)). We solve the following

boundary value problem:
Find u € W ([a, o)) that satisfies

{_[pu]- +qu=f ae. on(a ) )

u(a) =u(a+) =0, u(o) = u(co—) = 0.

This problem is equivalent to the following variational problem:
Find u € Q([a, c0)) such that

/ oud’ —|—/ quo = / fo, forall v € V|, o). 5)
a a a
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We will provide a solution to this variational problem. Define

()1
Xf =/ ~(Bs—F), (6)
a P
where o
() 5
F:/ f and Bf= faooflj.
Ja fﬂ ﬁ
Additionally, for every u € Q([a, o)), define
1 r0)
hy = —7/ 7
o), ™ @)
and 0
: 1
o= [ =), ®)
a P
where

Ja B
Iy

Then, xf,z, € Q([a,0)). Define the operators ¥ : ()([a,0)) X V|, ) — R and
' Qo([a,00)) = Qo([a,0)) by

Ny =

Y (u,v) = / puv’ and T(u) =z, ©)
a
Then, ¥ is a bilinear operator and I' is a linear operator that satisfies

¥ (Tu,v) = /uoo quo and Y(x7,0) = /aoofv
forall v € V|, ). Therefore, equality (5) is represented by the equation
Y(u,v) +¥(Tu,0) = ¥(xf,0).
If there were u € ()y([a, c0)) such that
(I+T)u = xg, (10)

then the equality ¥ (u, ¢) + ¥(T'u, ¢) = ¥(xf, ¢) would be satisfied, for every ¢ € V|, o).
Therefore, u would be a solution to the variational problem (5). We will show, using
Fredholm’s alternative theorem, that under certain conditions there is indeed a solution to
Equation (10).

Theorem 6. Suppose that Y is a compact Hausdorff topological space. A subset H of C(Y,R) is
relatively compact in the topology induced by the uniform norm if, and only if:

(i) suplo(y)| < oo, forally € Y.
veH
(ii) Foreveryy* € Y and € > 0, there exists a neighborhood Uy~ of y* such that

lo(y) —o(y*)] <e
forally € Uy and v € H.

Theorem 7. The operator T : (Qg([a, o)), || - lw) = (Qo([a,0)), | - [|w) is compact.
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Proof. Let E C ()g([a, 00)) be such that ||ully < Kj for all u € E and some K; > 0.
Consider the set

’H:{hu—zxu;:uEE}.

We use Theorem 6 in order to prove that H is relatively compact in (C([0, c0],R), || -
|lo). Note

lay| < ||q]1K1B forall u € E,

0

_ o
sl
(i) Lets € [a,00] and u € E. Then

where =

a(s) — 1)
1

(i) Lets € [a,00] and € > 0. We suppose that s = co. Since 5 is continuous at s = co and

= ’P )|||Q||l 1(1+.B)

% € L!([a, 0)), it follows that similarly to ([15], Lemma 4.1) there is a number 7 > 0
such that for every t > v,

hu<t>—aup(1t)] < \p(lt)\(/;muuw) < 'p(lt)]mhzq(uﬁ) <e

Suppose now thats < co. Since Q := [ a(‘) g and % are continuous at s, it follows that
there is a number 6 > 0 which satisfies that if t € Bs(s), then

o) ’ 11

Q) - Q)| < - :

o) )| " 2qhK(d+B)’

Let t € Bs(s) and u € E. We suppose without loss of generality that s < t. Then,

ha(6) = s = (1a09) ~ o) < s = | (bl + 1)

Lot 1 1 1
reALE ‘pu) B ms)]llqlhmuﬁ) + perkilet - Q) <e.

From Theorem 6, we have that H is a compact set in (C([0,0],R), | - ||c). There-
fore, we have proved that H is compact when E is a bounded subset of ()y([a,0)).

Take a bounded sequence (u,) in Qg([a,)). Then, {h,, — a,,} 5 iME N} is a compact
set in (C([0,00],R), || - |oo); consequently, there is a subsequence (u,,) of (1,) and w €
Pan, =, 3| < hyllalKa (1 +
B) and % € L!([a,)) it follows by the Dominated Convergence Theorem that w €
L'([a,0)) and

C([a, o], R) such that hy, — au,, 5 — w uniformly. Since

1
hy,, — ocunk; — w‘ — 0.
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We set @(s) = [’ w. Then, @ € Wxy, ©(a) = 0and

o o 1
W(o0) = /a w = lim <hunk - a“"kp) = ;}L"E}oz”nk(”) =0.

k—o0 Jg
Therefore, @ € Q([a,0)). Finally,
qu”k - Z’,(\]HV\/ = qunk - w”oo + Hz.unk - w”w + Hz.unk - Zb”A

1 00
< iy, — @ty 5~ wlleo 42 |

1
hy, — oy, ——w| — 0.
k P

03

Thus, I' is a compact operator. [
Theorem 8 (Fredholm’s alternative theorem). Let X be a normed space and consider a compact
linear operator T : X — X. Then, the transformation T + I is injective if only if T + I is surjective.

Therefore, (T + 1)~ : X — X is bounded, when T + I is injective.

Proposition 1. If the homogeneous problem

—[pu] +qu =0 ae. on (a,c0); an
u(a) =u(a+) =0, u(oo) =u(co—) =0

has only the trivial solution, then the operator I' + I is injective.

Proof. Take u in the kernel of T + I. Then, z;, = —u a.e. on [a,0). Since z, is ACG* on

[a,00], it follows by Remark 1 that —ii =z}, = h,, — Déu% a.e on [a,00), thus

)
o = —phy + ay :/ qu + oy
a

a.e. on [a,00). Since fa(') qu + &, is ACG* on [a, 0], it follows again by Remark 1 that
pii € Wy ([a,0)) and

!/

o] = M') ‘7“+“u:| =qu

a.e on [a,c0). Therefore, u is a solution of the homogeneous problem. Consequently, u = 0
a.eon [g,00). O

Proposition 2. If p and g are positive, then the homogeneous problem
{—[pzl]' +qu =0 ae. on(a,0o);
u(a) =u(a+) =0, u(o) = u(co—) =0
only has the trivial solution.
Proof. Let u € W2 ([a, o)) be a solution of the homogeneous problem. Then
[otl] = qu, a.e.on (a,00). (12)

By Theorem 4, there exists o € C([a,00]) such that ¢ = pui a.e. on (a,00) and

o(s) = [ lpti) + ()
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for all s € [a,00|. From Remark 1, 0 € Wxy([a, o)) and ¢ = [put]. Then by (12), ¢ = qu
a.e. on (a,00). Now, observe that u(a+) = u(a) = u(co—) = u(0) = 0, o(a+) = o(a),
o(c0o—) = 0(o0) and i € KH([a,0)). Thus by Theorem 5, we have that

/aoou[pu] :/aoozwzua:o—/uoou(r
= —./u‘oou(f: —/aoou[qu],

/mqu2+/oop(u)2 =0.
a a

Since p > 0 and g > 0, we have that u = 0 a.e. on [7,00). [

which implies that

Theorem 9. Let f € KH([a, o)), q € L'([a,0)) and p € L'([a, o)) be such that p € BV (])
for all compact interval | C [a,00), and % is ACG* on [a, o). Suppose that either of the two
following conditions hold:
(i)  The functions p, q are positive;
(ii)  The function zero is the unique solution of the homogeneous problem (11).

Then the following problem

{—[pu]'—i—qu =f ae. on(a,);
u(a) =u(a+) =0, u(0) = u(co—) =0

has a unique solution u in the space W2 ;([a, 00)) and the solution u depends continuously on the
data f.

Proof. By Theorem 7, the operator I' is compact, and by Proposition 1, I' + I is injective.
Thus, by Fredholm’s alternative theorem, the transformation I' + I is surjective. Then,
there exists u € y([a,0)) such that (T + I)u = x;. Hence, ¥(u +Tu — xf,¢) = 0 for
all ¢ € V| ), consequently, u is a solution to the variational problem (5), and so u is a
solution to the boundary problem (4). It is clear that if w is another solution to the boundary
problem (4), then u — w is a solution the homogeneous problem, which implies that u = w
a.e. on [a,).

Now, let (f,) be a sequence in KH([a,c0)) such that || f, — f|la — 0, and for each
n € N, let u, be a solution to the boundary problem

{—[pu]' +qu=f, ae.on(a,0);
u(a) =u(a+) =0, u(co) = u(co—) = 0.

Observe that

1 1
5 (i) = 1) = 275 () ﬁf)‘ <

(IFa(s) = F(s)| + 1Bs, — Byl)

< ( [G=n|+ g [ lE —F|)
13
o 1

1 B fa Tol
§|P(S) “fﬂ f|A(1+ f11‘>

ap
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Therefore,
1
||xf,,—xf|AH ~ )= (- mH
1
—Br) — ; — By)|ds
<\f=flla (1 )
||xfn—xf||w=H< ~ )= (P~ mH
1 1
— max |0 (7, (s)ﬁmp(s)@(s)ﬁf)]
S 1
< | fu — f||A<1+ faoo%‘ 5161?%] oIk

and

g, —xplleo = max |xg, (s) —x¢(s)]

s€[0,00]
HCEI AR A

S
< max /
s€[0,00] JO

[he-s) 3099

0 1 o
<|fu—flla (H ’}01 }fl’) /0 I;ﬂ'

On the other hand, by Fredholm’s alternative theorem, (I' + I) ~1is abounded opera-
tor. Then

n = ullw = (T + 1)y, = (T+ 1) gl
= [l(r+1)" 1<xffxf>llw
< T+ DYy, — x7llw
= 1T+ D7 (lxp, = 2plloo + 17, = trlloo + 17, = % ]1a)

LR BN I Jo 1
<2 7L+ max |p<s>|}<1 ‘fop‘)Ilfn fla (3

Consequently, ||u, — u|jw — 0 when ||f, — f]la — 0. O

Example 1. In order to derive the steady-state heat conduction model, consider a non-uniform bar
of infinite length with cross-sectional area A. Let u(t) be the temperature, ¢(t) the heat flux and
f(t) the source term that models the generation or loss of heat at each point of the cross-section of
the bar at position t, where 0 < a < t < oco. If [t,t + dt| is a small and arbitrary portion of the bar,
then by the law of conservation of energy, we have,

AQ(t) — A¢(t +dt) + f(t)Adt = 0.
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Dividing by Adt and taking the limit as dt — 0, we have

(1) = f().

If p(t) is the thermal conductivity of the bar, then by Fourier’s heat conduction law, ¢(t) =
—p(t)u’(t), we obtain the steady-state heat conduction equation

~[p(t)' (1)) = £(t), a<t<oo.

As a particular example, let us consider a non-uniform bar such that its property of conducting
heat is greater as the position increases, then the thermal conductivity can be modeled by the function

p(t) = +1, a<t<co.

Furthermore, if we assume that heat is continuously lost in certain portions, and in others it
is gained due to some source with null effect at distant locations, then one way to represent this
behavior is by the function

_ sin(V/)
floy = S,

Setting the boundary conditions u(a) = u(a+) = 0y u(co) = u(co—) = 0, we obtain the
problem with boundary values for the temperature u(t):

—[ow']' = f ae. on [a,c0); (14)
u(a) =u(a+) =0, u(oo) = u(co—)=0.

As f € KH([a,00)) \ L'([a,0)), p is a function of bounded variation on every com-

pact interval | C [a,00), and the function % € ACG,([a,o0]) N L ([a,0)), and it follows by

Theorem 9 that the problem (14) has a unique solution.

5. Sturm-Liouville Differential Equations for Bounded Intervals

Let us begin this section by showing that when [ is a compact interval on R we have
H'(I) € Wkg(I) (15)

where
HY(I) = {u € L*(I) : 3g € L*(I) such that /uq)’ = /g(p, Vo € CE(IO)}
I I

and [° is the interior of I. Let a be the left end of the interval I and b be the right end, and
take u € H'(I), then there exists g € L?(I) such that [u¢’ = [,g¢ forall ¢ € Cl(a,b).
Take an arbitrary ¢ € Vy, then ¢/ € L(I). Since C¥(a,b) is dense in L'(I), there exists
a sequence (&) in C®(a,b) such that ||, — ¢'||[; — 0. Consider ¢y € C®(a,b) such that
J; o = 1 and define the functions ¢y, §,, by

¢n = gn — &n@o,
where &, = [}y, and
¥u() = [ on

Then (1) is a sequence in C°(a,b). We prove that

1. f[ up, — fI ug’
2. [i8¥n — [;89-
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For the first convergence, observe that
[t )| = | [ e~ g0 )
< [ 1ullgn = ¢ — augol
<l (160 = /1 + ol [ lgn] ). a6)
Now, since
Jan= [ @< [1en =91 =1~ o'l =0,
it follows that i
w= [ = [ ¢/ = o) ol =0.
Thus, (16) tends to zero.
The second convergence is deduced by the following. From Theorem 1,
st = )| il = o] [ 5| + Il Vit — 0
< 19u(a) = 9(0)| [ + llavicn — o)
= lIglliVi(¢n — @)
= lgh [ 14—/
= llglh [ 161 = g0 — |
<l ( 16— ¢/l + laal [ g0) 0.
Finally, since each o, € C(a, b), it follows that
— J—
J == [ s
therefore
—/Igtl)n = /Iu% - /qu)’-
However, it is also true that
— — — :
/18% /1847
Consequently, due to the uniqueness of limits, it follows that
[ —
/1”90 = /184’-
Therefore, u € Wgy(I).
We set
Hy(1) = {u e H'(I) : u = 0onat}.
From (15), we obtain the following sequence of inclusions:
Oo(I) € HA(I) € HY(T) € Wy (I) € L®(I) C L3(I) € LY(I) CKH(I).  (17)
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As in Section 4, we will consider Qy(I) with the seminorm ||z||w = ||z|lec + [|Z]|e0 +
llZ]la. The form of this semi-norm is required in the following section. Based on ([8],
Theorem 4.3) and the results of the previous section, we state the following theorems:

Theorem 10. Let f € HK([a,b)), g € L([a, b)) and p € BV ([a, b)) be such that % is ACG, on
[a, b]. Then, the following assertions are equivalent:

1. The following boundary problem

{—[pu]' +qu=f ae on(ab);
u(a) =u(a+) =0, u(b) =u(b—) =0

has a unique solution in W ([a, b]).
2. The following variational problem

b b b
/ puv’ +/ quo = / fo, forallv e Vy
a a a
has a unique solution in Qg ([a, b]).

Theorem 11. Let f € HK([a,b]), q € L'([a,b]) and p € BV ([a, b]) be such that % is ACGy on
[a, b]. Suppose that either of the two following conditions hold:

(i)  The functions p, q are positive;
(ii)  The function zero is the unique solution of the homogeneous problem:

—[ptt] +qu=0 a.. on (a,b);
u(a) =u(a+) =0, u(b) = u(b—) =0.

Then the following problem

{—[pu]' +qu=f ae on(ab);
u(a) =u(a+) =0, u(b) =u(b—) =0

has a unique solution u in the space W, ([a, b)), and there is K > 0 for which
lu = @llw < K|If = flla,

where f € KH([a, b)) is arbitrary and il is the solution of the problem:

{—[pu]'—i-qu =f ae. on(a,b);
u(a) =u(a+) =0, u(b) = u(b—) =0.

6. Finite Element Method

In this section, we give a finite element method scheme for KH-integrable functions.
We consider p and f as in Section 5. Let u € W2,([a,b]) be the unique solution to the
boundary problem

{[1= ae <ab>
@) = u(a+) =0, u(b) = u(b-) =0

Then by Theorem 10, u € Qy([a,b]) and

b b
/ pig’ = / foforallv € V. (18)
a a
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Let N € Nanda = sy < 51 < --- < sy < x¥n4+1 = b be a partition of [a,b]. We
seth = max{s; —s; 1 :1=1,2,---,N + 1} and we consider the finite element space V,
given by

V, ={v € C([a,b]) : vis linear on each subinterval [s;_1,s;] foralli=1,--- ,N+1,
and v(a) = v(b) = 0}.

Let r, f be an interpolate of f on [a,b], thatis, r,f(s;) = f(s;) foralli =0,--- , N+ 1.
Then from Theorem 11, there exists i € O ([4, b]) such that

b b
/‘pﬁ¢':1/ fo, forall g € Vi, . (19)
a a
Now, we will find uy, 7f;, € Vj, such that they satisfy
b b
/ ptiy0’ = / fo, forallv € V, (20)
a a
b b
/ piiye = / o, forallo € V. 1)
a a

A basis for the space V}, is given by the functions ¢;,i =1,--- , N, defined as

1,ifi =7;
#ils) = {0, ifi #].

Then, for every v € V,

o(s) = Y o(s;)¢i(s), s € [a,b]. (22)

—_

Observe that if uy, 1, are defined by

N N
uy = Zui(l)i and iy = Zﬁi¢i (23)
i=1 i=1
then the Equations (20) and (21) are equivalent to

N N b N b

Y Y olsui [ pgigl =Y o) [ for )

i=1j=1 a i=1 a

N N b N b

Y Yo [ pgigl =Y o) [ Fou 25)

i=1j=1 a i=1 a

b
Let a;j = / p@i¢; and define
a

X117 &12 -+ KN

®p1 &2 -+ NN
M= | . . P (26)

N1 &N2 *°° O&NN
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Then M is symmetric and tridiagonal. Additionally, M is positive-definitive, because
if 7 = (n,12,- -+ ,yn) € RV \ {0} then

My = Z Z Nikijllj = / (i ni(P;) (i Wj(p;)

i=1j=1
bo(N
—[Co[Lmel) =0
g i=1
b [N 2 N
If/[Z p(Z 771‘90;) = 0then ) #;¢; = 0, therefore 7y = 7, = --- = 5y = 0, which
i=1 i=1

is a contradiction. Thus, 77 Mn > 0. Consequently, M is invertible. Thus, there exist
(u1,up,--- ,un)and (ify, iy, - - - , i) unique solutions of the systems Mz = y and Mz = 7,

where ) -
Jo for Jo fo1
y= fa.‘fq)z and 7= fafq)z
b . b -
Jo fon I, fon
Consequently, u;, = Zfil uip; and @, = Zf\il il;¢; satisfy (24) and (25) for all
v =YX, 0(s:) i

We will now estimate the error committed. First, observe that for every z € H'([a, b])
and w € Vy, if

b
/ p(z —w)o =0forallv € V,
a

then N ) ,
mezfp@ﬂW+/mw% @)
/bp(z —0)? = / 24 / —0)? forallv € V), (28)
and
b b
/ p(z—w)? = / p(z—w)(z—70) forallv € V. (29)

Indeed, equality (27) is deduced by the following
b b b
[ otz=wp= [ p—w)z- [ plz-wyw
a a a
b b b
:/ p(z — W)z = / pz’*z—/ pZT
a Ja a
b b b
:/ pz'z—/ p(z:—w)w—/ pt*
a a a
b b
= / pz2 — / pwz.
a a
Equality (28) is obtained from
b b
/ p(z —0)? :/ p(z —w+w —0)?
a a
b
= +2/ Z—w —v)+/p(w—z>)2
a
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and equality (29) is deduced by
[ otz —w)-0)= [(p-wp [ oz -
By T
[ o —we— [ oz —wp
[o—a)—w) = [ oo

From (17) we have that u, i € H'([a, b]). Then by (18) and (20), it follows that

b
/ p(1i —1iy)0" = 0forall v € V.
Ja

Therefore by (28),

b . \2

/P(”*ﬁh) 2/ (1 —1p,) +/ iy, — i), (30)

a a

Observe that uy, is the optimal approximation for u, that is,
b 12 b
/ (i — i) < 7/ (1 —9)> forallv € V), @31)
a ag Ja

where ap < p(s) < Lforalls € [a,b]. Indeed, by (29),

b b
/ p(ufuh)zz/ p(tt — 1) (1t —9) forallv € V.

This implies that

and so the inequality (31) is satisfied. Now, take an interpolate r,u € V;, of u on [a,sn41],
thatis, ryu(s;) = u(s;) foralli =0,1,--- ,N + 1. We take z; € (s;,s;41) such that ii(z;) =
(ryu) (z), foralli =0,--- ,N. Then, for every i = 0, - - , N, there exists ¢; between s and
z; such that

[i(s) — (rau) (s)| = [(a(s) — (rau) (s)) — ((zi) — (rpu) (2:))]
= [ii(c;) = (rpu)"(ci) (s — zi)

< max [ii(t)|h,
te(a,b]

foralls € (s;,5;+1). Consequently,

[ = iy < (0 - max |u<t>)2

te(a,b]
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Thus, by (31),
b L? rb .
J =< o [
L? 2
< 2(b—a)(max |u(t)) 2. (32)
ag te(a,b]

On the other hand, from (18)—(21) we have that

b
/ o[l — i) — (i — )]0’ = 0 forall v € V.

Thus by (27),

but, note that [* (it — if)? < L||it — if||eo [ it — ii] = L|[ii — if]|o |1t — ii| o. Hence

b . L, . 2 . 2
/ (1, — 1i)* < ||k — ]| oo |12 — ]| a-
a ap

Now, from Theorem 11, there exists a constant K such that ||t — ii||e ||t — ]| 4 <
K?||f — f||4. Then, .
. & L rd
G =) < = I ©3)

Consequently, by (30), (32), and (33) we have that

/ab(ﬂ —iiy)? < aLO (/ﬂb(ﬂ —1y)* + /ab(b'lh - ﬁh)z)

< Lj(b —a) (max |ﬁ(t)|)2h2 + Lsz”f — fIi3
- a te(ab] a3 A

Finally,

uts) ~ o) < ([ i)
< /ab(ﬂ — iiy)?

< g(b—u)<max |ii(t)|)2h2 +

L) - fiR.
3 te(ab) A

2
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