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Abstract: In this paper, for solving the nonlinear Rosenau-KdV equation, a conservative implicit
two-level nonlinear scheme is proposed by a new numerical method named the multiple integral
finite volume method. According to the order of the original differential equation’s highest derivative,
we can confirm the number of integration steps, which is just called multiple integration. By multiple
integration, a partial differential equation can be converted into a pure integral equation. This is very
important because we can effectively avoid the large errors caused by directly approximating the
derivative of the original differential equation using the finite difference method. We use the multiple
integral finite volume method in the spatial direction and use finite difference in the time direction
to construct the numerical scheme. The precision of this scheme is O(72 + k). In addition, we
verify that the scheme possesses the conservative property on the original equation. The solvability,
uniqueness, convergence, and unconditional stability of this scheme are also demonstrated. The
numerical results show that this method can obtain highly accurate solutions. Further, the tendency
of the numerical results is consistent with the tendency of the analytical results. This shows that the
discrete scheme is effective.

Keywords: multiple integral finite volume method; finite difference method; Rosenau-KdV; conser-
vation; solvability; convergence

1. Introduction

Proposed by Korteweg and de Vries, the Korteweg—de Vries (KdV) equation,
U+ utly + Uxxx =0 @

has been widely studied. It can describe ion—-phonon waves, magnetic fluid waves in cold
plasma, unidirectional shallow water waves with small amplitude and long waves, and
other wave processes in some physical and biological systems.

It has a wide range of physical applications, so there is great interest in this equation.
A great many numerical methods have been proposed to obtain the numerical solutions
of KdV equations [1-5]. In addition, [6] developed a new integral equation using the
negative-order KdV equation and derived multiple soliton solutions, while [7] created
various negative-order KdV equations in (3 + 1) dimensions and discussed the solutions
for each derived model.

Given the shortcomings of the KdV equation in describing wave-wave and wave—
wall interactions, Rosenau [8,9] proposed the Rosenau equation to cope with the compact
discrete dynamic system.

Up + Uyxxxt + Uy +utiy =0 )

The existence, uniqueness, and regularity of solutions were derived by Park [10]. Since
then, several numerical methods have been studied for the Rosenau equation. For exam-
ple, ref [11] used the Petviashvili iteration method to construct numerical solitary wave
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solutions; ref [12] applied Galerkin mixed finite element methods to (2) by employing a
splitting technique; ref [13] discussed new methods to expand solutions for wave equations
like Rosenau-type equations with damping terms; ref [14] constructed an implicit Crank-
Nicolson formula of the mixed finite element method for nonlinear fourth-order Rosenau
equations; and [15] proposed a meshfree method based on the radial basis function for
the Rosenau equation and other higher-order partial differential equations(PDEs). The
long-time behavior of solutions was investigated in [16].
To better study nonlinear waves, the viscous term uyyx needs to be included.

Up + Ugxxxt + Uy + Ully + Ugyxy =0 3)

Equation (3) is usually called the Rosenau-KdV equation. The authors of [17,18]
proposed conservative schemes for the Rosenau-KdV equation based on the finite differ-
ence method. The authors of [19] proposed a Crank-Nicolson meshless spectral radial
point interpolation (CN-MSRPI) method for the nonlinear Rosenau-KdV equation. The
authors of [20] solved the equation by the first-order Lie-Trotter and second-order Strang
time-splitting techniques combined with quintic B-spline collocation, while [21] studied
numerical solutions by using the subdomain method based on sextic B-spline basis func-
tions. Although various methods have been proposed, we wonder whether there might
be a new method with higher accuracy and efficiency that can keep some properties of
the original partial differential equation. Further, research on the Rosenau-KdV equation
under certain conditions is relatively lacking.

In this paper, we consider the Rosenau-KdV Equation (4) with initial condition

u(x,0) = up(x), x € [x;,x] 4)
and boundary conditions
u(x, t) =u(x,t) =0, ux(x;,t) =ux(x,t) =0, t€[0,T] (5)

Here, u(x) is a known smooth function, and x; and x, are, respectively, the left
border and the right border of x.

Theorem 1. The system (3)—(5) satisfies the following conservative property:

E(t) = ||U||%z + H”xx”%z = E(0) = Const. (6)

Xr
Here, ||u |72 = [ u? dx.
x|

Proof. Integrate both sides of Equation (3) from x; to x, and apply (5); we thus obtain

Xr

19
/(ut + Uxxxxt + Uxx + Uy + uux)u dx = 29 (Hu ||:;:2 + HuxxH%z) =0 7)
X1
Let E(t) = |[u]|72 + ||uxx||72. Then we get
E(t) = ullf2 + l|uxxl|2 = E(0) = Const. ®)

Hence, the system (3)—(5) meets the conservative property. [

In this paper, we present a two-level implicit nonlinear discrete scheme for the
Rosenau-KdV Equations (3)—(5) by using a new method named the multiple integral
finite volume method (MIFVM). The remaining contents of this paper are arranged as
follows: In Section 2, we introduce MIFVM in detail and propose a numerical scheme. The
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conservative property of this scheme is also discussed. In Section 3, the solvability of this
numerical scheme is derived. Then, in Section 4, we show some prior estimates. According
to the prior estimates, we demonstrate the convergence with order O(t? + h%) and uncon-
ditional stability of this numerical scheme in Section 5. In Section 6, the uniqueness of this
numerical solution is verified with the classic theorem. Finally, we verify the effectiveness
of the numerical scheme via some numerical experiments in Section 7.

2. A Two-Level Implicit Nonlinear Discrete Scheme and Its Conservative Law
2.1. Notation

Let i and T be uniform step sizes in the spatial and temporal directions, respec-
tively. Let Xj =% +ijh(j=0,1,---,]), ty =nt(n=0,1,--- ,N), where h = (x, — x7)/],
T = T/N. Further, let u; = u;(t) =u(x; + jh,t), uj = u(x;+ jh, tn), 29 = {ujluo =u; =0,
j=0,1,---,J},and O = {x[j =0,1,---,]}. In this paper, we let C denote a generic
positive constant independent of # and 7 . The difference operators, inner product, and
norms we defined are shown below.

1 nl gy - n_yt no_yn
ur.H_j _ u; +u] un _ Ui~ un _ uj—ujy i _ Ui~
] 2 j h 7 )% h 7 i)e 2h ’

x £
" . " - u]v+1—2u}1+u]’4‘71 " . u]’.‘+2—2tt;‘+1+2u;’71—u]’?72
u. = \uy) =, | U = 3 P
]/ xx J h ] ) x%% 2h

nqul r6ul —4ul 1 11y
(u’?) = U 4”J+1+6”;J 1t (u’,”z) _ MY
— h 4 ]

XxXxx

[l = /(" u), |[u"|| = max
x]EQh

J
, (") = ¥ ol

ult
]

However, we should note that if the inner product operates on different functions,
-1

]
there will be different ranges of values of j, for example, (u%,0%) = ¥, (u]”> (v?) h and
i=0 x x

(ul, o) = é (u;’)7<v;?)yh.

j=1 *
Lemma 1. For any two mesh functions u, v € Z\), the following equations hold.
(x,0) = —(u,v5), (x, 0) = (1, 0x) , (U2, 0) = — (1, 03)

2
xxif'un) = Hugx” .

Furthermore, if (ufj) - = (u?) =0, then ((u")
XX

Lemma 2. For any mesh function u € Z9, the following equation holds.

2 < ugl? ©)

12
Lemma 3. For any discrete function u € Z9), we have
=14
(p(u),u) = Z{ 5(”]')9?(”]'—1 +uj+u]-+1)u]-h =0, (10)
]:

where ¢(u;) = %(uj) (u];l +u; —i—ujﬂ).

bs

Proof. Because u € Zg, we have
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(op(u),u) = %171 [ Ujpqthy— Uit + (“]‘H)Z - <”]’*1)2} u;

J-1
_ 1 _ =
= L;l (ujJrujJrl)ujujJrl jgz (u];l +uj)uj1u]} =0
O

2.2. The Multiple Integral Finite Volume Method(MIFVM)

In this paper, we use a method named MIFVM to construct a two-level implicit nonlin-
ear scheme for the Rosenau-KdV Equations (3)—(5).The method uses multiple integrals and
combines the finite difference method with the finite volume method. We thus discretize
the original PDE into separate spatial and temporal directions.

In the spatial x direction, firstly, by multiple integrals, we turn the original differential
Equation (3), with unknown function u and its derivative, into an integral equation with
only the unknown function. This is very important because we can effectively avoid the
large errors caused by directly approximating the derivative of the original differential
equation using the finite difference method. We use the multiple integral finite volume
method in the spatial direction and use finite difference in the time direction to construct
the numerical scheme. Firstly, in the spatial direction, the number of integration steps
m depends on the order of the highest derivative in the x direction of the original PDE.
Considering the original Equation (3), the order of the highest derivative in the x direction
is four, so m = 2* — 1 = 15. Now, we define a 15-time integral,

xj+eg xj+e7 Xj+€6 Xj+es xj
Ju= [ u(xt) def J dxy, J dxf] J odxe, [ dx., [ dxg,
xxXxx xxXxx xj+ez xj+es xj+es X xj—ey
Xj—e4 Xj—€3 ‘cjfsz xXf Xey X4,
f dxg, [ dxe, [ dxe [dxg [ dng dxy (12)
xj—€3 xj—€2 xj—e1 Yfl Xey X4

Yea X4
fdxcfdxbfdx,,f u(x,t) dx

xCl

and we treat original Equation (2) using integral (12). Then, we can get

Xj+eg Xj+e7 Xj+ee Xj+es Xj—¢€4 Xj—€3
f dxfz f dxfl f dxe, f dxe, j dxg, j dxg, j dxc,
xj+e7 Xj+€6 Xj+es5 Xj Xj—¢€4 xjfs3 Xj—€&
Xj—€ Xf, Xey Xd, Xey xf
[ odxe, [ dxff dxef dxg [ dxc [ dxbf dxaf uy dx
xj—€1 xf Xey Xd; Xeq Xe Xe Xa
xj+eg xj+ez7 Xj+ee Xjtes Xj—€4 Xj—¢3
+ [ dxfz J dxy, f dxe, f dxe, f dxg, f dxg, f dxe,
xj+e7 xXj+ee xj+es i xj—e4 xj—53 xj—
Xj—¢€2 *f Xey  Xdy Xy o Xf
[ dxe, [ dxs [ dx, [ dxy | dxcfdxbfdxu[uxxxxt dx
xj—e1 xf Xey x4 Xey Xe Xc Xa
Xj+eg Xj+e7 Xj+ep Xj+es Xj—€4 Xj—¢€3
+ f dxy, J dxy, [ dxe, f dxe, f dxg, f dxg, [ dxc,
xj+er xj+e6 xj+es Xj Xj—€4 xj—€3 xj—€2 (13)
Xj—€2 *f Yey Xdy Xey xf
[ odxe [ dxff dxef dxg [ dxc [ dxbf dng Uy dx
xj—e1 xf Xey X4 Xey Xe Xe Xa
X]+€8 X]+S7 X/+86 X]+S5 Xj Xj—¢&4 Xj—€3
+ dxfz / dxﬁ [ dxe, f dxe, [ dxg, J dxg, f dxe,
Xj+e7 Xj+éeg Xj+tes i Xj—€4 xj—€3 xj—
X,'—Ez Xf Xey Xdy Xey Xf X4 Xp
dxe, [ dxff dxef dxg [ dxc [ dxy, [ dxg [ uny dx
xj—eq xf Xey X4, Xey Xe X¢ X
xj+es xj+e7 xj+eg xj+es X xj—eq xj—e3
+ [ odxy, [ odxg [ odxe, [ dxe, [ dxg [ dxg [ dxg,
X]+S7 X7+86 X]+S5 X/ ’C]*&; x]‘*€3 xj'*ez
Yj—e2 *h Yep Yy Yo o Xf xy

[ odxe, [ dxff dxe [ dxy [ dxc [ dx, [ dxaf Uy dx =0

xj—€1 xp Xey Xa Xeq Xe Xc Xa
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We then use Lagrange interpolation to approximate u(x; +¢;t)(i = 1,2,---,8),
because they aren’t defined on grid nodes. In addition, to obtain a high-precision numerical
scheme, the following Lagrange interpolation polynomials are used.

(r=j) (x=xj41) Ui (t) — (x*xfflzz(x*xjﬂ) uj(t)

M(X, t) = 242

x—xj_1)(x—x; (14)
B NOREeI(Y)
u(x, t) _ (r—xj )(xzz’;ljgl)(x_xHZ) uj_ NG
(x*x/fZ (x*xﬁl)(x x]+2)u (t)
6% j—1 (15)
+(x Y- )(x;zf;l)(" x/+2)u 10
_ ("_xifZ)(xIZ’;ljil)(x_le) (1) +O(h )
and
u(x, t) _ (x_xifl)(x_xf;(;‘;xﬂl)(x_"HZ) uj_ NG
Gyl o),
I YRS [T YRS s (16
Gy Memena),
+(xij,z)(xij;igxfx])(x x}+1) ot )—|—O(h5)
Secondly, in the temporal direction, we use center dlfference,
n-l-% un+1 - Ll;?
<u]. >t -1 +0(7?) (17)

to approximate the one-order derivative. Then, the numerical scheme will possess two-
order accuracy in the temporal direction.

With the 15-time integral, Lagrange interpolation, and center difference, we obtain
a series of numerical schemes with eight parameters, g(i=1,2,---,8). Assoon as we
identify the eight parameters, we obtain a specific scheme. In fact, finally, we want to
obtaina specific scheme that can keep some properties of the original PDE, such as the
conservative property.

2.3. A Two-Level Implicit Nonlinear Discrete Scheme

According to the specific steps introduced above, to retain theenergy conservative
property of problem (3)—(5), we choose ¢ = —e4 = —¢&5 = €g = V3hand ¢y = —¢e3 =
—e¢ = €7 = \/3h/3. Now, let us substitute the eight parameters and (17) into (13). After
simplifying, we obtain a two-level implicit nonlinear discrete scheme for (3)—(5). This is
presented below.

1 n+i n+z n+ nt3 n+i
0), o7 () o (o), ) = () e (672),
3 t t xxxt X

1 1 1
A, (o) (50
xxx
1<j<J]—-1 0<n<N-1
u) =ug(x;), 1<j<]—1 (19)

uy =ul =0, (ug)x:(u?)x:0,0SnSN—l (20)
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2.4. Conservative Law of the Discrete Scheme

Theorem 2. The two-level implicit nonlinear numerical scheme (18) possesses the following property:

-1
R o @
9 9‘0]]-&-1 xxll = =-...=
]:

Proof. Computing the inner product of (18) with 2u"*2 (i 4+ u"), we have

7 n+11|2 n||2 2h Jol n+1, n+1 J=1 n,,n
e (It = 11ut)7) + 3| L ™t = &
]:0 ]:0

(22)
2 2 1 1
L ([l = ) + (p(ur+2), 207 ) = 0
Let E" = 7 n||2 2hj_1nn ”2A1' L 3 h
et E" = gllu™||” + 7];0 wiud g + |u,||°. Applying Lemma 3, we have
Ertl = E". (23)
Thus, we obtain E" = - -- = E? which proves Theorem 2. It shows that this numerical

scheme can retain the conservation property of the original PDE. [J

3. Solvability

The following lemmas will be very helpful for proving the solvability of the discrete
scheme (17)—(19).

Lemma 4. Ref [22] Let H be a finite-dimensional inner product space; suppose that g: H — H,
is continuous and there exists an o > 0 such that (g(x),x) > 0 for all x € H with ||x|| = «. Then
there is x* € H such that g(x*) = 0 and ||x*|| < a.

It is a classic theory and comes from the paper Existence and uniqueness theorems for
solutions of nonlinear boundary value problems. This article was published in the Proceedings of

Symposia in Applied Mathematics in 1965.

Lemma 5. 2M — E is a positive definite matrix, where E is an identity matrix and

7100 - 00 07
071 --000
017 000

M= :

00 0 7 10
00 0 170
000 00 1

- o S 1%+

Proof. We know that
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r1 0 O 0 0 07
0 13 2 0 0 O
0 2 13 0 0 O
2M —E = :
o o o --- 13 2
o 0 0o --- 2 13 0
L0 0 0 --- 0 O 1'(]+1)X(I+1)
Let P;(1 <i < J+1) be ordered principal minor determinants of 2M — E. Obviously,
1 0 O
wehave Py = 1,P, =13,P; = | 0 13 2 | = 165, and P; = Pj;1. In addition, from
0 2 13

2M — E, we have
P =13P; 1 —4P 5, 3<i<].

So, when i = 4, we have Py = 13P; — 4P, > P;. Similarly, when 5 <i < |, we have
Pp>P_1>-->P>PD
Then, we have
Ppyy=P>P 1> >P>P>P>P >0
Hence, 2M — E is a positive definite matrix. O

Theorem 3. There is a u"+! € Z{) that satisfies the discrete scheme (18)~(20).

Proof. Suppose that w0, ut, .. u"land u" satisfy (18)—(20) for n < N — 1. Next, we prove
that there is a 1" that satisfies the discrete scheme (18)—(20).
Let g be an operator on Z{) defined by

2 T
g(v) = §A(v —u") +2(v —u") g 5+ TOs + 502 (021 + 0j + V1) + TOxxs (24)

3
where

1 00 --- 0 0 01 0o 0 0 0 0 07

171 -+ 00 0 1 00 0 0O

01 000 00 000

A: ,N: 12

0 0 O 7 10 0 0O 0 0O

0 0 0 1 1 0O 00 --- 001
L O 0 O 0 O ]_ | (]+1)><<]+1> L 0 O 0 O O 0 J (]+1)><(]+1)
(2]

01

o5

Obviously, g is continuous, A = M+ N, and (N v,v) = vov; +vj_1v; = 0. Let
Ao, A1, -+, As be the eigenvalues of M and let Amin = {Ag, A1, ,Aj}. Take the inner
product of (24) with v. By Lemma 1 and Lemma 3, we have



Mathematics 2021, 9, 1183 8 of 15

(5(0),0) = §(A0,0) = 3(AW,0) + 22 — 22(0s, )
> §(Mo,v) — 5[ Au*|| - ||o| +2||v,§x\| —2||2Uxx|| : ||u§2x\| ) 25)
> §(Aovf + -+ Ajo7) — gl Au" || = §llo]l* + loxel|” — [Jull
2Amin—1 2 2 2
> @mp=Ljo|? — §llAu|? — [|ut |
From Lemma 2, we can guarantee that 2A,j, — 1 > 0. Therefore, let
2 2
2Amin — 1
For allv € Z, we have (g(v), v) > 0. From Lemma 4, there is a v* = % eZz!

such that g( v*) = 0. So, there is a u" ! = 20* — " that satisfies the scheme (18)—(20). OJ

4. Some Prior Estimates for the Discrete Scheme

Lemma 6. Suppose that 1y € Hg [x1, x;]; then the solution of (3)—(5) satisfies

Jull <C, fluxl <C, ullo <C luxllo <C (27)

Proof. From (16), we have
[ull <C, [Juxll <C (28)

Then, by the Holder inequality and the Schwarz inequality, we obtain

2 Xr r Xr _ Xr
Juxl|” = fxl uxtxdx = utty[y) — [ uu;xdx = —2fx] Ullyydx 29)
< el - oaeel < 3 (el + loael )
Thus, ||uy|| < C. By the Sobolev inequality we have |[u|,, < C, |[ux|/, < C.O
Lemma 7. [Discrete Sobolev Inequality] [22]. There are two constants C1 and Cy such that
1470 < Caflu™[] + Coluz]l (30)
Lemma 8. Assume that u € Z9; then the solution of the discrete scheme (18)~(20) satisfies
[l < € "] < €, fludl] < € fJu oo < C flurllee < C. (31)
Proof. From (21) we have
[x]| < G [lu™]} < € (32)

By Lemma 1 and the Cauchy-Schwarz inequality, we obtain
2 1 2 2
Jaall® < Ml kel < 5 (lldkell® + ")) < €

Applying Lemma 7, we also obtain

[ oo < G JJuglloe < C
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5. Convergence and Stability of the Discrete Scheme

1
Let U;HZ = v(xj, t”+%) be the solution of (3)—(5). By substituting this into (18), we

obtain the truncation error of scheme (17)—(19)

1 1 1 1 1 1
Er}”z - ;(<U?+12>A+7<07+2>A+ <07112>A> + (v?+2> + (v;”?)
t t xxx Xxt b4 (33)

(3 (rh L oned el ntd
+3 <v]- ) ?J]-_l —i—vj —|—ZJ]-+1 + v
X

xXxx
. . . 7Z+% o 2 3
By Taylor expansion and Lagrange interpolation, we know that Er [ O(t* + ).

Theorem 4. Suppose uy € H3|x;, xr] and u(x,t) € C>3; then the numerical solution u’.‘ of scheme

(17)—(19) converges to the solution v of the initia Iboundary value problem (3)—(5) with order
O(t% + h3) by the norm || - ||,

1 1
Proof. Let e}1+2 = v]r.l+2

1 1 1 1
o0t =a(() (57 (6)) ().,
t f t xxxxt (34)

n+3 n+3 n+> n+3%
+(ej+2)A+ (ej+2) 7A+(<p(vj+2) - (p(u].h)).
X XXX

-

1
— u}” 2 and subtract (18) from (33); we then have

Computing the inner product of (34) with 2¢*2 (ie.e"™! +e"), we have

1 1 _ 7 12 1,n+1 2
(Ered 2emd) = Zjlentt)? + 2 2 ertentl — e - z T
1
+3 (e 1* - 1 ol ?) + (p"3) — gl ) 2ot ')
From Lemmas 6 and 7 and the Cauchy-Schwarz inequality, we obtain
(1) — g(ut1), 21
J-1 1 1 1 1 1 J-1 1 1 1
_ 2 n+s, +3 n+, n+5 n+s, 2 n+2 +3 n—+ n+s n+s,
= 3hj_l<v]1 +o; C 40, ) (v] )ﬁe] —|—3h]§1( -1 Tu ]+1>( j )Ae]
J-1 1 1 1 1 1 J—1 1 1
_ _g ?l+§ Tl+§ TZ‘FZ n+2 7l+7 Z n+§ +2 n—+ TZ‘FZ 7’!+§
= —%h L <e]1 T e, ) <vj )fz]' + 3h§l <uj1 Tupt gy >( j )Aej
j= b4 j= b4
J—1 1 1 1 1 1
2 7’l+§ Tl+§ 71+§ 71+§ n+j
1 1 1 1 1 J—1 1 1 1 1 1
2 n+s n+3 n+z n+s; nt; 2 n+s3 n+s3 n+z n+s; n+3
= 3h‘;1 (ejl —i—ej +ej+1 ) <v]. )Ae] 3h‘_ <uj1 —i—u] +u].+1 ) < j >Ae]
j= b4 j=1 £
1 1 1 J-1 1 1
< 2Ch2< n+2 + e?+2 + e?:lz ) e}Hz —I—%Ch <e}7+2) e;l+2
=1 £
sc(ne”“n Ll + 1e |+ ez )
In addition, we have
b gt . o2 le P+ e
(Erjn+7,2€n 7) _ (Er]-" 7,6n+ +en> < ||ET" 7” + 5 (37)
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Substituting (36) and (37) into (35), with Lemma 3, we have

2 2
Hw“u+%zw“ﬁf9ww—fz ey + e )" = el a8

< 7| Bt +CT(||6”“|| + e +||6”“|| + e )1? + el IIE”“H)

Let B" = Z|le"|* + %]il el .+ ||le || + ||e?||*. Obviously, B’ = 0. Then, (38) can
9 9 . i %41 xx xll - Yy, . ,
i=1

be rewritten as )
B~ B" < T|[Er ||+ Cr (B 4 B) (39)

When 7 is sufficiently small that 1 — Ct > 0, we have

n n—k 1 2
ek (BE) IR

n+1 - k (40)
<0+ 1) & (E&)

2
Bl < HCrpr g T |[ErtE | <

Then we have

B" < O*(72 + 1) Y Gfg)k <O+ 1) y <1+ 12CET)k <O+ 1)
k=1 k=1

That is, [|e"|| < O(7> + h?), |le?|| < O(t* + h3). Using Lemma 8, we have
el < O(7* + 1) (41)
Similarly, we can prove the following theorem.

Theorem 5. Under the conditions of Theorem 4, the solution u;? of discrete scheme (18)—(20) is
unconditionally stable by the norm || - ||

6. Uniqueness of the Numerical Solution

Theorem 6. The solution of the discrete scheme (18)-(20) is unique.

—_

Proof. We assume that u" and w" are two different solutions of (18)—(20). Let S?ﬂ =

1 1
n+x n+
! 2 - Uj 2. Then, we have

1 1 1 1 1 1
1((Sﬁf7> +7<Sfl+z) Jr(S;?J’_E) > +(Sr'H_?) +7<Sﬁ+z) * (Sﬁ+7>
9 -1 ). j R j+1 ) ] ] N ] —
£ t XXXt 2 xx% (42)

1 nt; ”*2 nty nty) 1 ”*% ”+2 n+ty nty) _
+3(wj ]1+w —|—w]+1 3\ Y ]1—|—u —|—u]+1 =0
X

By computing the inner product of (42) with 25"*2 (i.e.5"*1 + S™), we obtain

2 J-1 2
Zsm 12 + 3—’; T Sﬂ+15}?111 ~Z|s|R -2 2 S5 w

QmHW~4wmn) @@0_¢@@¢+):O
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Let Z" =4 711512 +3 2/ ): S;“S]nJrl + 118" |I* + |52 ||*; we know that Z%= 0. From (43)

we obtain
2t =z < cr (|8 ISP + 1S + | ) @
Similarly, while 1 —2Ct > 0, we have
M < (14p1)Z2" < - < (1+pT)"TZ0 =0 (45)

Hence, we have ||S"||*> = 0, where B =

2Cr This implies that u" = w". The
discrete scheme (18)—(20) is thus uniquely solvable

7. Results
7.1. Example

We consider the Rosenau-KdV equation
Ut + Usxxxt + Uy + Uty + Uy =0, (x,£) € [—40,40] x [0,10] (46)
with inijtial condition
u(x,0) = ( 3 /313 - 35)sech4[ LYoV 26x},x € [—40,40] (47)
312 24 24
and boundary conditions

u(—40, t) = u(40, £) = 0, uy(—40, t) = u,(40, t) =0, t € [0,10] (48)

The exact solution is given by

(35 35 4] V24313 - 26 11
u(x, t) = (312\/ﬁ—24> sech {24[9(— <2+26\/ﬁ)t]} (49)

7.2. Figures, Tables, and Schemes

We discretize the problem (46)—(48) using the numerical scheme (18)—(20).

From Figures 1-6, we can see that the numerical solution is consistent with the
exact solution.

0.6 T T
—— t=0,Numerical Solution
=0,True Solution
051 b
04r
Xo3f
=}
02r
01
0 . . ) | | . .
-40 -30 -20 -10 0 10 20 30 40

space x

Figure 1. Numerical solution and exact solution with h = t=1/4,t = 0.
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0.6 T T T T T

—— t=5,Numerical Solution
05 | t=5True Solution B

0.4

031

u(x,t)

021

0.1

space x

Figure 2. Numerical solution and exact solution with h = 7=1/4,t = 5.

0.6 T T

—— t=10,Numerical Solution
0.5 —— =10, True Solution

0.4

03

u(x,t)

0.2

0.1

space x

Figure 3. Numerical solution and exact solution with 1 = 7= 1/4, t = 10.

0.6 T T T

—— t=0,Numerical Solution

— t=0,True Solution
051

04

0.1

30 40

space x

Figure 4. Numerical solution and exact solution with h = t=1/8,t=0.
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0.6 T T T T T T

—— t=5,Numerical Solution
0.5 |——1t=5True Solution b

04r

u(x,t)

space x

Figure 5. Numerical solution and exact solution with h = t=1/8 ,t =5.

0_6 T T T T T T

——t=10,Numerical Solution
05+ —t=10,True Solution

04r

03r

u(x,t)

021

011

space X

Figure 6. Numerical solution and exact solution with 7 = t=1/8, t = 10.

In Table 1, the errors with various & and T are given. It is obvious that the
errors are reducing with decreasing h and 7. Hence, our discrete scheme is reasonable.
lle" (h, T)||/|le"(h/2, T/2)||and |[e"(h, T)||/|le"(h/2, T/2)||. are given in Table 2, which
interprets the convergence rates of the numerical scheme with various / and T and various
norms. From Table 3, we can see that the discrete E, is conservative. This property is
consistent with the original equation. The numerical experiment shows that our discrete
scheme is efficient.
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Table 1. The errors at different times with various h and T.

h=t=1/4

h=7=1/8

[l oo

[le”|

e oo

[le”|

2.31861708 x 104

1.23912354 x 103

5.80241511 x 10~°

438690718 x 104

4.68968494 x 10~*

2.46559087 x 1073

1.17406720 x 104

8.73135975 x 104

7.06502002 x 10~4

3.66896388 x 1073

1.77078291 x 104

1.30146495 x 103

9.33077015 x 10~%

484157574 x 1073

2.34850462 x 10~%

1.72786004 x 1073

t=2
t=4
t=6
t=8
t =10

1.14711186 x 103

5.97898965 x 1073

2.91676007 x 10~4

2.16772647 x 103

Table 2. The convergence rateswith various / and T and various norms.

lle" (i, T) ||/l " (12, T/2)]| le" (i, ) lloo/ lle™ (R12, T12) || o
t=h=1/2 t=h=1/4 T=h=1/8 T=h=1/2 T=h=1/4 T=h=1/8
t=2 — 2.81334134  2.82459484 — 3.98408169  3.99595175
t=4 — 2.81287147  2.82383379 — 3.96857153  3.99439224
t=6 — 2.81210118  2.81910310 — 3.98033046  3.98977197
t=38 — 2.81112183  2.80206476 — 3.96316463  3.97306867
t=10 — 2.81001148  2.75818454 — 3.97437701  3.93282902
Table 3. Discrete E, values at different times with various & and 7.
h=7=1/2 h=7=1/4 h=7=1/8

t=2 3.08675012 6.17349199 12.34697937

t=4 3.08676651 6.17350095 12.34698364

t=6 3.08679087 6.17351432 12.34698593

t=8 3.08681918 6.17352996 12.34696462

t=10 3.08684844 6.17354622 12.34685552

8. Conclusions

In this paper, a second-order implicit nonlinear discrete scheme for the Rosenau-KdV
equation is proposed via the multiple integral finite volume method (MIFVM). The discrete
scheme possesses the conservative property of the original equation. The solvability,
uniqueness, convergence, and unconditional stability of the scheme were demonstrated
in detail. Numerical experiments verified that the discrete scheme given by MIFVM
is effective.
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