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Abstract: We present and prove a triple sum series formula for the European call option price in a
market model where the underlying asset price is driven by a Variance Gamma process. In order to
obtain this formula, we present some concepts and properties of multidimensional complex analysis,
with particular emphasis on the multidimensional Jordan Lemma and the application of residue
calculus to a Mellin-Barnes integral representation in C3, for the call option price. Moreover, we
derive triple sum series formulas for some of the Greeks associated to the call option and we discuss
the numerical accuracy and convergence of the main pricing formula.

Keywords: Lévy processes; variance gamma process; multidimensional complex analysis; Mellin
transform; option pricing

1. Introduction

The pricing of financial derivatives, such as options, is one of the pivotal tasks of math-
ematical finance, yet it can be an arduous task to develop a model that is consistent with the
empirical evidence, soluble, and where its numerical estimation is neither erroneous nor
time consuming. One of the first attempts to solve this quandary was the Gaussian model
that was first introduced by Fischer Black and Myron Scholes in [1] and later expanded by
Robert Merton in [2], aptly named the Black-Scholes model, where the stochastic process
driving the underlying asset price is modeled by a geometric Brownian motion. Its simplic-
ity and the admission of a close formula for the option price are the main reasons why, to
this day, it remains the most frequently used model by market practitioners. Still, the model
fails to account for sudden price drops or increases that can be expressed as discontinuous
price jumps; moreover, it assumes the volatility to remain constant for changes in relation
to the strike price and time to maturity, contrary to the evidence derived from empirical
data and, furthermore, the distributions of asset returns have been shown to be negatively
skewed and exhibit fat-tails that are not captured by the symmetric Gaussian model.

The Black-Scholes model has been generalized in many ways. Let us mention two of
the most important classes of models used in these generalizations: stochastic volatility
models and jump models (see [3]). The model that we consider in this paper is a particular
jump model, which assumes that the underlying asset price dynamics are described by
a Lévy Process, namely the Variance Gamma process, which was first proposed by Dilip
Madan and Eugene Seneta in [4]. The descriptive power of models that are based on Lévy
processes for accurately portraying financial markets (not displaying the aforementioned
problems that are present in the Black-Scholes model) has been known since the works of
Benoit Mandelbrot [5] and Eugene Fama [3], and they have been gaining traction in recent
decades with the advent of technology and computer development. Yet, the Black-Scholes
model remains mostly ubiquitous. The main reason for this state of affairs is that pricing
models that are based on Lévy processes admit, at best, a closed pricing formula for some
particular cases, but, in general, prices must be computed by numerical simulation.

Mathematics 2021, 9, 1143. https://doi.org/10.3390/math9101143

https://www.mdpi.com/journal /mathematics


https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-5307-7170
https://www.mdpi.com/article/10.3390/math9101143?type=check_update&version=1
https://doi.org/10.3390/math9101143
https://doi.org/10.3390/math9101143
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/math9101143
https://www.mdpi.com/journal/mathematics

Mathematics 2021, 9, 1143

2 0f 29

Several authors have studied the problem of option pricing under the Variance Gamma
model. Let us highlight some important contributions. In [6], the authors obtain a closed
form formula for the price of a European call option. This formula involves the evaluation
of a modified Bessel function and a degenerate Hypergeometric function. A numerical
method for option pricing based on Fourier Transform and Fast Fourier Transform was
proposed in [7] and a method based on the Fourier-cosine series was proposed in [8].
An alternative numerical approach to the problem is based on the development of finite
difference schemes for obtaining the solution of the partial integro-differential equation
(PIDE) for the option pricing function (see, for instance, [9]). A multinomial method for
option pricing of European and American options under the Variance Gamma model was
also proposed and discussed in [10].

In recent years, a different approach has been undertaken directed at a-stable Lévy
processes (see [11]), which include: the discovery of the conditions for guaranteeing the
existence of a martingale measure, which was carried out by Peter Carr and Liuren Wu
in [12]; the representation of the Green function (the fundamental solution to the space—
time fractional diffusion equation) by a Mellin-Barnes integral of a Gamma fraction, which
was done by Rudolf Gorenflo and Francesco Mainardi, among others (see [13-16] for more
details); and, the discovery that, under certain conditions, Residue Calculus can be applied
to a Mellin-Barnes integral of a Gamma fraction, converting it into a multiple sum series,
by Mikael Passare, August Tsikh, and Oleg Zhadanov in [17-19]. Let us briefly describe
why the Mellin—Barnes integral is important when studying the space-time fractional
diffusion equation (which generalizes the standard diffusion equation by replacing the
usual derivatives with fractional derivatives). The fundamental solution or Green function
of the fractional diffusion equation can be represented as a spatial density probability
function that is time dependent. After applying the Mellin transform to this Green function,
one obtains a Mellin—Barnes integral of Gamma functions in the complex plane. This
Mellin-Barnes integral can be evaluated using the residues theorem and represented by
a convergent series (for more details, see [13]). Finally, Jean-Phillipe Aguilar, Cyril Coste,
and Jan Korbel used the Green function to express the price of a European option as a
Mellin—Barnes integral in their works [20-22], and they were able to arrive at a double series
representation for the European call option price by applying the previously mentioned
results that were developed by Passare et al.

The main novelty and major contribution of the present study is that we obtain
and prove a Mellin—Barnes integral representation and the associated triple residue sum
formulas for European option prices and Greek functions, by using three-dimensional
complex analysis in C3 and considering the Variance Gamma model for the dynamics of
the underlying risky asset. We also confirmed the viability and accuracy of the formula
obtained by using numerical tests on real option data. Note that, in [20-22], a similar
approach was applied to the time-fractional diffusion and the particular case of the finite
moment Lévy stable model. However, in these papers, only two-dimensional complex
analysis in C2 was required and a double residue sum formula was obtained. Let us also
note that, in [4], the authors introduce the Variance Gamma model for option pricing, but
they use a very different approach for the calculation of the option price: the traditional
risk neutral valuation formula and numerical integration techniques, when considering
the probability density function of the Variance Gamma distribution.

The organization of the paper follows below. In Section 2, we will introduce prelimi-
nary concepts, such as the multidimensional Residue Theory and Mellin-Barnes integral,
and discuss some of their properties. In Section 3, we present the option pricing problem
and prove the representation of the triple Mellin—Barnes Integral for the option price. In
Section 4, we present the main results of the paper. By applying residue calculus, we
derive the triple series representation for the European call option price under the Variance
Gamma model and the subsequent Greek functions. In Section 5, taking advantage of the
data presented in [23], we test the accuracy of the Variance Gamma formula and its Greeks.
The last section is dedicated to some concluding remarks.



Mathematics 2021, 9, 1143

30f29

2. Preliminary Theory
2.1. Multidimensional Residue Calculus

We start by enumerating, without proving, some of the definitions and results of
multidimensional complex analysis. A more in-depth theoretical introduction to multidi-
mensional complex analysis can be found in the textbooks [24,25].

Definition 1 (Grothendieck Residue). Let h and f;, for any index i € {1,...,n}, be functions
in C", where h is holomorphic. Consider the meromorphic differential n-form

w =

MRz e n L A den, Q)
n(z)

fi@).-.

which has the singularities D; = {z € C : fj(z) = 0}, such that the intersection (;_; Dj is
discrete. The Grothendieck residue on a singularity a € ﬂ?:l D;j is defined as

1
Res,w = W /a w, (2)

where C; = {z € U, : |fi(z)| = €,j = 1,...,n} is a cycle in a small neighborhood U, of the
singularity a with the orientation d(arg fi) A ... Ad(arg f,) > 0.

Before proceeding we will formalize the concept of a multidimensional polyhedron in
C". The two following definitions will underpin most of the theorems from Sections 2 and 3.

Definition 2 (Polyhedron). Consider a proper (the inverse images of a compact set are compact)
holomorphic map g : C" — G where G = Gy X ... x Gy is a domain (connected open subset of a
finite-dimensional vector space) where, for each j =1,...,n, G; C Cis a domain with piecewise
smooth boundary. We define a polyhedron 11 as the inverse image

1:=¢7'(G), ®)
and for a multi-index K = {kq,.. ., k,} C {1,...,n} we define the polyhedron’s faces as
ok = {z: g(z) € 9Gy fork € K, gj(z) € Gjforj € KC}. 4)

Definition 3 (Compatible divisors). Consider the polyhedron 11 and the family of divisors
{Di}icqa,..,n), they are said to be compatible if for any i € {1,...,n} we get

o; N D,‘ =Q. (5)

Analogously to the one dimensional integral on the real axis, we may want to compute
anintegral [ w where w is the meromorphic form (1) and ¢ is the boundary of a polyhedron
I1. For an unbounded polyhedron we need the integrand to vanish as it goes to infinity. To
achieve this goal let us introduce the auxiliary functions

2
o= /il
PR

where || f||* = |f1|*+. ..+ |fa|*. Using the functions (6) we define the differential (1, p — 1)-
forms as

foranyje {1,...n}, (6)

& =Y (-1 1301 A w, 7)
j€T



Mathematics 2021, 9, 1143

4 0f29

where | = {11, .. "jS},C {1,...,n}, for 1 <'s < n,is a multi-index, (j, ]) is the position of j
in set ] and dp;[j] = dpj; A...[j]... A 9},. We now define the multidimensional condition
analogous to limg 0 [5 f(2z)dz = 0.

Definition 4 (Jordan condition). Consider the sphere Sg = {z € ¢ : ||z|| = R}, where
0 = 012,y is the boundary of the polyhedron I1. A differential form Gy satisfies the Jordan condition
on face oyo, with J° = {1,...,n} \ ], if exists a sequence of positive real numbers Ry that goes to
infinity, such that

lim g =0. (8)

k—oc0 Sr,Nopo

Note that, for n = 1, there exists only one form ¢ = w and thus the condition (8) corre-
sponds to the unidimensional condition lim; . [ s, f(2)dz = 0. For the multidimensional
case, consider the set N = {z € C" : ||f(z)|| = 0} = N/ D;. Thus, we have the following
theorem, which allows us to compute the integral of the meromorphic form (1) on the
boundary of the polyhedron as a sum of residues, and it is the main theoretical tool used in
the proof of Theorem 2.

Theorem 1 (The Jordan Lemma). Let w be a meromorphic form with the polar divisors
{Di}ic (1,...n} compatible with polyhedron I1. If, for every multi-index ], the differential form
Gy satisfies the Jordan condition on oo, then we get

/w: (2mi)" 2 Res,w )

aeNNIT
The Jordan’s Lemma proof can be found in [17].

2.2. One-Dimensional Mellin—Barnes Integral

We will start by presenting, without proof, some basic concepts and properties for the
one-dimensional Mellin—-Barnes integral. For a more in depth look at Fourier, Laplace, and
Mellin Transforms, as well as their corresponding properties, we recommend the book [26].

Definition 5 (Mellin-Barnes Integral). The Mellin—Barnes Integral is given by a ratio of products
of Gamma functions of linear arguments

~y+ico m T(a; b;
o(t) : 1 /“f* ijl (”]Z+ ])

= t_ZdZ, 10
2711 Joy—ico Hlf:l r(CkZ + dk) 10)

where its characteristic quantity, A, is defined by
m p
A=) aj— ) c (11)
‘ 1

]:1 k=

Before proceeding, let us state the Stirling’s approximation of the gamma function
(see [27])

[(z) = V2rz*~ V2720 (1 + 1) ——— V2 V2R (12)

z |z] =00
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Equipped with this expression, one can easily see how A governs the behavior of the
ratio of Gammas as |z| — oo, and, therefore, which residues, of the singularities to the left
or right of the J(z) = 0 strip, one will sum to compute the integral (10):

[TL Tajz+by) \ | _ .
R = |t fA>0
é}e(sz):<'y o (1'[,’:1 T exz-+di) ne =
d(t) = " " (13)
— Y Res IT%, Tajz+b)) +—5n ifA <0
%(S;z)>')/ o Hlf:l r(ckz+dk) '

For example, one can express an exponential term e* as the Mellin-Barnes integral

y+ico
2, x" dt
I (14)
y—ico

where v > 0.

2.3. Three-Dimensional Mellin-Barnes Integral

In this subsection, similarly to what we did previously for the unidimensional case, we
will present the triple Mellin-Barnes integral and deduce its formula as a sum of residues,
which will be crucial when proving the main result of this paper. In order to achieve this,
let us first consider its integral form

1 H F(ajlzl + ajzzz + ﬂ]'3Z3 + b])
() = — / s FAERE Bz Ndzy Nz, (15)
y+ird I T(crz1 + croz2 + c3z3 + d))

Henceforth, for brevity, we will denote the three-form integrand of (15) by w. Its zeroes

will be the complex planes L}’ ={(z1,22,23) € C3: ajz1 +apzy +apzs +bj = —v}, forany
veNandje {1,...,m}, which represent each singularity given by the gamma functions
ajl
present in the numerator of the form w. We will also denote the vectors a; = |ap|,
a]'3
a1
¢, = |ax | and, most importantly, define the characteristic vector as
ax3
m r
A= Zﬂj— ng' (16)
j=1 k=1

Suppose that A is a non-zero vector. In this case, we can define the plane P, where
its real part intersects the point v and has A as its normal vector, i.e., Py := {z e C3:
R((A,z)) = R((A, 7))}, and thereupon we can define the admissible-polyhedra, I1,, as the
real volume “below” Py, i.e., I1x := {z € C3: R({A,z))) < R((A, 7))}

Taking all of these previous demarcations into account, we can construct an admissible
polyhedron IT C T15, which will be uniquely defined by the linear function g : C> — G,
where IT = ¢71(G) and

8(z) = |m| (R(z) —7) +i3(2), (17)
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0’1:{26((:31
(%) ::{Z € (ﬁ
03 ::{Z € (ﬁ

with the image G = {z € C3 : R(z1) > 0,R(z2) > 0,R(z3) > 0}, i.e the first octant.
From (17), we can ascertain that its only vertex is 07 » 3 = <y and that n, np, and n3 are the
normal vectors of the faces 01, 03, and o3 of the polyhedron:

R((n1,2)) = R((m,2)), R((n2,2)) = R({n2,2)), R((n3,2)) > R({n3,2))}, (18)
R((n1,2)) = R((m,2)), R((n2,2)) = R({n2,2)), R((n3,2)) = R({n3,2)) }, (19)
R((n1,2)) = R((m1,2)), R((n2,2)) > R((n2,2)), R((n3,2)) = R({n3,2))}. (20)

If the polyhedron was providently constructed, then we can balkanize the singularities,
L}/, into three distinct sets, such that they are compatible with the polyhedron, i.e.:

— v — v _ v
D= {J L, D= | L, D= U L (21)
je{1,...m} je{1,...,m} je{1,...m}
veN veN veN
L}/ﬁ(ﬁ:@ L}/ﬁ0'2:® L}‘/ﬁﬂ':;:@

Theorem 2 (Residue formula for the Triple Mellin—Barnes integral). Let w be the three-
form integrand of (15) with the characteristic vector A # 0 and divisors D1, Dy, and D3, as
defined in (21), being compatible with the admissible polyhedron 11 C I1a. Subsequently, the sum
formula holds:

1 n
. / w= Y Resw, 22)
teIINDyND>ND3

where the series on the right-hand side converges absolutely for any t € U, for U, defined as,
U={tec(C\0)}:|argt;| < 7, |argts| < 71, |argt3| < 7, |largt|| < (7/2)a} (23)

and « is a constant that is given by,

YES

=

j=1

m p
o= min< 1<aj,y>|—2|<cj,y>|>, (24)

where S; = {y € R3 : |y| = 1} is the unit sphere in R3.
For a proof of Theorem 2, please see Appendix A.

3. Option Pricing Driven by a Variance Gamma Process

Equipped with the results of the previous section, we will now center our attention on
deducing the main result of this paper, the formula for the price of a European call option
under the Variance Gamma model. Similar to the derivation presented in [20], we will
arrive at this result in two steps. First, we will derive the Mellin-Barnes representation for
the aforementioned call option price and, secondly, we will use residue calculus to derive
the triple sum series formula.

3.1. Mellin—Barnes Representation for a Call Option

Before introducing the call option price, let us recall that we can define the Variance
Gamma process as the difference between two independent gamma processes (see [6]),

Xye(T;C,G, M) = GL — G2, (25)
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where T is the time variable, G1 ~ Gamma(Ct,1/M) and G2 ~ Gamma(Ct,1/G) with
parameters C > 0, M > 0, and G > 0. The probability density function of a gamma process
G ~ Gamma(w, B) is given by

fo(ap)(x) = r'[(sa)xaleﬁx- (26)

Under these definitions, one can, by direct computation, easily arrive at the character-
istic function for the variance gamma process Xy (7;C, G, M),

MG —Ct
[MG—i—iu(M—G)—i—uz ’

Pvc(n,TC,G, M) = E[eXve(rCaM ] — (27)
where u € R is the main variable of the characteristic function and 7 is the time variable.
Let us now briefly discuss the standard problem of option pricing. For more details
about this problem, we refer to [28]. Consider that we have an underlying risky asset with
price process denoted by the stochastic process {S t}tejo,1) where T denotes the maturity
of the European option that we want to evaluate. In our market model, we assume that
the continuously compounded risk-free interest rate is denoted by the parameter r and
q represents the dividend yield. In the standard Black-Scholes model, it is well known
that the market is arbitrage-free and complete. Moreover, we know from the fundamental
theorems of asset pricing that an equivalent martingale measure or risk-neutral measure
Q exists if and only if the market is arbitrage-free, and the measure Q is unique if and
only if the market is complete. Therefore, under the standard Black-Scholes model, the
equivalent martingale measure Q exists and it is unique. The measure Q is equivalent to

the real (physical) probability measure P and the process {Ste_(r_q)t }t 0] is a martingale
€l0,

under Q. The underlying risky asset price at time T, under the measure Q, is given by
. Q
Sy = ste(’ 1= )”BT, (28)

where T =T — t and 89 is a standard Brownian motion under measure Q.

When considering Lévy Processes (like the Variance Gamma process), the market
is, in general, incomplete and many equivalent martingale measures exist. Using the
mean correcting martingale measure is one standard way to choose just one equivalent
martingale measure. Under this particular measure, in the market model that is driven by
the Variance Gamma process, we have that the risky asset price at time T is given by

ST — Ste(r—q)T—MT-i-XVG(T;C,G,M)’ (29)

where y := log(¢vs(—i,1;,C, G, M)) is the mean correcting parameter. For more details on
the mean correcting martingale measure and the mean correcting parameter, see Chapter 6
of [23]. Let us recall that a European call option with maturity T and strike price K > 0
is a contract that gives the buyer of the contract the right, but not the obligation, to buy
the underlying risky asset at time T by the price K. The payoff of the call option is given
by (St — K)". Using the well-known risk-neutral valuation formula for option pricing,
we can write the price at time t of a European call option with maturity T and strike price
K > 0 as the discounted expected value

C(S,K,r,q,7) = e‘”EQ[(Se(’_q)T_VHXVG(T"C'G'M) - K], (30)

where the variables are the underlying risky asset price at time ¢ (denoted by S = 5;), the
strike price of the option K, the risk-free interest rate r, the dividend yield g, and the time
until maturity T = T — ¢.
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Using the notation introduced in the previous paragraphs, we can now state and
derive the Mellin—Barnes integral representation in C® for the European call option price
under the Variance Gamma model.

Proposition 1 (The Mellin—Barnes representation for a Call Option under Variance Gamma).
Let us denote [log] := log ¢ + (r — q)T — ut, where p = log(pyc(—i, 1;C, G, M)). Consider
the polyhedra Py, Py C C®, which is defined by
Pi={zeC:0<RN(z) <1, 0< RN(22),0 < R(z3) < Cr,
R(z1) + R(z2) + R(z3) > 1+2C7}, (31)
Pi={zeC®:0<R(z1) <1, 0< R(z) < Ct, 0 < R(z3) < Ct}. (32)

Subsequently, the price of a European call option that is driven by the Variance Gamma process is
given by the formula

GM CT —rT
Cve(S, K, 1,q,7) = (I-(C).L.)(IVG(S K, 7,4,7) + Ljog=0ly (S, K, 1,4,7))  (33)

where, for any ¢, € Py and ¢y, € P, we define I‘l,G and I%G by

L T(OT(t)T (8 )T(1 = DT(CT — £, )T(—1 = 2CT + £ + b + £)
To(S,Korq7) = / (=0~ — r(1 “Cry ®) —
¢ +iR3
dt
x Mt Gt (—[log]) 20Tttty %A%AT;{ (34)
L T(OT(L)T ()T — HT(CT — E)T(CT — 1)
To(s,Krgm) = [ (-
¢ +iR3 v
X MG log 20Tttty ALt Ay (35)

27t 2w 2’

Proof. For the mean correcting martingale measure Q, the price of a European Call Option
under the Variance Gamma process (25) is given by (see (30))

Cve(S,K,7,q,7) = ¢ TEV[(S — K)*]
ﬂ’fEQ[(Se( Q) T—ut+Xyg(t,C,.GM) _ K)+]

—rT oo e (r—q)tT—pt+x—y +
A ANE —K)* g6 (1)gca (v)exdy
+00 +o0 +
= Kefrr/o /O (e[long*y - 1) 8c1(x)8c2 (y)dx dy. (36)

By definition, G} ~ Gamma(Ct,1/M) and G2 ~ Gamma(Ct,1/G); hence from (26),

their probability density functions are given, respectively, by g.:1 (x) = M xCr—1p—Mx

T(CT)

Ct 1
and g2 (y) = T((;CT) YT 1e=CY, Thus,
CTp—1T 4o +
Cval(S,K,r,q,7) = GM / / e[log +x—y _ ) xCT—le—MxyCT—le—Gydx dy. (37)

In order for the term (e“OgH"_y —1)" to be different from zero, we must have
y < x + [log]. Additionally, notice that, by definition, both x and y are non-negative; hence,
the values for which the integrand in (37) is not zero are given by the set {(x,y) € R? :
—[log] < x, y < x+ [log]}, with the removal of the values in the set {(x,y) € R? : —[log] <
x <0,y < x+ [log]} for the cases where [log] > 0. Thus, Cy can be expressed as the sum
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(GM)CT —rT

Cyc(S,K,1,q,7) = T (Cr)

(Ivg (S, K,7,4,7) + Ljog 0Lt (S, K 1,q,7)) - (38)
where I - and IZ . are given by
ILo(S, K r,q,T / o / “Hlog] ¢ loglex—y 1) KOl My Sl Grgy 4 (39)
IZc(S,K,1,q,7) = — / log /H[log] (e[k’g]”_y - 1)xCT_1e_M"yCT_1e_Gydy dx. (40)

By the Mellin-Barnes representation of the exponential that is given by Equation (14),

—Mx

c11 .
forc; = [ 1 ] where c11, c1p < 0, we can represent both terms e and e~ Y as the inte-
C12

_t, dty
grals [ Cillljlz [(tx )M frx—t s and | Cilzztlg (ty)G~lvx~lv 2L respectively. Implementing

these new representations on the integral of Equation (39) results in
Lo (S,K,1,q,7) = / T ()T (k)M 5 G
E]ﬂ(’iRz

x+ log 10 dt, dt
llog]+x—y _ 1Y, Ct—1-ty g, ,CT-1-ts g, L2 77U 41
/ [log] / >y ayx X 27i 27 ( )

Applying integration by parts over the y variable to Equation (41) produces

r(tx) ( ) (CT —ty +log] [log]+x y,,CT—t Ct—1—t, dty dty
/ F(Crfterl ¢ /log/ ymdyx dem 2mi’ (42)

glJ}iRZ

The Mellin-Barnes exponential representation for ell°8/+*~V is given by the integral
fC13 +ico

C]37i00

T'(t)([log] +x—y)~ t;jfn, where c13 < 0. This substitution of terms in (42) will yield

MG

/ (_1)7tr(t)r(tx)r(t]/)r(cr B ty)
[(Ct—t,+1)
£1+iR3
dt dt, dt,

x+{log] —t, Ct—ty 7. CT—1—t
/ g /0 (log] +x —y)'y~""vdy x dxﬁﬁ%’ (43)

11
where ¢; was extended to the third dimension, ie., ¢; = [cu]. For the integral

€13
fOleOg] ([log] + x —y)~'yC™"tvdy in (43), consider the variable change y := ([log] 4 x)s.
This change of variables will result in the expression

[log] b Coeto g 1icrtp, T =HT(CT —t, +1)
/0 ([log] +x —y)'y="vdy = ([log] + x) v TZ+cr—i-1,) (44)

Replacing (44), in the original integral (43) we obtain

[ (o TR Tt
F2+Ct—t—ty)
Q]‘HRS
+00 dt dt. dt,
14+CT—t—ty , CT—1—ty x Yy
x/_[log]([log]+X) ' ax 27ti 27wi 27 #5)
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Similarly, for the integral [ jlog] ([log] + x)1+CT 1=ty xCT=1=t gy in (45), consider the

variable change x := [log]L. This exchange will result in

+o0
/ . ]([log] + x)l—i—CT—t—tyxCT—l—txdx

—[log
_ (— flog]) ST+t t T(2+CT—t—t,)T(=1—2CT +t+ty +1,)

I'(1-Ct+ty)

. (46)

By replacing (46) on the integral (45) and subsequntly inserting the resulting term on
the original expression (39), we finally obtain Formula (34). This integral converges if all
of the arguments of the Gamma functions in the numerator are positive. This happens
when R(t), R(ty), R(t,) >0, N(t) <1, R(ty) < Ct,and RN(t) + RN(ty) + RN(t,) >2CT+1,
ie., %(t) € Py.

Conversely, we can charter the same steps for the integral (40) of I3 that we did
for (39) of I},; apply the Mellin—Barnes representation of the exponential term to both
e~M* and e~ C¥. Subsequently, use integration by parts over the variable y, and again apply
the Mellin-Barnes representation of ell°81+*~¥, and finally apply the change of variables
x := ([log] + x)s, in order to obtain

/ (_1)14F(f)F(tx)F(ty)F(l — HT(CT — ty)

—te —ty
T2+ Cr_f—1,) M6

oy +iR?
L dty

0
1 1+C'r—t—ty Ct—1—ty )
- [[1og] (llog] +x) * X i 27ti 2

(47)
Notice that the integral (47) is simply the expression (45), with the difference that the
variable x in the integral | 0 llog] ([log] + x)1 Tty xCT=1-t gy ranges between — [log] and

0 instead of —[log]| and +oo. Therefore, for this case, we will apply the variable change
x := —[log]s, which will result in

/0[ ]([log] + x)1+CT7t7tyxCT717txdx —_ [log]lﬂLZCT*f*fx*ty(_1)1+CT*tx
—[log

T(2+CT —t — £,)T(CT — £)

4
T(2+2CT —t—tx — L) #8)

Replacing (48) on the integral (47) and subsequently implanting the resulting expres-
sion, we obtain Formula (35). This integral formula converges if all of the arguments of the
Gamma functions in the numerator are positive. This happens when (), R(tx), %(t,) > 0,
R(t) <1,and R(ty), R(ty) < Ct,ie, N(t) € P. O

3.2. Residue Summation Formula for a Call Option

Now, we will state and prove the main result of this paper: the triple representation
formula for the European call option under the Variance Gamma model.

Theorem 3 (European Call Option Price under the Variance Gamma Process). The price
for the European Call-Option under the Variance Gamma process Xy (T; C, G, M) is given by
the formula

K(GM)CTefrT

CVG(S/K,V/‘%T) = F(CT)2

(C%/G(S, K,r,q,7)+ C%,G(S,K, r,q,T)

+ Lo >0Cyc(S, K, 1,q,7)),  (49)
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where C,, C3 - and C3, are defined by

> Ir(Ct+m'(-1-2Ct—k—n—m)
1 o _1\n+m
Cyg (S, K 1q,7) = 1?;;)( 1) n!m!T(1—Ct —n)
e
% MnGm(_[logD1+2CT+k+n+m’ (50)
ad F(CT+m)F(1 —|—2CT+k—n+m) —1-2CT—k+n—
Cye(S.Krq1) =Y (-1)" MITECTR G log], (51
ve( r4,7) kg%)( ) nmT(24+Ct+k—n+m) [log]", (51)
iz
> I'(Ct+n)I[(Ct+m)
3 o _1\Ct+m ne~m 1+2Ct+k+n+m
Crg(S K q,7) = kg%)( R n!m!F(2+2CT+k+n+m)M G [log] ‘ (52)
n=0
m=0

Proof. The Formula (34) for I‘l/G can be written as

Iyg(S, K 1,q,7) = / wye (53)
C1 +iR3
c11
where ¢ is a three-dimensional point |c12| € P and wl,; is a complex differential three-
€13

form that is defined by

1 L T(OT(t)T(ty)T(1 = )T (CT — t)T(—=1 = 2CT + t + £ + 1)
wye = (1) T(1—Ct +ty)

dtdt dt
MGt (=l 14+2CT -ttty 40 x X 4
. (=[log]) i Mo Mo OY
1
By (16), we can compute the characteristic vector of wj as A = |1, and then use
1

it to constrict the values of ¢ to the space where convergence is obtained, i.e., R(ty) <
c1+ca +c3 — R(t) — R(ty). Thus, the admissible half-space Iy, is the space that is located
under this plane,

Ty, = {; € C3: R(tx) < o1+ 02403 — R(t) — &e(ty)}. (55)

Given the half-space ITj, that is defined by (55), we will now construct an admissible
polyhedron IT; = ¢! := ¢;(G), as in the case (17), where G is the first octant, which will

be uniquely defined by the linear function
R(t) —c1 (1)
R(ty) — 2| +i|S(te) . (56)

-1 0 0
gi(t) = [ 0 0 -1 (
§R(ty) —a %(ty)

-1 -1 -1

Under the linear function (56), the polyhedron I'l; will be admissible, which is,

L ={te 3. R(t) <c1, R(ty) < ez, N(t) + R(tx) +R(ty) < c1+co+c3} CIy,, (57)
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and its faces (711, (721, and (731 and vertex 031,2/3} will be

of = {t€CO:R(t) = c1, R(ty) <3 R(E) + R(tx) + R(ty) < o1+ 02 +c3}, (58)

o3 = {te C*: R(t) <c1, R(ty) = c3,R(t) + R(tx) + R(ty) < c14+ 2 +c3}, (59)

o3 ={teC:R(t) <cy, (fy) < caR(t) + R(tx) + R(ty) = c1 +ca+ ez}, (60)

‘7{123} ={teC:R(t) = R(ty) = c3, R(t) + R(tx) + R(ty) = c1 +c2+ ez} =c. (61)

Finally, we can group (where we used the notation t = (t, t, ty)) into three families

Di={teC3: tez}, (62)
:{tEC‘g:ty:—n\/CT—ty:—n,f’ZEN}, (63)
Dy={teC®: ty=-nV —1-Ct+t+t+t,=—n neN}, (64)

that are compatible with the polyhedron I1;, i.e., (711 N D% =Q, (721 N D% =@, and (731 N D% =Q,
thus verifying all of the conditions needed to apply Theorem 2. Note that this theorem is
a version of the Jordan Lemma (Theorem 1) that allows us to represent the integral (53),
which is an integral that appears in the formula for the call option price (33), as a sum of
residues of the complex differential three-form w%,G in (54).

Before applying the residue summation, notice that the form w?, - can be considered
as having two sets of discontinuity points under the polyhedron I1;; the first set is defined
as Sy :={te C3:t= —k ty = —n, ty = —m, (k,n,m) € N3}, which represents the
singularity points that are given by the functions I'(t), I'(t,), and I'(t, ), and the second set
isdefinedas Sy :={t € C3:t=—k, t, =—m, —1-2CT+t+tx+t,=—n, (knm)ec
N3}, which represents the discontinuity points that are given by the functions T'(t), T (ty)
and T(—1 — 2Ctt + ty + 1)

Given this delineated partition, we can now express equation (53) as

Iyc = Cvc + Che, (65)
where we define the terms Ci, and C% ., respectively, by

Clg:= ) Resswyc, Cio = ) Resswy/q. (66)

s€Sy s€Sy

The computation of the residues for the first set S; present in the first series C%,G of (66)
is straightforward

Res(—k,—n,—m)w%/c = (=1)mm F(CT‘*"Z')mEr(ll 2C(;Ttlk)+"+m) MG (— [log])1+2CT+k+l’l+m. (67)
Embedding the result (67) on the first equation of (66) will produce the sum For-
mula (50). On the other hand, for the computation of the residues of the set S, presented
in the second series of (66), let us consider the variable change u := t, u, := t,, and
uy := —1—2Ct +t +ty + t,. If we apply these variables changes to the expression (54),
the form a)‘l/G will be written as

C(u)[(142CT — u + 1y — uy)T(uy )T (1 — u)T(CT — 1y )T (uy)
[(2+Ct—u+uy +uy)
du duy duy

M7172Cr+u7ux+uy —uy(_[] —Uy "7 — 7.
X G (~[log]) 2mi 2w 27

(68)

Subsequently, the residues of the second series C2 - in (66) are given by

r(1+2Ct+k I'(C
Res(—k,—n,—m)w%/c 7( 1)n+m (qu'f;;_i_ciﬂ:z) n(+:nj)Lm)M 1-2Ct—k+n— me( [logbn. (69)
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Replacing (69) on the second equation of (66) will yield the sum Formula (51).
Analogously to what we did for I}, ., the expression (35) of IZ; can be written as

2 2
2. (S,K,1,q,7) = / wle, (70)
Cz+iR
€21
where ¢, is a three-dimensional point |cy; | € P, and w‘z/c is a complex differential three-
€23

form defined by

coot—t, LT (t)T(ty)T(1 — 1)T(CT — £)I(CT — 1)
/ T(2+2CT—t—t — 1)

wie = (=1)

dt  dt, dt
7tx *ty - 1 l+2CT?t7tx7ty _— X o . 71
x M '*G™t (—[log]) i o o @)

Just like in the previous case, we use (16) to compute the characteristic vector of w%/c

1
as Ay = [1 , and then use it to determine the set for t where convergence is achieved, i.e.,

1
R(tx) < c1 +cp+c3—RN(t) — RN(ty). Thus, we conclude that the admissible half-space ITx,
is located under this plane,

M, = {t € C: R(t) < +e1 +r+ 3= R() — R(ty) |- (72)

Similarly to what we did for I, , given the expression (72) for I1,,, we will now
construct an admissible polyhedron I, = 0% := g, 1(G), as in the case (17), where G is the
first octant and g» is the linear function

g2(t) = —I(R(t) — c2) +i3(t), (73)

where [ is the identity matrix. Under the linear function prescribed in (73), the polyhedron
I, will be admissible,

I, := {; € CP:R(t) < ca1, R(tx) < e, R(ty) < 623} C Iy,, (74)
and its faces (712, 0'22, and 0'32 and vertex (7%1,2,3} will be
o? = {t € CP i R(t) = co1, R(tx) <, R(ty) < C23}r (75)
03 = {teC i R(t) = 0, R(E) < o, R(k) S e, (76)
0 = {teC R(ty) = ez, R(1) <z, R(te) < em ), (77)
oy = {LECP R = ca1, R(k) = 20, R(ty) =3} = o (78)
Finally, we will group the divisors of w? into three sets:

D?={teC®: tcZ}, (79)

D%={£€C3:tx:—n\/CT—txz—n,nEN}, (80)

D§:{£6C3:ty:—n\/CT—ty:—n,nEN}. (81)

that are compatible with polyhedron I, C Il,,, ie., (712 ND; = @, 022 N D, = @, and
0% N D3 = @, thus satisfying all of the conditions needed to apply Theorem 2.
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Unlike the w}, case, the form w? . under the polyhedron II, has only one set of
residues S3 = {t € C3 : t = —k, t, = —n, ty = —m, (k,n,m) € N3} that result from the
functions I'(t), T'(tx), and I'(t,). Therefore, Equation (35) can be expressed as

I =Che =Y Resswig. (82)
s€S3

The computation of the residues of set S3 in the series of (82) is straightforward:

(71)C1+m r(CT + H)F(CT + m) M G™ (7 [lOg})l+2CT+k+n+m. (83)

R Yo =
S (—k=n,—m) VG nm!T (2 +2CT + k+n +m)

Swapping the term in (83) with Equation (82) will yield the sum Formula (52). Because
the derived expressions (50), (51), and (52) ascertain the equalities I%,G = C%,G + C‘Z,G and
I‘z,G = C%,G, this, in turn, proves expression (49). O

The price formula for the European call option that is given by the expression (49)
entails an easily derivable price for the European put option through the use of Put-
Call parity:

Pyc(S,K,7,q,T) = Cyc(S,K,7,9,7T) — S(1 — e~ 108 % ~(r=0)7), (84)

3.3. The Greeks

Given the simple formula for the European call option deduced previously, one may
inquire about the availability of an equally simple measure for risk exposure. The Greeks
quantify the sensibility of the option price to changes in the model parameters. In this
section, we will show the existence of a series of formulas for the A, T, p, and ® functions,
which will be obtained by a differentiation of (49) on the appropriate parameter.

Theorem 4 (The Greeks). The delta, gamma, rho, and theta functions for a European option under
the Variance Gamma process Xy (t;C, G, M) are given by:

®  Delta is defined as Ac := g—g, hence:
K(GM)CTe '™ &
W k;) A+ A+ ]1[10g]>0A3, (85)

n=0
m=0

Ac(S,K,r,q,7) =

where A1, Ay, and Az are defined by

wem L(CT+m)T(=2CT —k —n—m)

A= (1) ntmT(1—Ct —n) MG (—[log])** ™, (86)
. TR SO
Ay = (=1)CTH n!m!rr(flr :z’gf(flf :_r;”i MG [log]?cr s, (88)

. Gamma is defined as I'c := 3%, hence:
Tl 6,107 = SGHEGT B (0= 80+ (12— 80) + Tiga( =), (59

n=0

=0

3

where A1, Ay and Az are described by (86), (87) and (88), respectively, and I'1, 'y and I's are
defined by

Ct+m)T(1-2Ct—k—n—m)
n!m!T'(1—Ct —n)

= (_1)n+m r( MnGm(_[log])flJrZCTJrkJrner, (90)
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mL(CTH+m)T(=14+2CT+k—n+m) ., 1 _o2ct—ktn—m m
M G™|
n!m!T(CTt+k—n+m)

I'(Ct+n)(Ct+m) o e2Cr ki
imT 2t + knmyM ¢ llog] . 92)

Iy = (-1) log)", 1)

FS — (_1)CT+W1

®  Rho is defined as pc := %—f, hence:

pc(S,K,r,q,7) =1tSAC(S,K,r,q,7) —TC(S,K,1,q,T)

Kt(GM Crefrr 0o
- (F(C)T)Z Y. (Cig = B1) + (Chg — B2) + Ljgg0(Crg — A3),  (93)
kfg

m=0

where C%/G, C%,G, C%G, I'1, Ty, and T's are described by (50), (51), (52), (90), (91), and (92),
respectively.
*  Theta is defined as O¢ := %—(t: = —g—g, hence:

K(GM)CTe”T

Oc(S,K,r,q,T) = — T(Co

X

ngki

(61Cyc + (r—q— 1)d1) + (62Chc + (r — g — 1) Do + Ljiog 20 (05CH6 + (r —qg — 1)), (94)

x.
Iyl

oo

7

5
g

where C%,G, C%,G, C%,G, A1, Ay and Az are expressed in (50), (51), (52), (86), (87), and (88),
respectively, and 01, 0, and 03 are defined by

01 =Clog(GM) — r — 2C(CT) + Cyp(CT + m)

—2CyY(—1-2Ct —k—n—m) + Cy(1 — Ct —n) + 2Clog(—[log]), (95)
6, =Clog(GM) —r —2Cy¢(Ct) + Cyp(CT +m)

+2Cp(1+2Ct+k—n+m) —Cp(2+Ct+k+n+m)—2Clog(M), (96)
63 =Clog(GM) —r —2C¢(Ct) + Cyp(Ct +n) + Cy(Ct + m)

—2Cy(2+2Ct+k—n+m)+ Cri+2Clog([log]), 97)
where  is the digamma function P (z) = dl%zr(z) = -7+ X0 (%H - %ﬁ)

Proof. The previous results are easily obtained from a direct differentiation of the expres-
sions (50), (51), and (52) for the terms C%,G, C%,G, and C%’,G, for the chosen parameter (i.e., S,
r, or t), and sequentially proper rearrangement of the terms. [

4. Numerical Results

The formulas of the previous section can be heuristically observed to be sound. In
order to do this, we start by comparing the results that were obtained by Formula (49)
with both a Monte Carlo simulation for the European call option (under the Variance
Gamma process) and the actual values that were observed on the market. We will also
verify that it is well behaved, which is, its price for any initial stock value and its implied
volatility smile are similar to the expected behavior observed in any stock. We also take
these results to observe the speed of convergence of the new method. To conclude, we will
study the behavior of the Greek functions (85), (89), (93), and (94), which were derived in
the previous section, and then compare them to the ones in the Black-Scholes model.

We compare the option prices that were obtained from Formula (49) with the prices
obtained from the Black-Scholes model and the Monte Carlo simulation of the Variance
Gamma model. Our goal with this comparison is to test the viability and accuracy of
Formula (49) against these well-known benchmark models and standard approaches to
option pricing. We could also compare the option prices that were obtained from our
formula with the ones obtained under the Variance Gamma model with other numerical
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techniques, such as the closed form formula in [6], the Fast Fourier Transform method
of [7], the Fourier-cosine series proposed in [8], the finite differences method in [9], or
the multinomial method of [10]. However, such a comparison of the numerical results
from our formula with the results that were obtained from all of these numerical methods
is out of the scope of this paper and would require much more numerical analysis and
computational work.

4.1. Variance Gamma Formula Values and Behavior

For the aforementioned comparison, we will use the values of European call options
with the S&P500 as the underlying asset, bought at the close of the market on 18 April 2002.
According to [23], at the close of the market on 18 April 2002, we had a risk-free rate of
return v = 1.9%, a dividend rate of g = 1.2%, and the stock price closed at Sp = 1124.47,
with a volatility parameter, for the Black—Scholes model, of ¢ = 0.1812 and risk neutral
parameters C = 1.3574, G = 5.8704, and M = 14.2699 for the Variance Gamma model.

We will take advantage of 75 actual recorded values that are presented in Table 1, and
make an error estimation for each model, by calculating their respective root mean square

error, which is given by the formula RMSE = \/ ", (market price; — model price;)?/n.
Under this metric, Table 2 presents the deviations from the observed results.

Therefore, not only is the Formula (49) more expedient due to much lower compu-
tational time, but it also outperforms the Monte-Carlo method (and, consequently, the
Black-Scholes by a wide margin). From Figure 1, one can also observe that the formulas
for the European options under the Variance Gamma (49) and (84) present typical behavior.
For example, a change in the initial asset price influences the price formula as one would
expect, yet with some substantial differences from the Black-Scholes model.

3000 European Call Option Price Estimate for the S&P500 700 European Put Option Price Estimate for the S&P500
Variance Gamma Formula / ” Variance Gamma Formula
———— Black-Scholes ———— Black-Scholes
S 600
2500
500 [
& 2000 a
%] 0 400 -
2 2
Q Q
2 1500 2 300}
o o
c c
K<} K<}
g £ 200 -
O 1000 e)
100 -
500 [
ok
0 . . . . . . 100 . . . . . . .
500 1000 1500 2000 2500 3000 3500 4000 500 1000 1500 2000 2500 3000 3500 4000
Asset Price (USD) Asset Price (USD)
20 European Call Option Price Difference (USD) " European Put Option Price Difference (USD)

Price Difference (USD)
Price Difference (USD)

10 . . . . . 6 h . . . .
500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000
Asset Price (USD) Asset Price (USD)

Figure 1. European Options prices under the Black-Scholes and Variance Gamma models and their
differences, for K = 1100, T = 35 x 7/365 and different values of Sj.



Mathematics 2021, 9, 1143

17 of 29

Table 1. Table containing the values for the Variance Gamma Formula (49) for n = 22, m = 27, and k = 7, denoted by "F”, the Monte Carlo method with 10000 simulated trajectories,

denoted by "MC”, and the observed market values are denoted by "Real”.

Time of Maturity

Strike May June September December March June December

Price 2002 2002 2002 2002 2003 2003 2003

F MC Real F MC Real F MC Real F MC Real F MC Real F MC Real F MC Real
975 152.76  151.72 - 156.80 156.19 - 166.83 168.05 161.60 176.13 176.13 173.30 184.76 183.79 - 192.81 194.67 - 20741 206.05 -
995 13342 13240 - 138.17 137.60 - 149.64 150.82 144.80 159.98 160.09 157.00 169.40 168.42 - 178.07 179.85 182.10 193.65 192.31 -
1025 104.69 103.73 - 110.74 110.27 - 124.65 12579 120.10 136.64 136.93 133.10 147.27 14628 146,50 156.88 158.52 - 173.84 172.57 -
1050  81.09  80.20 - 88.49 8816 8450 10471 105.81 100.70 118.12 11859 114.80 129.75 128.65 - 140.10 141.69 143.00 158.15 156.92 171.40
1075 5795 57.12 - 67.00 66.78 6430 85.75 86.78 8250 10059 101.29 97.60 113.15 111.92 - 12420 125.73 - 143.24 142.10 -
1090 4439 4358 4310 5458 5441 - 7492 7590 - 90.59 91.42 - 103.68 102.36 - 115.11 116.57 - 134.67 133.62 -
1100 3553 3474 3560 46,56 4642 - 6797 6891 6550 84.15 85.08 8120 9757 9619 9620 109.23 110.66 111.30 129.13 128.15 140.40
1110  26.88  26.12 - 38.79 38.69 3950 6125 62.16 - 7792 78.92 - 91.65 90.18 - 103.52 104.91 - 123.71 122.81 -
1120 1850 17.81 2290 31.33 3125 3350 5479 55.68 - 7191 7296 - 8590 84.37 - 9797  99.33 - 11843 117.61 -
1125 1447 1382 2020 2774 2769 3070 51.66 5254 51.00 6898 7007 6690 8310 8154 81.70 9525 96.61 97.00 11584 115.07 -
1130  10.60  10.00 - 2426 2425 28.00 48.60 49.50 - 66.11  67.23 - 80.34 78.76 - 9258 9391 - 113.29 11255 -
1135 7.09 6.53 - 2093 2093 25.60 45.63 4645 4550 6330 6445 - 77.63  76.04 - 89.94 91.26 - 110.76  110.07 -
1140 5.99 5.49 13.30 1777 17.79 2320 4273 4352 - 60.55 6173 5890 7497 73.36 - 87.35  88.66 - 108.28 107.62 -
1150 4.66 4.26 - 1255 12,60 19.10 3720 3792 3810 5523 5644 5390 69.81 68.17 6830 8230 8358 83.30 103.40 102.81 112.80
1160 3.75 3.44 - 10.02  10.09 1530 32.06 32.72 - 50.17  51.39 - 64.84 63.20 - 7743  78.65 - 98.67 98.13 -
1170 3.08 2.82 - 8.24 8.32 1210 27.37 27.96 - 4538  46.59 - 60.09  58.46 - 7272 73.88 - 94.07  93.58 -
1175 2.81 2.57 - 7.52 7.61 1090 2523 2578 2770 43.09 4428 4250 5779 56.18 56.60 7044 7156 - 91.82 9136  99.80
1200 1.82 1.68 - 493 5.06 - 1715 1754 19.60 3279 3378 33.00 47.14 4562 4610 59.70 60.65 6090 81.11 80.74 -
1225 1.22 1.15 - 3.35 3.55 - 1216 1250 1320 2461 2546 2490 3791 3650 3690 50.10 5090 4980 7128 7097 -
1250 0.84 0.80 - 2.34 2.53 - 8.79 9.12 - 1859 1929 1830 30.17 28.88 2930 41.67 4234 4120 6230 62.03 66.90
1275 0.59 0.57 - 1.67 1.84 - 6.45 6.76 - 1414 1476 1320 2392 2271 2250 3440 3492 - 5419 5394 -
1300 0.42 0.41 - 1.20 1.34 - 4.79 5.08 - 10.84 1140 - 1896 1790 1720 2824 2859 2710 4690 46.63 49.50
1325 0.31 0.30 - 0.88 0.98 - 3.59 3.82 - 8.35 8.85 - 15.06 14.15 12.80 23.12 23.33 - 4042  40.09 -
1350 0.23 0.22 - 0.65 0.71 - 2.71 2.92 - 6.47 6.88 - 11.99  11.23 - 1892 19.01 17.10 3471 3431 35.70
1400 0.12 0.13 - 0.36 0.41 - 1.58 1.72 - 3.95 4.16 - 7.66 7.16 - 12.67 12,67 10.10 2537 2487 2520
1450 0.07 0.09 - 0.21 0.24 - 0.95 1.03 - 245 2.55 - 495 4.62 - 8.51 8.46 - 1842 17.69 17.00
1500 0.04 0.06 - 0.13 0.14 - 0.58 0.67 - 1.55 1.61 - 3.23 3.03 - 5.76 5.66 - 13.33 1248 12.20
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Table 2. Root Mean Square Error.

RMSE
Black-Scholes 6.6692
Variance Gamma Monte Carlo 3.9979
Variance Gamma Formula 3.7373

Let us note that, in [23], the author estimates the model parameters and calculates the
option prices for the same option data and the same Variance Gamma model while using
the Fast Fourier transform method of [7], and it obtains a RMSE value of 3.56, which is a
little smaller than the one we obtained. We have also calculated the RMSE by the same
numerical method and we obtained a RMSE of 3.74. These small discrepancies are perhaps
a result of small differences in the precise computation of the maturities of some options.

More importantly the Formula (49) also displays the volatility smile typically present
in most assets, with values relatively close to the empirical observed on present asset, as
can be seen from Figure 2.

024 - Implied Volatility for each of the Processes

Black-Scholes

023 F Variance Gamma Monte Carlo Simulation
Variance Gamma Formula

O Observed Volatility

022

o
o o
[N =

@]
O
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o
©
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o
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Figure 2. Implied Volatility for the empirical data and Black-Scholes and Variance Gamma models,
where Sy = 1124.47, K = 1100, and T = 35 x 7/365.

4.2. Convergence of the Variance Gamma Formula

In order to study the numerical convergence and precision of the new formula, we
must first realize that observing the value of each isolated term in the triple sum (49) is
fallacious, since an unit increase of, for instance, parameter n will lead to the sum of an
extra m x k terms, which may lead to an error of substantially higher magnitude than
each individual term. Let us denote each term of the sum (49) by Cy ¢ (n,m, k). Given this
notation, we can write Cyg = Y77 o Yo Li2o Cv (1, m, k). To determine the values #1max,
Mmax, and kmax, for which the sum Cy ¢ converges, for all values K and 7 of Table 1, we will
apply the Euclidean norm to the 189 resulting values from the three possible double sum
series: the series computed by summing the terms of Cy for a fixed n and 0 < m, k < n,
ie, Che™st(n) = Yo _oYi_oCvg(n,m,k), the series computed by summing the terms
of Cyg for afixed mand 0 < n,k < m, i.e,, CI‘}‘GCO“St(m) = Yo oritoCvc(n,mk), and
the series computed by summing the terms of Cy¢ for a fixed kand 0 < n,m < k, ie,
Cheonst(k) = Yo Xki—o Cv (1, m, k).
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Table 3. Convergence of the three double series.
Double Series Sum Double Series Sum
Cs(c;onst (n) CWGCOHSt (m) Clé(c;onst (k) Cg(c;onst (n) Cgcconst (m) Cl‘}(c;onst (k)
0 1573.462 1573.462 1573.462 14 3.451 5.456 0.000
1 942.085 1624.942 93.249 15 1.263 2.653 0.000
2 1473.360 2138.478 14.602 16 0.430 1.277 0.000
3 396.878 2185.591 0.656 17 0.137 0.609 0.000
4 530.501 1834.503 0.121 18 0.041 0.288 0.000
5 350.999 1328.181 0.008 19 0.011 0.135 0.000
6 358.913 862.780 0.001 20 0.003 0.063 0.000
7 287.068 518.316 0.000 21 0.001 0.029 0.000
8 214.182 294.406 0.000 22 0.000 0.013 0.000
9 139.772 160.554 0.000 23 0.000 0.006 0.000
10 81.751 84.932 0.000 24 0.000 0.003 0.000
11 42.733 43.875 0.000 25 0.000 0.001 0.000
12 20.221 22.236 0.000 26 0.000 0.001 0.000
13 8.716 11.090 0.000 27 0.000 0.000 0.000

From the values shown in Table 3, for any K and 7 of Table 1, we can assure conver-
gence with a two-decimal precision, when the sum of the three double sum series has a
result lower than 0.005, for instance, n = 22, m =27, and k = 7.

Let us note that, in [20,22], the authors studied the convergence of their double series
for the option price with a 103 precision, while considering the price of a single European
call option (with fixed maturity and strike) under the fractional diffusion process and the
finite moment Lévy stable process. They have concluded that is enough to sum the terms
in the series up to n = 6 and m = 6. The results are quite different, because, in their models
the call option price is given by a double series (not a triple series), the convergence was
estimated for a single option (we calculate the convergence for options of all maturities
and strikes in our data set), and their underlying model is not the Variance Gamma model.

4.3. The Greek Formulas Behavior

We terminate this section by visualizing and contrasting the behavior of Greek func-
tions under the two models. The Greek functions for the Variance Gamma model seem
similar enough to the ones of the Black-Scholes model, yet they exhibit enough discrepan-
cies to be worthy of note, primarily in the behavior of the Gamma and Theta functions, as
can be seen in Figure 3. These discrepancies can have important consequences in establish-
ing hedging strategies and the associated expected profit and loss. We refer to [22] for a
detailed discussion of this subject in the case of the finite moment log-stable model.

Furthermore, while some greek functions properties, such as Ac,I'c, pc, —©¢ > 0, can
be difficult to prove analytically from the Formulas (85), (89), (93), and (94), one can easily
observe their validity, by generating the graphs of Figure 3 for a variety of different values
of S,K,r,gand .
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Figure 3. Greek functions under the Black-Scholes and Variance Gamma models, for K = 1100 and
T =35 x7/365.

5. Conclusions

We have derived a triple Mellin—-Barnes integral representation for the price of a
European call option in a market model where a Variance Gamma process drives the price
of the underlying asset. Subsequently, we applied the multidimensional residue calculus to
the aforementioned integral and computed a triple sum series for the European call option
price (49). Triple sum series for the delta, gamma, rho, and theta Greeks were also found
by direct differentiation. When numerically tested, Formula (49) exhibited the behavior
that was typically observed in the market for European options, and it outperformed the
Monte-Carlo simulation method in both accuracy and computational time. The Greeks
also displayed their usual behavior.

For practical applications, the simplicity of the aforementioned formulas (such as
the lack of necessity of simulations for pricing European options, or of complex numer-
ical schemes to compute the Greeks), coupled with their higher rates of precision and
much lower computation time, makes them ideal for financial practitioners. For example,
Formulas (85) and (89) can be used directly to generate a portfolio with optimal delta and
gamma hedge strategies.

In terms of future research, the most obvious course of action would be to compare the
performance of Formula (49), in terms of accuracy and computational time, to other semi-
closed formulas such as the Bessel functions representation formula or the Fast Fourier
Transform method for the price of a European call option under the Variance Gamma
model (as discussed in [6,7]).

In terms of generalization of the theoretical results, the more pressing question will be
the ability to use a similar reasoning to that presented in Section 3 to arrive at a sum series
for the more general CGMY process and Generalized Tempered Stable process, even if this
necessitates a higher dimensional Mellin—Barnes integral. One also might inquire further
into the pricing of more complex financial instruments, like American or Barrier options,
and especially instruments like Asian options, where the integral that is involved in their
definition seems to make them a prime candidate for residue calculus.
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Appendix A. Proof of Theorem 2
Proof. In the first part of the proof, we will show that the Mellin—Barnes integral in (15)

converges in the set U that is defined by (23). Let us start by noting that, for any z € C, we
have the inequality

‘ \/277.[2271/2672 _ \/E(|Z|eiarg(z) )§R(z)+i%(z)71 /267§R(z)71‘3(z) arg(z)

_ \/E‘ZRQ(Z)—UZE* arg(z)S(z)—R(z)
> C1|Z|§R(Z)*1/2e*%ICJ‘(ZI)*\?R(Z)I, (A1)

for some constant ¢, as well as the inequality

’mzzfl/Zefz _ \/ﬁ|z|%(z>*1/2e* arg(z)3(z)—R(z)

< 0o)z|HE) V2= FIS @)+ R()] (A2)

The last inequality (A2) is verified if and only if the inequality — arg(z)S(z) — R(z) <
—ZIS(z)| + [R(z)| is valid. Inasmuch as we can write s; = re, where r € R{ and
0 € [—m, ], the inequality can be written as rfsinf — rcos6 < —Z|rsinf| + |rcos6|,
which holds for any r € R* and 6 €] — 7, 7t[. If z does not intersect the set Z, + i{0}, then,
as |z| — oo, we can apply the Stirling Formula (12) and, from the expressions (A1) and
(A2), we know there exist constants ¢; and ¢, such that

Cl|Z|§R(z)71/267% S(z)|—|R(2)| <|r(z)| < C2<€)|Z|§R(z)71/2€f%|(\?(z)\+\§ﬁt(z)\_ (A3)

On the other hand, if we constrict the real value, x, to a compact set K C R\ Ly, x
will be bounded and the gamma function will be continuous in the domain K + iR. Thus,
we can denote its supremum as M = sup,g |¥| < o0 and infimum as m = inf,cx |x|.
Under this notation, we have e™™ < ¢~ I*l and el*l < ¢M, additionally as |y| — co we
have |x +iy| = /x2+y%2 ~ (1+ |y|). Applying these properties to (A3) results in the
inequalities

ka(ly| + 1) V2e7 3V < D (x + iy)| < ka(e)(y| +1)7 /% 3V, (A4)

for some constants kj and ky. Taking advantage of the inequalities (A4), we can bound the
integrand of expression (15) by
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) (aj,x)+b;—1/2

17 (@), )|
cj,x>+b]-71/2

I, (1 1) ©
P

X exp <|<y,argt <Z| a,y 2|<cj,y>|>>, (A5)
j=

for some constant C. If, for ally € R3and t € (C \ {0})3, the inequality

(y, arg )| <2|V -—i<yw0 (A6)

j=1

is satisfied, then the integrand in (15) decreases exponentially as ||y|| — oo, which makes
the integral converge absolutely. Taking into account (24), the inequality (A6) will hold if

7T
Bl < Za. A7
max |{y,arg )] < & (A7)

By the Cauchy-Schwartz inequality, we have

max | (y, arg t)| < max||y||[|arg t[| = [larg ], (A8)
yes yes

and, since we are working in U, ||argt|| < Za, which concludes the first part of our proof.

In the second part of the proof, we will extrapolate the proof that is presented in [19]
to the three-dimensional case. We begin by separating the gammas in the numerator of the
form w into three groups I'1, I';, and I's, such that, for the singularities in (17), the zeroes of
f1 do not intersect D1, the ones of f», Dy, and the ones of f3, D3. Similarly, we also denote
the multiple gammas in the denominator of w by I'y. Taking this new notation into account,
we can write the form w in the standard form (1), i.e.,

_ hdzy Ndzy Ndzz

A9
fif2fs (A9)
where f1, f2, f3, and & are defined by
1 1 1 £ty 2y
fl rl, f2 rzr f3 rsr h T, ( 0)

The proof of the theorem follows once we are able to validate the compatibility and
Jordan conditions, i.e., (8), under the polyhedron I1. By definition, the zeroes D1, D5, and
D3 are compatible with the polyhedron I1. We can, without a loss of generality, apply the
linear change of variables ¢!, the inverse of the linear transformation (17), which will
result in the real part of ¢ being the first octant, the real part of ¢y, 0, and o3 the {y, z}-
plane, {x, z}-plane and the {x, y }-plane, respectively, the real part of oy; 51, 073 3) and 05 3
the z-axis, y-axis and the x-axis, respectively, and () = R(cy153)) = 0. Under this new
change of variables, it will suffice for us to prove the Jordan lemma for the differential forms

Wiz o, Ml g W oy~ o,
RAIAT 2T RAIAT © 7 AR S8 " AAE o B

R Fedfy FrdFs ~ Fof,
Suay =W p i S = (A12)

6{1,2,3} = 6{1,2,3} + ‘;‘%1,2,3} + 6?1,2,3}/ (A13)

&1 =
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on the corresponding half-spaces

023} = Iy + iRB, 01,3} = I + iR3, 010} = I3+ iR?’, (A14)
01 =Py +iR%, 0y = Py +iR%, 03 =Py +iR?, 0p=V+iR?,  (Al5)

where, 611,2,3}’ (',‘%1,2,3}, and 5?1/2,3} are defined by

Fodfodfs— fodfidfs+ fadf,df
g}l,Z,S}thl f2 f3 f2||;|1|6f3 f3 fl fde, (Al6)
F Fadfs( f1dF df df
5%1,2,3} = —2hf1f3 f2 (f1 f|l;_| |j;2 fotfs f3> dz, (A17)

o Tl (Adf o+ fdfy+ fdfs)
faz = 17

dz, (A18)

and 1, b, I3, P{2/3}, P{Lg,}, and P{l,z} are subsequently defined by I; = {x € R3:x; >0,x =
0,x3=0},b={x€R3:x;=0,xp >0,x3=0},3={x €R3:x; =0,x =0,x3 >0},
Py = {x € R3:x =0,x > 0,x3 > 0}, Pz = {x € R3:x >0,x =0,x3 > 0},
P1,2 = {x € R3: x12>20,x0>20,x3 = 0} and V = {X € R3: x12>0,x0>0,x3 > 0}.

Further, the computation of the integral ¢; over 0y, 3y will be analogous to &, over
(1,3} and &3 over 0y 5y, as will the computation of (5 3y over ¢y be analogous to {yq3)
over 0 and &g 5y over 03. Thus, it will suffice to examine just three cases.

Let us consider the sequence of sets U = {x +iy € C3: ||x|| < Ry, ||ly|| < Ry}, where
Ry — co as k — oo. Define the surface Sy = dlfj and let ¢ be one of the seven integrands of
(A11)-(A13) defined on its corresponding o of (A14) or (A15). It is a well-known property
of Lebesgue integrals that there exists a constant ¢ € R, such that:

[ e<isdl sup Jll < cRY sup |l (A19)
NSk (eNSK\Z (eNSK\Z

where Z is a set with zero Lebesgue measure. We will prove that, as k — oo, ||| —
0 at an exponential rate, which results in the integral in (A19), and, consequently, all
(A41), (A45), and (A46) being zero. In order to achieve this, we will divide ¢ N Sy into two
sets

Be={x+iyco:|lxl| <R [lyll =R¢}, Ox={x+iyeco:|x|=Rglyl <R}  (A20)

Depending on the ¢ that we are working with, this separation will yield different
results. For instance, for 07, we have By = {x +iy € C3 : 0 < x; < Ry, |ly|| = R¢}
and O; = {x+iy € C®: x; = Ry, |ly|| < Ry}, for 01, we have By = {x+iy € C®:
2 +x3 <R ly| = R} and O = {x+iy € C°: x3 +x3 = RZ,|ly|| < Ry} and for
o123 wehave By = {x+iy € C3: x2 + x5+ x3 < R?, |ly|| = Ry} and O = {x +iy € C3:
A4 3 +22 = Ry, v < R

As a final tool for our proof, consider the set s = {z € C? : |s]'(z) + v’ >0 >
0,j=1...mve N}, which removes a neighborhood in I/ around the singularities that
are present in the numerator of the ratio of products of gamma functions in w. Hence, we
can write the left most term of (A19) as

[ o= e+ e+ & (A21)
aﬁSk OkﬂZ/{5 B]JTZ/{& UﬂSkﬁZ/{g

Our proof will consist of three steps: firstly, to estimate the value of ||w|||o,ru;;
secondly, to estimate the value of ||w|||p,¢;; and thirdly, to extend the two previous results
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to the value of the integral to the set of neighborhoods U4f (in the proof of Lemmas A1, A2,
and A3).

Step 1:

Recall that, for any z € C3, we have s;(z) = (aj, x) + b; +i(aj, y), also for any point
in the three-dimensional space, x € R3, there exist @ € [0,27[ and ¢ € [0, [, such that
x = [[x||# = [[x]|(sin¢ cosB,sinPsinb,cos¢), hence the real part of s;j(z) for z € Oy is
given by R(s;(z)) = Ri(aj, £) + b;. Having fixed 6 and ¢, and given that we are working
in the space Oy N Us, we will choose the radii Ry, such that ®(s;(z)) will not intersect the
singularities of the form w, (the latter case will be dealt in the lemmas). Thus, the numerator
of the form w can be segregated into two terms, the ones where (a;, £) > 0, which we will
order as pt +1 < j < m, and the ones where (aj, %) < 0, which we will orderas 1 < j < u.
Analogously, we can sort the denominator of w, where <c]-, %) >0, forx+1<j<p,
and (cj,3?> < 0,for1 < j < x. In this case, as Ry — 400, we have ﬂ?(sﬂok) — 40 and
R(qjlo,) = +ooforu <j<mand y <j< p, respectively, and R((1 —s;)|o,) — -+o0 and
R((1—4qj)lo,) = +ooforl <j<pand1 <j <y, respectively. Therefore, if we use the
relation T'(s;)T(1 —s;) = 7t/ sin(7s;) and then apply the Stirling Formula (12), we get

n \si—1/2 rm sj—=1/2
Hj:l(l - S]) / Hj:erl §;

_ymg .
e Li=1 H;‘lem(nq]-)
< ¢
p ~1/2 S71/2 T sirx g
Oy szl(l—s]-)sf H}":HH s].’ e ==l ij:1 s1n(7tq]-)

’rlrzrg, (A22)

Iy

where cj is an undetermined constant independent of either k or y values.

Because all of the linear equations s; and q; are on the set Oy, we have ||x|| = R; and
[yl < Rg. Given this parametrization, the modulus of the functions s;, 1 —s;, g;,and 1 — g;
are bounded below by A; Ry and above by ARy for some constants Aj, Ap > 0. Now, if
we take note that Ri(a;, £) < 0 and —Rk||c]-|| < Rk<c]-,32> <0Oforl<i<pandx <j<p,
respectively, and Ril|a;|| > Ry(a;, £) > 0 and Ry||c;|| > Ri(cj, %) > 0for1 < i < p and
x < j < p, respectively, we conclude that

H \sj—1/2 sj—1/2
1—[],:1(1 =)’ i 5

X Ngj—1/2 P 9j—1/2
H]':1 (1- %)% Hj:x+1 q;

T, (AR )R G+ =172 pm (A, Ry )Relaj R)+b—1/2
<

=1 j=p+1
o Rilc;,®)+d;—1/2 Relc;,®)+d:—1/2
H;C:1(A2Rk) rlcj®)+d;j—1/ Hf:)(-&-l(Ale) K{cj®)+d;—1/

e Z:;‘4:1 S(sj) arg(l_s/')—):]r-nzyﬂ S(sj) arg(s;)

e Z;‘:l %(qj) arg(lqu)—z}”:y+] %(Qj) arg(qj)

(%)

< ClRICCZCé{kRIC;lHyHRIISk (A23)

where ¢y, ¢, ¢3, and ¢4 are constants that we can define without any recourse to the angles
f and ¢, making the upper bound (A23) hold for every z € Oy N U;s.

Observe that, since we are working in Oy N U, there does not exist a sequence
z; € Og NUs, such that sin(7t((a;, z) + b)) goes to zero; otherwise, inasmuch as sin
and @j, z)y 4+ b]' are continuous, we would have z; € US, which is a contradiction, hence
0 < infyeq,ruy; sin(m({a;,z) + bj)) and sup,cq, 1/ H]H:l sin(7({aj, z) + bj)) < co. On
the other hand, for the sin’s in the denominator of w, there exists a constant ¢, such that

X

iR (q;) o= 7S (q7) _ p—inR(gj) oS () | X
e e Zie e 1_{€7T|J(qf)| < R (A24)
]:

X
Hsin(nqj)
j=1

=1



Mathematics 2021, 9, 1143

25 of 29

Similarly, by applying the Cauchy-Schwartz inequality to the modulus of =%, we have:

‘tletzfzztgza < e~ lIxll{log |¢],%) | arg £ Rk (A25)

Therefore, all of the terms of w not present in (A22) grow, at most, exponentially as
Ry — oo. If we combine the results from (A23), (A24), and (A25), we get

IFIFIE! 4=z

< c()RRH, (A26)
Iy

OrNU;

where Ay := (A, %) and c(t) > 0 is a function independent from k and y. Because A, < 0,
from (A26) as k — oo, the first integral of (A21) vanishes.

Step 2:

Before tacking the second integral in (A21), note that, in By N U;, we have 0 <
x| < Ry and |ly|| = Ry. Similarly to step 1, for Ry big enough, the modulus of the
functions sj, 1 — sj, g, and 1 — g; is bounded below by A1R; and above by ARy, for some
constants Aq, A, > 0. When combining these restrictions with the inequality (A3), we
obtain

I0(s))| < CzMsz)HxW;f@|5.|br1/2 —E[S(s)[+ %)) if (a;, %) >0, (A27)
IT(s;)| < cal Aq[|x])I¥158) |5 %12 B S En]+R0)] if (a,%) <0,  (A28)
ID(g7)| > c1(Aq x|y 1€ g, |51 22 S@IR@L i (e 2y >0, (A29)
IT(q)| > c1 (A Ry) €2 | g |51 2= (S ap) =[] if (c;,%) <0.  (A30)

Just like we did in step one, we will fix § and ¢, i.e., fix £, and use the above estimates

and the fact that 3(s;) = (a;,y) and 3(q;) = (c;, ), we can bound the value of %ﬁnt’z by
‘F1£EF3t z <C||x||AHXHRB (x,y)EIMllF®), (A31)

where A, B and C and E are constants and D(x,y) and F(y) are the functions

M 4 m X
A:<Zaj ) c]-,92>, B:< ) achj,9?>, CZCIPCE", (A32)
=1

j=1 j=x+1 j=u+1
E — A1<Zf:1 a]‘_):f:)ﬁ’l C/l,f>A§Z;n:}‘+1 ﬂj—zle Cj’ > Z}ml| ):}7 ’ (A33)
—1/2
\ x) +b; +z<a,y>]/ !
D(xy) = — T VoL (A34)
T [ {cj,x) +dj+ile;, )|
7T
Fly) = [y argt)| - 5 <Z {ajy)| — Z |<cj,y>|>- (A35)
j=1 j=1

From the proof of Theorem 2 in paper [19], F(y) is negative for all y € . Therefore,
because ||y|| = Ry, as Ry — oo, eF(¥) goes to zero at an exponential rate. If || x| increases
as Ry increases, we can just use the arguments from step 1 to show that ||¢|| goes to zero,
hence EI*lI must be bounded. Because D(x,y) increases, at most, at a polynomial rate,

Al gD

our last requirement is to show that ||x|| increases, at most, at a slower rate than

eF(¥) decreases.

The first thing to note is that, by the construction of (A32), A is negative and B is
positive. Secondly, by definition, for any x + iy € ¢, we have A, = (A, £) < 0; hence, since
A+ B = A, <0,wehave —B/A < 1. Consider the function fg(x) = x4*RB*, fz(x) has
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R*B/A
a maximum (e’i) . Therefore, even if we choose ||x|| = xp, the term ||x||AHXHR,’<3

will increase at a rate lower than ef (V) decreases. We conclude that, as k — oo, the second
integral of (A21) vanishes.

Step 3:
We will now undertake the third integral of (A21) where the singularities of the form
w are present. Let us define P, = {x+yi € C3: (aj,x) = —bj—v, (a;,y) = 0} and

Vi D P;, as the open sets that contain the discontinuity that is given by the valuesin P; ,.
If we fix the angles 0y, ¢, 0y, ¢y, for the aforementioned discontinuity, we can restate the
previous equations as ||x[|(a;, £) = —b; — v and ||y||(a, ) = 0.

For the case where P;, N Oy # @, we have ||x|| = Ry, and the real part of the singular-
ities will be given by the one dimensional segments Ty ; , = {x € R3: ||x|| = Ry, (aj, x) =
fb]- —v}. Hence, we can chose the radii Ry’s, such that, for each point x = Ry, 2 =
Ry (sin ¢ cos 6, sin ¢ sin 0, cos ¢) belonging the two dimensional segment of Ty, ;,, when we
increase the radius from Ry, to Ry,, the points with the same angles 6 and ¢, but now with
the higher length Ry, i.e., Ry, %, will not intersect Ty jour for any # € Nand ky > ki, and
will intersect the remaining Ty, ; , at most one time, forany p € N, j # i and ky > k1. We
can construct the radii R;’s in order for this event to occur, because the set containing all
of the two dimensional segments T} ; , is countable. In fact, we can define its (surjective)
enumerating function as:

: N3 — {Tk,j,v}k,j,v
(k,j,v) — Tk,j,U’ (A36)

where k € N represents the radii Ry, j € {1,...,m} represents the Gamma function, and
v € N the zero in the Gamma function. This entails that, as k — oo, the upper bound (A23)
deduced in step 1 will still hold for any angles 6, and ¢x.

The case where P;, N By # @ is slightly more complicated. Let us consider S;, = {i €
{1,2,...,m} : Vzey, (a;,2) & Z }, the multi-index set of the gammas that do not have a
singularity under s;(z), and Z;, = {i € {1,2,...,m} : Vzev, (a;,z) € Z }, the multi-index
set of the gammas that have a singularity under s;(z).

Because we are dealing with a case where x € K\ Z;, where K is compact, by the
inequalities (A4), the estimate upper bound for the modulus of wt™7? is given by

IT (|{a;, x)| + 1)<gi’x>+hi—1/2
iESj/V

T (e +1

—Zz

’ " T(si(2))
HZ:1 r(qk (Z))

) <gj,x> +bj—1/2

m p
xexp<|<y,argt>|—§<]§<aj,y>|—2|<cj,y>|)> IT Ma) + b)) (A37)

]':] iGZ]‘,V

Consider &, as defined in (24). For each t in the domain U that is defined in (23), we
have ||argt|| < (7w/2)a. If we apply the Cauchy-Schwartz inequality, we obtain:

|(y,argt>|§§zx’\|y|\ forsome & <u, (A38)

Consider the parametrization that is given by x = p, y = vgA + 010 + p3 of the plane
P;,, N By, where (p(l] and pg are points and vy and v; are vectors). The neighborhood V;,
around Pj, N By can be defined as the intersection of the parallel planes {x + iy € C3:ix=
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p1,Y = voA + v10 + p2} with By, where p; and p; are in the neighborhood of p(l] and pg. If
we take into account that ZZ/_ Na s y) vanishes on P;,, we have

p P
Y Ha )| —k;|<£z‘ry>’ = Y [{a;, o)l —k;|<£ifvo>| Al

i€S; i€S;
v ‘/j,y v

p
+ | X Kaion)| = Y Ke vl |61+ Ky > ally]| + Kz, (A39)
k=1

iGSj'V

where the K; and K; are the bounded constants. Hence, for any x + iy € V;,, the following
inequality will hold

P
arst) =3 | Tl = Ll | < 306 -l +Ke (as0)
=1

iESj,U

Ilies;, T(si(2))
T, )

What remains to be shown is that the forms &3, {53}, and {yy 5 3y (the proofs for the
remaining forms are identical) decrease as Ry increases, whether or not they are in U/ or
its complement. We will have to show that the forms are bounded at any point where
the Gamma functions are discontinuous. In the following, we present three lemmas with
these results and prove the first one. The remaining two proofs are similar and the same
techniques can be used. As a consequence of these three lemmas, the proof of our main
theorem concludes. 0O

t*Z

In other words, decreases exponentially as Ry increases.

Lemma A1. There exists a sequence of radii Ry, such that Ry — oo and for which

lim | & =0. (A41)

k=00 Joy 33 NSk

Proof. For the form ¢, recall that §; = p; A w, which can be written as

1

2 e IT,T
=00 apgp= —MF\DTols ey, (A42)
Il et

where I'1, Iy, I's, and I'y are products of a subset of Gamma functions present in the
numerator and denominator of w defined at the beginning of the proof of Theorem 8.
Knowing this, the following inequality for the norm of ¢; will hold true for any z € Uj:

1
[¢61]] £ —————= |« (A43)
14 Il nP
L s

The first factor of the inequality (A43) is bounded by 1 and the second factor, as we
deduced previously, decreases exponentially as Ry increases.

On the other hand, the complementary set, /5, will include the complex planes
L}’ ={zeC3: sj(z) = —v} of Dy, Dy and Dj3. Recall that, from (21), we have D1 N oy = @,
Dy Nop =@, and D3 N o3 = @, which implies that oy, 33 N (D, U D3) = @. Because we are
working in 7, 31, we will only consider the planes L in D;. We will represent I'y as the
product I'} - T, where I'] is the product of the functions I'(s;(z)) in I'; without singularities
on L{ and I'{ is the product of the functions T'(s;(z)) in Ty with singularities on Ly, where

we will denote, by s, the number of factors in F’l’ . Taking this notation into account, the
following inequality for the norm of ¢; will hold true for any z € Uj:
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—2s s
1 1!
|2 ‘2 ’rl

TT,l;
Iy

16l < £ (A44)

|y |ry
T2

|y |y
T3]

1+ +

The first factor has a zero of order 2s, the second factor has a pole of order s, and the
third factor decreases exponentially as Ry increases. Therefore, the product of the first and
second factors has a zero of order s. This, in conjunction with the previous deductions,
completes the proof of Lemma Al. O

Lemma A2. There exists a sequence of radii Ry, such that Ry — oo, and for which

k—o0 01NSg

Lemma A3. There exists a sequence of radii Ry, such that Ry — oo, and for which

k—o0 opNSk
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