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Abstract: The HP-Hausdorff-Pompeiu b-metric for g € [0,1] is introduced as a new variant of the
Hausdorff-Pompeiu b-metric H. Various types of multi-valued HP-contractions are introduced
and fixed point theorems are proved for such contractions in a b-metric space. The multi-valued
Nadler contraction, Czervik contraction, q-quasi contraction, Hardy Rogers contraction, weak quasi
contraction and Ciric contraction existing in literature are all one or the other type of multi-valued
HP-contraction but the converse is not necessarily true. Proper examples are given in support of our
claim. As applications of our results, we have proved the existence of a unique multi-valued fractal
of an iterated multifunction system defined on a b-metric space and an existence theorem of Filippov
type for an integral inclusion problem by introducing a generalized norm on the space of selections
of the multifunction.
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1. Introduction

Romanian mathematician D. Pompeiu in [1] initiated the study of distance between
two sets and introduced the Pompeiu metric. Hausdorff [2] further studied this concept
and thereby introduced the Hausdorff-Pompeiu metric H induced by the metric d of a
metric space (X, d), as follows:

For any two subsets A and B of X, the function H given by H(A, B) = max{sup, 4
d(x,B),sup,.pd(x, A)} is a metric for the set of compact subsets of X. Note that

H(A,B) = max{Bsupd(x,B)+ (1—p)supd(x,A),psupd(x,A)
x€A xeB xeB
+ (1—pB)supd(x,B)}forp=0o0rl. 1)
xX€A

Nadler [3] extending the Banach contraction principle introduced multi-valued con-
traction principle in a metric space using the Hausdorff-Pompieu metric H. Thereafter
many extensions and generalizations of multi-valued contraction appeared (see [4-7]).
In 1998, Czerwik [8] introduced the Hausdorff-Pompeiu b-metric H, as a generalization of
Hausdorff-Pompeiu metric H and proved the b-metric space version of Nadler contrac-
tion principle. Czervik’s result drew attention of many researchers who further obtained
many generalized multi-valued contractions, named g-quasi contraction [9], Hardy Rogers
contraction [10], weak quasi contraction [11], Ciric contraction [12], etc. and proved the
existence theorem for such contraction mappings in a b-metric space. The aim of this work
is to introduce new variants of the Hausdorff-Pompeiu b-metric and thereby introduce
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various types of multi-valued HP-contraction and prove fixed point theorems for such
types of contractions in a b-metric space. It is shown that for any b-metric space (X, ds)
and B € [0, 1], the function given in (1) defines a b-metric for the set of closed and bounded
subsets of X. We call this metric HP-Hausdorff~-Pompeiu b-metric induced by the b-metric
ds. Thereafter, using this H ﬁ—Hausdorff—Pompeiu b-metric, we have introduced various
types of multi-valued HP-contraction and proved fixed point theorems for such types of
contractions in a b-metric space. The multi-valued Nadler contraction [3], Czervik con-
traction [8], g-quasi contraction [9], Hardy Rogers contraction [10], Ciric contraction [12],
weak quasi contraction [11] existing in literature are all one or the other type of multi-
valued HP-contraction; however, it is shown with proper examples that the converse is
not necessarily true. Finally to demonstrate the applications of our results, we prove the
existence of a unique multi-valued fractal of an iterated multifunction system defined on
a b-metric space and also an existence theorem of Filippov type for an integral inclusion
problem by introducing a generalized norm on the space of selections of the multifunction.

2. Preliminaries

Bakhtin [13] introduced b-metric space as follows:

Definition 1 ([13]). Let X be a nonempty set and ds: X x X — [0, c0) satisfies:

1. ds(x,y) =0ifand only if x =y forall x,y € X;

2. ds(x,y) =d(y,x) forall x,y € X;

3. there exist a real number s > 1 such that d(x,y) < s[ds(x,z) +ds(z,y)] forall x,y,z € X.
Then, ds is called a b-metric on X and (X, ds) is called a b-metric space with coefficient s.

Example 1. Let X = Randd : X x X — [0,00) be given by d(x,y) = |x — y|?, forall x,y € X.
Then (X, d) is a b-metric space with coefficient s = 2.

Definition 2 ([13]). Let (X, d;) is a b-metric space with coefficient s.

(i) Asequence {x,} in X, converges to x € X, if limy_cods(xn, x) = 0.

(i) A sequence {xy} in X is a Cauchy sequence if for all € > 0, there exist a positive integer n(€)
such that ds(xn, Xpm) < € forall n,m > n(e).

(iii) (X, ds) is complete if every Cauchy sequence in X is convergent.

For some recent fixed point results of single valued and multi-valued mappings in a
b-metric space, see [9,14-18]. Throughout this paper, (X, ds) will denote a complete b-metric
space with coefficient s and CB% (X) the collection of all nonempty closed and bounded
subsets of X with respect to ds.

For A, B € CB%(X), define ds(x, A) = inf{ds(x,a) : a € A}, 64, (A, B) = sup, 4 ds(a, B)
and Hy (A, B) = max{6, (A, B),4 (B, A) }. Czerwik [8] has shown that H;_ is a b-metric
in the set CB% (X) and is called the Hausdorff-Pompeiu b-metric induced by d.

1
Motivated by the fact that a b-metric is not necessarily continuous (as —zds (x,y) <
s

. —_— 1 .
llimn*)mds(xn/yn) < llmn%oods(xn/yn) < Szds(x/y) and gdS(x/y) < llimnﬁoods(xn/y) <

limy—0ods(xn,y) < sds(x,y) see [19-21]), Miculescu and Mihail [12] introduced the follow-
ing concept of *-continuity.

Definition 3 ([12]). The b-metric ds is called -continuous if for every A € CB% (X), every x € X
and every sequence {xy } of elements from X with limy_coXy, = X, we have limy_yoods(xy, A) =
ds(x, A).

Proposition 1 ([17]). Forany A C X,

a€ A< ds(a,A)=0.
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Lemma1 ([12]). Let {x,} beasequencein (X,ds). If thereexists A € [0, 1) such that ds(xn, x,411) <
Ads(xy—1,xy) foralln € N, then {x, } is a Cauchy sequence.

The following lemma can also be proved using the same technique of proof of the
above Lemma.

Lemma 2. Let {x,} be a sequence in (X, d;). If there exists A, e € [0,1), with A < € such that
ds(xn, xp11) < Ads(xy_1,x4) + €" foralln € N, then {x,,} is a Cauchy sequence.

Czerwik [8] introduced multi-valued contraction in a b-metric space and proved that
every multi-valued contraction mapping in a b-metric space has a fixed point.

Definition 4 ([8]). A mapping T : X — CB%(X) is a multi-valued contraction if there exists
a e (0, %), such that g', ¢/ € X implies Hy (Tg', Tg') < ads(g',8’).
Theorem 1 ([8]). Every multi-valued contraction mapping defined on (X, d;) has a fixed point.

Thereafter using Hausdorff-Pompieu b-metric H; , many authors introduced sev-
eral generalized multi-valued contractions in a b-metric space (see Definitions 5 to
8 below) and proved the existence of fixed points for such generalized multi-valued
contraction mappings.

Definition 5 ([9]). A mapping T : X — CB%(X) is a g-multi-valued quasi contraction if there
exists g € (0, %), such that g',¢) € X implies

Hy (Tg', Tg') < qmax{ds(g',¢'),ds(g', Tg'), ds(g/, Tg!), ds(g', Tg'),ds(¢, Tg') }-

Definition 6 ([12]). A mapping T : X — CB%(X) is a g-multi-valued Ciric contraction if there
exists q,¢,d € (0,1), such that §', ¢/ € X implies

d
Hy (Tg', Tg!) < qmax{ds(g',8'),cds(g', Tg'), cds(g', Tg!), 5 (ds(g', Tg!) +ds (g, Tg')) }-

Definition 7 ([10]). A mapping T : X — CB% (X) is a multi-valued Hardy-Roger’s contraction
if there exists a,b,c,e,f € (0,1), a+b+c+2(e+ f) < 1, such that g',¢/ € X implies
Hy (Tg!, Tg)) < ads(g',8') +bds(g', Tg") +cds(g!, Tg!) +eds(g', Tg)) + fds (g, Tg')-

Definition 8 ([11]). A mapping T : X — CB%(X) is a multi-valued weak quasi contrac-
tion if there exists q € (0,1) and L > 0 such that g',¢/ € X implies Hy (Tg',Tg)) <
qmax{ds(g',8'),ds(g', Tg'), ds(g/, Tg))} + Lds(g", Tg))-

3. Main Results

3.1. The HP Hausdorff-Pompieu b-metric
Definition 9. For U,V € CB%(X), B € [0,1], we define

RE(U, V) = B4 (U, V) + (1~ B)da,(V,U)

and
HP(U,V) = max {RF(U,V),RF(V,U)}.

Proposition 2. Let U, V,W € CB%(X), we have
(i) HPU,V)=0ifandonlyif U =V.

(i) HP(U,V)=HF(V,U).

(iii) HP(U,V) < s[HP(U, W)+ HF(W,V)].
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Proof. (i) By definition, HF(U, V) = 0 implies max {8, (U, V) + (1 — B)é,,(V, U), (1 —
B)oa, (U, V) + Bés (V,U)} = 0. This gives 6, (U, V) = 0 and 6, (V,U) = 0. Now,
34,(U, V) = 0 implies ds(u, V) = 0 for all u € U. By Proposition 1, we haveu € V =V
forallu € Uand soU C V. Similarly, §; (V,U) = 0 willimply V C Uandso U = V.
The reverse implication is clear from the definition.

(ii) Follows from the definition of HP (U, V).

(iii) Let u, v, w be arbitrary elements of U, V, W, respectively. Then we have

ds(u, V) < s[ds(u, w) + ds(w, V)].
Since w is arbitrary, we get
ds(u, V) < slds(u,w) 4 64,(W, V)] < slds(u, W) +34,(W, V)].
Again, since u is arbitrary, we get
0a. (U, V) < 5[, (U, W) 464, (W, V)].
Similarly, we have

04, (V, U) < 5[64,(V, W) + 84, (W, U)].

Therefore,
RE(U,V) = Bog (U, V)+ (1~ B)da(V,U)
< Bs[0a, (U, W) + 64, (W, V)] + (1 = B)s[04,(V, W) + 64,(W, U)]
= s[Bos (U, W) + (1 = B)éa, (W, U)] + s[Béa, (W, V) + (1 = p)d4,(V, W)]
= s[RP(U, W) + RE(W, V)].
Similarly

RE(V,U) < s[RP(V,W)+RF(W,U).
Then, we have
HP(U,V) = max{RP(U,V),RF(V,U)}
max {s[RP (U, W) + RF(W, V)], s[RF(V, W) + RP(W,U)]}
max {sRP (U, W),sRF(W, U)} + max {sRF(W,V),sRF(V, W)}
s[HP (U, W) + HF (W, V)].

IN A

O

Remark 1. In view of Proposition 2, the function HP : CB%(X) x CB%(X) — [0, +00), is a
b-metric in CB% (X) and we call it the HP-Hausdorff~-Pompeiu b-metric induced by ds.

Remark 2. For B € [0,1] HP(A,B) < Hy, (A, B) and for =0V 1 HF(A,B) = Hy (A, B).

Remark 3. The Hausdorff~-Pompeiu b-metric HP is equivalent to the Hausdorff-Pompeiu b-
metric Hy_ in the sense that for any two sets A and B, HP(A,B) < Hy (A,B) < 2HFP(A,B).
However, the examples and applications provided in this paper illustrates the advantages of using
HP-Hausdorff-Pompeiu b-metric in fixed point theory and its applications.

Theorem 2. Forall u,v € X, U,V € CB%(X) and B € [0,1], the following relations holds:
1) ds(u,0) = HP({u}, {0}),



Mathematics 2021, 9, 12

50f21

(2) UcS(V,r),VcSU,r)=HPU,V) < rwhere r = max {[Srl + (1= PB)ry, Bra+
(1_13)71}/

(3) HF(U,V) <r= 3r,r > 0such thatr = max {Bry+ (1 — B)ro, fro+ (1 — B)r1 } and
ucs(v,n),vVcsl,r).

Proof. (1) This is immediate from the definition of HP.
(2)Since U C S(V,r1),V C S(U,ry), we have that

Vu e U,Jv, € V satisfying ds(u,v,) <n

and
Vo € V,3u, € U satisfying  ds(uy,v) <1y

= infds(u,v) <r forevery u € Uand inf ds(u,v) <r, forevery v e V.
veV uel

= sup ( inf ds(u,v)) <rjand sup ( inf ds(u, v)) <.

uely NveV veV NUE
Then, HP (U, V) < r where r = max {Br1 + (1 — B)ro, Bra+ (1 — B)r1 }.
(3) Let HP(U, V) = k < r. Then, there is some k1, k > 0 satisfying
k = max {,Bkl + (1 — ,B)kz,ﬂkz + (1 — ﬁ)kl},

(U, V) = sup(inf ds(u,v)) =k, 6(V,U) = sup(inf ds(u,v)) = ky.

uel veV veV uel

Since 0 < k < r, we can find 71,7, > 0 such that k; < rq, ko < rp and r = max {,3 r+
(1—B)ra, Bra+ (1 — B)r1}. Thus,

in‘f/ds(u, v) <ky <r forevery u € Uand inlflds(u,v)) <ky <rpforevery veV.
[US ue

Then, for any u € U there is some v, € V satisfying

ds(u,vy) < inf ds(u,v) + 11 —ky <7rq.
veV

and, for any v € V there is some u, € U satisfying

ds(uy,v) < inf ds(u,v) + 10 —ky < 1.
uel

Thus, for any u € U and v € V we have

ue U S(v;r) and v € U S(u;rp),

veV uel

which implies
UcsS(V,r)and V C S(U,r).

O

Remark 4. From Theorem 2 (2) and (3), it follows that the following statements also hold:

(2 U c S(V,rn),V C S(U,r) = HP(U,V) < r where r = max{fry + (1 —
B)r, Bra+ (1—p)ri}
and

(3") HP(A,B) < r = 3ry,ry > Osuchthat r = max {Br; + (1 — B)rp, Bra+ (1 —
B)r1}and U C S(V,r1),V C S(U,ry).

Theorem 3. Let U,V € CB%(X) and B € [0,1]. Then the following equalities holds:
(4) HA(U, V) =inf{r >0: U C S(V,r1),V C S(U,13)};
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(5)HP(U, V) =inf{r >0: U C S(V,r), U C S(V,12)},
where r = max {Br1 + (1 — B)ro, pra+ (1 —B)r1 }.

Proof. By (2'), we have

Hﬁ(U,V)§inf{r>0:UCS(V,rl),UCS(V,rz)},r:max{ﬁrl—i-(l—ﬁ)rz,ﬁrz‘i‘ 1—B)r}. ()

Now let HF(U,V) = k, and let t > 0. Then HP(U,V) < k + t. By Condition (3) of
Theorem 2 we can find 1, £, > 0 with max {Bt; + (1 — B)t2, o+ (1 — B)t1 } = t such that
UcCS(V;k+t)and V C S(U;k + t5). Thus,

{r>0:UcCS(V,r),BCS(Ur)}D{k+t:t>0UCS(V,k+t1),VCSWUk+t)}
This implies that

inf{r >0: U CS(V,r),VCS(U,r)} <inf{lk+t:t>0} =k=HPU,V).
To conclude,

HP(U, V) =inf{r >0: Ucs,n),VcsUr)}r=max{pr+ (1—pB)ry,pra+(1—B)r}. 3)
O

Theorem 4. If (X, ds) is a complete b-metric space, then (CB% (X), HP) for any B € [0,1] is also
complete. Moreover, C(X) is a closed subspace of (CB% (X), HP).

Proof. Suppose (X, d;) is complete and the sequence {A;},en in CB%(X) is a Cauchy
sequence. Let B= {x € X : Ve > 0,m € N,3n > m for which S(x,e) N A, # D}.

Let € > 0. By definition of Cauchy sequence, we can find m(e) € N for which,
n > m(e) implies Hﬁ(An,Am(e)) < €. By Theorem 3 (4), 3 e1,€, > 0 withe = max {f e +
(1—PB)es, Ber+ (1 — B)er} and m(ey), m(ez) € N such that min{m(ey), m(e2)} > m(e),
An C S(Ap(e,) €1) forn > m(er) and A, ,) C S(An,€2) n > m(ez). Then we have
B C 5(Ayy(e;),€1), and s0

(i) BC g(Am(el)f4el) holds.

€ .
Now set g, = z—llc,k € N, and choose ny = m(€x) € N such that sequence {ny }ren is

strictly increasing and
HPF (A, An,) < &, Y1 > ny.

For some p € Apy = A,y(¢,), consider the sequence {py, }ren With puy = p, pn, € A,
and ds(pn,, Py_,) < 25—12 It follows that the sequence {py, }xen is @ Cauchy sequence in

the complete b-metric space (X, ds) and so converges to some point ! € X.

Additionally, ds(py,, pn,) < 4€1 implies ds(I, p) < 4ey and soinfds(p,y) < 4€y, that
yEB

is, p € S(B, 4€1), from which we get
(i) An, C S(B 4€p).

Now, relations (i), (ii) from above and Theorem 2 (2) yields HP(A;,, B) < 4¢€;. Since
HP is a b-metric on CB%(X), we have

HF(Ay, B) < s[HP(An, Any) + HP (A, B)] < 5sey,

for any n > m(e;) = ng. Hence, sequence { A, },eN is convergent and (CB%(X), HP) is
complete. O



Mathematics 2021, 9, 12

7 of 21

For the second part, consider the Cauchy sequence { A, } ,en in C(X) and consequently
in CB% (X) and converging to some A € CBs (X). Thus, if € > 0 is chosen, we can find
m(e) € N for which

HP (A, A) < g Y > m(e),n € N.

Using (4) of Theorem 3, we get 3 €1,e, > 0 with e = max {Be + (1 — B)er, fer + (1 —

B)e1} and m(eq), m(e2) € N such that min{m(e1), m(ez)} > m(e), Ay C S(A,ez—l) for
€

n>m(e;)and A C S<A"'E) for n > m(ey).
For any fixed ny > m(ey), we have, A C S(Ay,, 62—2) and the compactness of A;, in X

_ 14
(due to which it is also totally bounded) gives us xfz, i €1,psuchthat A, C ‘Ul S(xfz, %2),
1=

P
whence A C U S(x{2, ;). Therefore, A € C(X).
=1

i=

3.2. Applications to Fixed Point Theory

We begin this section by introducing various classes of multi-valued HP-contractions
in a b-metric space:

Definition 10. T : X — CB% (X) is a multi-valued HP-contraction if we can find p € [0,1] and
k € (0,1), such that

Hﬂ(Tgl,Tg]) <k-ds(g', g) forall g, ¢ € X. 4)

Definition 11. T : X — CB% (X) is a multi-valued HP-Ciric contraction if we can find p € [0,1]
1
and k € (0, g), such that forall ¢*,¢) € X,

(8, Tg) +4ds(g/,Tg")
2s

HP (T, Tg') < k- max{ds(s",8)) (&', Ts), (g, Tg!), = 1)
Definition 12. T : X — CB% (X) is a multi-valued HP-Hardy—Rogers contraction if we can find
B 0,1 anda,b,ce f e (0,1)witha+b+s(c+e)+f <1 min{s(a+e),s(b+c)} <1
such that forall ¢*, g/ € X,

HP(Tg', T¢)) < a-ds(g',Tg'") +b-ds(8/, Tg) + - ds(g', Tg') + e - ds(g), TS") + f - ds(8', &) (6)

Definition 13. We say that T : X — CB% (X) is a multi-valued HP-quasi contraction if we can
find B € [0,1] and k € (0, é), such that forall ¢', ¢! € X,

HF(Tg', T¢') < k-max{ds(g', &), ds(g", TS'),ds(g/, Tg)), ds(g', TS), ds (g, T8 )} (7)

Definition 14. We say that T : X — CB% (X) is a multi-valued HP-weak quasi contraction if we
can find p € [0,1], k € (0, %) and L > 0, such that forall ', g/ € X,

HP(Tg', Tg)) < k- max{ds(g",8/), ds(g', T8"), ds(g), Tg)} + Lds (8", Tg))- ®)
Example 2. Let X = [0, g] U{1}and ds(g',¢') = |g' — §/|* forall ¢, ¢ € X.

Then {X, d;} is a b-metric space. Define the mapping T : X — CB%(X) by
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g ! ‘
{ 4 }/ for g € [0/ 9]
T(g') = L s

- 1 pr—
{0,3, 12}, for ¢'=1.

Then T is a multi-valued HP-contraction with g = Z and % < k < 1 as shown below.

We will consider the following different cases for the elements of X.

(i g.¢¢€ [o,g].

bl

) < kds(g'g), k> —

By Theorem 2(1), we have Hi (Tg', Tg) = ds( e

4

NS
I

(i) g'e€ [O,g],g] =1

We have the following sub cases:

1 1
(ii)@) ¢' € [O,%],g] = 1. Then Tg' = {gz} and 0 < gz < % Therefore, we have
1
54,(Tg, T1) = 64, ({51,{0,3, 2) and 85, (T1,Tg') = 6,({0, 3, 23, {5}). Note
1 1 l
that for 0 < gz & gz is nearest to 0 and farthest from 15—2 Therefore, 65, (Tg', T1) =
12 1 12 1
gfli 2_87 n_ 9 89 98" —30g"+25
Therefore,

HE(Tg, T1) = max {26, (g, T1) + 105, (T1, Tg"), 264, (T1, Ts") + 164, (Tg', T1)}

25 10g'  4¢” 75 308 4g -
576 192 © 64’576 192
75 30g" +4g12 279

> 22
576 192 T eq = Ks(8h1) k=57

= max {

(% is the maximum value of k which satisfies the above inequality for different values of

g'in [0 é]-)

(i)(b) ' € (%,g], g =1

g 87,
Then Tg' = {& }and36 TR .
Therefore, we have ¢, (Tg', T1) = s({g }, {0 3 12}) and 6, (T1,Tg') = 5ds({0’§’ﬁ}’

1 1
{g4 }). Note that for % < gz < % gz is nearest to % and farthest from % Therefore,
10g | 25

2 2
! = &l_,Z g~ 28 1 8 5,_8"
04,(Tg', T1) |4 3| % 12t and&ds(Tl Tg)f| | i T

Then, we have

Hi(T¢, T1) = max {%ds(Tgl, T1) + }L(sds(ﬂ, Te), §5d (T1,Tg') + 15d (Tg', T1))}

_ 34¢'  4¢'% 91 ~ 38¢' 4g
—ma {576 192 " 64’576 192 T }
1 12
LI kd(gl)k>£

576 192 ' 64 — = 256
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7
However, we see that for ¢’ = 9 g =1,

H(T(), (1) = 5 = (g, 1)

and hence T does not satisfy the contraction Condition of Nadler [3] and Czervic [8].

Example 3. Let X = {0, %,1}, ds(g',¢) = |g8 — ¢/|> forall ¢',¢) € Xand T : X — CB(X)

be as follows: T(g') = { {0}, for &' {0, 31}
{0,1}, for ¢'=1,

We will show that T is a multi-valued HP-contraction mapping with p € (1—76, %) Ifg', ¢ €

{0, i}, then the result is clear. Suppose g' € {0, i} and g/ = 1. Then 6, (Tg', T1) = 0 and
64.(T1,Tg') = 1 so that HP(Tg', T1) = max{B,1 — B}. In addition, we have ds(g',1) = 1

9 7 1 8 9

J— RN ﬁ 1 e — — _— —
or 1o Ij1f6ﬁ € (169' 2], then H (Y;i,Tl) 1—pB. Now 1 16ﬁ € [16' 16)' Therefore,
1-g= 5 (1 —/3)—16 and1l—B < 5 (1—-p)1, thatis1— B < 5 (1—pB)ds(g",1). Thus, we

have HP(Tg', T1) = 1 — B < kds(g',1), where k = 19—6(1 — B) < 1. Similarly if B € [%, 19—6), we

get HP(Tg', T1) = B < kds(g', 1) wherek = 19—6,8 < 1. Thus, T is a multi-valued HP-contraction.

1
However T is not a multi-valued quasi contraction mapping. Indeed, for g' = 1 and g/ =1,

we have
1 1 1
Ha(T(3),T(1) = max{,(T(), T1), 80, (TLT(;)} =1
>k max{ds(3,1),ds (3, T(§),ds(1,T1),ds (3, T1), ds(1,T(5))

for any k € (0,1). Therefore, T does not satisfy the contraction conditions given in Definitions 4—7.

Now we will present our main results in which we establish the existence of fixed
points of generalized multi-valued contraction mappings using H? Hausdorff-Pompeiu
b-metric. Hereafter, 7 { T} will denote the fixed point set of T.

Theorem 5. Suppose ds is *-continuous and T : X — CB%(X) is a multi-valued mapping
satisfying the following conditions:

(i) There exists p € [0,1], a,b,c,e, f,h,j > 0,a+b+s(c+e+ g) + f+j < 1and min{s(a +

e+ g)/s(b+c+ g)} < 1such that forall ¢', ¢! € X,

HP(Tg', T¢) < a-ds(g',Tg") +b-ds(8/, Tg) +c ds(g', Tg) +e-ds(g), TS

ds(g', Tg)) +ds(¢/, Tg') | . ds(g', Tg')ds(g, Tg)
n- . 4+ f-ds(¢, ). 9
> T T d e, 9) frds(g', ) ©)

(ii) For every g' in X, ¢/ in T(g") and € > 0, there exists g in T(g/) satisfying
ds(g/,g) < HP(Tg', Tg)) +e. (10)
Then F{T} # ¢.

Proof. For some arbitrary gj € X, if g, € Tg( then g, € F{T}. Suppose g, & Tgj. Let
g} € Tgi. Again, if g} € Tg) then g} € F{T}. Suppose g} ¢ Tg}. By (10), we can find
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ds(8n/ 8n+1)

g5 € Tgj such that
ds(81,85) < HP(Tg), Tgh) +e.

If g5 € Tg then g, € F{T}. Suppose g5 & Tg5. By (10), we can find g4 € Tg} such that
ds (83, 85) < HP(Tg}, Tgp) + €2

In this way we construct the sequence {g}, } such that g}, ¢ Tgj, g}, € Tgj, and

ds(8, 8heq) < HP(Tgh_1, Tgh) +€".

Then, using (9), we have

HF(Tg, 1, Tgy) +€"
a-ds(g,_1,T8,_1) +b-ds(g,, Tgy) +c-ds(8y,1,T8,) +e-ds(g,, T8y 1)
ds(g),_1,Tgn) +ds(8, TS, 1) . ds(8h 1, T8, 1)ds(8h, TSH)

. . . 1 1 n
" 2 *J 11ds(g" 184 +fds(8h-1,8n) +€",

<
<

+

that is,

, sh
(I =b—sc—j)-ds(gu gur1) < (@+sc+ =+ f) - ds(gy_1,8n) +€"- (11)

Using symmetry of HP, we also have

: 1 1 Sh 1 1 n
(1—a—se—j)-ds(gn gus1) < (b+se+ = +f) - ds(g1,8n) +e". (12)

Adding (11) and (12), we get

h )
ds(8n &ni1) < (a+bts(cted )+ f+]) - ds(gy1,8n) +e".

By Lemma 2, the sequence {g’, } is a Cauchy sequence. Completeness of (X, ds) gives
limy 40 ds(g4,8) = 0 for some g'* € X. We now show that ¢g'* € Tg'". Suppose, on the
contrary, that ¢'* ¢ Tg¢'*. Then,

B 04, (T8, Tg™) + (1 —B) - 64,(Tg'"", Tgh) < HF(Tgh, Tg"™)
<a-ds(g,,Tgy) +b-ds(g", Tg"™) +c-ds(g), TS"™) +e-ds(8', Tg),)

ds(8,, Tg"™) +ds(8'", Tgy) | . ds(g, Tgn)ds (8", Tg') .

h 2 + 1+4ds(gh, %) +f-ds(gn.8'")

ga~ds(g;,g;+1)+bods(gl*,Tg‘*)+c~ds(g;,Tgl*)+e~ds(gl*,g§1+1)

ds(8h T8") +s(8™,8h01) | ds(8hr &1y s (87, TS .

ds(8h Tg'™) +ds(8", 841) | ds(8n 8hy1) l(gl* 8 )+f~ds(g§1,gl )
2 1+ds(8h,8")

+

+h

and using the *-continuity of ds, we get
* * h * *
iminf B 34, (Tgy, Tg") + (1= B) - 6a,(Tg", Tgn) < (b+c+5) -ds(8", Tg™).
Similarly,

. . 1% 1 1 1% h 1% 1%
iminf B - 84,(Tg", Tgyn) + (1 = p) - 04, (T8, Tg") < (a+e+5) - ds(g", Tg").
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It follows that
ds(g'",Tg"™) = B-ds(g'", Tg"") + (1 — B) - ds(Tg'",8") < s[B-64,(Tg},, T"™)
+(1—B) - 04,(Tg", Tg})] +5.d5(8},41,8")

that is,

ds(8", Tg") < s[liminf[B 5y, (Tg;, Tg"™) + (1= B)da,(Tg", Tgy)l] + s[liminfds (g}, 11,8")]
<s(b+c+ g)ds(x*, Tg'™)
and
ds(Tg"™,8"") = B-ds(Tg'",8"") + (1= B) - ds(8"", Tg"") < s[B-04,(Tg"", Tg},)
+(1 =) 04,(Tgh, Tg")] +5-ds (8", 8141)

that is,

ds(Tg", 8"") < s[liminf[B - 64, (T8"", Tg;,) + (1 — B) - 04, (Tgy, T )] + slliminfds (8", 85, 11)]

<s(lat+e+ g) -ds(Tg'™, x*).

Since min{s(a+e+ g), s(c+e+ g} < 1,wegetds (g™, T¢'™) = 0 which from Proposition 1
implies that g'* € T¢"* and since T¢"" is closed it follows that ¢'* € Tg'*. [

Remark 5. Theorem 5 is true even if we replace (9) by any of the following conditions:

For some 0 < k < %,

1 ] ] 1
HA(TY', Tg) < k-max{di(g',8!), (g’ T"), ds(g), Tg), “8 TEH AL TE),

ds(g',Tg')ds (8, Tg!)
, 13
1+4ds(g', ¢') J 13)

HP(TS', Tg)) < k-max{ds(g", &), ds(g" Tg"),ds(8), Tg)), ds(8', TS'),

o ds(g', Tg)ds(g, Tg/
ds(g’, Tg'), (81 +gds)(gl(é;;) 2y (14)

The following result is a consequence of Theorem 5 and Remark 5:

Corollary 1. Suppose ds is *-continuous and T : X — CB% (X) satisfy Condition (10) and any
of the following conditions:

(i) T isamulti-valued HP-Ciric contraction.

(i) T isa multi-valued HP-Hardy—Roger's contraction.

(iii) T is a multi-valued HP-quasi contraction.

(iv) Tisamulti-valued HP-weak quasi contraction.

(v)  Tisamulti-valued HP-contraction.

Then F{T} # ¢.

Taking T : X — X in Corollary 1 (ii) and using Theorem 2 (i), we have the follow-
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ing corollary.

Corollary 2. Suppose ds is x-continuous and T : X — X. If there exists non-negative real
numbers a,b,c,e, f suchthata+b+s(c+e)+ f <1, min{s(a+e),s(b+c)} < land

ds(Tg', TV) <a-ds(g',8') +b-ds(8', Tg') +c-ds(¢), TV) +e-ds(8', TV) + f - ds(¢, Tg'), forall g', 8’ € X, (15)

then F(T) # ¢.

Remark 6. For B = 1, Condition (10) is obviously satisfied and hence, (Theorem 5 [3]), (Theo-
rem 2.1 [8]), (Theorem 2.2 [9]), (Theorem 2.11 [10]), (Theorem 3.1 [12]) and (Theorem 3.1 [11]) are
all particular cases of Corollary 1. However, the examples which follow illustrate that the converse is
not necessarily true.

We now furnish the following examples to validate our results.

Example 4. Let X, ds and T be as in Example 2. Then, as shown above, T belongs to the class of

. . . 79 o .
multi-valued HP-contraction with B € (%' E) and consequently T satisfies all the contraction
conditions given in Definitions 11-14. We will show that T satisfies (10):

For ¢' € [0, g], Tq' is singleton and so the result is obvious. Now for ¢' =1,ifg/ =0¢€ T¢'
1 1
then g = 0 € T will satisfy (10). If ¢ = = E Tg', then g = — 5 € Tg and if g = i eryg

then g = 4578 € T/ will satisfy (10). Thus, T satzsﬁes conditions of Theorem 5 and Corollary 1 and

0,1 € F(T).
However, as shown in Example 2, T does not satisfy the contraction condition of Nadler [3]
and Czervic [8].

Example 5. Let X, ds; and T be as in Example 3. Then as shown above, T belongs to the class of

and consequently T satisfies all the contraction

7 9
s ﬁ_ . .
multi-valued HP-contraction with p € (16 16)

conditions given in Definitions 11-14.
We will show that T satisfies (10):
1
For g' € {0, 1 }, Tq' is singleton and so the result is obvious. Now for ¢' =1,ifg/ =0 € Tg'

then ¢ = 0 € Tg/ will satisfy (10). If g = 1 € Tg' then g = 1 € Tg/ will satisfy (10).
Thus, Theorem 5 and Corollary 1 are applicable and 0,1 € F(T). However, we see that T does not
satisfy the conditions of (Theorem 2.2 [9]), (Theorem 2.11 [10]) and (Theorem 3.1 [12]).

11 34
Example 6. Let X = {0, — 5 5,15—2 15 1},ds(8",8)) = |§8—g/| forall ', ¢) € Xand T : X —
CB%(X) be as follows:
1 1 5 34 1 1 34
T(0) = T(53) = {0}, T(3) =T(5) = T(35) = {5}, TV ={0.5 351}
. . . . 3 34
Then, T is a multi-valued HP-quasi contraction for g = 1 with u s <k <1asshown
below:
34 34 1 34 1
1 — — ] = e = —
1) Ifg T and g/ = 1, then 6, (T (48) T1) = 5d5({12} {0,= 3 18 1) = 3 and
34 1 34 11

50, (T T(59) = 60,03, 221}, {55 )) = 13
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3 34 3 34 34, 3 34 1 34
HITC), T = max{ 364, (T(og), T + 304, (TLTCoa), 564, (TLT(3) + 300 (T(og), T}
ol Ll 11, 3w
T M Ty Ta) T ®
44 34
< k= >
< k48' foranyk_44
34
34 34 _ 34 34 34
< = Z T2 .
< kmax{ds(48,1),ds(48,T(48),d (1, T1),ds (48 T1),ds(1, T(48))}
1 1 1 34 1
T — ] = — _ —
34,10, 5, 25, 11,0}) =
3 1 3 1 1 1 1 1 3
HI(T(35) T1) = max{ 364 (T(35), T1) + 304, (T1, T(55), 264, (TLT(5)) + 104 (T(5), T} = >
< k1, for anykzz
1
< kemax{ds(5, 1), dy( =, T(- ), do(1, T1), ds(-=, T1), dy (1, T(-= )}
= X 512/ 1512/ 12/5 7 /512/ rUs 7 12 .
@) I g — i and g = %, then 8, (T(-5), T(2)) = 6,({0,{s5}) = = and
. 1 12 1 s 12 3 SR 12 12
3 1 1 3 1 1 1 1 1.3 1 1 1 1 1
H4(T(E)/T(§)) = max{zfsds(T(ﬁ),T(g))+15ds(T(§),T(E),;%(T(g),T(E)+15ds(T(ﬁ),T(§>)}
1 4 1
= —<k— > -
R <k 15’ for any k > 1
1 1
1 1 1 1 1 1 1 1 1
< —, T(—= =, T(= —,T(= —,T(==))}.

For all other values of g* and g/, a similar argument as above follows. Thus, T is a multi-

11 4
valued HP-quasi contraction. We will show that T satisfies (10) For ¢' € {0, —= 15’3 152 ?LS}
Tg' is singleton and so the result is obvious. Now, for ¢' = 1,if ¢/ = 0 € Tg' then

g = 0 € Tg/ will satisfy (10). If g/ = 1 or % € Tg' then, g = % € Tg/ will satisfy (10).
Thus, Theorem 5 and Corollary 1 are applicable and 0,1 € F(T). However, we see

34 11 34 14 34 34 30

d (E, (1) =0and d(1, T(—= 15 N} = B and so T does not satisfy the conditions of (Theorem
2.2 [9]), (Theorem 2.11 [10]), (Theorem 3.1 [12]) and (Theorem 3.1 [11]).

Proposition 3. Let Ty, T, : X — CB%(X), satisfy the following:
(3.1) Forall q,r € {1,2}, every g' in X, g/ in T;(g') and € > 0, there exists g in T,(g') satisfying

ds(g,8) < Hﬁ(qul/Trg]) +e
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(3.2) Any of the following conditions holds:

(i) Ty and Ty is a multi-valued HP-Ciric contraction;
(i) Ty and T, is a multi-valued HP-quasi contraction;
(iii) Ty and Ty is a multi-valued HP-weak quasi contraction;

Then, for any u € F{T;}, there exist w € F{T,} (q # r) such that

ds(u,w) < i supHﬁ(qu,Trx),

1*kxeX

where k is the Lipschitz’s constant.
Proof. Let g, € F{T;}. By (3.1) we can find g} € T»g{, such that

ds(gh, g) < HP(Ti8h, Tagh) + €.

By (3.1), choose g5 € T»g] such that

ds(g, 85) < HP (Tagh, Tagh).

Inductively, we define sequence {gj, } such that ¢! ; € T>(gj,) and

ds(8h, ghy1) < HP(Togh_q, Togh) +€. (16)

Now, following the same technique as in the proof of Theorem 5, we see that the sequence
{g!,} converges to some g, in X and g, € F{T,}. Since € is arbitrary, taking € — 0 in (16)
we get

ds (8 8n1) < HP(Tagy, 1, Tagh)-

Then, using (Section 3.2), we get

ds (8, 8ny1) < kK"ds(80,81)-

Then, we have d(gf, g4) < Yo" ds(g,1,8h) < s(1+ sk + (sk)* + - - )ds(g}, 8) <
s

1—sk

it gives that for each g6 € F{T,} there exist g]1 e g{) and g* € F(Ty) such that

(HP(Tgh, Tigh) + €). Interchanging the roles of Ty and T, and proceeding as above,

A(gh 8") < 1 (HP(Tig), Tog)) +e).

Now the result follows as € > 0 is arbitrary. [J

3.3. Application to Multi-Valued Fractals

Inspiring from some recent works in [18,22,23], we provide an application of our result
to multi-valued fractals. Let P, : X — CB% (X),i=1,2,---nbe upper semi continuous
mappings. Then, P = (P;, P, - - - P;) is an iterated multifunction system (in short IMS)
defined on the b-metric space (X, ds). The operator Tp : CB(X) — CB(X) defined by
Tp(Y) = U, Pi(Y) is called the extended multifractal operator generated by the IMS
P = (P, Py, - -+ P,). Any non empty compact subset of X which is a fixed point of Tp is
called a multi-valued fractal of the iterated multifunction system P = (Py, Py, - - - Py).

Theorem 6. Let P;: X — CB(X),i=1,2,---n be upper semi continuous mappings such that
foreachi=1,2,---n the following conditions hold:
We can find B € [0,1] and a,e € (0,1), a+ 2se < 1, such that forall x,y € X,i=1,2---n

HP (Px, Py) < ads(x,y) + elds(x, Py) + ds(y, Pix)]. (17)
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Then,

(i)  ForallU;,U, € CB(X), HF(Tp(Uy), Tp(Uy)) < a HP(Uy, Uy) + e[HP (U4, Tp(Ua)) +
HF (U, Tp(Uy))].

(ii) A unique multi-valued fractal U* exists for the iterated multifunction system
P= (PP, Py).

Proof. Suppose condition (17) holds. Then, for Uy, U, € CB(X), we have

RE(Pi(Uy), P(Un)) = BO(Py(Lh), Pi(Ua)) + (1 — B)3(Pi(Uy), Pi(Uy))

= ﬁ::gz( inf HP(Pi(x), P;(y)) +

(1 B) sup ( inf HA(Pi(x), Pi(y))
yEUz xelly

< B sup ( inf {a ds(x,y) +e[ds(x, Piy) +ds(y, Pl-x)}}

xel, ]/GUZ

+(1— B) sup (inf {ad(x,y) +elds(x, Py) +de(y, Px)] |

yell xel
= a HP(Uy, Uy) + e[HP (U3, Pi(Uy) + HP (U, P(ULY))].

Similarly, we get
RP(P,(Up), Pi(U)) < aHP(Uy, Uy) + e[HP (Up, Pi(Us) + HF (Us, Pi(Ua))]-
Thus, we have, fori =1,2,---n,

HP(P(Wh), P(lh)) < aHP(Uy, o) + e[HP(Uy, P(Uy) + HP (L, Pi(L))).

Note that

(L) P, ) P(W) < max{HE(PL(Uy), Py (), HP (Py(Uy), Po(Uy), - - HE (Pa(Ly), Bu(Up))}
i=1 i=1

and so
HA(Tp(Uy), Tp(Uh)) < aHP(Uy,Up) + e[HP (U3, Tp(Uy)) + HP (U, Tp(ULh))].

Thus, Tp : CB(X) — CB(X) satisfies the conditions of Corollary 2 in the metric space
{CB(X),HP}, with b = ¢ = 0 and e = f and hence has a fixed point U* in CB(X),
which in turn is the unique multi-valued fractal of the iterated multifunction system
P= (PP Py). O

Remark 7. Since HP (A, B) < H(A, B), Theorem 6 is a proper improvement and generalization
of (Theorem 3.4 [18]), (Theorem3.1 [22]) and (Theorem 3.8 [23]).

3.4. Application to Nonconvex Integral Inclusions

We will begin this section by introducing the following generalized norm on a vec-
tor space:

Definition 15. Let V be a vector space over the field K. For some p > 0 and vy > 1, a real valued
function ||.||5 : V — R is a generalized (p, ~y)-norm if for all x,y € V and A € K

1) x|t > 0and ||x||5 = 0 if and only if x = 0.

@) |Ax]ly < e

@)+ yll < vl + llyl5].
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We say that (V, ||.||5 is a generalized (p, )-normed linear space.

Remark 8. The following are immediate consequences of the above definition:

(i)  Every norm is a generalized (p, y)-norm with p = 1 and v = 1.
(ii)  Every generalized (p,y)-norm induces a b-metric with coefficient vy, given by d.(x,y) =

o
[l =yl
Example 7. Every norm defined on a vector space is a generalized (p, 7y)-norm.

Example 8. Let V = R. Define ||x||5, = |x|2. Then |\.||} is a generalized (2,2)-norm.

Example 9. Let V = R". Define ||x||5; = Ly |[x|P, 1 < p < oo. Then ||.||5 is a generalized
(p, 2P~ 1)-norm.

The convergence, Cauchy sequence and completeness in a generalized (p, v)-normed
linear space is defined in the same way as that in a normed linear space.

Throughout this section we will use the following notations and functions:

i A=I[0,1], T>0.

(ii) L(A):is the o-algebra of all Lebesgue measurable subsets of A.

(ili) Z:is a real separable Banach space with the generalized (p, 7)-norm ||.||%, for some
p>0andy >1.

(iv) P(Z):is the family of all nonempty closed subsets of Z.

(v) d, is the b-metric induced by the generalized (p, y)-norm ||H,’; and HP is the HF-
Hausdorff-Pompeiu b-metric on P(Z), induced by the b-metriv d,.

(vi) B(Z): is the collection of all Borel subsets of Z.

(vii) C(A, Z): is the Banach space of all continuous functions ¢(.) : A — Z with norm
Is() I+ = supyc 4 g5

(vii) A(.): A = Z.

(ix) p(,.):AXZ—Z

x) Q(,.): AxZ—P(Z).

xi) 4(.,.,.): AXAXZ—Z.

(xii) V: C(AZ) = C(A Z).

(Xlll) a1,00: AXA— (—OO, —|—00)

(xiv) Ly ,(t) = Q(t, V(x, 1) (1), x € Z,A' € C(A, Z),0 € LY(A, Z).

(v) Sye(o) ={9(.) € LA Z) : $(t) € Ly, (D)}

(xvi) L1(A,Z) : is the Banach space of all integrable functions u: A — Z, endowed with
the norm

T
()l = [ oM MsMOMEO) 1y 1) 6
where m(t) = fot k(s)ds,t € A, My, Mp, M3, My, M5 are positive real constants.

It is well known (see [24]) that L), ,(t) is measurable and S{ () is nonempty with
closed values.
We consider the following integral inclusion

V(0= A0+ [ o (69) ple,u(s)) + a(t5)alt,5,u(s))], ds (18)

u(t) € Q(t, V(x')(t) ae.te A. (19)

We will analyze the above problem (18) and (19) under the following assumptions:
(AS1) Q(-,-) is L(I) ® B(X) measurable.
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(AS(i)) There exists k(-) € L'(A, R;) such that, for almost all t € A, Q(t, -) satisfies
HP(Q(t,x), Q(t,)) < k(#) [lx — yll§
forall x,y in Z.
(ASz(ii)) Forallx,y € Z, e > 0,if wy € Q(¢, x) then there exists w, € Q(t,y) such that
leor (1) = w2 ()15 < HP(Q(t,x), Q(L,y)) +e.
(ASy(iii)) Forany o € L1(A,Z),e > 0and 07 € S,¢(c), there exists 03 € S,(07) such that
lor — o2l < Hﬁ(SAf(U)/S/\é(ﬁ)) +e.
(AS3) The mappings f: Ax AXZ — Z,g: A xZ — Z are continuous, V : C(A,Z) —
C(A,azn)d there exist the constants My, M, M3, My > 0 such that (AS3(i)) and either
(AS3(ii)(a))
or (AS3(ii) (b)) holds Vt,s € A,uq,uy € LY(A,Z),x1,x2 € C(A,Z).
(AS3(i)) [V (x1)(t) = V(x2) (D)5, < Msla(£) — x2(1) 5.
(AS3(ii)(a)) llq(t,s,u1(s)) — q(t,s,u2(s))|I5 < My N(uy, ua),
Ip(s,u1(s)) = p(s, u2(s)) |5 < M2 N(ur,u2).
(AS3(ii) (b)) llg(t,s,u1(s)) — q(t,s,u2(s)) |5 < My n(ur, ua),

lp(s,u1(s)) = p(s,u2(s)) |, < Man(uy, uz),

where

N(ur,u2) = max {ur (s) — ua(s)Il%, ur(s) = Syr (un)llf, ua(s) = Syr(u2)llf, ua (s) = Sxr(u2)ll6, uz(s) = Sye(ur) |5},

n(ur, uz) = max {|lur(s) — ua(s) ||, lur(s) — Sye(un) I, luz(s) — Sye(ua) 15} + K |ur(s) — Sye(u2) ||y

and

u(s) — St()|2 = inf u(s) —w(s)||f.
i) = Sh(@f = inf luts) ~wlo)

(AS4) &y, ap are continuous, |aq(t,s)|P < My and |ay(t,s)|° < Ms.

Theorem 7. Suppose assumptions (ASy) to (ASy) hold and let A*(-), u*(-) € C(A, Z), v(-) €
LY(A,Z) be such that d(v(t), Q(t, V(y*)(t)) < I(t) ae.t € A, wherel(-) € LY(A,Ry) and
y'(5) = p (8 u(D) + @(u)(t), V't € Awith®@(u)(t) = fylar (£, 7)p(7,u(7)) +a2q(t, T, u(7))]
dt, t € A. Then, for every j > vy and € > 0, we can find a solution x*(-) of the problem (18) and (
19) such that for every t € A

MMy +MsMy)Mzm(T)

7@'7(
N

() =y () < A" =gl [1+

$4 (MaMo+My)Mam(T) [T —1(MyMa+MsMy) Mym(t)
+77 7(MA‘Mz + MsMy)e' e I(t)dt.
- 0
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Proof. For A\‘ € C(A,Z)and u € L'(A,Z), define
F o (0 = N0+ [[Taa(t9) ple, () + aa(t,5)a(t,5,u(5))] .
Let 0,07 € L1(A,Z), wy € Syi(01) and
H(t) 1= Lyt gy N {z €Z: |wi(t) —z|| < (MsMp + MsM;)Msk(t) /OtN((fl,(fz) ds +5}.
By assumption (AS, (ii)), we have
do (w1 (), Ly ) < Hﬁ(Q(t,V(xgll)\g)(t)),Q(t,V(xUZ/Ae)(t)» te

< k(DIIV (g 0 ) (1) = V(g a) (D) + €

< Msk(t)[lxg 1o (F) — X, 20 (F) 15 +e
< M3zk(t) {/Ot laq (t,9)[°|1p(t, 01 (s)) — p(t, 02(s)) || ds
+/Ot laa(t, )| lg(t,s,01(s)) — Q(frsfﬁfz(s))HgdS} +e

< Msk(t) [(M4M2 + MsM;) /Ot N(al,az)ds] te.

Since € is arbitrary, we conclude that () is nonempty, closed, bounded and measur-
able.

Let wy(-) be a measurable selector of #(-). Then, wy, € S,/(07). If assumption
AS5(ii)(a) is assumed, then we have

T
o1 =y = [ e MM MMM e (1) — 0 (1)
T t
S/o e—W(M4Mz+M5M1)M3m(t)M3k(t)[(M4M2+M5M1)/0 N(gl,gz)ds]dt
+6 /T o~ 1(MgMa+MsMy) Mam(t) 4
0

T
< 1Nl(al,oz) +5/ e~ 1(MaMa+MsMy)Mam(t) g4
1 Jo

where N'(01,02) = max {{|o1 = o211, [lon = Sye (@) |11, lloz = S5 (02) |1, [lon = Sxe(@2) [, [l —
S,¢(o1)|]1}. Since § is arbitrary, we have

. 1
doy (w1, Sye(02) = inf  [lwy —wally < =N'(01,02).
WZGS/\K((TZ Tl
Therefore,
1
57(5/\z(0'1),5)\4(0'2) = sup dy(wl,SM(az) < 7N1(0'1,0'2). (20)
w1€S,¢(01) U

Similarly, we also get

1
6,(S,0(02),Se(01) =  sup  doy(wy,Sye(02) < =NY(oy,0). (21)
wi €S, (01) U

Multiplying (20) by g and (21) by 1 — 8 and adding, we get
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HP(S,4(01), Sye(02)) < ;N%o-l,az).

Thus, S,/(+) is a HP-quasi contraction on £L1(A, Z).
Now let
Q(t, x) :== Q(t,x) +1(t),

My o (t) = Q(t V(x, 00)(),  teT
Su(0) = A{y() € LYA,Z);9(t) € L, (1).

It is obvious that Q(-, -) satisfies Hypothesis 5.1.
Let¢ € S,/(0),6 > 0and define

() = Ly oo N {z € 25 19(t) = 2l| < Mak(D)]A" = |l +1(t) + 6.

Proceeding in the same way as in the case of H(-) above, we see that 7 (-) is measur-
able, nonempty and has closed values.
Letw(:) € Sy((O'). Then

T
9=l < [ e MaMt MMM 1) — (1)

T
< /O e~ 1(MaMa+t MsMO)Msm(t) [ A1 (1) AL — 1| 4 1(t) + 6]dt
T
= H/\f — ‘Z/H*/o e*’?(M4M2+M5M1)Mam(f)M3k(t)dt

T T
_|_/ e*’?(M4M2+M5M1)M3m(f)[(t)dt + 5/ o 1(MyMo+Ms M) Mam(t) 14
0 0

1

< PUITS
~ n(MgM; + MsM;) | a

+ /T e"?(M4M2+M5M1)M3m(f)l(t)dt +6 /T o 1(MyMo+MsMy)Mam(t) 34
0 0

As 6 — 0O we get

1
7(MgM;p + M5 M)

T
+/ e*’?(M4M2+M5M1)Msm(t)l(ﬂdt'
0

HP(S,0(0),5,4(0)) < IAC =

iz
(22)

. 5 . . N . 1 .
Since S,/(.,.) and Sf, (.,.) are HP-quasi contractions with Lipschitz constant 7 and since

v(-)eF {gy/} by Proposition 3 there exists u(-) € F{S,} such that

m B(&
v—ull1 < sup HP(S ,x,5,ix).
o=l < 0 sup H(S,%,5,0%)

Using (22), we have
Y H Aé
(11 = 1) (MaMa + M5 M)

b [T (MM MsMy) My ) g
=7 Jo

lo—ully < — 'l

(23)
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Now let

(1) = AY(E) + /Ot[oq(t,s) p(t14(s)) + aa (b, $)a(L 5, 1(s))] ds.

Then, we have
t
Ix“ (1) =y I < IA'(E) = ()] + (MaMa + MsMy) /0 [[u(s) —v(s)||ds
< A" = s+ (MyMp + Ms My )l MaMatMsMOMsm(T) 13y ),
Using (23) we get

(MgMa+MsMy)Mam(T)

=

e'l
() =y ()1l < A7 = wfll 1+ 2

1 (MyMp+Mq)Mam(T) = (MyMp+Ms My ) Mam(t)

+17 ’)/(M4M2 + M5M1)€’7 e l(t)dt
- 0

This completes the proof. [

Remark 9. Since HP(A,B) < H(A, B) and the class of generalized (p,~y)-norms includes the
usual norm ||.||, we note that the hypothesis conditions AS, (i) and AS3(i), (ii) are much weaker
than the corresponding hypothesis conditions (Hypothesis 2.1 (ii) and (iii)) of [24]).

3.5. Conclusions

The HP-Hausdorff-Pompeiu b-metric is introduced as a new tool in metric fixed
point theory and new variants of Nadler, Ciric, Hardy—Rogers contraction principles for
multi-valued mappings are established in a b-metric space. The examples and applications
provided illustrates the advantages of using HP-Hausdorff-Pompeiu b-metric in fixed
point theory and its applications. The new tool of Hf-Hausdorff-Pompeiu b-metric can
be utilized by young researchers in extending and generalizing many of the fixed point
results for multi-valued mappings existing in literature and investigate how the new tool
would enhance, extend and generalize the applications of the fixed-point theory to linear
differential and integro-differential equations, nonlinear phenomena, algebraic geometry,
game theory, non-zero-sum game theory and the Nash equilibrium in economics.
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