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Abstract: The S-A model is one of the most useful tools for shape designs and geometric representations
in computer-aided geometric design (CAGD), which is due to its good geometric properties such as
symmetry, shape adjustable property. With the aim to solve the problem that complex S-A curves
and surfaces cannot be constructed by a single curve and surface, the explicit continuity conditions
for G! connection of S-A curves and surfaces are investigated in this paper. On the basis of linear
independence and terminal properties of S-A basis functions, the conditions of G! geometric continuity
between two adjacent S-A curves and surfaces are proposed, respectively. Modeling examples imply
that the continuity conditions proposed in this paper are easy and effective, which indicate that the
S-A curves and surfaces can be used as a powerful supplement of complex curves and surfaces design
in computer aided design/computer aided manufacturing (CAD/CAM) system.

Keywords: S-A basis functions; S-A curves and surfaces; geometric continuity conditions; complex
curve and surface design
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1. Introduction

In the design of complex curves and surfaces, the basis functions of geometric models determine
the properties of the curves and surfaces constructed. The basis functions of common models in CAGD
include the Bernstein basis function, the Poisson basis function, the negative Bernstein basis function,
the B-spline basis function and so on, which are closely related to the probability distribution—especially
the discrete probability distribution [1,2]. For example, the Bernstein basis function contained in the
Bézier model is taken from binomial distribution, and the B-spline basis function used in the B-spline
model is closely related to some stochastic processes [3]. The negative Bernstein basis function which
was proposed by Goldman [4] corresponds to the negative binomial distribution, and the Poisson basis
function advanced by Goldman and Morin [5] corresponds to the Poisson distribution. The S-A basis
functions proposed by [6,7] are a kind of discrete probability modeling defined by generating function
and transformation factor combined with probability convolution. By taking different generating
functions and transformation factors, different S-A basis functions can be obtained, such as the Bernstein
basis function, the Poisson basis function, the negative Bernstein basis function, etc. Therefore, we can
study these well-known basis functions mentioned above in a unified way by S-A basis function.
Furthermore, S-A curves and surfaces include Bézier curves and surfaces, Poisson curves and surfaces,
rational Bézier curves and surfaces as well as many other curves and surfaces. In conclusion, the studies
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of 5-A methods provide a unified scheme for dealing with these curves and surfaces and reveal the
relations among these curves and surfaces. Consequently, the related studies based on the S-A curves
and surfaces have great significant value in theory and practical application. Based on the advantages
of the S-A model, Lu and Qin [8] proposed a degree reduction method of S-A curves on the basis of
genetic simulated annealing algorithm. Chen et al. [9] proposed a new shape-adjustment method of
S-A curves. Some applications of S-A model can be found in [10,11].

In addition, in the geometric-modeling design of CAD/CAM, a problem often encountered is that
complex curves and surfaces cannot be constructed by a single curve and surface. Hence, it is necessary
to study the geometric continuity conditions for S-A curves and surfaces. To date, there are two kinds
of methods established for the continuity between geometric models [12]. One is parametric continuity,
which is called C" continuity. The other is geometric continuity, or G" continuity. Furthermore, it is
usually required to satisfy some certain conditions. For example, for two adjacent parametric curves
P(t) and Q(t), the necessary and sufficient conditions for G! smooth continuity are P(1) = Q(0) and
P’(1) = «Q’(0), where a > 0 is a constant. Similarly, if two surfaces need to satisfy G! continuity,
they should not only have a common boundary curve, but also have a common tangent plane at the
common joint. In order to solve the problem mentioned above, many international scholars have done
many studies on the related algorithms of geometric continuity conditions for different geometric
models [13-30].

As we all know, the geometric continuity conditions of traditional Bézier, rational Bézier and
non-uniform rational B-spline (NURBS) surfaces, which can be used to produce engineering complex
curves and surfaces, have been widely researched in [13-19]. Nowadays, the research on geometric
continuity conditions of curves and surfaces with shape parameters is still a hot issue in the CAGD
field. Hu et al. [20] presented a novel shape-adjustable generalized Bézier curves and surfaces
(that is SG-Bézier curves and surfaces) firstly. Moreover, then the conditions of G! and G? geometric
continuity between two adjacent SG-Bézier curves and surfaces are derived [21,22]. Subsequently,
the geometric continuity conditions of Q-Bézier curves and surfaces are studied in [23] and [24],
respectively. Furthermore, Qian and Tang [25] investigated the sufficient and necessary conditions
for continuity of curvature and tangency between H-Bézier curves of degree 4. Usman et al. [26]
discussed the C? and G? continuity conditions of TC Bézier-like curves for complex curve modeling.
C"and G' (r = 0,1,2,3) continuity conditions between GHT-Bézier curves with shape parameters are
studied by Bibi et al. [27]. In [28], algorithms of constructing complex curves by using generalized
H-Bézier model are proposed. Hu and Wu [29] researched the geometric conditions of G! and G2
continuity for generalized quartic H-Bézier curves and extended the conditions to the corresponding
developable surface. Analogously, the conditions of G! continuity, Farin-Boehm G? continuity and G2
Beta continuity for developable Bézier-like surfaces are derived in [30]. In order to handle the problem
of not being able to construct complex curves and surfaces using a single S-A curve and surface, in this
paper, the conditions of G! geometric continuity between two adjacent S-A curves and surfaces are
derived, respectively. Numeric examples indicate that the method proposed in this paper is effective,
so some complex S-A curves and surfaces can be constructed well.

The rest of the paper is organized as follows: The definition of S5-A basis functions and S-A curves
and surfaces are introduced in Section 2. In Section 3, the geometric continuity conditions for S-A
curves and surfaces are derived. Moreover, some numeric examples are presented in Section 4. Finally,
a brief conclusions are summarized in Section 5.

2. Preliminaries

2.1. Univariate S-A Basis Functions and S-A Curve

m
For any given positive integer m, let {A ]-}],_ 0 be a given sequence of positive numbers. S(x) =

Y ;?LOA ]-xf is the generating function with radius of convergence R, which satisfies S(0) = 1. Let A(x) be
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a continuous strictly monotone increasing function satisfying A(0) = 0 and mapping [0, R;) onto [0, R),
where R and Ry may be +oo. Furthermore, A(x) is called the transformation factor. For x € [0, R;), let

Pyj(x) = 1)

Then we have Py j(x) € C[0,R;) as well as }, ’]71:0P1,j (x) = 1. According to the theory above,
we give the following definition of S-A basis functions.

Definition 1. Let random variable & be an integer valued and satisfy

P(E:j):Plj(x):M(]’:O,I,Z,...,m), @)
’ S[A(x)]
mn
{A](n)}jzo is n-convolution of {A ]-}7:0. Its generating function is
mn (n) )
Su(x) = (S(x))" = ;)Aj o, x € [0,Ry). 3)

Moreover, let {&;};° | be a sequence of independent random variables with the same distribution as &.
Let n, = )., &;, according to the convolution formula of probability, we have

CoAEy
P(Un:])zm, j=012,..., mn. 4)

Random variables n,, have the probability distributions (4), which are called S-A distributions. Denote

AP )

SnlA(x)]

Obviously, we can obtain Py, j(x) > 0and }. ?Zlopn,j (x) = 1. Here Py, j(x) are called S-A basis functions [6].

Pn,j(x) = ,(x€[0,R1),j=0,1,2,...,mn). (5)

It can be proved that S-A basis defined by (5) possess many properties similar to those of Bernstein
basis, such as non-negativity, partition of unity, linear independence, degree elevation, etc.

Definition 2. For any given S-A basis functions {Pn, i(x) }ZO defined by (5), the S-A curves can be defined as
follows [6]:

mn
Clx) = Y Puj(x)V}, (6)
=0
mn .
where {V]-}],: o are control points of S-A curves.

Similarly, the S-A curves also possess many important properties, such as terminal properties,
convex hull, interpolation and variation diminishing.

2.2. Tensor Product S-A Basis Functions and S-A Surface

mly nly
Denote < i, j > as a set of two-dimensional indicators. Let A" = {Afm)} ,B" = {B](.")} be
i=0 j=0

l
the m-th and n-th convolution of nonnegative sequences A = {Ai}i.lzo and B = {B ]-}],2:0, respectively.
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LetT = {T<i,j>} = {AiB j}, then denote T<""> = {TS;';’W)} = {A;"B;’} In terms of the definition of

discrete convolution, we have

T(<mr”>) — AMBN
<i,j> i

i ]
_ . g (m-1) . pn-1)
= ; Al—PAp ; BJ—qu
p=0 q=0

i 1) (1 @)
= L T AiyBigal" B
p=04=0

i ]
<m-1,n—1>
- Z Z T<i—p,]'—q>T(<p,q> )
p=04=0

That is, sequence T<""> is the two-dimensional convolution of sequence T with respect to index
<ij>.

Obviously, if the generating functions of nonnegative sequences A and B are F(s) and G(t),
respectively, then the binary generating functions of sequences T and T<"""> are as below:

S(s,1) = F()G(t) = LiL L 2 o Taijos't], o
Samns(5,) = Fu(3)Gu(t) = [F(s)]"[G(D]" = L7 ¥ 7§0Tg§j1;">>sitf.

1
If {PFm,i(s)}:n:g are the S-A basis functions determined by the generating function F(s) and the

1
transformation factor A1 (s), {PGn, ]-(t)}izo are the S-A basis functions determined by the generating
function G(f) and the transformation factor A,(t), then their tensor product S-A basis function can be
defined by

P<m,n>,<i,j> (S, t) = PFm,i(S)PGn,]'(t), 0<i<mly; 0<j<nl. 9)

As we have done in the univariate S-A basis function, according to the definition of convolution,
we can define the tensor product S-A basis functions by giving the binary generating function and the
transformation factor directly. From the marks given above, we have the following definitions.

Definition 3. Let S(s,t) be the binary generating function satisfying S(0,0) = 1, A1(s) and Ay (t) be two
strictly monotone continuous functions on [0, R1) and [0, Ry), respectively. Then the tensor product S-A basis
function is defined as follows [7]

TS 0 (s)) Ao () l l
P Pis(s,1) = — , 0<i<mly; 0<j<nl. 10
<M< (S ) S<m,n>(/\l (S), AZ(t)) P= J=n ( )

It is obvious that Py > <i j>(S,t) = PFy i(s)PGy ().

Tensor product S-A basis function inherits many properties of univariate S-A basis function, which
includes nonnegativity, Partition of unity, interpolation, linear independence, etc. By using the tensor
product S-A basis function defined by (10), we can define tensor product S-A surface as below.

Iy nl
Definition 4. For a given control points sequence {V<i,j>}:2) 7,:2;, the tensor product S-A surface patch can
be defined as below [7]
m11 7112
C(S/ t) = 2 Z P<m,n>,<i,j> (Sr t)V<i,j>/ (11)
i=0 j=0

<mll,7’llz> . .
where {P<m,n>,<i,j> (s, t)}q; 0,j=05 "€ the tensor product S-A basis functions.
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From the properties of tensor product S-A basis function, we can obtain that tensor product S-A
surface also has most of the geometric properties of the S-A curve, such as affine invariance, convex
hull property, etc., and the boundary curve of S-A surface is a S-A curve.

3. Geometric Continuity Conditions for S-A Curves and Surfaces

In the geometric design of curve and surface modeling, single curve or surface is difficult to
describe complex geometric models, so it is often necessary to give multiple curves or surfaces, and then
according to certain continuity conditions, these curve segments or surface patches are spliced into a
complete curve or surface patch. There are two ways to measure the smooth continuity of curves and
surfaces, one is parameter continuity and the other is geometric continuity. Here, we will discuss G!
and C! continuity conditions for S-A curves and surfaces. These smooth continuity conditions will be
discussed one-by-one below.

3.1. The G' and C! Smooth Continuity for S-A Curves

mn A x) i
Given a S-A curve C(x) = Y. P, (x)V;, where the basis functions are P, (x) = %,
=0

(j=0, 1 mn). In addition, the generating function and transformation factor of S-A curve are
S(x) = Z, Aix* and A(x)

Let s solve the derivative of the S-A curve at the initial endpoint first, that is

x € [0,1), respectively.

_1x’

mn

C(0) = Z P, (0)V;. (12)

. (13)

J” V™ 4 (x) JSIAE)] - (x) S0

Bt oot SulAx)]  dx S[A(x)] (14)
= Ag) dJCX)|XO/]_l
0,j#1
when j = 0, we obtain
Po(0) = lim P08 _ pipy SO 1
" x—01 x x—0t+ dS[X( o] d}\(x)_)0+ (S[)\(x)]‘);\( ) (15)
= lim (=) (S[A ()" G — (myay G
Substituting (15) and (14) into (12), we can obtain
, dA(x) (n) dA(x)
C (0) = (_nAl)—dx Vo +A1 —dx Vi, (16)

dA(x) 1

and — =

so the derivative of the curve at the initial endpoint can be obtained as below

C'(0) = (—nA1) Vo + AV, (17)
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Now, let’s solve the derivative of the S-A curve at the another endpoint, that is to say
mn
C'(1) =) P(1)V;.
j=0

On the basis of definition of derivative, we have

P/n,j_ (R1> = x{%—w — xl_i)rlgl,d[Py;i(X)]
1 1

— 1 A;n)Wx)]]_l dA(x) FS[A(x)]—nA (x) Sl

B xirlrgl‘ Sn[A(x)]  dx STA@)]

dA(x) jSIA ()] =nA (x) E7
dx A(x)S[A(x)]

However

= i=1
m m
=JL AR =n L AR =+ L (-n) AR,
i= i= =
so we obtain
| ) L [ ni)A; i
1‘ IAG) A n/\(x)ds[ﬁ )] . dA(x) ]-FE‘l (j —ni)Ai[A(x)]
im Py, ;(x) y = lim P, ;(x) 7 -
—R: x A(x)S[A(x)] xR X Y AiA(x))
i=0
When j = mn,
mn+n§ (m=i)Ai[A(x)]!
P ynm™ (Ry) = Lim Py (x) dAdgcx) — ;
x—>Ry /\(x)EOAiM(X)]I
S DA
= hm Pn,mn(x) (1 + A(X)) l:1m .
x-R; A & AAE)
. ) merrn,%);l1 (m—l')AiM(x)]i
= hm_Pn,mn (_X) [m =+ 2 + /\(x)] 1; X ’
x—R; EOA:‘[A(X)]’
and
m—1
, mn+ny, (m-i)A;jA(x)] A
) i=1 _ nAm-1
f gy P2 A e =
£ Al
Consequently,
P/n,mn_(l) _ nAm—l )

When j =mn -1,

1 (x)) ! : ds[A ()]
Co ] AT ga () fS[A(x)] - nA(x)
Py~ (1) = lim —7— = lim ]Sn[A(x)] dx SIA)] o

6 of 18

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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That is
(n) A (x))"m2 ) (mn—l)JrE (mn—1—in) A{[A(x)]}
P -1~ (1) = lim - (14 A(x)) = _
’ x—1- n A(x ] Z Al[A(X)]’
w0 , (26)
(n) A (x)]™2 ) (mn=1)+ Y, (mn—=1-in)A;[A(x)]'
= lim -2l [142A(x) + A(x)7] =l ,
1- n x)] i
= ZEOA;'[)\(X)]
Owing to
(n) mn—2
A A " n
Jim 22 Te 2+ A=A Al (27)
(mn=1)+ ¥, (mn—1—im) A{A(x)]
lim = : =-1, (28)
: Y AA )]
i=0
so we can obtain the conclusion
P,n,mn—l_(l) = _A£:171)—1 /A,(ﬁ (29)

Similarly, when j < mn —2, notice that the highest power of molecule A(x) in ", ;=(1) =

AD J 7+ G- A
lim - [1+2A(x) + A(x)" ] ——4————1is j+ 1 +m < mn +m—1, it is much smaller than
o1 SRl L A

i=

the highest power of denominator A(x), that is mn + m, which means
P (1) =0, j<mn-2. (30)

Substituting (24) and (29) as well as (30) into (18), the derivative of the S-A curve at the another
endpoint can be represented as follows

-A
C,(l) = rm -1 Vin-1+ A—an' (31)

Hence, the following theorems can be obtained based on the theory above.

Theorem 1. Given two S-A curves P(x) and Q(x) with the control points {Po, Py, ..., Pmll} and

h . I )
{QO, Qi, .-, inz} , respectively. Let Si(t) = Y. Ajt' and S(t) = ). Bjt! be the generating functions
i=0 j=0
of them. Moreover, transformation factor of both is A(x) = 1%,x € [0,1). When two curves meet the
following conditions

Pm11 = QO/

(m)
A mA
mly—1 -1 P — — —+ B o
A(m'1> Pyjy1 + —3,— Arll i, = a(—nB1Qg Yl)Q1)/( >0)

mlq

(32)

then two S-A curves reach G! smooth continuity at the common joint.

In particular, when @ = 1in Theorem 1, the C! smooth condition of two S-A curves can be obtained
as below.
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Theorem 2. When two S-A curves P(x) and Q(x) satisfy the conditions

m<ll> Qo
s ~ A (33)
ml m l -1
A(—ml)Pmll 1+ Az Py, = -nB1Q + B@Qv
mll

then two S-A curves reach C! smooth continuity at the common joint.

3.2. The G' and C! Smooth Continuity for S-A Surfaces

Iy . I . I3
Given the generating functions F(s) = Y, A;s',G(t) = Y. Bjt/,Q(t) = Z C; t/ and transformation
i=0 =0 =0
factors A1 (s) = 1%, A2(t) = 15,5 Xt € [0,1) x [0, 1). Denote

oAy By ey
Pl = e P T Gmor Y T ey
so the basis functions of tensor product S-A surface are obtained as follows
Py <i,j>(8,t) = PFyi()PGy j(t), Py <i,j> (5,1) = PF,i(8)PQy i ()- (35)
On the basis of basis functions above, two S-A surfaces C; and C, are defined as below:
mly nlp mly ki3
)= Z Panis <i o (5 Ui o, Cals, 1) = ) Z P oo <i o (5,8 Vi o, (36)
i=0 j= i=0 j=

where U; ;- and V; ;> are the control points of the corresponding surfaces.

Lemma 1. Iftwo adjacent S-A surfaces C1 and Cy need to reach G smooth continuity in the u direction, they are
required to meet the following conditions

tlil%lcl (s,t) = Ca(s,0), (37)
. (9Ci(s,t) _ICi(s,t)\  dCa(s,0) dCa(s,0)
A= X s )T e X T 38)

The condition (37) means that two surface patches have a common joint, and the condition (38)
requires that two surface patches have a common tangent plane at the common joint. Let’s consider
the condition (37) at first. As we all know,

i C i mly nlp PF ]( Ma(1))
P is) = i 120120 mis )[G(A Ol
m11 7112 [ (t)]
= lim Z Z Ple( ),,12—“<i,j> (39)
t=17i=0,j=0 zM A®)

m11

= Y., PFyi(s)Usi >,

i=0
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Cs0) = 5 pp, () L0
s, = i(8)Lt—=V;;
z i=0 j=0 T (0)))F T
mly ki3 C;k)[/\z(O)]j
=L X PRui(s) g —Vaip
i=0 j=0 § Cé, )[/\2(0)]’7
ml]
= 'ZO PF,, (S)V<i,0>-
i=
According to (37), we have
ml1 m11
Z PFyi(s)Ucinty> = Z PF,,i(s) V<ip>-
i=0 i=0

Owing to the linearly independence of basis functions, it must exist
u<i,7112> = V<i,0>/i - 0/ 1! RN ml]
In addition, (38) can be simplified as follows:

d t 0
lim Cl(sl ) :f C2(S/0),

t—1- ot ot

where f is a positive real number.
The left side of the Equation (43) can be calculated as follows:

. ICy (st iy nh B Aa(1))
Jim 50 — lim 3. X PPni(8) (- ——)U
i=0j=0 ZOBp” (A2 (1))
=
() 1y 2 ) N ) j
mily nly (/B; " [A2(H]7)A z(f)(p§03p [A2(0)]F) (pZ::lpo M2 (OF)A2(6) (B, [A (1))

= lim ), ). PF,(s)

2

t—>1-1=0 1= "y
=0/=0 ) B,S)Mz(t)]"]
p=0
B a0 a2 F (- BB ()
mly nly (B 2DV )2 () +A2()( L (-p)B} By [2(D))
= Lim Y, Y, PF,;(s) = u.;
t=17—0 j=0 ’ nly (n) ’
Z Bp [/\Z(t)]p
p=0
. nly .
. -1 . 7 +j-1
mly nly (]BE’”)(ﬁ)] (1}t)2)+(1}t)2( ; (]_p)BEW)BIEJl)(ﬁ)p ! )
= lim ), Y. PF,;(s) — > U j>
=17i=0j=0 "2 '
Z Bp (ﬁ)
p=0
" . nly " " .
iy i (B () B+ (T G B ()
1 nly i 22N = i
= lim Y Y PF,;(s) P . U js.
t>17=0j=0 ") '
J L B," (%)
s

When j = nlp, we have

l’llz

p=1 p=1

Y. Gi-pBB (=) =) (-p)B B ()

90f18

u<z', >

(40)

(41)

(42)

(43)

(44)
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then ’
. n 2 .
(B (1) B+ & ( i (-p)B" By ()

lim

t—1- s
[Z By (1) ]
- 45)
n n nlz 1 n n n (
(kB ()" et OB BB ()" g
= hm nl 2 = <2”) :
-1 % 5 B (L) ] nly
p=0
When j = nlp — 1, we obtain
nly 1 nlp
) ¢t pHjtl ¢ p+nly
Y (i-nBUBY (=) =) (h-p-1By B (=) (46)
p=1 p=1
so
nly .
OB G B G
tli)r{l_ nly (n) s
LEOB” (ﬁ)p]
nly
((n-1)BY)_ ()" 5+ (VZ (nhy=p-1)B)_ By () ") 47)
51 nl
o]
( .
Bnl -1
—
nly
If j < nlp — 2, it is easy to check that
+1 i’ll2 . +i+1
(B (5 + AT (G-p)B) B (5) )
. p=
tl:r{{ l 5 =0. (48)
¥ (L
p§0 4 (ﬁ)

From the above calculation, we can obtain the conclusion as below

] (n)
. 8C1 S i’ - 1
tlil— Z Psz 2 (U<i,nlz> - U<i,nlz—1>)- (49)
n12

Now let’s calculate the right side of the equation (43). As we know,

mly Ky (o)

dCy(s,0

Z(S ) Z Z Ple( )dt kl3 V<i,j>

i=0j=0 G ()
= t=0
_ ki - (50)

mly ki3 jC§k)(ﬁ)] 1(1—115)2+(1—1r)2 (pZ::l (j_p)CEk)C;k)(ﬁ)pﬂ 1)
= Z Z PFm,i(S) i 7 V<i,j>/

i=0j=0 [Z C;,’”(ﬁ)”]

p=0 =0
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2
and([%c )(L)]) :(C(k))zzl so when j = 0, we obtai
1 ’ ] , we obtain
t=0

Kl

ot 1 el £t (k)
U= (1—f)2+(1—t22] PGS ) ) G G1)
=0
when j = 1, we have
kb7 o et pti-1 k)
(¢ (=) (Hz _tZZ] e =c, (52)
t=0
If j > 2, it is obvious that
chot 1 R S DR AN At
"G ot (1_t)22<]—p>cj GG ) =o (53)
p=1 £=0
Hence, by the calculation above, we can get
1
3C2 S 0 - k
Z Psz C V<z 1> = V<i,0>)‘ (54)
Based on the (43), (49) and (54), we have
ml1 (7;) 1 ml1
- (k)
PFm,l( )%(uq}nlp <1n12 1> - ZPsz C V<zl> V<i,0>)- (55)
i=0 Bl’llz
Moreover, the basis function is linearly independent, so we have
B(”)
nlp—1 ) )
W(ud,nlp - U<i,nlz—l>) = f : C1 (V<z‘,l> - V<z',0>)1 = 0/ 1/ .. ',mllz (56)
i’ll2

where f is a positive real number.
From (42) and (56), the sufficient conditions for two adjacent S-A surfaces reach G! continuity in
the u direction can be obtained, that is Theorem 3.

m11 ﬂlz
Theorem 3. Given two adjacent S-A surface patches Cy(s,t) = Y. ¥ Pupus <ij> (5, t) U< j> as well as
i=0 j=0
Wlll kl3
Ca(s,t) = X X Panps <ij>(5,1) Ve j> with the basis functions Py ns <ij>(5,t) = PFyi(s)PGy,j(t) and
i=0j=0
Py ks <ij>(8,t) = PFy i(s)PQy j(t), respectively. Here,
. ; k ;
A" Ay (o)) B [A2(1)) Py

PFm,i(S) PGn](t>: PQk]'(t)Z—k,SXtG[O,l)X[O, 1)

[E(Ar(s)]™ [G(A2(t))]" ™ [Q(A2(1))]
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and U.; > and V; j>. are the control points of the corresponding surfaces. When two S-A surfaces Cy and
C, satisfy the following conditions

U<i,n12> = V<i,0>/
(n)
Bnlz—l

k
FOR (Usipny> = Usinty-15) = f+ Ci (Ve = Vaigs),

nly

i=0,1,... mh (57)

the two surface patches reach G! continuity in the u direction, where f is a positive real number.

Similarly, the following two theorems can be obtained as well.

m11 nlz
Theorem 4. Given two adjacent S-A surface patches C1(s,t) = Y. Y. Paupus <ij>(s,t)U<; j> as well as
i=0 j=0
kl3 i’llz
Ca(s,t) = ¥ X Pegns<ij> (8, ) Vai j» with the basis functions Py ps <ij>(s,t) = PFy,i(s)PGy (t) and
i=0 j=0
P g <ij>(s,t) = PQyi(s)PGy,j(t), respectively. Here,

B 100 i)
; [ 2(t)]n,PQk,i(S) _ m sxte0,1)x][0,1)

Afm) ()]
PFy,i(s) = GO (A1 ()

O Eme T

and U j» and V; i are the control points of the corresponding surfaces. When Cy and Cy satisfy the
following conditions

Uy, j> = Ve,
(m)
mll—l

k
—on (Uety j> = Uiy -1,j) = £+ C§ )(V<1,j> -V, j>),

mly

i=01,...,nb (58)

the two surface patches reach G continuity in the v direction, where f is a positive real number.

Theorem 5. Given two adjacent S-A surface patches Cy(s,t) = % %2 P> <ij> (8, 1) U< j» as well as
Ky mly o
Ca(s,t) = Z Z P> <i,j> (s,t) Vi j> with the basis functions Py, y> <ij>(s,t) = PFy,i(s)PGy,i(t) and
P<k’m>l<i,j>l(;?;;i PQyi(s)PFy,j(t), respectively. Here,
Psz‘(S) — IM ,Pan(t) — M,kai(s) — M,Pl‘"m (t) — M ,
' [F(A1(s))] ' [G(A2(t))] ’ Q)™ [F(A1(1)]"

where s X t € [0,1) x [0,1) , U j» and V_; ;> are the control points of the corresponding surfaces. When C
and Cy satisfy the following conditions:

Uin,> = Veis,
(1)
nlz—l

k
07 (Usipty> = Ucinl,-15) = f - C§ )(V<1,i> —Veois),

nly

i=0,1,...,mh (59)

the two surface patches reach G! continuity in the u and v direction, where f is a positive real number.
When f = 1in Theorem 3 to Theorem 5, the two S-A surfaces reach C' continuity in the splicing direction.
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4. Numeric Examples

Example 1. Figure 1 shows an example of G (namely C°) smooth continuity of four quadratic S-A curves with
the generating functions S1(x) = 1+ 4x, Sy(x) = 14 7x,S3(x) = 1+ 5x,S4(x) = 1+ 9x. The corresponding
sets of control points are {(=2,2), (0,6), (2,2)},{(2,2), (6,0), (2,-2)}, {(2,-2), (0,-6), (=2,-2) } {(=2,-2), (-6,0),
(=2,2)}, respectively.

6 . . . . )
6 -4 2 0 2 4 6

Figure 1. G%(also C%) smooth continuity of quadratic S-A curves.

Example 2. Figure 2 displays a modeling example to demonstrate the G' smooth continuity between two
S-A curves of degree 6 and modifies the shape of composite surface by changing the ratio of tangent vector
without changing the continuous conditions. In Figure 2, the red curves represent the original curves P(x) ,
the blue curves are the constructed curves Q(x) which satisfy the G smooth continuity conditions, that is (32).
The generating functions of P(x) and Q(x) are S1(x) = 1+ 4x + 5x% + 6x> and Sp(x) = 1+ 3x + 6x% + 4x3
, respectively. In Figure 2a, the set of control points of S-A curve P(x) and Q(x) are P = {(0,0), (-1,2), (1.5,5),
(4,6),(6,4),(7,3), (4,0)}, Q=1{(4,0), (33/12,-5/4), (3,-3), (5,=7), (7,=5), (8,=2), (6,1)}. In addition, the ratio
of tangent vector of two S-A curves is a = 2/3. In Figure 2b, we take o = 5/3, the control points of S-A curve
P(t) remain unchanged, the set of control points of S-A curve Q(x) is changed to Q = {(4,0), (7/2,-1/2), (3,-3),
(5-7),(7,-5),(8,-2),(6,1)).

(@) a=2/3 (b) a=5/3

Figure 2. G!' smooth continuity of two sextic S-A curves.
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Example 3. Figure 3 shows an example to illustrate the C' smooth continuity between a S-A curve of degree 8
and a S-A curve of degree 9. The generating functions of P(x) and Q(x) are Sy(x) = 1+ 4x + 5x2 + 3x3 + 2x*
and Sy(x) = 1+ 3x + 6x2 + 4x3 . The sets of control points of S-A curve P(x) and Q(x) are P = {(1,1), (0,2),
(0.5,3.2),(2,4), (4,3), (3,2), (4,0.5),(6,0.7),(7,2)}, Q = {(7,2), (22/3,73/30), (8,1.5), (8,0), (9,0), (10,2), (11,2),
(12,0), (13,0), (14,3)}, respectively.

Figure 3. C! smooth continuity of S-A curves.

Example 4. Figure 4 displays a modeling example to illustrate the G smooth continuity in the u direction between
two S-A surfaces. In Figure 4, the red mesh surface represents the original surface Cy (s, t) , the blue mesh surface
is the constructed surface Cy (s, t) which satisfies the G! smooth continuity conditions in the u direction, that is
Equation (57). In addition, the basis functions of C1(s,t) and Cy(s,t) are Py n> <i j>(5,t) = PFyi(5) PGy (1)
and P ks <i,j> (s,t) = PFm,i(S>PQk,j(t)/ where

PFmi(s)

AP )] B [Aa(t)) iy
R e))™

and

F(x) =1+42x43x%,G(x) =14+ 2x+22%,Q(x) = 1+ x+2x%,A1(s) = 1% , A2(t) = 15,5 Xt €[0,1) x [0,1)

Figure 4. G! smooth continuity of two S-A surfaces in the u direction.
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The control points of S-A surfaces C1 (s, t) and Cy (s, t) are {(0,0,20), (0,5,20), (0,10,10), (0,15,20), (0,20,20);
(5,0,20), (5,5,20), (5,10,10), (5,15,20), (5,20,20); (10,0,0), (10,5,0), (10,10,10), (10,15,0), (10,20,0); (15,0,5),
(15,5,5), (15,10,15),(15,15,5), (15,20,5); (20,0,20), (20,5,20),(20,10,0), (20,15,20), (20,20,20)} and {(0,20,20),
(0,25,20), (0,30,10), (0,35,20), (0,40,20); (5,20,20), (5,25,20), (5,30,10), (5,35,20), (5,40,20); (10,20,0), (10,25,0),
(10,30,10), (10,35,0), (10,40,0); (15,20,5), (15,25,5), (15,30,15), (15,35,5), (15,40,5); (20,20,20), (20,25,20),
(20,30,0), (20,35, 20), (20,40,20)}, respectively.

Example 5. Figure 5 shows a modeling example to demonstrate the G smooth continuity in the v direction
between two S-A surfaces. In Figure 5, the red mesh surface represents the original surface C1(s,t) , the blue
mesh surface is the constructed surface Cy (s, t) which satisfies the G! smooth continuity conditions in the v
direction, that is Equation (58). In addition, the basis functions of Cy(s,t) and Cy(s,t) are P > <i > (s,t) =
PF,i(s)PGy, () and Py s <i j (5, t) = PQy,i(s) PGy, j(t), where

AT (s)) B A (1)) cO ()
=T O o e

and

F(x) =1+42x+4x%,G(x) =1+3x+2x2,Q(x) = 14+ 2x +x%,A1(s) = 125 , A2(t) = 15,5 xt €[0,1) x[0,1)

i

&
G
vy
i
AN
DR

W

iyl
i1 i
g
Aoy
AT

/,',":"
Iyl
i

30 25

015 40 20

Figure 5. G' smooth continuity of two S-A surfaces in the v direction.

The control points of S-A surfaces C1(s,t) and Ca(s,t) are {(0,0,20), (0,5,20), (0,10,10), (0,15,20), (0,
20,20); (5,0,20), (5,5,20), (5,10,10), (5,15,20), (5,20,20); (10,0,0), (10,5,0), (10,10,10), (10,15,0), (10, 20,0);
(15,0,5), (15,5,5), (15,10,15), (15,15,5), (15,20,5); (20,0,20), (20,5,20), (20,10,0), (20,15,20), (20,20,20)} and
{(20,0,20), (20,5,20), (20,10,0), (20,15,20), (20,20,20); (25,0,35), (25,5,35), (25,10,—15), (25,15,35), (25,20,35);
(30,0,10), (30,5,10), (30,10,0), (30,15,10), (30,20,10); (35,0,5), (35,5,5), (35,10,15), (35,15,5), (35,20,5);
(40,0,20), (40,5,20), (40,10,30), (40,15, 20), (40,20,20)}.

Example 6. Figure 6 shows an example to display the G' smooth continuity in the u and v direction between
two S-A surfaces. In Figure 6, the red mesh surface represents the original surface C1(s, t) , the blue mesh surface
is the constructed surface Cy(s, t) which satisfies the G! continuity conditions in the u and v direction, that is
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(59). Furthermore, the basis functions of Cy(s,t) and Cy(s,t) are P<y > <ij>(S,t) = PFyi(s)PGy,j(t) and
P<k,m>,<i,j> (Sr t) = PQk,i(S)PFm,]'<t)r where

PFyi(s) = AL PG, i(t) = M PQui(s) = M a(s) PR, (1) = M
m,i\s) = [F(/\l(s))}m ’ n,j - [G(/\z(t))]n, kil\S) = —[Q(AZ(S))]]{/ m,j = [F(/\l(t>)]m ,
and

F(x) =144x+3x%,G(x) =1+ 2x+52%,Q(x) = 1+ 3x + 222, A4(s) = 1% , A2(t) = 15,5 xt €[0,1) x[0,1)

20

20
10 0

Figure 6. G' smooth continuity of two S-A surfaces in the u and v direction.

The control points of S-A surfaces C1 (s, t) and Cy (s, t) are {(0,0,20), (0,5,20), (0,10,10), (0,15,20), (0,20,20);
(5,0,20), (5,5,20), (5,10,10), (5,15,20), (5,20,20); (10,0,0), (10,5,0), (10,10,10), (10,15,0), (10,20,0); (15,0,5),
(15,5,5), (15,10,15), (15,15,5), (15,20,5); (20,0,20), (20,5,20), (20,10,0), (20,15,20), (20,20,20)} and {(0,20,20),
(5,20,20), (10,20,0), (15,20,5), (20,20,20); (0,25,20), (5,25,20), (10,25,0), (15,25,5), (20,25, 20); (0,30,15),
(5,30,15), (10,30,10), (15,30,5), (20,30,15); (0,35,5), (5,35,5), (10,35,15), (15,35,5), (20,35,5); (0,40,20),
(5,40,20), (10,40,10), (15,40,20), (20,40,30)}.

5. Conclusions

In this paper, we introduced the S-A curves and surfaces and derived the geometric conditions
for G! smooth continuity between two adjacent S-A curves and surfaces, respectively. In addition—in
terms of the proposed continuity conditions—some modeling examples are provided to verify the
effectiveness of the method. In summary, the research in this paper not only provides a unified method
for dealing with common geometric models (such as the Bézier model, the B-spline model and the
Poisson model), but also provides a practical technology with distinctive characteristics for the CAGD
system. The advantages of the 5-A model can be summarized as follows:

(a) The G' smooth continuity conditions for S-A curves and surfaces proposed in this paper extend
the conclusions of S-A model constructed by Fan and Zeng [6,7];

(b) For any composite S-A curves and surfaces which satisfy G! or C! geometric continuity, its local
and global shape can be adjusted flexibly by modifying the shape parameters without changing
the control points;
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(c) S-Amodel can be transformed into different geometric models when the generating functions and
transformation factors of the S-A basis functions are different, so the research of this paper plays
an important role in the complex modeling design of other common geometric models as well.

It is noteworthy that the G! geometric continuity conditions of S-A curves and surfaces are studied
for the first time in this paper. We will focus on studying the G? geometric continuity conditions of
S-A model in future work. In addition, some interesting directions for future research would be to
implement the performance and esthetics comparison of S-A methods with other methods.
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