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Abstract: In this paper, we completely determine the spectrum of edge balanced H-designs, where H
is a 3-uniform hypergraph with 2 or 3 edges, such that H has strong chromatic number xs(H) = 3.
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1. Introduction

Let Kz(,a) = (X, &) be the complete hypergraph, uniform of rank 3, defined on a vertex set
X ={x1,..., %}, so that £ is the set of all triples of X. Let H = (V, F) be a sub-hypergraph of kY.
We call 3-edges the triples of V contained in the family F and edges the pairs of V contained in the
3-edges of F. Such pairs will be denoted by [x, y].

An H-decomposition of Kz(,3) is a pair ¥ = (X, B), where B is a collection of hypergraphs all
isomorphic to H that partition the edge set of Kz(,?’) . An H-decomposition is also called a H-design of
order v and the elements of 3 are called blocks

If ¥ = (X, B) is a H-design, for any x € X, we call degree of the vertex x the number d(x) of blocks
of B containing x; for any x,y € X, x # y, we call degree of the edge [x,y] (see [1]) the number d(x,y) of
blocks of B containing the edge [x, y].

Given a hypergraph H = (X, F), there exists an induced action of the automorphism group
Aut(H) of H on the set of the 2-subsets of the triples of F. We call edge orbits the orbits of Aut(H) on
this set.

Following the classical definition of balanced designs, it is possible to define balanced H-designs.

Definition 1. An H-design X is said to be balanced if the degree d(x) of each vertex x € X is a constant.
In [2], generalizing this idea, the concept of edge balanced designs has been introduced:
Definition 2. An H-design is called edge balanced if for any x,y € X, x # y, the degree d(x,y) is constant.

We will call a balanced hypergraph design vertex balanced, in order to make a distinction with
edge balanced hypergraph designs. The concept of balanced G-design, in the case that G is a graph,
was introduced by Hell and Rosa in [3]. Later, a lot of work has been done in this field (see, for
example, [2-14]) both for graph designs and hypergraph designs.

A hypergraph is called linear if any two 3-edges have at most one vertex in common. It is trivial to
see that any H-design, with H a linear hypergraph, is edge balanced of constant degree v — 2. In this
paper, continuing the problem introduced in [2], we study edge balanced H-designs, where H is one
of the following hypergraphs:
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We denote the above hypergraphs P(®)(2,4) by [1,2,3,4] 5, (2,4)7 S®)(2,5) by [1,2,3,4,5]¢ (25)7
$G)(2,4) + E by [1,2,3,4,56]56) 04, P?(2,5) by [1,2,3,4,5p4,5 and PO)(2,4) + E by
[1,2,3,4,5,6] PO (2,4)+E- From now on by H we will denote one of these hypergraphs. We will denote
by m(H) be the number of triples in H, so that:

m(H) = 2 for H=P®)(2,4)
3 for H € {$®(2,5),54)(2,4) + E,PC)(2,5), P®)(2,4) + E}.

For the hypergraphs P(®)(2,4), 54)(2,5), 564)(2,4) + E and P©®)(2,4) + E we denote by A the edge
orbit that corresponds to the edge [1,2]; for P®)(2,5) by A we denote the edge orbit corresponding to
the edges [1,2] and [1,3]. Note that, for P®)(2,4), $©)(2,4) 4+ E and PO®)(2,4) + E, the edge [1,2] has
degree 2 and all the others degree 1; for 5)(2,5), the edge [1,2] has degree 3 and all the others degree
1; for P®)(2,5), the edges [1,2] and [1, 3] have degree 2 and all of the others degree 1.

Given a hypergraph H, a strong vertex coloring of H assigns distinct colors to the vertices of
a 3-edge of H. The minimum number k such that there exists a strong vertex coloring of H with k
colors is called strong chromatic number of H and denoted by xs(H) (see [1,15,16]). In this paper, we
consider H-designs, with H hypergraph with 2 or 3 edges, such that x;(H) = 3.

In the constructions we will use the following remarks:

e if X and Y are disjoint sets, with |X| = 2k+1, for some k € N, X = {xy,..., %1},
the triples {x1,xp, ¥}, with x1,x, € X, x1 # x, and y € Y, are all of the type {x;, xi1,, v},
withi=1,...,2k+1,r=1,...,kand y € Y, where the indices are taken mod 2k + 1;

e if X and Y are disjoint sets, with |X| = 2k, for some k € N, X = {xy,..., x5}, the triples
{x1,%2,y}, with x1,xp € X, x1 # xp, and y € Y, are all of the type either {x;, x;1,,y},
withi=1,...,2k,r=1,...,k—1,and y € Y or {x;, x; &, y}, withi =1,...,k, where the indices
are taken mod 2k;

e if X, Y and Z are pairwise disjoint sets, such that |[X| = |Y| = v, X = {x1,...,x,} and
Y ={y1,...,Yo}, the triples {x,y,z}, with x € X, y € Y and z € Z, are of type {x;,yi1, 2},
withi=1,...,0,r=0,...,v—1andz € Z.

2. Necessary Conditions

Let H be one of the hypergraphs listed before and let £ = (X, B) be an H-design. Using the
previous notation, for any x,y € X, x # y:

e we denote by C(x,y) the number of blocks containing [x, y| as an element of the edge orbit A; and,
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e  we denote by C’'(x, y) the number of blocks containing [x, y] as an element of all the other edge orbits.

Proposition 1. Let ¥ = (X, B) be an edge balanced H-design of order v and let m = m(H). Subsequently,
the following conditions hold:

(1) foranyx,y e X, x #y:

5(06_ 2 forH = PO (2,4)
d(x,y) = 7(”9_ 2) for H e {s©)(2,5),P®)(2,5)}
8(0; 2 forHe {8O)(2,4) + E, PO (2,4) + E};
2 v=2 mod3mv>2
(B) foranyx,y € X, x #y
¢ - 2 forH=PO)(2,4)
Clay) =42 5 for H e {S®(2,5),53)(2,4) + E,P®)(2,4) + E}
2(09_ 2) for H=P®)(2,5);
and
2(03_ 2 forH e {PO)(2,4),59)(2,5)}
C'(xy) = @ for H € {$®)(2,4) + E,P®)(2,4) + E}
@ for H=P®)(2,5).

Proof. For any H let r be the number of its edges. Let:

2 forHe {P®)(2,4),5®)(2,4) + E,P®(2,5), P (2,4) + E}
=3 forH =5s0(2,5).

If any edge [x,y], for any x,y € X, x # y, is contained in exactly d blocks of B, because |B| = @
we have: (0-2)
v r(v—
d(z)—r|B:>d— e

By the fact that r and m are always coprime, we immediately get thatv =2 mod 9, v > 11, if
m=3andv =2 mod 6,v > 8,if m =2. Forany x,y € X, x # y, we also have:

{C(x,y)JrC’(x,y) —d
pC(x,y) +C'(x,y) =v—2.

This leads us easily to the statement. [

Remark 1. Note that, keeping the previous notation, in order to prove that an H-design of order v is edge
balanced, it is sufficient to show that there exists ¢ € N, such that C(x,y) = c forany x,y € X, x # .
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In this paper, we want to prove that the necessary conditions for the existence of an edge balanced
H-design are also sufficient:

Theorem 1. There exists an edge balanced H-design of order v if and only if either v = 2 mod 6, v > 8§,
ifH="P®(2,4)orv=2 mod 9,v>11,ifH € {$©®(2,5),50)(2,4) + E,P®)(2,5), P®)(2,4) + E}.

3. Decompositions of Multipartite Hypergraphs

In this section, and for all the rest of the paper, we denote by H an hypergraph in
the set {P()(2,4),50)(2,5),50)(2,4) + E,P®)(2,5),P®)(2,4) + E}. Now, we want to provide
decompositions of multipartite hypergraphs that will be used in the proof of the main result. Note that
this type of decomposition is possible, because the hypergraphs considered here have xs(H) = 3.

If X3,...,X,, with s < r, are pairwise disjoint sets, we denote by Kg(rl) x, the multipartite hypergraph
having X7 U - - - U X; as vertex set and edge set the set of all r-subsets of X; U - - - U X containing at
least one vertex from every X;, fori =1,...,s

We prove the following;:

Proposition 2. Let m = m(H) and let X, Y and Z be three disjoint sets such that |X| = |Y| = |Z] = m.
(3)

Subsequently, there exists a decomposition of Ky , in copies of H in such a way that:
e ifHec {P®(2,4),50)(2,5),50)(2,4) + E,P®)(2,4) + E} thenVx € X,y € Y, z € Z:

C(x,y) =1
C(x,z) =C(y,z) =0;

e ifH=PO(2,5)thenVxeX, yeY,z€Z:

Proof. Let X = {x1,...,xm}, Y = {y1,...,ym} and Z = {z1,...,zn}. Subsequently, we get the
statement by taking the following blocks:

o if H=PO)(2,4), then take [x;, y;, 21, 22] pi3 (24) foranyi,j=1,2;

o ifH=25G (2,5), then take [xi,yj, 21,22,23]5(3)(215) foranyi,j=1,2,53;

o ifH=sl )(2,4) + E, then take [yj, XisZj11,Zjt+2,s xi+1ij]5(3) (24)+F foranyi,j=1,2,3;
o if H=PB)(2,5), then take (%0, ¥j,2j, 2j41, Yjs1] po) o 5) forany 7, = 1,2,3;

e ifH=p0G ( ,4) + E, then take [x,',y]', zj,zj+1,xi+1,yj+1]P<3) (24)4F foranyi,j=1,2,3,

where the indices are takenmod m. [

Now we can prove the following:

Proposition 3. Let m = m(H) and let X1, X, and X3 be three disjoint sets such that |X1| = | Xo| = | X3| =
3m. Subsequently, there exists a decomposition of Kg?]),Xz,Xa in copies of H in such a way that:

1 ifH e {P®(2,4),54)(2,5),50)(2,4) + E,P®)(2,4) + E}

Clx,x') = {2 if H = P()(2,5)

forany x € X;, x' € Xj, withi # j.
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Proof. Let X1 = X171 UX12UXj3, Xo = Xp1UXooUXp3and X3 = X371 U X35 U X33, where |X1'/]‘| =
mforanyi,j=1,2,3.

Consider now X| = {x’lll,xirz, x’1/3}, X} = {x’zll,xélz, x’2,3} and X} = {xgll,x’m, xgﬁ} pairwise
disjoint sets. When considering the following family F of paths:

[xé,i/ xll,i/ xé,i]/ [xi,i/ xé,if xé,i+1]r [xll,ir xé,i+zf xlz,i]r
[x/2,i+1/ xi,i/ xé,i+2]f [xi,if xé,iﬂf xé,i]' [xll,z" xil%,i/ x/2,i+2]/

/ / / / / / / / /
[x3,i/ X,ir xl,i+1]/ [xz,if X3ir xl,i+2}/ [xz,i+2r X1,ir xs,i+1]/
where i = 1, 2,3 and the indices are takenmod 3. Note that the set:

{8 A K | K0 ¥ ) € F

i1,j17 “ia,j2’ i1,j17 Vi’ i3z

is the edge set of K, .
is the edge set of Ky, v/
Let H = P®)(2,5). For any path P, = [xl/'ph’ x;z,jz’ xl’-srk] € F,forr =1,...,27, by Proposition 2

we can consider a family B, of copies of H decomposing sz, ) X X such that:
14J17°71240277713,13

e C(x,x)=1foranyx € X;, ;, and ¥’ € Xj, j, UXj, i.;

e C(x,x')=0foranyx € X; ; and x’ € X;, ;.

Let B = J%7 B,. Then the blocks of B provide the required decomposition of Kg?l)’XZ’XS.
LetH € {P¥)(2,4),50)(2,5),55)(2,4) + E, PP (2,4) + E}. Forany path Py = [x] ;. ,x} ., % .] €
F, forr = 1,...,27, by Proposition 2, we can consider a family B, of copies of H decomposing

3)
K! such that:
Xiy jy Xigjp i 3
e C(x,x)=1foranyx € X; ; and x’ € X;, ;.;
. C(X, X’) = 0 for any x € szJz and x’' € Xilrfl U Xi3,j3'

Let B = (J?Z, B,. Subsequently, the blocks of B provide the required decomposition of K§(31),X2,X3' O

4. Proof of the Main Result

Before proving Theorem 1, we need to decompose multipartite hypergraphs, as in the
following result:

Proposition 4. Let m = m(H) and let X, Y and Z be three disjoint sets, such that |X| = |Y| = 3m and
|Z| = 2. Given

2 ifH=P®)(2,5)
s =
1 ifH e {P®)(2,4),54)(2,5),50)(2,4) + E,P®)(2,4) + E},

there exists a decomposition of Kg? )Y 7 U Kg? )Y in copies of H in such a way that for any x,x" € X, x # x/,

vy €Y, y#y, andz € Z:
o C(x,x)=C(yy)=C(x,z) =C(y,z) =s;
. C(x,y) = 2s.

Proof. Case 1. Let H = P®)(2,4). Let X = {x1,...,%}, Y = {y1,...,y6} and Z = {z1,25}. In this
case we get the statement by taking the following family of blocks:
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fori=1,...,6andr=1,2

[Xi 2, Yis Vil po) (2,0), [Vis Zrs Xit3s Xie1] po) (0,0)
[xi, Xitrs Yitrs yi+2r]P<3) (2,4) [yi/ Yivrs Xitrs xi+27]p(3) (2,4)

o [Xi%i3, Vi Yisslpe) (o,0) D [Vis Yis, Xii Xigs] pe) o4y fori = 1,2,3;
Xi, Yitrs xi+1,x,~+2}P(3)(2,4) fori=1,...,6andr =0,3,5;

[
hd [xi,]/i+r,]/i+r+1,yi+r+2]p(3) (2,4) fori=1,...,6andr=0,1,3;
o fori=1,...,6
[xi,yi+1,xi+2, xi+3]p(3)(2’4)/ [xiryi+5ryi+1/yi+2]p(3) (2,4)
(Xi, Yitar Xiv1, Yisrl po) 0,0, [Xir Vieo, Xits, Vil po) 0,4

o [xi,yiﬂ,zl,zz]l,@)(z,@ fori=1,...,6andr =2,4.

Case 2. Let H = S®)(2,5). Let X = {x1,...,x9}, Y = {y1,...,y9} and Z = {z1,2,}. Let A, =
{i€{1,2,3,4} | r #i mod 4} forr =0,...,8. If A, = {j1, jo, j3}, we get the statement by taking the
following family of blocks fori =1,...,9:

o forr=3,...,8
[Xir Yikrs Xick oo Xik jpr Xt s |50 (2,5
{J/i/ Xitrs Yitjyr Yitjar yi+j3]5(3) (2/5);
o forr=0,1,2, whereji,j» #r+1(andsojz =r+1)
(X, Yivrs xi+j1rxi+jzle]s(3) (2,5)
[Vir Xirs Yijor Yiejr 2250 (2,5)
e forr=1,2,3

[xi/ Xitrr Yitr—1,Yitrs yi+r+4] SG)(2,5)

[Yis Yigrs Xitr—1, Xiger, xi+r+4]s(3) (2,5)7

o X Xiva Vi Yiva Yivslso) o5) A0 [Vis Yiseds Xis Xivas Xits]0) 2.5)7
o (X2 Yirs Yirr Yisslso) o5) and X0, 22, Vit1, Yivo, Yitslso) o5
o (Vi Zr Xiy3, Xiga, xi+5]5<3) 25) forr=1,2.

Case3.Let H=5®)(2,4) + E. Let X = {x1,..., %}, Y = {y1,...,yo} and Z = {z1,2,}. Consider
foranyr=1,2,3,4:

A1 ={(0,7),(2,8)}
Ay ={(1,1),(42)}
A3 ={(6,2),(7,3)}
Ay ={(3,1),(82)}.

We get the statement by taking the following family of blocks fori =1,...,9:
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e forr=1,23,4and (a,b) € A,
[xir Yitar Xitrs Xit5—rs Yitb—2r/ xi—r] SG)(2,4)+E
[yi/ Xiva,Yitrr Yi+5—rs Xitb—2rs xi—r} s53) (2[4)_;_5;
o forr=2,3,4
[xi+r, Xis Yi+5—rs Yitrr Xit5, yi+5+r]s(3) (24)+E
[yi+r, Yir Xit5—r, Xitr, Yi+5, xi+5+r]5<s) (2,4)+E
[ ]

[xir Zr, Yi+r1, Yir Yiv2, 23}5(3) (2,4)+E and [}/i/ Zyry Xi+6s Xit2, Xi+3, 25]5(3) (24)+E’ for (7’, S) S {(1r Z)r (2/ 1)}/
e and

[Xit1, Xir Yie1, Vi 21 Yils0) .00 £

[Yit1, Yis Xiv1, Xivas 22, xi+2}5(3) (2,4)+E

[xi/ yi+4/ Z1,22,Xi14, }/i+5} 5(3) (2,4)+E

Vi, Xis 21,22, Yit1, Xit6]50) (2,4)+ -

Case4.Let H = P®)(2,5). Let X = {x,..., %9}, Y = {y1,...,y9} and Z = {z1,2,}. Consider for
anyr =1,2,3,4:

A1 ={(2,0),(3,8)}
Az ={(1,6),(4,7)}
A3 ={(56),(87)}
Ay ={(40),(58)}

andlet by =7, by = 2, b3 = 3, and by = 1. We get the statement by taking the following family of
blocks fori=1,...,9:

e forr=1,23,4and (a,b) € A,
(X0, Xiyrs Yivar Yiebs xi+5—r]p(3) (2,5)
[Yis Yisrs Xivar Xigbs Yits—r| p) (2,5)
e forr=1,2,3,4
[]/z#brr Xiy Xitrs Xi45—rs xi+2r]p<3) (2,5)
it Yir Yitrs Yies—r.Yirorl po) 25
o [20, X0, Yira Yivs Xi-2] po) (2,5) forr =1,2and

[]/i+1,xi,21,22/ xi+ﬂp<3>(2,5), [yi+2, xi/22,21/Xi+2]p<3)(2,5),

[Xi, Yit7, 21,22, Yig3lpo) o5 [Xir Yies 22,21, Yivslpo) o 5)-

Case5.Let H = PO)(2,4) + E. Let X = {x,...,x9},Y = {y1,...,yo} and Z = {z1,25}. Consider
foranyr=1,2,3,4:
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A1 ={(0,7),(2,8)}
Ay ={(1,2),(41)}
A3 ={(6,2),(7,3)}
Ay ={(3,1),(8,2)}.

We get the statement by taking the following family of blocks fori =1,...,9:
e forr=1,23,4and (a,b) € A,
[xi/ Yivar Xitrs Xit5—r/ Yitbs xi+27]p(3) (2,4)+E
[yi/ XitarYitrr Yit+5—rs Xitbs yi+27‘] PB) (2,4)+E
o forr=1,2,3,4

[X,', Xitrr Yit5—rsYitrr Xi—r, xi+572r]p(3) (2,4)+E

[Vis Yiers Xis5—p) Xicers Yiers Yirs5—2rl p@) (2,) 4

o X0 Vit 22,21, Xi 1, Yil po) (0,0) 4 £ A0 [Xi, Yigs, 21,22, Xit1, Yil po) (0,0) 1B
(%, 20, Vi1, Yis Xie1, 2] p) 2,0y £ @0 [Vis 21, Xives X2, Yies, Zs] pe) 0,0y 0 for (18) € {(1,2),(2,1)}.

O
Now we are ready to prove Theorem 1.

Proof. By Proposition 1, we just need to prove that there exists an edge balanced H-design of order v if:

e Hec{50)(2,5),50)(2,4)+E PO (2,5),P®)(2,4) + E}andv =2 mod 9, v > 11;
e H=PO(2,4)andv=2 mod 6,v > 8.

Let us first prove it in the case v = 8, if H = P(®)(2,4),and v = 11, if H € {5 (2,5),50?)(2,4) +
E,P®)(2,5), PB)(2,4) + E}. We will use repeatedly (Theorem 3.3, [17]).

e LetH = P®)(2,4) and v = 8. Subsequently, this case follows by (Theorem 4.4, [2]).
e Let H=5%)(2,5)and v = 11. The statement follows by taking the H-design of order 11 on
X =1{0,1,...,10} having as base blocks the following ones:

[0/ 1/ 2/ 3/ 4] 5(3) (2/5) 7 [0/ 2/ 4/ 5/ 6] 5(3) (2/5) 7 [0/ 3/ 2/ 6/ 7] 5(3) (2[5) 7
[0,4,3,5,6]55) (5, 0,5,1,3,10] 555 5.-

e LetH=S50®(2,4) + E and v = 11. The statement follows by taking the H-design of order 11 on
X =1{0,1,...,10} having as base blocks the following ones:

[21 1/ Or 8/ 5/ 9]5(3) (2,4)+E’ [1r 3/ Or 10/ 5/ 7} 5(3) (2,4)+E’ [11 4/ O/ 5/ 3/ 9} 5(3) (2,4)+E’
5,1,0,10,2, 4]y 0,40+ - [1,6,0,3,4, 7] 55100 -

e LetH = pP® (2,5) and v = 11. The statement follows by taking the H-design of order 11 on
X =1{0,1,...,10} having as base blocks the following ones:

[1/ 0/ 2/ 9/ 4]13(3) (2,5)/ [2/ 0/ 4/ 7/ 8]1)(3) (2/5)/ [3/ O/ 6/ 5/ 1}13(3) (2,5)/
[4,0,8,3,5] 53 (25), 5,0,10,1,9] 35
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Let H = P©®)(2,4) 4 E and v = 11. The statement follows by taking the H-design of order 11 on
X =1{0,1,...,10} having as base blocks the following ones:

[]-/ 2/ O/ 8/ 3/ 7]13(3) (2,4)+EI [1/ 3/ 0/ 10/ 2/ 7]13(3) (2,4)+E/ [1/ 4:/ 0/ 5/ 2/ 8]13(3) (2/4)+E/

[1,5,0,10,3,6]ps) (.4 17 [1,6,0,3,8,10] 5 4 -

Now, let v = 3rh + 2, forsome h € N, h > 2, where:

2 if H=P®)(2,4)
r =
3 if He {S®)(2,5),54)(2,4) + E,P®)(2,5),PO)(2,4) + E}.

Let us consider Xj,...,X;, Y, pairwise disjoint sets such that |X;| = 3rfori=1,...,hand |Y| =2,

in such a way that | |J X; U Y| = v. We can consider the following families of blocks:

fori =1,...,h take an edge balanced H-design X; = (X; UY, B;) of order 3r + 2, by what we just
proved;

for any edge {i,j, k} € K}(IB) take a family of blocks C; j x decomposing ng ?Xj/Xk and satisfying the
conditions of Proposition 3; and,

foranyi,j =1,...,h, i # j, take a family D; ; decomposing Kg?gx]_ U Kg? )Y,Z and satisfying the
conditions of Proposition 4.

Let F = Ul’-’lei UUC;x UUD;;. Subsequently, it is easy to see that © = (X, U--- U X, UY, F)

is an edge balanced H-design of order v. [
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