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1. Introduction

Ore extensions play a key role in classifying pointed Hopf algebras, see for example [1-5]. It also
can provide some neither pointed nor semisimple Hopf algebras, see for example ([6], Examples 3.1
and 3.3).

Panov [7] introduced the concept of Hopf-Ore extension R[x;c, ] of which the variable x is
restricted to a skew primitive element and gave some equivalent descriptions. Later the Hopf-Ore
extensions for some special Hopf algebras were obtained, such as quasitriangular Hopf algebras
and multiplier Hopf algebras, see for example [8-11]. The authors [12] gave the realization of
PBW-deformations of an quantum group via iterated Ore extensions. As is well-known, a Drinfeld’s
twist ¢ for a Hopf algebra R gives rise to a new Hopf algebra R+ with the same underlying algebra
and the coalgebra structure, which is twisted from A by _#. Moreover, if (R, #) is a quasitriangular
Hopf algebra, so is (R/,e%’f ), where % = fﬂ%/’l (see for example [13-17]). Now, let R be a
bialgebra or Hopf algebra and ¢ an automorphism of R. Recently, Yang and Zhang [6] described Hopf
algebra structures on the localization of skew polynomial ring R[z; ¢] and the quotients of R[z; o]/,
for a certain Hopf ideal I of R[z; o], where R|[z; 0] is a Ore extension of automorphism type. Recall that
the Sweedler’s Hopf Algebra Hy is a noncommutative and noncocommutative quasitriangular Hopf
algebra of the smallest dimension. It is one of the few examples discovered in the early stage of the
exhibition, and now it still plays an important role in the theoretical development of Hopf algebra [18].
In this paper, we study Ore extensions of automorphism type for the Hopf algebra Hy. Consequently,
Ore extensions of Iy that are of bialgebras are classified. Some new examples of Hopf algebras of
dimension 47, consisting some neither pointed nor semisimple Hopf algebras are given.

The paper is organized as follows.

In Section 1, some basic notions of Ore extensions, Hopf algebras, Drinfeld’s twists and twisted
homomorphisms are reviewed. One fundamental result (Theorem 1) about the Ore extensions of
automorphism type for Hopf algebras is established. In Section 2, we firstly compute the equivalent
classes of twisted homomorphisms for Hy. Equivalently, the isomorphism classes of Ore extensions of
automorphism type for Hy are described. In Section 3, up to bialgebra isomorphisms, the classes of
the Ore extensions of automorphism type for Hy are determined completely (Theorem 3). All Hopf
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algebras structures on the quotients of Ore extensions of automorphism type for Hy are also classified
(Theorem 4).

2. Preliminaries

Throughout the paper, we work over the fixed field k containing some primitive root w of unity.
All algebras, modules, homomorphisms and tensor products are defined over the field k.

The group of automorphisms of an algebra R is denoted by Aut(R) and ¢ € Aut(R) unless
otherwise stated.

Let us recall some basic notions and results about Ore extensions and Hopf algebras. For more
details, the readers can refer to [18,19].

Suppose that R is a ring, ¢ : R =+ R a ring homomorphism, and é : R — R a o-derivation of R,
which means that § is a homomorphism of abelian groups satisfying

(5(1’11’2) = 0'(7’1)5(7’2) + (5(1’1)1’2.

Then an Ore extension R[x; 7, ], is defined by a noncommutative ring obtained by giving the ring
of polynomials R[x] a new multiplication, subject to the identity

xr =o(r)x +6(r).

If 6 = 0, the Ore extension is denoted by R[x; ¢}, and it is called an Ore extension of automorphism
type for R.

A bialgebra over the the field k is a vector space which is both a unital associative algebra
and a coalgebra. The algebraic and coalgebraic structures are compatible with a few more axioms:
the comultiplication and the counit are both unital algebra homomorphisms, or equivalently, the
multiplication and the unit of the algebra both are coalgebra morphisms.

Let R be a bialgebra with the comultiplication A : R — R ® R, the counit € : R — k. If there exist
ak-map S : R — R such that

Y S(h)ha =) mS(hy) = e(h)
(n) (h)

for all i € R, then R is called a Hopf algebra, where we use the sigma notations

A(h) = Zhl ® hy.
(h)

Example 1. The Sweedler's 4-dimensional Hopf algebra Hy is defined by

as an algebra: My = k < 1,8,%8x|g? =1, =0,xg = —gx>;
the coalgebra: A(g) =3®g, Alx) =x®1+g®x,
€(g)=1¢e(x)=0,
5(8) =& S(x) = —gx.

Hy is a unique and non-commutative quasi-triangular Hopf algebra of dimension 4. It is one of
the few examples discovered in the early stage of the exhibition, and now it still plays an important
role in the theoretical development of Hopf algebra.

It is easy to see that the set of grouplikes of Hy is G(Hy) = {1,¢} and x € Py ¢(Hy), where

Pyy(H) = {a € H|A(a) =a® g +h®a}.

Let
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Then the {eg, e1, egx, e1x} forms another basis of Hy and
epe1 = e1eg =0, e% = e% =1,

€08 = 8o = €9, €18 = g€1 = —¢ey,
epXx = xeq1, e1x = xep.

It is straightforward to see that if o € Aut(H,), then

o(x) = px +qgx = pleo +e1)x +¢(eo —e1)x = (p+q)eox + (p — g)erx
and
o(g) =vg+mx+ngx =vg+ (m+n)eyx + (m —neyx,

for some p,q,m,n € k and v = £1 with some relations.

We denote a copy of the Sweedler’s Hopf algebra Hy by H;, which generators are replaced by
¢, x' satisfying the same relations. The analogous notations are allowed for twisted homomorphisms
for Hj.

Furthermore, if ® : Hy — Hﬁl is the bialgebra isomorphism, then

®(g) =g, ®(x) = ux/, forsome y # 0
(see [20]).

Definition 1. ([21]) Let R be a bialgebra or Hopf algebra, the invertible element | € R® R, and o € Aut(R).
The pair (o, J) is said to be a twisted homomorphism for R if

(Awid)()(J©1) = ([dea)()) (1)), @
(ide)(]) = (exid)(]) =1, @
Jle®a)A(h) = A(o(h))], (©)

€00 =¢€ 4)

forallh € R.

Assume that R is a Hopf algebra. By ([22], Theorem 2.4), R[z; 0] is a bialgebra with R C R|z; 0]
defined by

Az)=](z®2), e(z) =1k ®)
if and only if (o, ]) is a twisted homomorphism for R. In this case, R[z; 0] is called a bialgebra Ore
extension of automorphism type (simply, BOEA ) for Hopf algebra R.

Let R be a Hopf algebra with the antipode S, o € Aut(R), and (o, ]) a twisted homomorphism
for R. Let

n—1 n—1
o~ Tl o) -] (zaful) w(ﬂ)) _Yoes
i=0 ] ¢

i=0

We denote SY = coSoo~!and

0:=0,=Y.SU"? 6, =Y J'S7(J?),
7 7
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and
0:=0=)S(")8% o =) 0'(¢%),
[ o

where | =Y J'®J>? € R®@R.
Theorem 1. ([6], Theorem 2.6) Let R be a Hopf algebra with the antipode S, (o, ) a twisted homomorphism
for R, and Rz; o] a BOEA for R. Suppose that there exists a nonzero t € R, with

n—-1 )

Aty =TJ@d))(tet), th=d"(h)t
i=0

forallh € R. Then H = R|z; 0]/ (z" — t) is a Hopf algebra with the antipode S such that S(z) = z~ 10~ 1 if
and only if

1. 6, =0ando"(0;) =0
2. S9(h)=0"1S(h)0 forallh € R;

n—1 .
3. TId'(0)=e
i=0

The authors in [6] gave some nontrivial examples on Theorem 1. Here we give more example
as follows.

Example 2. For the Hopf algebra Hy, w € k a primitive 2n-th root of unity. Let
o) =g olx) =wxt=g

J=1®1+dxg® x.

forany d € k. Then (o, ]) is a twisted homomorphism for Hy and satisfies the condtions of Theorem 1. Thus up
to isomorphism, we get a Hopf algebra Hy,,, generated by x, z with the relations

22" =1, x> =0, zx = wxz.

The coalgebra is

~—

AX)=x®@1+2"Qx, Az) =z®@z+dxz" 1 @ xz,
e(z) =1, e(x) =0,

S(z) =z1,S(x) = —z"x.

Hyy, is a neither pointed nor semisimple quasitrangular Hopf algebra of dimension 471 extended by
Hy. In the present paper, we shall investigate the bialgebra (Hopf algebra) structures on the quotients
Hy[z; 0]/ (2" — t) in general.

3. Classification of Twisted Homomorphisms for Hy

In this section, we give the classification of twisted homomorphisms for Hy.

Let (¢,]) and (¢’, J') be twisted homomorphisms for Hy and H} respectively, and Hy|[z, 0] and
H} [z’, 0’| the corresponding Ore extensions of automorphism type. The datum (o, ]) is said to be
equivalent to (¢/,]"), denoted by (¢, ) = (¢/,]'), if there is a bi-algebraic isomorphism ® : Hy[z, o] —
H, [z, ¢'] such that ®(Hy) = H} as bialgebras.
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Therefore, if @ : Hy[z; 0] = H)[z’; 0’| as bialgebras, then

P(z)@(h) = P(o(h))P(2),
e(®P(z)) =1

forallh € R.
We have the following main result.

Theorem 2. Any twisted homomorphism (o, ]) for Hy is equivalent to one of the following lists.
(a) the pair (o1, ]14) :

015(8) =& 015(x) = sx,
la=1®1+d(gx®@x).

foranyd € kand 0 # s € k.
(b)  the pair (05, Jo4)

02,5(8) = & +28x, ;p5(x) = sx,
Joa=1®142¢; @ x+d(gx @ x).

foranyd e kand 0 # s € k.
(c) the pair (035, ]3) :

(73,5(8) =g+ 2x, (73,5(35) =59x,
B=1®1—2e ®e; + 21 ® x.

forany 0 #s € k.

50f24

(6)
@)
®)

Proof. Let (o, ) be a twisted homomorphism for Hy. The proof is given in three steps as follows.

Step 1: Firstly, we assume that

1 . . . . . . . .
J=) (a8 ®¢ +bijg @gx+ciigx@g +dijg'x®g/x) e Hy @ Hy
ij=0

satisfies Equations (1) and (2). Tedious computations and comparing the coefficients of terms by

Equations (1) and (2) show that the Drinfeld twist | for Hy must be one of the following

1)
J1=1®14+4(a—1)eg ®e; +2cgx ®e; +d (gx @ x +4(a — 1)epx ® epx)

foranya,c,d.

2)
Jo=1®142be; @ x +d(gx ® x),

for any b # 0 and d.

3)
J3=1®1+4(a—1)e; ®e; +2bey ® x +2cgx R ey +d' (gx @ x)

foranya # 1, b # 0 and ¢, where d’ = ¢

a1
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Step 2: Secondly, we note that

Ji(e@a)A(h) = Ale(h)) 1, ©)
€00 =¢€. (10)

The Equation (10) and ¢ € Aut(H,) imply that
o(g) =g+mx+ngx, o(x)=px+qgx.
for some p, g, m,n € k. Recall that J; can be written as

1 = A1)+ (1—-a)(g®l)+(1—-a)(1®g)+(@—-1)(g®g) +c(gx®1 —gx®g)
+d((a-1)1®1+ag®1+(a—1)1®g+ (a—1)g®g)(x ® x)

for any 4, ¢, d. Equation (9) imply that
he@a)A(g) = A(e(§)1, Jile@0)A(x) = Al (x))]1.

The above two equations show that

2(a—1)p=(2a—1)q, (11)
2(a—1)m = (2a—1)n, (12)
2@—1)n+2c=(2a—1)m, (13)
am? +2(1 — a)ymn + (a — 1)n? = 2cm — cn, (14)
amn + (1 —a)n® + (1 —a)ym?> + (a — 1)mn = cn, (15)
an® +2(1 —a)ymn + (a — 1)m?> = cn, (16)
amp~+ (1 —a)np+ (1 —a)ymq+ (a —1)ng = 2cp — cq, (17)
amq+ (1—a)ng+ (1 —a)mp+ (a—1)np = cq, (18)
anp+ (1 —a)ymp+ (1 —a)nqg+ (a —1)mq = cq, (19)
ang+ (1 —a)mg+ (1 —a)np+ (a — 1)mp = cq. (20)

Ifa= %, thenc =0, m+n = 0,p + g = 0 by Equations (11)-(13) and Equations (14)—(20) hold

automatically. However, o ¢ Aut(Hy). Therefore, a # %. Now we set k = ﬁ, then

m=(14+x)c, n=(1-x)c
by Equations (12) and (13) and we can rewrite
1 1
p—§(1+1<)s, q—i(l—K)s

by Equation (11). Also, such m, n and p, g enjoy Equations (14)—(20) automatically and o7 € Aut(Hy).
Therefore, we get a twisted homomorphism (o7, ]{’d), for Hy, where

01°(g) =8 +2c(eo+xer)x, o07°(x) =s(eg+ xep)x(s #0),

]‘{’d_1®1+(11{—1)1®€1+2ng®€1+d(gx®x+(i_1>30x®60x)

for any x # 0, ¢, d.
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Similarly, we get the twisted homomorphism (¢, Jo“), where

03(8) = g +2bgx, 03(x) = sx(s #0),
2 = 1@ 1+ 2b(e; @ x) +d(gx @ x)

forany b # 0 and d, and the twisted homomorphism (o3, ]g’c), where
03°(8) =8 +2((b+c)eg +x(c—Db)er)) x, 037 (x) = s(eg + xey)x(s # 0),

1 4xbc
]?ZZ’C:1®1+ (K—l) e1 ®e +2b€1 ®X+2ng®€1+m(gx®x)/

forany x #0,1,b # 0, c.

Step 3: Now, assume that @ : H = Hy[z,0] — H' = H[2/, '] is a bialgebra isomorphism. Define
degr = 0 for all r € Hy and degz = 1. Then we can extend this to define the lexicographic order on
Hy[z; 0]. Since @ is bialgebra isomorphism from H to H’', we have ®(z) = A’z + B’ by considering
the expression for ®(z) as a polynomial z with coefficients in H, where A’, B € HJ}. It is easy to see
that A’ is invertible in H, since ® is an isomorphism.

By Equation (6), we have

N(AN]'(Z @2') + A (B)
= (@e)()(AeA)(Fe)+ (A B el)+ (B ®A)(1e)+B ®B).

Comparing the coefficients of z’ ® 1 and 1 ® z’, we get B" = 0. Hence we have ®(z) = A’Z.
Equation (6) holds if and only if

N(AN] = (@2d)())(A 2 A"). (21)
Now, by Equation (8) , it follows that
A" = ey + boe + coepx’ + doeyx'.

Let us investigate them case by case.

(1) For the twisted homomorphism (07", ]{’d), where

01°(g) = g+ 2c(eg + ey )x, 077 (x) = s(eg +xep)x (s #0),
i’d =11+ ' —1er®e; +2cgx e +d((xk ! —1)ep@eg+g®1) (xDx).

Assume that
(o, 17) = (o7, ),
where
o7 7(g) =g + 2 (e w'e)x, o (x) =5 (e + e (5 £ 0),
]f'd/ —1@1+ K =D @d +2/gdx @, +d (K —1eh@eh+¢ ®1) (' ®x')

in H,. By Equation (7), we have
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Therefore, we have
sby = s, sk = bys'x’, co = ¢’ — cuby, dy = cux — c'box’. (22)

!
. _ 2
It is noted that by = %, by =

F.

On the other hand, it is straightforward to see that by Equation (21),
(@) (J) (A @ A') = A'(A).
Comparing coefficients of all terms and noting that Equation (22), one get
d' = dy® + 2cpdy — x~'d3.

Hence
apg=1 by=—=¢/—=
co=c — cy\/ze, dy = —Vxr! (¢! — cy\/zs),
d' = dp® 4+ kp* — K/

forany c,d,c’,d and sx # 0, s'x’u # 0.
In particular, for any ¢, d and sk # 0, we can choose suitable triples (b, co, dp), such that

=0,«=1,5 =eVxs, d =du*+ .

Therefore, we get
, AN o
(0" 7)== (ove, Jia)s

where
e(8) =8 o1e(x)=5sx(s"#0), hao=101+d (gx®x),

foranyd’ € kand 0 # s’ € k.

(2) For the twisted homomorphism (o3, ]2b,d), where
05(g) =g +2bgx, 3(x) =sx (s £0), [ =1®1+2b(e; ®x) +d(gx ® x)

for any d and b # 0.
Assume that

(03, J5%) ~ (05, )0,

where
U‘E, (¢)=¢ +2v'¢'x, (75/(x’) =s'x' (s #0), ]gl’d, =1®1+2V(e;@x") +d'(¢x @)

in Hj. By Equation (7), we have

Therefore, we have

sbop =5, s = bps', co = b — buby, dy = bob’ — bux. (23)
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It is noted that by = S;/ and get that b3 = 1.
Computing
(@e@)(Ji) (A®A") and A(A)EA

as in the case (1), and comparing coefficients of all terms and noticing that Equation (23), one get that
d' = du* — 2budy — d3.
Hence
ag=1, bp=—=g¢,

co="b —bue, dy=¢eb' —bpu,
d = d’,uZ o b/2 + beZ

forany d,d’,b #0,b' #0ands #0, s'u # 0.
In particular, for any d,b # 0 and s # 0, we can choose suitable triples (b, o, dp), such that

V=15 =es, d =du® +b*u* —1.

This means that
bdy
(‘75/ ]2 ) ~ (UZ,S’iIZ,d’)/

where

05 (8) = §+2gx, 0p(x) =5'x(s’ #0),
Ja =101+2(ey @ x) +d (gx ®x)

foranyd’ € kand 0 # s’ € k.

(3) For the twisted homomorphism pair (03”, ]g,C), where
03°(8) =2((b+c)eg +x(c—Db)er))x, 03°(x) =s(eg+xer)x (s #0),
JPr=1@1+ (k7' —1)e; ®ey +2be; ® x +2cgx @ eg + d' (gx ® x)

forany b # 0 and ¢, where d’ = ‘i"fbxc with x # 0, 1.
Now, we assume that
5 1hey s b
(0_;)(5’13C)~(0_§S,]3 C)/

where

Ugl’sl (&) =8 +2((t +)ey+x'(c" —b')e)) x, ng's,(x’) =s§'(e)+«'ey)x’ (s #0),

! 1]

]gl’cl =101+ K1 —1)ej @) +20ef @x' +2c¢'x @e) +d"(g'x @)

in H,. By Equation (7), we have

From the above equations, we easily get that
sbop =/, sk = bps'x’, co =+ — uby(b+c), dy = pux(c —b) — box' (' = 1'). (24)

. /
It is noted that by = - and bg =
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Furthermore, tediously computing
(@@®)(J2) (A'®A") and A'(A")JS*
and comparing coefficients of all terms of them, one get that

d" = d'y? + 2cudy — 2budy — x1d3.

Hence
a():l, b():—:e
coz(b’+c’)—(b+c)y,/%s, do = ux(c —b) — Vx/'( = 1),
d// :d/yz_i_K(C_b)zyz_K/(Cl_b/)Z

foranyc, ¢/, b, V' #0and sk #0, s'&'u # 0.
In particular, for any ¢ and sk # 0, we can choose suitable triples (b, co, dp), such that

V=17=0«"=-1,5 =e/—xs,d" =0

and we get
(057, 13) = (@3, 5),
where
039(8) =8+2x, 039(x)=5'gx(s" #0), J3=101—-2¢1Qe; +26;®x

forany 0 # s’ € k.
The proof is completed. [

Using Theorem 2 and ([22], Theorem 2.4), we deduce the following result.

Corollary 1. Assume that H = Hy(z;0]|, a BOEA for Hy. Then H is one of the following lists up
to isomorphism.

(1) Hi'd: Hi'd is generated by g, x, z subjecting to the relations
g°=1x"=0,xg=—gx, zg = gz, zx = sxz (s # 0).
The coalgebra is defined by

Ag) =g®g Alx) =x®1+80x,
Aiz)=z®z+dgxz® xz,
€(g)=1€e(z)=1,€e(x)=0

forany d.
(2) Hé’d : HS’d is generated by g, x, z subjecting to the relations

- =1, x"=0, xg = —gx, zx = sxz, zg = gz + 2gxz (s # 0).
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The coalgebra is defined by

AQ)=8@gAx) =x@1+g®x,
Az)=z®z+4+201zQxz+dgxz® xz
e(g) =1e(z)=1e(x)=0

forany d.
(3) H3: Hj is generated by g, x, z subjecting to the relations

- =1x"=0, xg=—gx, zx =sgxz (s #0), zg = gz + 2xz.

The coalgebra is defined by

Ag) =8®gA(x)=x®1+g®x,
Aiz)=zQ®z—201zQe1z+ 2012 ® xz,
€(g) =1e(z) =1,e(x) =0.

In the sequel, we always suppose that H = Hy|z; 0], a BOEA for Hy.

4. The Quotients of the BOEA for Hy
Let R be a Hopf algebra, and R|z; ¢] a BOEA for R. Suppose that there exists 0 # t € R such that

A(t) = ﬁ(ai @) ()(t®t)and th = " (h)t  (*)
i=0

for all i € R. we get by ([6], Lemma 2.5) that R[z; 0]/ (z" — t) is a bialgebra.

The aim of this section is to investigate all bialgebra structures on the quotients Hy[z; 0]/ (2" —t),
where t € Hy satisfying (x). Firstly, up to equivalence, (c,]) should be one of the twisted
homomorphisms given in Theorem 2.

Let us determine all ¢t € Hy satisfying (x).

(a) For the twisted homomorphism (074, J1 4), where

015(8) =g 015(x) =sx,
Jia=1®1+d(gx®x)

forany d € kand s # 0.
Now we assume that
t = ajeg + breg + cregx + dreqx.

It is easy to see that a; = 1 since €(t) = 1. On the other hand, since

n

tx = ol (X)t, tg =07, (g,
It follows that

b] = Sn, bls" =1,

C1:d1:0.
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Hence t = ¢y + €e1, where b; = s" = ¢ = £1. For simplicity of discussion, we denote ¢ by . and

01,5 by 0. It is easy to see that
Ate) =t D te.

We have the following lemma for the case (a).

Lemma 1. The element t. satisfies the following.

(1) Ifs* =1, then A(t;) = n]:f (' ®0') (Jia) (te @ te) if and only if d = 0.
i=0
n-1 . .

(2) Ifs® # 1, then A(te) = [1 (¢ @ 0") (Jia)(te ® te).
i=0

Proof. Noting that

(c@0)(ha) = (C@0)(1@1+dgx@x) =101 +ds’gx @ x,

we have ‘ ‘ '
(@) (Jig) =1®@1+ds%gx ® x
and
-1, -1 , -1
(a’@a’) ha) =11 (1®1+d52’gx®x)) =1®1+d <2521> X R x.
=0 i=0 i=0

(i) Ifs?> =1, then we have
n—-1 _
Y s =1+14--+1=n,
: — 1
i=0

n times

I:[(O' ®0> (Jig) =1®1+ndgx® x.
i=0

One sees that

|
—

n

(ai ® ai) (Jig) (te @ te) = te @ te +ndt_cx @ tex.

Il
o

i

Hence if s> = 1, then A(t) = r‘ll—[ (' ®0") (Ji4) (te @ te) if and only if d = 0.

i=0

(ii) Ifs? #1,then

(-1 Szgil
=1®1+d .
1:0(0 ®(7) (Ji4) ®l+d5—8x®x
Noting that
= =0,
i=0 5% =
we have
n—1 )
(Feo) (ha) =101
i=0
and
n—1 )
At =[] (@) (ha)(t@t)
=0

for any d.
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The proof is completed. [

For suitable elements d € k and s = w € k, if t satisfies the hypothesis of Lemma 1, then

H =Hy[z;0]/{z" —t;)

is a bialgebra.
In this case, we have w?" = 1 and the bialgebra H is one of the following lists.
Case 1: If w is 2-th primitive root of unity: w? = 1.

(i) if n > 2iseven, for example n = 2m(m > 1), then w?" =1and t; = ey + w?*"e; = 1. Thus we get
the bialgebra Hj,, (m > 1) generated by g, x, z with the relations

2

¢ =1,xg=—gx,x2=0,2¢ = gz,2x = —xz, 2" = 1.

The coalgebra is
Ag)=8®gAx)=xR1+g®x,A(z) =z®z;
e(g)=1€e(z) =1, e(x)=0.
(i) if n > 2is odd, for example n = 2m + 1(m > 1), then w1 = —1 and t, = ¢y + w?"*le; = g.

Then we get the bialgebra HZ( (m > 1) generated by g, x, z with the relations

2m+1)

2

¢ =1,xg=—gx,x*> =0,29 = gz,z2x = —xz, 22" "1

= g‘
The coalgebra is
Ag)=8g®g Ax)=x®1+g®x, Alz) =z®z
€(g)=1,€e(z) =1, e(x) =0.

In fact, up to isomorphism, HZ( m > 1) is generated by z, x with the relations

2m+1)(

242 =1 2 =0, zx = —xz.

The coalgebra is
Ax) =x@1+22"@x, Alz)=z®z

e(z) =1, e(x) =0.

Case 2: Assume that n > 2 and let w be the 2r-th primitive root of unity with r > 1. Since w =1,

we have 7|n. Let n = £r. Then w" = (—1)".

(i) If £is even, for example ¢ = 2m(m > 1), then w”" = 1 and t; = ey + w"e; = 1. Thus we get the
bialgebra H}, (2m,r,d)(m > 1) generated by g, x, z with the relations

2

¢ =1,xg=—gx,x2 =0,29 = gz,2x = wxz, 2" = 1.

The coalgebra is

Ag)=8®8 Ax) =x®1+3®x, A(z) =20z —dxgz® xz;
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(ii) If ¢ is odd, for example ¢ = 2m + 1(
the bialgebra H;

0), then w" = —1 and t, = ey + w"e; = g. Thus we get

m =
(2m +1)r(2m +1,r,d)(m > 0) generated by g, x, z with the relations

P =1,xg=—gx,x* = 0,2 = gz,2x = wxz, 22" = ¢,

The coalgebra is

AQ)=8®g Ax)=x®1+g®x, A(z) =z®z—dxgz® xz;

In fact, up to isomorphism, HZ(Zm +1) (2m +1,r,d)(m > 0) is generated by z, x with the relations

2(2m+1 2
2@mANr —q 32 =0 zx = wxz.

The coalgebra is
Alx) =x@1+22" D gy, A(z) =z2@z—dez®"Dr+l @ xz;

€(z)=1, e(x) =0.

In particular, if ¥ = n, then ¢ = 1 and the bialgebra Hy,(1,n,d) is generated by x,z with the
relations

22" =1,x* = 0,zx = wxz.
The coalgebra is

Az)=zQz—dxz"" ' ®@xz, AX)=x®21+2"®x;

€(g)=1€e(z) =1, e(x)=0.

Case 3: Let £ be odd and w be (-th primitive root of unity with ¢ > 1. Setting w’ = —w, then «' is
the 2/-th primitive root of unity with order 2¢ and (w’)?* = w?" = 1. This case turns into Case 2.

(b) For the twisted homomorphism (02, J5 4), where

s(g) = g+29x, 0a5(x) =sx,
pi=1®1+2e;@x+d(gx®x)

forany d € kand s # 0.
It is easy to see that if s = 1, then

035(x) =x, 03,(8) = g+ 2ngx (25)
and if s # 1, then
n n n 2(1 B Sn)
o (x) = "%, ol(g) =g+ g 26)

Now we assume that
t = apeg + bpey + coegx + dpeq x.

One see that a, = 1 since €() = 1. On the other hand,

1n

tx = Uzls(x)t, tg = afls(g)t.
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(i) Ifs=1,then
epx + bre1x = e1x + boegx,
g — coepx + dperx = g+ (c1 + 2n)egx — (dp + 2n)eq x.
Therefore, we have b, = 1,cp = dy = —n, and we get tyg = 1 — nx € Hj satisfying (*) and
Alt) =101 —-nx®1—ng® x.
(ii) Ifs # 1, then

eox + biegx = s"e;x + s"byegx,
2(1—s" 2(1—s¢"
—cpegX + dperx = (Cz + bz(s)> epx — (dz + (_z)) e1x.

1-s 1
It follows that
by =5s", by =1,
2= bzsln—_sl' 4y = S:—_sl'
Hence

1:§eox+i:se1x:eo+£e1+1:zgx,

where b; = s" = ¢ = £1. We denote t by t. and 0, s by ¢ in discussion.

We have the following in the case (b).

Lemma 2. The element t satisfies the following condition:

(1) Ifs®> =1, then A(t;) = b

T (' @ 0") (Jou) (te @ te) ifand only if d = —1.

o

BN
—_

(2) Ifs* #1, then Ate) = | ('@ 0) (Jo0)(te ® te).

Proof. Analogous argument to the proof of Lemma 1. [

For suitable elements d € k and s = w € k, if t, satisfies the hypothesis of Lemma 2, then
B = Hy|z; 0]/ (z" — t,) is a bialgebra.

In this case, w?" = 1 and ¢ = w". The bialgebra B is one of the following lists.

Case 1: If w = 1, of course w?

g, x,z with the relations

= w" = w? = 1. Thus we get the bialgebra B} generated by

¢ =1,xg=—gx,x* =0,2g = gz +2gxz,zx = xz, 2" = 1 — nx.

The coalgebra is

Ag) =905 Ax)=xR14+9¢®x,A(z) =2@z+ 2612 ® xz — gxz ® Xz;

Case 2: If w = —1, then w? = 1.
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(i) Assume thatn > 2 is even, for example n = 2m(m > 1), then w? = 1. Thus we get the bialgebra
B2, (m > 1) generated by g, x, z with the relations

2

=1Lxg= —gx,x2 =0,z¢ = gz +2gxz,2x = —xz, Z22m =1,

The coalgebra is

AQ)=g®gAx)=xR1+gRx,A(z) =2Q2z+2012® Xz — gxz Q xz;

(i) if n > 2 is odd, for example n = 2m + 1(m > 1), then w" = w?"*! = —1. Thus we get the
bialgebra B} (2m+1) (m > 1) generated by g, x, z with the relations

2

¢ =1,xg=—gx,x* = 0,29 = gz +2gxz,2x = —xz, 22"}

=g+ gx.

The coalgebra is

A(Q) =908 Alx) =x®14+g®x, A(z) =z2®z+2e12® xz — Xz Q XZ;

Case 3: Let w be 2r-th primitive root of unity with r > 1. Since w?" = 1, we have r|n. Let n = ¢r.
Therefore, w" = (—1)".

(i) If ¢is even, for example ¢ = 2m, we get the bialgebra B}, (2m,r,d) generated by g, x, z with the

relations

¢ =1,xg = —gx,x2 = 0,29 = gz +2gxz,2x = wxz, 22" = 1.

The coalgebra is
AQ)=g®8g Ax)=x®14+g®x, A(z) =zRz+201z2Q xz +dgxz @ xz;

€(g)=1,€e(z) =1, e(x) =0.

(i) If ¢is odd with £ = 2m + 1, we get a bialgebra BZ(
relations

2er1)r(2m +1,r,d) generated by g, x,z with the

2m+1)r

¢ =1,xg=—gx,x*> = 0,29 = gz +29X2,2X = WXz, z =g+ gx.

1-w
The coalgebra is

AQ) =808 Ax) =x®1+9Rx, A(z) =z2®z+2e1zRQxz +dgxz @ xz;

Case 4: Let £ be odd and w be (-th primitive root of unity with £ > 1. Setting w’ = —w, then «' is
the 2/-th primitive root of unity with order 2¢ and (w’)?" = w?" = 1. This case turns into Case 3.

(c) For the twisted homomorphism (03, J3), we also denote 03 s by ¢ in the case. It is easy to
see that
o' (e0) = eo + fi(s)eox + fi(=s)erx, '(e1) = e1 — fi(s)eox — fi(—s)erx.
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ol(egx) = s'egx, ol (egx) = (—s)ieqx,
where fy(x) = 0and fori > 0
i, forx =1,

filx) =T4x+- 4271 =
’)‘: 11, forx # 1.

We see that
fi(x) +x" = fiia(x)

and the following equations hold by induction.

22 DR fi(x) = fipa (x) = (=D fipa (—x), (27)

22 D i (%) = fira(x) = (1) 2 fipa (—x). (28)

We also see that

(ai ®(7)
= (o'i@a) (1®1—2e1 ®eq + 261 ®epx + 2e1 R e1x)
= A—2fi(s)fir1(s)eox @ eox — 2fi(—s) fiy1(—s)erx @ erx

+2fir1(s)er ® eox + 2fi1(—s)er ® erx + 2fi(s)eox ® e

+2fi(—s)e1x @ep — 2fi(s) fiz1(—s)eox ® eyx — 2f;(—s) fiz1(s)erx ® epx

where A =1® 1 — 2¢1 ® e7. It is noted that

Al — 1®1, if I is even;
B A, if I is odd.

Lemma 3. We have

ﬁ ((Ti ®0i) (]3) — Al+1

1

.Z( 1)l_ifi+1(5)> e1 ®epx + 2 (Z ) fi1(— > e1® e1x

1

+2 (ﬂ—l)”ﬁ( >) Qx @ e +2 (z<—1>"fi<—s>> ax@ e

i=0
!

+2( ) (= 1)li+1ﬁ(5)fi+1(5)> eoX © epx +2 (Z(—l)i”fi(—s)fiﬂ(—S)) e1x ® ex

i=0

i=0

! ! .
+2 <Z( ' fi(— )fi+1(_5)> eox ®epx +2 (Z(_l)lﬂfi(—s)ﬁﬂ(—S)) e1x ® epX.

Proof. The equation is trivial if | = 0. Applying Equations (27) and (28), one can get the result
by induction.
The proof is finished. O



Mathematics 2020, 8, 1293 18 of 24

Assume that
n

tx = o3, (x)t, 18 = 03,(8)t,

and
t = agzeg + bsey + czegx + dzeqx.

It is easy to see that a3 = 1 since e(t) = 1 and

ol(egx) = s'egx, o'(erx) = (—s)ierx,

eox + bzerx = bys"epx + (—s)"ex,
eo — byeg — crepx + drerx = eg — bier + (1 + 2b1 fu(s) )eox + (2fn(—s) — dp)eqx.

It follows that
by = 57" = (=5)", 3= —bafuls), ds=fu(=s).

Therefore, we have
t = e+ bsey — bafu(s)eox + fu(—s)erx,

where (—s?)" = 1and b3 = (—1)"s". We also have b3 = s*" = (—1)".
We denote f by t, where v = (—1)"s" with (—s?)" = 1. In this case

ty =eg+vey — vfu(s)egx + fun(—s)erx.
It is easy to see that

Alty) = e®ey+er ®ep+bseg @eg+ bzeg @ e + czepx Q eg + czeg @ epx

+c3e1x ® e1 — cze1 ®e1x + dze1x ® eg — dzeq ® egx + dzegx ® e1 + dzey ® eqx.

Lemma 4. The following condition holds

|
—_

n

M) =TT (7' @) Ua) (v @t)

if and only if

Proof. (Sketch) By Lemma 3, it is straightforward to see

(¢ o) en)

i=0

n—1 . . n—1 . .
= Alty)+ (Z(—l)’“sz’> e0x @ egx + v (2(—1)1“52’) eox ® e1x

i=0 i=0
n—1 o n—1 o

+v Z(—l)lsz' e1X ® egx + 2(—1)"71521 e1X ® e1x.
i=0 i=0

Comparing the coefficients of each term of two-hand side of A(t,), we have

n—1

) =TT (' @) Ua) (v @)

i=0
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if and only if

The proof is completed. [

Now we assume thatn > 2,s = w € k, and

ty = eg +vey — vfu(s)eox + fu(—s)erx,

where .
n—
v=(-1"0", (—w?)"=1, Z(—wz)l =0
i=0
Thus, we get that

C=Hylz;0]/(z" —t)

is a bialgebra.
In this case, (—w?)" =1 (n > 2),w? # —1,and v = (—1)"w". The bialgebra C is one of the
following lists.

Case 1: If —w? = —1, then w = +1. Hence n must be an even and set n = 2m. Then
n—1 )
(—wz)’ =0
i=0

(i) fw=1,thenv=(-1)"w" =1and
t1 =1—2mepx.

We get the bialgebra Cém (m > 1) generated by g, x, z with the relations

g2 =1,xg= —gx,x2 =0,z = gz +2xz,zx = gxz, 22" =1 —2mepx.

The coalgebra is
AQ) =908 Alx) =x®14+9g®x, Alz) =2®z—201z2R €12+ 212 R xz;

€(g)=1,€e(z) =1, e(x)=0.
(i) fw=—1,thenv =(-1)"w" =1and

t1 =14 2meqx.
We get the bialgebra C3, (m > 1) generated by g, x, z with the relations

¢*=1,xg = —gx,x*> = 0,29 = gz +2xz,2x = —gxz, 2*" = 1+ 2me;x.

The coalgebra is

Ag) =908 Ax)=x@1+3®x, A(z) =z2Qz—2612® €12 + 2612 ® xz;
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Case 2: Assume that w? # +1and n > 4 is even, we have w?" = 1 and

always holds.

(@) Let w be a 2r-th primitive root of unity with r > 2. Then we also have r|n. Let n = {r. Then
v=(—w)" =w"=(-1)"

(i) Iflisevenwith{=2m, thenv =1and

fulw) = =Y g, fr(cw) = E9 T g,

w—1 —w—1

1

Hence t; = eg + e = 1 and we get a bialgebra Cg,,,,

the relations

(2m,r)(m > 1) generated by g, x,z with

¢ =1,xg = —gx,x2 = 0,29 = gz + 2xz,zx = wgxz, 22" = 1.

The coalgebra is
Ag) =908 Ax) =x®14+9g®x, A(z) =z2®z—201z2R €12+ 212 R xz;

€(g)=1,€e(z) =1, e(x)=0.
(i) IfZisoddwith¢=2m+1(m >1),thenv = —1 and

w"—1 2 (—w)" =1 2
fulw) = w—1 _m’f”(_“’)_ —w—-1 1+’
Hence )
t,1:g+17weox+1+w61x.

We get a bialgebra Ci(2m+1)r(2m +1,r)(m > 1,r is even) generated by g, x,z with the
relations
g2 =1,xg=—gx, X2 = 0,zg = gz +2xz,2x = wgxz,

Z(2m+1)r _ g+

epx + e1x.
w

1-— 14+ w

The coalgebra is
A(g) =908 Alx) =x®14+g®x, Az) =2®z—2e1zRe1z2+ 212 @ xz;

€(g)=1€e(z) =1, e(x)=0.

(b) Let ¢ be odd and w be ¢-th primitive root of unity with £ > 1. We can replace w by —w. This case
turns into the case (a) above.

Case 3: Assume that w? # +1and n = 2m + 1(m > 1), we have w" = ftiand
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It is easy to see that

w"—1 w"+1
v=(-w) =", falw)= T fol-w) =T
Hence " "
= w w
ty = ep wel+7l_weox+7l+welx.

We get the bialgebra C;t(Zm +1) (m > 1) generated by g, x, z with the relations

¢ =1,xg = —gx,x* = 0,29 = gz +2xz,zx = WgXZ,
F+i+1 Fi+1
22l — oy Fieg + 1t eox + 1t e1x,
1-w w+1

where w?"t1 = 4.

The coalgebra is

Ag) =908 Ax) =x®14+9®x, A(z) =2®z—201zR €12+ 212 R xz;

In summary we get the following result.

Theorem 3. Let H = Hy|z; 0] be the BOEA for Hy and H := H/ (2" — t), where 0 € Aut(Hy) and t € Hy
satisfy

N
|
—_

NORR ) (GETROIEED)

Il
<}

and
th = o"(h)t, forallh € Hy.

Then H is a bialgebra and up to isomorphism, it is one of the following lists.

() Hg,(m>1), H? m>1),

(2m+1)(
HE,, (2m,r,d)(m > 1), HZ
6) Bl (m> 1), B, (m>1)

(2m+1)r(2m +1,r,d)(m > 0), where w is 2r-th root of unity with r > 1;

Bz(ZWH)(m > 1), B, (2m,r,d)(m > 1), BZ(Zm—&-l)r(zm +1,7,d)(m > 0), where w is 2r-th root of

unity withr > 1;
(©) Chy(m > 1),C,(m>1),

C3,,(2m,r)(m > 1), C2(2m+1)r(2m +1,7)(m > 1,ris even ), where w is an 2r-th root of unity with
r>1;
(d) C4i(2m+1)(m > 1), where w?" 1 = +i.

5. Hopf Algebra Structures for Hy-Ore Extension of Automorphism Type

Let H = Hy[z; 0] be the BOEA for Hy, and H, an algebra obtained from H by adding a new
generator z~! such that
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Theorem 4. Keeping notations as above. Then up to isomorphism, H; is a Hopf algebra if and only if H, is
generated by g, x, z subjecting to relations
g2 =1, 2= 0, 2z =zl = 1,

xXg = —gx, zg = gz, zx = sxz (s # 0).

The coalgebra is defined by

A(Q) =9®g Alx) =x®1+g®x,
Az) =z®z+dgxz® xz,
€(g)=1¢€(z) =1, ¢e(x) =0,

S(g) =8 S(z) =271, S(x) = —gx

forany d.
Proof. Up to equivalence we have yielded the twisted homomorphism (o, J) for Hy listed in Theroem 2.

(a) For the twisted homomorphism (o7 s, J1 4), where

015(8) =8 015(x) = s,
Jia=1®14+d(gx®x)

forany d € kand s # 0. One see that
S7s(g) =g =5(8), §7*(x) = 01,:5(s7'x) = —slo(gx) = —gx = 5(x).

It follows that §; = 6, = 1 and
§%s(h) = S(h)

for all h € Hy. Hence H; is a Hopf algebra with S(z) =z 1.
(b) For the twisted homomorphism (v, |5 4), where

025(8) = §+2gx, 025(x) = sx,
J20=1®1+2¢; @x +d(gx@x)

for any d € k and s # 0. one see that

Uisl(g) =g—2slgx, (szsl(x) =s 1y

Hence we have
57s(g) = g +4epx, S5 (x) = gn.

In this case, we have 0 := 0; = 1 + 2¢1x = 0,. But

S%2s(g) = g +4epx, 0715(9)0 = (1 —2e1x)g(1 +2e1x) = g + 4e; x.

It follows that 575 (g) # 6~1S(g)6 and H, is not a Hopf algebra by Theorem 1.
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(c) For the twisted homomorphism (o3, J3), where

035(8) = § 2%, 035(x) = sgx(s # 0),
B=1®1—-2¢ ®ey +2¢1 ®x.
Similarly, H, also is not a Hopf algebra.
The proof is completed. [

Now, we consider Hopf algebra structure on the quotient
Hylz; 0]/ (2" —t),
where Hy [z; 0] is the BOEA for Hjy satisfying

n—-1 )
A =TT @d)()(tet)

i=0

and
th =c¢"(h)t, forallh € Hy.
The following result is one of the main results.

Theorem 5. Let H = Hy|z; 0] be the BOEA for Hy and H := H/ (z"" — t), where o € Aut(Hy) and t € Hy
satisfy

N
|
—_

A =TT ed)(tet)

i

i
o

and
th = o"(h)t, forall h € Hy.

If H is a Hopf algebra, then it is one of the following lists up to isomorphism.

(@) Hg,(m>1), Hi(2m+1)(m >1);

(b) H,,(2m,r,d)(m>1), H?

4(2m+1)r(2m +1,r,d)(m > 0), where w is 2r-th root of unity with r > 1.

Proof. By the proof of Theorem 4, we see that only for the twisted homomorphism (o7, J1 4), 6; and
0, enjoy the conditions (1) and (2) in Theorem 1.
Now, we assume that d = 0 if w? =1, and d is arbitrary if w? # 1 and w?" = 1. Note that

|
—_

|
_

n n

-1
<0i ®0i) (Jig) = (1 ®1 +dw2igx®x)) =1®1+d (rt w2i> gxX @ x.
i i=0

Il
<}
Il
<}

Hence

n—1
11 (O’i ® (Ti) (hg) =1®1.
i=0
Therefore, the remaining conditions in Theorem 1 also hold. By Theorem 1, we get that Hém (m >
1), HZ(Zerl)(m > 1); HY(2m,r,d)(m > 1), H2(2m+1)r(2m +1,r,d)(m > 0), where w is 2r-th root of
unity with » > 1, are all Hopf algebras. The antipodes S can be easily given by Theorem 1.
The remaining two cases are referred to Theorem 3 and the proof of Theorem 4.

This completes the proof. [
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