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Abstract

:

In the current work, a new generalized model of heat conduction has been constructed taking into account the influence of porosity on a poro-thermoelastic medium using the finite element method (FEM). The governing equations are presented in the context of the Green and Naghdi (G-N) type III theory with and without energy dissipations. The finite element scheme has been adopted to present the solutions due to the complex formulations of this problem. The effects of porosity on poro-thermoelastic material are investigated. The numerical results for stresses, temperatures, and displacements for the solid and the fluid are graphically presented. This work provides future investigators with insight regarding details of non-simple poro-thermoelasticity with different phases.
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1. Introduction


Recently, many researchers have addressed the problems of heat transfer in porous mediums, particularly at small timescales and short heating periods. For the volumes of material that includes hundreds of pores, thermal conduction can be described as effective thermal conductivity due to the existence of low conduction pores. Because several applications concern this subject and the geophysical field, growing attention is being paid to the interaction between thermoelastic solids and fluids such as water, i.e., the field of poro-thermoelasticity. The poro-thermoelastic field has several applications, essential in the studies of the effect of using waste on the disintegration of asphalt concrete mixes.



The poroelastic theory was improved by Biot [1]. The heat equation including, in this case, the dilatation term, rests upon the thermodynamics of the non-inverse process. Classical heat conduction theory in thermoelastic solids is based on the assumption that the heat flow is proportional to the temperature gradient. Because of this assumption, the heat equation is governed by a parabolic system of a partial differential equation, which predicts that the thermal disturbance in the material affects all points of the body immediately. The elastic materials with voids are essentially poroelastic mediums whose skeletons (matrices) are elastic solids and the interstices are voids (small pores) that do not contain anything of physical or energetic significances. The model of poroelastic was expanded by Biot [1,2,3] for all cases of low and high frequency ranges. Lord and Shulman (L-S) [4] established the first generalized thermoelasticity model in which one thermal relaxation time was introduced into the energy equation. Green and Naghdi (G-N) [5,6] presented new generalized thermoelastic models by including the thermal displacement gradient between the independent constitutive variables. An important feature of this theory, which is not present in other thermoelasticity theories, is that it does not adapt to the dissipation of thermal energy. These models have been subsequently labeled as G-N I, G-N II, and G-N III. G-N III includes the two previous theories as special cases and supports energy dissipation in general.



Cheng and Schanz [7] studied the transient wave propagation in a one-dimensional (1D) poroelastic column. Abbas [8] demonstrated the naturalistic frequencies of a poroelastic hollow cylinder material. The Youssef model [9] established a new model in poro-thermoelastic media with thermal relaxation times. McTigue [10] studied the thermoelastic responses of fluid-saturated porous rocks. Singh [11] investigated the plane wave propagations under generalized poro-thermoelasticity theory. Singh [12] studied the Rayleigh surface waves in poro-thermoelastic solid half-spaces. Hussein [13] studied the effects of the porosity on a porous plate saturated with a liquid. El-Naggar et al. [14] investigated the influences of magnetic field, rotation, initial stress, and voids on plane wave in the context of a generalized thermoelasticity model. Abbas et al. [15] studied the effects of thermal dispersions on free convections in fluid saturated porous mediums. Marin and Öchsner [16] studied the effects of a dipolar structure on the Green and Naghdi thermoelastic theory. Several authors [17,18,19,20,21,22] used generalized thermoelasticity models to present the analytical and numerical solutions for anisotropic materials. Riaz et al. [23] investigated the heat and mass transfers in the Eyring–Powell models of fluid propagating peristaltic during rectangular channels. Sur and Kanoria [24] presented the impacts of memory time derivatives on thermal waves propagation in an elastic solid containing voids. Alternatively, several researchers [25,26,27,28,29,30,31] have presented the solutions of many problems under generalized thermoelasticity models and [32,33,34,35,36] have solved different problems for porous mediums with different boundary conditions. Marin and et al. [37,38,39,40,41] studied some problems on dipolar bodies with voids.



The exact solution for the time-dependent problems for coupled as well as linear and nonlinear systems exists only for simple and special initial and boundary conditions. Most of the deformation problems can be solved analytically with the help of Laplace and Fourier transform technique but finding the inversion of these methods is quite complicated. To avoid these complications, the finite element method is preferable over time-domain problems. The procedures for solving deformation-related problems using the finite element method have been given. They are powerful techniques, developed for the numerical solutions of complex problems in structural mechanics.



In this paper, we proposed to study the effects of porosity on the components of displacement, the fluid and solid temperatures, and the variations of stress components. The numerical outcomes are obtained and graphically presented, showing the effect of the porosity on poroelastic media for all considered variables.




2. Mathematical Model


Following the Youssef model [9] in the context of the Green-Naghdi theory [5], the governing equations in the dynamic theory of the isotropic, homogeneous, and poroelastic medium in the absence of body force and thermal source are given as the following:



The motion equations


  μ  u  i , j j   +  (  λ + μ  )   u  j , i j   + Q  U  i , j j   −  R  11    Θ  , i  s  −  R  12    Θ  , i  f  =  ρ  11      u ¨   i  +  ρ  12      U ¨   i  ,  



(1)






  R  U  j , i j   + Q  u  j , i j   −  R  21    Θ  , i  s  −  R  22    Θ  , i  f  =  ρ  12      u ¨   i  +  ρ  22      U ¨   i  ,  



(2)







Heat equations


   (   K s *  +  K s   ∂  ∂ t    )   Θ  , i i  s  =    ∂ 2    ∂  t 2     (   F  11    Θ s  +  F  12    Θ f  +  T o   R  11    e  k k   +  T o   R  21   ϵ  )  ,  



(3)






   (   K f *  +  K f   ∂  ∂ t    )   Θ  , i i  f  =    ∂ 2    ∂  t 2     (   F  21    Θ s  +  F  22    Θ f  +  T o   R  12    e  k k   +  T o   R  22   ϵ  )  ,  



(4)







The constitutive equations


   e  i j   =  1 2   (   u  i , j   +  u  j , i    )  ,   ϵ =  U  i , i   ,  



(5)






   σ  i j   = 2 μ  e  i j   +  (  λ  e  k k   + Q ϵ −  R  11    Θ s  −  R  12    Θ f   )   δ  i j   ,  



(6)






  σ = Q  e  k k   + R ϵ −  R  21    Θ s  −  R  22    Θ f  ,  



(7)






  ρ  η s  =  R  11    e  k k   +  R  21   ϵ +    F  11      T o     Θ s  +    F  12      T o     Θ f  ,  



(8)






  ρ  η f  =  R  12    e  k k   +  R  22   ϵ +    F  21      T o     Θ s  +    F  22      T o     Θ f  ,  



(9)




where   i , j , k = 1 , 2 , 3 ,      e  i j     are the components of strain of the solid phase;    K f *    is the characteristic constant of the fluid material of the theory;    K s *    is the characteristic constant of the solid material of the theory;  β  is the porosity of the material;   λ , μ ,   R ,   Q   are the coefficients of poroelastic material;    σ  i j     are the stress apply to the solid surfaces;    R  11   ,    R  12   ,    R  21   ,    R  22     are the thermal and mixed coefficients;    U i   ,    u i    are the displacements of the fluid and solid phases;    Θ f  =  T f  −  T o    is the increment of fluid temperature;    Θ s  =  T s  −  T o    is the variation of solid temperature;    T o    is the reference temperature;    K s  =  (  1 − β  )   K  s *     is the solid thermal conductivity;    C E f    is the specific thermal couplings between the solid phase and the fluid phase;    K f  = β  K  f *     is thermal conductivity of the fluid;    K  f *   ,    K  s *     are the fluid and the solid thermal conductivities;    ρ s  =  (  1 − β  )   ρ  s *     is the density of solid phase per unit volume of bulk;    ρ f  = β  ρ  f *     is the density of the solid phase per unit volume of bulk;  ϵ  are the components of strain of the fluid phase;    ρ  s *   ,    ρ  f *     are the solid and the liquid densities;    ρ  11   =  ρ s  −  ρ  12     is the solid phase mass coefficient;    ρ  22   =  ρ f  −  ρ  12     is the mass coefficient of fluid phase;    ρ  12     is the dynamics coupling coefficient;    α  s f   ,    α  f s     are the thermoporoelastic couplings parameters;  σ  is the normal stress applies to the fluid surface;    C E f  ,  C E s    are the specific heat of the fluid and the solid phases;    α s  ,    α f    are the thermal expansions of the phases coefficient;    η s  =    ρ s   C E s     K s      is the solid thermal viscosity;   η =    ρ  12    C E  s f    K    is the couplings heating viscosity between the phases;    η f  =    ρ f   C E f     K f      is the thermal viscosity of the fluid with    R  11   =  α s  P +  α  f s   Q  ,    R  12   =  α f  Q +  α  s f   P  ,    R  21   = 3  α s  Q +  α  s f   R  ,    R  22   =  α f  R + 3  α  s f   Q  ,   P = 3 λ + 2 μ  ,    F  11   =  ρ s   C E s   ,    F  22   =  ρ f   C E f   ,    F  12   = −  (  3  α s   R  12   +  α  f s    R  22    )   T o   , and    F  21   = −  (  3  α  s f    R  11   +  α f   R  21    )   T o    as in [42]. The problem is studied one-dimensional (1D), therefore, our computations are taken in  x  direction. In this case, any function only depends on  x  and  t  for a one-dimension problem. The displacement components of fluid or solid are written as:


   u x  = u  (  x , t  )  ,    u y  = 0 ,    u z  = 0 ,    U x  = U  (  x , t  )  ,    U y  = 0 ,    U z  = 0 ,  



(10)







Therefore, the governing equations can be written as


   (  λ + 2 μ  )     ∂ 2  u   ∂  x 2    + Q    ∂ 2  U   ∂  x 2    −  R  11     ∂  Θ s    ∂ x   −  R  12     ∂  Θ f    ∂ x   =  ρ  11      ∂ 2  u   ∂  t 2    +  ρ  12      ∂ 2  U   ∂  t 2    ,  



(11)






  Q    ∂ 2  u   ∂  x 2    + R    ∂ 2  U   ∂  x 2    −  R  21     ∂  Θ s    ∂ x   −  R  22     ∂  Θ f    ∂ x   =  ρ  21      ∂ 2  u   ∂  t 2    +  ρ  22      ∂ 2  U   ∂  t 2    ,  



(12)






   (   K s *  +  K s   ∂  ∂ t    )       ∂ 2   Θ s    ∂  x 2    =    ∂ 2    ∂  t 2     (   F  11    Θ s  +  F  12    Θ f  +  T o   R  11     ∂ u   ∂ x   +  T o   R  21     ∂ U   ∂ x    )  ,  



(13)






   (   K f *  +  K f   ∂  ∂ t    )       ∂ 2   Θ f    ∂  x 2    =    ∂ 2    ∂  t 2     (   F  21    Θ s  +  F  22    Θ f  +  T o   R  12     ∂ u   ∂ x   +  T o   R  22     ∂ U   ∂ x    )  ,  



(14)






   σ  x x   =  (  λ + 2 μ  )    ∂ u   ∂ x   + Q   ∂ U   ∂ x   −  R  11    Θ s  −  R  12    Θ f  ,  



(15)






  σ = Q   ∂ u   ∂ x   + R   ∂ U   ∂ x   −  R  21    Θ s  −  R  22    Θ f  .  



(16)








3. Application


The initial conditions can be given by:


  U  (  x , y , 0  )  = 0.0 ,     ∂ U  (  x , 0  )    ∂ t   = 0.0 , u  (  x , 0  )  = 0.0 ,     ∂ u  (  x , 0  )    ∂ t   = 0.0 ,    Θ s   (  x , 0  )  =  Θ f   (  x , 0  )  = 0 ,   ∂  Θ s   (  x , 0  )    ∂ t   =   ∂  Θ f   (  x , 0  )    ∂ t   ,  



(17)




while the boundary conditions can be presented by:


  u  (  0 , t  )  = 0 ,   U  (  0 , t  )  = 0 ,  



(18)






   Θ s   (  0 , t  )  =  (  1 − β  )   Θ o  H  ( t )  ,    Θ f   (  0 , t  )  = β  Θ o  H  ( t )  ,  



(19)




where   H  ( t )    is a Heaviside or unit step function, and    Θ o    is constant. For appropriateness, the dimensionless variables can be given as


   t ′  = η  c 2  t ,    (   x ′  ,  u ′  ,  U ′   )  = η c  (  x , u , U  )  ,  (   Θ  s ′   ,  Θ  f ′    )  =    R  11    (   Θ s  ,  Θ f   )     (  λ + 2 μ  )    ,    (   σ  x x  ′  ,  σ ′   )  =    (     σ  x x   ,   σ  )     (  λ + 2 μ  )    ,  



(20)




where   c =     λ + 2 μ    ρ  11         and   η =    F  11      K s     . In these forms of dimensionless parameters in (20), the equations can be given by (the dash has been neglected for convenience)


     ∂ 2  u   ∂  x 2    +  s 1     ∂ 2  U   ∂  x 2    −   ∂  Θ s    ∂ x   −  s 2    ∂  Θ f    ∂ x   =    ∂ 2  u   ∂  t 2    +  s 3     ∂ 2  U   ∂  t 2    ,  



(21)






   s 1     ∂ 2  u   ∂  x 2    +  s 4     ∂ 2  U   ∂  x 2    −  s 5    ∂  Θ s    ∂ x   −  s 6    ∂  Θ f    ∂ x   =  s 7     ∂ 2  u   ∂  t 2    +  s 8     ∂ 2  U   ∂  t 2    ,  



(22)






   (  1 +  ϵ s   ∂  ∂ t    )     ∂ 2   Θ s    ∂  x 2    =    ∂ 2    ∂  t 2     (   s 9   Θ s  +  s  10    Θ f  +  s  11     ∂ u   ∂ x   +  s  12     ∂ U   ∂ x    )  ,  



(23)






   (  1 +  ϵ f   ∂  ∂ t    )     ∂ 2   Θ f    ∂  x 2    =    ∂ 2    ∂  t 2     (   s  13    Θ s  +  s  s 14    Θ f  +  s  15     ∂ u   ∂ x   +  s  16     ∂ U   ∂ x    )  ,  



(24)






   σ  x x   =   ∂ u   ∂ x   +  s 1    ∂ U   ∂ x   −  Θ s  −  s 2   Θ f  ,  



(25)






  σ =  s 1    ∂ u   ∂ x   +  s 4    ∂ U   ∂ x   −  s 5   Θ s  −  s 6   Θ f  ,  



(26)






   Θ s   (  x , 0  )  =  Θ f   (  x , 0  )  = u  (  x , 0  )  = U  (  x , y , 0  )  = 0 ,   ∂  Θ s   (  x , 0  )    ∂ t   =   ∂  Θ f   (  x , 0  )    ∂ t   =   ∂ u  (  x , 0  )    ∂ t   =   ∂ U  (  x , 0  )    ∂ t   = 0.0 ,  



(27)






   Θ s   (  0 , t  )  =  (  1 − β  )   Θ o  H  ( t )  ,    Θ f   (  0 , t  )  = β  Θ o  H  ( t )  ,   U  (  0 , t  )  = 0 , u  (  0 , t  )  = 0 ,  



(28)




where    ϵ s  =    K s  η  c 2     K s *    ,    ϵ f  =    K f  η  c 2     K f *    ,  s 1  =  Q  λ + 2 μ    ,    s 2  =    R  12      R  11      ,    s 3  =    ρ  12      ρ  11      ,    s 4  =  R  λ + 2 μ    ,    s 5  =    R  21      R  11      ,    s 6  =    R  22      R  11      ,   s 7  =    ρ  21      ρ  11      ,    s 8  =    ρ  22      ρ  11      ,    s 9  =    F  11    c 2     K s *     ,    s  10   =    c 2   F  12      K s *     ,   s  11   =    T o   R  11  2     ρ  11    K s *     ,    s  12   =    T o   R  11    R  21      ρ  11    K s *     ,    s  13   =    c 2   F  21      K f *     ,    s  14   =    c 2   F  22      K f *     ,    s  14   =    T o   R  11    R  12      K f *   ρ  11      ,    s  15   =    T o   R  11    R  22      K f *   ρ  11      .




4. Finite Element Scheme


For numerical validations, we assumed the finite element method (FEM). This method consists of two techniques such as the first technique which is the discretization in space coordinate using the weak formulation standard procedure as in [43,44]. The non-dimensional weak formulation of the governing relations is presented. The sets of independent weighting function consist of the fluid temperature   δ  Θ f   , the solid temperature   δ  Θ s   , the fluid displacement   δ U  , and the solid displacement   δ u   are fixed. The basic equations are multiplied by independent weighting functions, and then the integrating over the locative domain  L  using the problem boundary conditions. Therefore, the corresponding nodal values for the temperature of solid, the temperature of fluid, the displacement of fluid, and the solid displacement are defined as follow:


   Θ s  =   ∑   j = 1  n   N j   Θ j s   ( t )  ,    Θ f  =   ∑   j = 1  n   N j   Θ j f   ( t )  ,   u =   ∑   j = 1  n   N j   u j   ( t )  ,   U =   ∑   j = 1  n   N j   U j   ( t )  ,  



(29)




where  n  refer to the node numbers per element, whereas  N  refers the shape function where the test functions and the shape functions are the same as the parts of Galerkin’s standard procedure. Thus,


  δ  Θ s  =   ∑   j = 1  n   N j  δ  Θ j s  ,   δ  Θ f  =   ∑   j = 1  n   N j  δ  Θ j f  ,   δ u =   ∑   j = 1  n   N j  δ  u j  ,   δ U =   ∑   j = 1  n   N j  δ  U j  ,  



(30)







While the second technique is the time derivative of unknown variable which must be calculated at the next step using the implicit scheme. Now, the weak formulations for FEM corresponding to (Equations (21)–(24)) can be expressed as follow:


    ∫  0 L    ∂ δ u   ∂ x    (    ∂ u   ∂ x   +  s 1    ∂ U   ∂ x   −  Θ s  −  s 2   Θ f   )  d x +   ∫  0 L  δ u  (     ∂ 2  u   ∂  t 2    +  s 3     ∂ 2  U   ∂  t 2     )  d x = δ u    (    ∂ u   ∂ x   +  s 1    ∂ U   ∂ x   −  Θ s  −  s 2   Θ f   )   0 L  ,  



(31)






    ∫  0 L    ∂ δ U   ∂ x    (   a 1    ∂ u   ∂ x   +  s 4    ∂ U   ∂ x   −  s 5   Θ s  −  s 6   Θ f   )  d x +   ∫  0 L  δ U  (   s 7     ∂ 2  u   ∂  t 2    +  s 8     ∂ 2  U   ∂  t 2     )  d x = δ U    (   a 1    ∂ u   ∂ x   +  s 4    ∂ U   ∂ x   −  s 5   Θ s  −  s 6   Θ f   )   0 L  ,  



(32)






    ∫  0 L    ∂ δ  Θ s    ∂ x    (  1 +  ϵ s   ∂  ∂ t    )    ∂  Θ s    ∂ x   d x +   ∫  0 L  δ  Θ s   (     ∂ 2    ∂  t 2     (   s 9   Θ s  +  s  10    Θ f  +  s  11     ∂ u   ∂ x   +  s  12     ∂ U   ∂ x    )   )  d x = δ  Θ s   (  1 +  ϵ s   ∂  ∂ t    )     (    ∂  Θ s    ∂ x    )   0 L  ,  



(33)






    ∫  0 L    ∂ δ  Θ f    ∂ x    (  1 +  ϵ f   ∂  ∂ t    )    ∂  Θ f    ∂ x   d x +   ∫  0 L  δ  Θ f   (     ∂ 2    ∂  t 2     (   s  13    Θ s  +  s  14    Θ f  +  s  15     ∂ u   ∂ x   +  s  16     ∂ U   ∂ x    )   )  d x = δ  Θ f   (  1 +  ϵ s   ∂  ∂ t    )     (    ∂  Θ f    ∂ x    )   0 L  ,  



(34)








5. Numerical Results and Discussions


To investigate the numerical method of the results obtained, we take the following values of relevant thermal and elastic constants for the poroelastic material as in Singh [11,45]:


    K s  = 167.47  ( W )   (   m  − 1    )   (  °  K  − 1    )  , R = 0.07435 ×   10   10    (  Pa  )  ,     K f  = 125.6    ( W )   (   m  − 1    )   (   K  − 1    )  ,    μ = 0.2765 ×   10   10    (  Pa  )  ,   λ = 0.44363 ×   10   10    (  Pa  )  ,     Q = 0.99663 ×   10   10    (  Pa  )  ,     ρ  s *   = 2600  (  kg  )   (   m  − 3    )  ,     ρ  f *   = 820  (  kg  )   (   m  − 3    )  ,    ρ  11   = 2.137  (  kg  )   (   m  − 3    )  ,     C E s  = 8790  ( J )   (  k  g  − 1    )   (   K  − 1    )  ,    C E f  = 7953  ( J )   (  k  g  − 1    )   (   K  − 1    )  ,     α s  =  α f  =  α  s f   =  α  f s   = 0.1  (   K  − 1    )  .   











On the basis of the above dataset, Figure 1, Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6 explain the physical quantities calculated numerically versus the distance  x  for several values of porosity. Numerical calculations are carried out for the fluid and solid displacements, solid and fluid temperatures, and the stresses variations of fluid and solid phases versus  x  in the contexts of poro-thermoelastic model with and without energy dispassion. The grid size has been refined until the values of considered fields stabilize. Further refinement of mesh size over 15,000 elements does not change the values considerably. Thus, the grid size 15,000 has been used for this study. Figure 1, Figure 2, Figure 3, Figure 4, Figure 5 and Figure 6 represent the three curves demonstrated by different values of porosity considering    (  t = 0.2  )   . Figure 1 shows the variation of the fluid temperature as a function of  x . It is observed that the fluid temperature,    Θ f   , has a maximum value for   x = 0   and reduces with an increasing distance  x  to come to zeros at   x = 0.3   which is according to the value of porosity. Figure 2 demonstrates the variation of the solid temperature along the distance   x  . It is noticed that the solid temperature begins with its maximum value at   x = 0   and gradually reduces with the increasing of   x   until zero beyond the waves front for the porothermoelastic model, which satisfies the boundary conditions of the problem. Figure 3 shows the variations of fluid displacement versus the distance  x . It is clear that the displacement of fluid started from zero which satisfied the boundary conditions of the problem, and then increases until a maximum value at a particular location near the surface. The variations of solid displacement through the distance   x   are shown in Figure 4. It is clear that the solid displacement begins from zero which satisfied the boundary conditions of the problem, and then it rises up to a maximum value at a specific location within easy reach the surface. Figure 5 and Figure 6 show the effect of the porosity in the fluid and solid stresses versus the distance    x  . As expected, it clear that porosity has a significant effect on the values of all physical quantities.




6. Conclusions


In the present work, the wave propagations in poroelastic material have been studied under generalized poro-thermoelastic theory with and without energy dissipation. The numerical solutions have been obtained using the finite element method and applied to a certain poroelastic material which is thermally shocked on the surface. The effects of porosity are discussed for all physical quantities. The theoretical outcomes can be used as confirmation parts to investigate the practical procedures such as implementation in soil media and rock saturated by groundwaters.
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Figure 1. The variations of fluid temperature    Θ f    with respect to  x  for several values of porosity. 
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Figure 2. The variation of solid temperature    Θ s    versus  x  for several values of porosity. 
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Figure 3. The variations of fluid displacement  U  versus  x  for several values of porosity. 
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Figure 4. The variations of solid displacement  u  with respect to the distance  x  for several values of porosity. 
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Figure 5. The variations of solid stress    σ  x x     versus   x   for several values of porosity. 
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Figure 6. The variation of fluid stress  σ  versus  x  for several values of porosity. 
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