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Abstract: The study of the existence of an optimal feedback control problem for the initial-boundary
value problem that describes the motion of the fractional Voigt-« model of a viscoelastic medium
is investigated in this paper. In this model, the Voigt rheological relation is considered with the
left-side fractional Riemann-Liouville derivative, which allows to take into account the memory of
the medium. Also in this model, the memory is considered along the trajectory of the motion of fluid
particles, determined by the velocity field. Due to the insufficient smoothness of the velocity field and,
as a consequence, the impossibility of uniquely determining the trajectory for the velocity field for
any initial value, a weak solution to the problem under study is introduced using regular Lagrangian
flows. Based on the approximation-topological approach to the study of fluid dynamic problems,
the existence of an optimal solution that gives a minimum to a given cost functional is proved.
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1. Introduction

The aim of this work is to study the optimal feedback control problem for the alpha-model with the
Voigt fractional rheological relation, taking into account the background of a fluid along the trajectory.
Note that memory properties in general arise not only in the fluid dynamics field but in many absolute
different fields [1]. So the results of this paper can be useful in many fields. A large number of papers
have been devoted to the investigation of control problems [2—4]. Although the control problems for
linear systems are sufficiently well studied, the situation is not so good for nonlinear systems (even
for finite-dimensional cases or local domains). However, due to the complexity of nonlinear systems
describing the fluids motion the control of non-Newtonian fluids motion, such as bitumen, polymers,
various solutions, emulsions and suspensions, blood, and many others, has not been fully studied.
In hydrodynamics the control (optimal control) problems often connected with the fluid control by
external forces. Usually in solving such problems, a control is considered from a given (finite) set.
In our situation, we consider the external forces control depending on the velocity field. Such types
of problems are called feedback control problems [2-5]. In this situation the control is chosen more
accurately, since in such a way the control belongs to the image of some multi-valued map. This is
more naturally due to the fact that control is not chosen from a finite set of available options.
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Also in this paper the alpha model case of fractional Voigt model is considered. Alpha-models
are some kind of regularized approximate systems that depend on some positive parameter «, and
regularization is carried out by some filtering of the velocity vector, which is contained in the argument
of the nonlinear term. The « parameter reflects the width of the spatial filtering scale for the modified
speed. The Helmholtz operator I — a2A is most often used as the filtration kernel. The choice of such
an operator is associated with its good mathematical properties. Thus, we ready to proceed to the
formulation of the problem. In a bounded domain (O C R” (in 2D and 3D cases, that is, n = 2,3)
with a sufficiently smooth boundary dQ) on a time interval [0, T], where T > 0,, we consider the
initial-boundary value problem:

Zu,a oo — gt Div /Ot(t —5) PE@) (s, z(sit, ) ds+Vp=f, (1)
u=(I—-a’A)"1o, tc[0,T], x€Q, ()

z(T;t,x) = x + /t.Tv(s,z(s; t,x))ds, t,tel0,T], xe€Q, 3)
divo(t,x) =0, t€[0,T], xe€Q, 4)

vliz0 =20,  ljp,1xa0 =0 @)

Here v is a vector-function of the velocity of a medium particle, u is a vector-function of a modified
velocity of a medium particle, defined by equality (2), z(7; ¢, x) is the trajectory of a medium particle,
indicating at time 7 the location of a medium particle located at time moment ¢ at point x, p is a
pressure function, f is a function of the density of external forces, « > 0 is scalar parameter, yg > 0,
u1 > 0,0 < B <1 are some constants.

dv; 0Jv L
£ = (&;(0), &(v) = (a;* =), ii=1m,
1

is the strain rate tensor. I'( ) is the Euler gamma function [6] defined through an absolutely convergent

integral
r'(B) :/ th=le~t dt.
0

This initial-boundary value problem (1)—(5) is an alpha model for the mathematical model
of viscoelastic Voigt medium with fractional rheological relation. The idea of using this kind of
approximation (the alpha-model) first appeared in paper of J. Leray [7] (in this work, ]J. Leray used the
general form of the filtration kernel) to prove the existence of a weak solution for the Navier-Stokes
system of equations. Later, various alpha-models for the Euler equations [8,9], the Navier-Stokes
system [10] and others were built on this idea. In general, each alpha model is characterized by its
first-order vector differential operator F(u,v) = (F'(u,v),...,F"(u,v)), in which components F’(u, v)
are linear combinations of all kinds of operators of form ukéx]. o™, Ukaxjum, ukaxju’”:

Fi(u,v) 2 Ck]m uko, U + Dk]mv Oy u + Ek]m 8x.um, (6)
k,jm=1
where C}C i Dy i E}c jy Ar€ some real coefficients. Note that in representation (6) monomials of the form

vkaxjv are not used, since they do not contain the components of the «<smoothed>» vector field u.
Interest in the study of alpha-models is primarily associated with their application to the study
of turbulence effects for fluid flows. It is also associated with obtaining better numerical results for
alpha-models in comparison to the original models. However, most of the works on the solvability of
alpha-models are devoted to models of the motion of an ideal or Newtonian fluid [11-14]. Only in the
last few years, works began to appear on the study of alpha-models of non-Newtonian fluid [15-18].
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This work continues the study of alpha-models for non-Newtonian fluids, namely, for the fractional
Voigt model of the viscoelastic medium [19]. This mathematical model describes a viscoelastic fluid
flow with a rheological relation o = yo€(v) + ]/tngtc‘f(v) = uo€(v) + yllét_ﬁf(v), considered along
the trajectories of fluid motion. Here Dgt is the left-side fractional Riemann-Liouville derivative and

Iét_ P is the Riemann-Liouville fractional integral. This model is a fractional analog of the Voigt model,
which describes the motion of a linearly elastic-retarded fluid. In order to study a large class of
polymers with creep and relaxation effects one must to consider models with fractional derivatives.
It turns out that the models with fractional derivatives are most suitable for this [20,21]. Note that the
advantage of this model is that, together with the definition of the vector-velocity v of the particle’s
motion, the trajectory of the particles of this medium motion z is also determined. Also, note that
the consideration of fractional derivatives in fluid dynamics has many physical applications [22-24].
One of the possible continuations of this model studies is laid out in References [25] and [26].

2. Preliminary Information and Statement of the Main Results

We introduce the main notation and auxiliary statements.

By LP(Q), 1 < p < oo, we denote the set of measurable vector functions v : () — R", summable
with p degree. By W;’Q” (Q), m > 1, p > 1, we denote Sobolev spaces. We consider the space C5°(Q)" of
infinitely differentiable vector functions from (2 to R"” with compact support in (2. Denote by V the set
{v € CP(Q)",divo = 0}. Also by V? and V! we denote the closure of V with respect to the norm of
Ly(€Q) and W) (Q), respectively, and by V2 we denote the space V2 = W3(Q) N V1.

We introduce from Reference [27] the scale of spaces VF, B € R. For this we consider the Leray
projector P : Ly(Q)) — V? and the operator A = —PA defined on D(A) = V2. From this operator we
can get a self-adjoint positive operator with compact inverse in V9. Let 0 < Ay < Ay < -+ < Ay < ...
be the eigenvalues of the operator A. We can get an orthonormal basis in V? by the eigenfunctions
{ej} of the operator A due to the Hilbert theorem on the spectral decomposition of compact operators.
Denote by

N
Eoo—{v—Zvjej:vjeR,NeN},
=1

the set of finite linear combinations of e;. Thus, we get the space VP, B € R as the completion of Ec
with respect to the norm

1
0 2
nww—<2ﬁww). @)
k=1

In Reference [27] it is shown that on the space VB, B > —1/2, norm (7) is equivalent to the

)
the spaces V1 V2 and V3 can be defined as follows:

ordinary norm || - |||, s ) of the space Wf (Q)". In addition, according to Reference [28], the norms in
2

WMZ(AWW%WMNQ%|Mw=<AMMNWN0a

2
[v]lys = (/QVAv(x) : VAv(x) dx) .
Here the symbol ” : ” denotes the component-wise matrix product, that is, for C = (Cij), D = (dij),
m
i,j=1,...m,weputC:D = Y c;dy.
ij=1

Further, through the VP = (Vﬁ)*, B € N, we denote the space dual to VA,
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Note that C([0, T]; F) is the Banach space of continuous on [0, T| functions, Cy ([0, T]; F) is the
Banach space of weakly continuous on [0, T] functions, Ly (0, T; F) is the Banach spaces of summable
on [0, T] with p degree functions with values in a Banach space F, respectively.

The set C' D(Q)) consists of one-to-one mappings z : Q — Q coinciding with the identity mapping
on dQ) and having continuous first-order partial derivatives on () such that det (dz/0x) = 1 at every
point of the domain Q. For this set the norm of continuous functions C(Q) is used. Further, we will
consider the following set CG = C([0, T] x [0, T], C'D(Q)). Note that CG < C([0, T] x [0, T],C}(Q)),
therefore, in what follows, CG is considered a metric space with a metric defined by the norm of the
space C([0,T] x [0, T],C(QY)).

We introduce the space in which the solvability of the considered problem will be proved:

Wiy ={v € L0, T; V)N L(0, T; V°), o' € Lyy3(0,T;V1)}

with the norm [[v[|w; = |9l (0,r,v1) + [0l L 0,7v0) + ||U/||L4/3(O,T;V*1)‘

Denote by A, : VP — VP2, 8 > 0 the operator Ay, = (] +a?A), where ] = PI, and I is the
identity operator. By virtue of Reference [28], the operator A, is invertible. If we apply the Leray
projection P : L,(Q)) — V0 to the equality v = (I — a?A)u for B = 3 and express from the last equality
w:u= (] +a’?A)"1v = A;1v. Then, since v € V!, we get that u € V3.

Note that for the correct formulation of the considered initial-boundary value problem the
trajectories z must be uniquely determined by the velocity field v. In other words, it is necessary that
Equation (3) has a unique solution for the velocity field v. However, the existence of solutions to
Equation (3) for a fixed v is known in Reference [29] only in case v € L1 (0, T; C(Q)") and this solution
is unique for v € Ly (0, T; C'(Q))") such that 9| (0,7)xa0 = 0. Therefore, the trajectories of motion are not
uniquely determined even for strong solutions whose partial derivatives that appear in Equation (3)
are contained in Ly (0, T; Ly(€2)). One possible way out of this situation is to regularize the velocity
field at each time instant t by averaging over the variable x and determine the trajectories z(7; ¢, x)
for the regularized velocity field [30]. However, relatively recently [31,32], the solvability of Cauchy
integral problem (3) was investigated in the case when the velocity v belongs to the Sobolev space.
Also the existence and uniqueness of regular Lagrangian flows, which are a generalization of the
concept of a classical solution, are established.

Definition 1. Regular Lagrangian flow associated to v is the function z(t; t,x), (t;t,x) € [0, T] x [0, T] x Q
satisfying conditions:

1. the function y(T) = z(T; t, x) is absolutely continuous and satisfies Equation (3) for almost all x € Q and
te0,T];

2. the equality m(z(7;t,B)) = m(B) holds for any t, T € [0, T| and an arbitrary Lebesgue measurable set
B C Q) with Lebesgue measure m(B);

3. forallt; € 0,T), i =1,2,3, and almost all x € Q)
z(t3; b1, x) = z(t3; 2, z(F2; £1, X)).
We give the necessary results from a regular Lagrangian flow.
Theorem 1. [31]Letv € L1(0, T; W;(Q)"), 1 < p < cowith conditions divo(t,x) =0, (t,x) € [0, T] x Q,
and v|jg 1) = 0. Then there exists a unique regular Lagrangian flow z € C(D; L") associated to v (where

C(D, L) is the Banach space of continuous functions on D = [0, T| x [0, T| with values in the metric space of
vector functions L measurable on Q). Moreover, z(T; t,Q)) C Q) up to a set of measure zero and

%Z(T,‘ t,x) =v(t,z(t;t,x)), tT€][0,T], foralmostall x € Q.
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Theorem 2. Let v, v™ € L1(0,T; Wf(Q)”), m =1,2,... for some p > 1. Let divo = 0, divo™ = 0,
0ljo,71x00 = 0, " |[0,1]xaq = 0. Also, let the inequalities

loxlzy 0,71, () + 10l 0,71, ()) <M,

\|UT||L1(0,T;LP(Q)"X") + ”vaLl(O,T;Lp(Q)”) <M

are valid. Here vy and v are the Jacobi matrices of the vector functions v and v™. Let v""* converges to v in
L1(Qr)N as m — +oo. Let 2 (7;t,x) and z(;t, x) are reqular Lagrangian flows associated to o™ and v,
respectively. Then the sequence z™ converges (up to a subsequence) to z with respect to the Lebesgue measure on
the set [0, T] x Q uniformly on t € [0, T).

This result was proved in Reference [33] in the general case.

Thus, by virtue of Theorem 1 for each v € L,(0, T; Vl) and for almost all x € (), the Equation (3)
has a unique solution z(v), where z(v)(7; t, x) = z(7; t,x), in the class of regular Lagrangian flows.

As a control function, we consider the multi-valued map ¥ : Wy —o L,(0, T, V~1). Assume that ¥
satisfies the following conditions:

(Y1) V¥ is defined on the space W; and has nonempty, compact, and convex values;

(¥2) Y is compact and upper semicontinuous (that is, for any function v € W; and any open
set Y C Ly(0,T,V~1) such that ¥(v) C Y, there exists a neighborhood U(v) such that
¥(U()) CY);

(¥3) V¥ is globally bounded, that is, there exists a constant Ry > 0 such that

¥ (@)l Ly 0,m,v-1) = sup{llull 0, r,v-1) s u € ¥(v)} < Ry forallv € Wy;

1S wea closeq, thatis: 1t v ;- C Wy, 00 — vg,u; € Y(v;) and u; — ugin Lp(0, 1, V™
Y4) Vi kly closed, that is: if {v;}{*, C W b4 d in L,(0, T, V!
then 1y € ¥(vp).

In this paper, a weak statement of the feedback control problem for initial-boundary value problem
(1)-(5) is considered. By feedback, we mean the condition

fe¥(v). ®)
We formulate the definition of a weak solution to feedback control problem (1)-(5), (8):
Definition 2. A pair of functions (v, f) € Wy x Ly(0, T, V~1) is called a weak solution of feedback control

problem (1)~(5), (8), if it for all ¢ € V' and almost all t € (0, T) satisfies the equality

n 0¢;
', 9) - 80Ny dx+po | Vo:Vgd
w0 = [, L a5 ds s po | Vo: Vs

b et [ =9 Pe@)s 20 500 ds ) = (.0), O

the initial condition v(0) = vy and feedback condition (8). Here z(v) is a reqular Lagrangian flow associated
to v.

Remark 1. It is known that W C Cy, (0, T; V) [34]. Therefore, initial condition (5) has sense.
The following theorem is the first result of the paper:

Theorem 3. Let a multi-valued mapping ¥ satisfy conditions (Y1) — (¥4). Then there is at least one weak
solution (v., fr) € Wy x Ly(0, T, V~1) of feedback control problem (1)(5), (8).
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We denoteby . C Wy x L,(0, T; V1) the set of all weak solutions of problem (1)—(5), (8). Consider
an arbitrary cost functional ® : ¥ — R, satisfying the following conditions:

(®1) Forall (v, f) € ¥ anumber R; exists such that ®(v, f) > R,.
(®2) Ifv; —v.in Wyand f; — f.in Ly(0, T; V1) then ®(v,, fi) < lim ®(vy, f;).
m—00

As an example of this functional, we can take

®(v, f) = /uv —u.() dt+/||f )12 dt.

Here u, is some specified velocity field. This functional characterizes the deviation of velocity from
the required, and its minimum yields the minimal deviation of velocity from the one specified by the
minimal control. One of the possible applications of the proposed approach is an optimal feedback
control problem and the results are in the consideration, analysis and calculation of different such
problems with special (necessary in industry) cost functionals ®.

The following theorem is the second result of this paper.

Theorem 4. If the mapping ¥ satisfies conditions (¥1)—(Y4) and the functional ® satisfies conditions
(@1), (P2), then optimal feedback control problem (1)—(5), (8) has at least one weak solution (v, f«) such that

D(vy, f) = inf D(v, f).

(v,f)ex

The proof of Theorems 3 and 4 is based on the approximation-topological method for investigating
fluid dynamics problems [35]. To do this, first, we pass to the operator interpretation of the problem
under consideration (operator inclusion) in suitable function spaces. Further, since the operators in
the obtained operator inclusion do not have the necessary properties, we consider a problem that
approximates the original one (in this case, it is also an operator inclusion, but with a better operator
that has the required properties and in better functional spaces). Then, based on a priori estimates
of solutions and the theory of the topological degree of multi-valued vector fields, the existence of
a solution to the approximation problem is proved. Finally, it is shown that from the sequence of
solutions of the approximation problem, one can extract a subsequence that converges in a weak sense
to the solution of the original operator inclusion. After proving the solvability of the control problem,
it is shown that in the set of solutions there is at least one solution that gives a minimum to a given
cost functional (this is why this type of problem is called the optimal feedback control problem for
fluid motion).

The work is organized as follows—in Section 3 we consider the family of auxiliary problems and
prove the necessary properties of an introduced operators. Also on the basis of the topological degree
theory for multivalued maps we prove the solvability of the auxiliary problem and establish necessary
estimates for solutions to the auxiliary problem. Section 4 is devoted to the passage, the limit and
the proof of Theorem 3. Section 5 is devoted to the proof of Theorem 4. The final Section 6 contains
conclusions.

3. The Family of Auxiliary Problems

Throughout this section we will assume that vy € V.
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Consider the following auxiliary family of systems of equations (0 < ¢ < 1) with a small
parameter & > 0:

oN*v oo o0
87 + g + gl;(Aa v)l'?xj — ;M()AU
t
—r(flgﬁ)Div /0 (t—s)*ﬁf(v)(s,z(s;t,x)) ds+Vp=_f, (10)
T
z(T;t, x) = x+/ v(s,z(s;t,x))ds, tTe[0,T], xe€Q, (11)
t
divo=0, te[0,T], xeQ, (12)
van =0, Avlag=0, te[0,T] (13)
Ult=g =vo, x € Q. (14)

For this family we consider another functional space:
Wy = {v € C([0,T);V?), o' €L,(0,T;V3)}

with the norm ||v[lw, = [|ollc(o,7,v3) + 19"l 0,T.v)-

Equation (10) includes the integral calculated along the trajectories of motion of the fluid particles.
As was noted in the previous section, it is necessary that the trajectories are uniquely determined by
the velocity field v(t, x). In other words, Equation (11) must have a unique solution for the velocity
field v(t, x). Note that for the family of auxiliary problems (10)-(14), the velocity v from the space
W, has sufficient smoothness (due to the embedding of the space V3in C1(Q) for n = 2,3). Thus,
it follows from Reference [29] that the Cauchy problem (11) is non-locally uniquely solvable.

Analogously with the definition of a weak solution for feedback control problem (1)-(5), (8),
we formulate the definition of a weak solution to auxiliary problem (10)—(14), (8) for fixed 0 < ¢ < 1.

Definition 3. A pair of functions (v, f) € Wa x Ly(0, T; V1) is called a weak solution to auxiliary problem
(10)—(14), (8) if it satisfies for any ¢ € V' and almost all t € (0, T) the equality

n 00;
(@, 9) —5/0 ) (Aglv)ivja—?dx—i—yo/QVv : V(pdx—s/QVAv’ :Vodx
ij=1 i

ﬂ{lgﬁ)(/ot(f - 5)755(0)(512(5#,96))ds,<9<¢)) =¢(f, 9), (15)

feedback condition (8) and initial condition (14). Here z is the trajectory associated to the velocity v.
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To prove the existence of a weak solution to auxiliary problem (10)—(14),(8) for { = 1, we rewrite
the auxiliary family in operator form. Using the terms in equality (15), we introduce the operators
using the following equalities:

J:V3 v (]v,(p>:/v(pdx, veV3, eV
Q
A:vi vl <Av,(p>:/Vv:Vgodx, ve Vi, (pEVl;
Ja

Ay V3 SV Ay, ) = —/QVAU Vedx, veV:, geVl
1 & —1 aq)] 1
B:Li(Q) = VY, (B(0),¢) :/Q Y (A o)L dx, ve Ly(Q), gV
ij=1 i
t
C:VIxCG— VT, (Clo2)(t),9) = (/0 (t =) PE(0) (s, 2(5:t, %)) ds, E(@) ),

ve V!, zeCgG, NS V1 foralmostall t € (0,T).

Since the function ¢ € V! is arbitrary in (15), for almost all t € (0, T) this equality is equivalent to
the following operator equation in L, (0, T; V~1):

Jo' +eAxv" + poAv — EB(v) + F(ll/ll_gﬁ)c(vzz) =Zf.

Thus, a weak solution to auxiliary problem (10)-(14), (8) for a fixed 0 < ¢ < 11is a solution v € Wy
of the following operator inclusion

Jo' + eAy0 + pgAv — EB(v) + F(f;_ﬁ)C(v,Z) =¢f € ¥(v), (16)

satisfying initial condition (14).
We also define the operators using the following equalities:
L:W, = Ly(0,T; V1) x V3, L(v) = (] +€A2)0" + noAv, vi—o);
K: Wy, = Ly(0,T; V1) x V3, K(v) = (B(v),0);

G: W, = L0, T; V') x V3, Gv) = (myiiﬁ)c@,z),m;

V:Wo = L0, T; V' H x V3, Y(v) = (¥(v),v0);
M:Wy =Wy, M(v) =L (V(v) +K(©) — G(v)).

Thus, from our problem of finding a solution to operator inclusion (16) for a fixed 0 < ¢ <1
satisfying initial condition (14) we get the problem of finding a solution for a fixed 0 < ¢ < 1 to the
following operator inclusion

v € EM(v) = ELH(Y(0) + K(v) — G(0)). (17)

We need the following properties of the operators from inclusions (16) and (17). In order to not
to pile up the notation, we will use the same letter to denote the same operators acting in different
function spaces.

Lemma1. 1.  For any function v € C([0, T]; V3) it holds that the function Av € Ly(0,T; V1) and the
operator A : C([0,T]; V3) — L(0, T; V1) is continuous and the following estimates hold:

[Av[ly-1 < flollys;  [[Av[lL, 0 mv-1) < [0l 0101 (18)
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140l 1, 0,mv-1) < Cillolleqo,msve)- (19)
2. Theoperator Ay : V3 — V~Lis linear, continuous, invertible and the following estimate holds:

| A20][y-1 < [[v]lya. (20)

In addition, the operator A, L. v=1 5 V3 is also continuous.

3. Forany function v € Ly(0,T; V?),1 < p < oo the function (] + e¢Az)v belongs to L, (0, T; V~1) and
the operator (] +€Az) = Ly(0,T; V3) — L,(0, T; V1) is continuous and invertible. In addition, the
following estimate holds:

ellollr,o,rve) < U +eA2)olly o rv-1) < Ca(L+e)llollL,01,v9)- (21)

Moreover, the inverse to it operator (] +eAz) ™1 : L,(0, T; V=1) — L, (0, T; V3)is continuous and for
any w € Ly (0, T; V1) we have the estimate

_ 1
[(J +eAz) lw”LP(O,T;V?’) < E”wHLp(O,T;V*l)' (22)

4. The operator L : Wy — L(0, T; V™) x V3 is invertible and the operator L=1 : L,(0, T; V~1) x V3 —
W, is a continuous operator.

Proof. The proof is carried out in the same way as in Reference [36]. O
Lemma?2. 1. Themap B : Ly(Q) — V1 is continuous and the following estimate holds:
1B)ly1 < Callol, 23)
2. Foranyv € Ly(0,T; Ly(Q)) the function B(v) € Lp(0,T; V™) and the map B : L4(0, T; L4(Q)) —
L,(0, T; V~1) is continuous.
3. For any function v € W, the function B(v) € Ly(0,T; V~1) and the map B : Wo — L»(0,T; V~1) is

compact.

Proof. 1. Forany v € Ly(Q), ¢ € V! using Holder’s inequality, we obtain
Z / (A1) ] dx

< (/|A v) ]|2dx)
i,j=1 1]1

[(B(v), ¢)| =

SEOTIRY i) (] i),
< .

x(.o x) a3 1</| Lo)il x> </Q|U]| x) oy

< Gillag ol o) ol o llellve < CaCsllollg, ) llellve = Collvlf, o ll9llve

ualh
axi

This implies inequality (23). Note that here we used the following well-known estimate [37,38]:

||A0717J||Lp(0) =|I(I- DCZA)AUHL,?(Q) < GsllollL, . p>1 (24)



Mathematics 2020, 8, 1197 10 of 27

We show the continuity of the map B : Ly(Q) — V~!. For arbitrary v”, v° € Ly(Q) we have

0
(B(™), 9) — (B(2"), 9)| = z (A 0" q)]dx—/ Y (871005

1] 1 ij=1 a
< i 1 om0 — (85120 e | 22
— 14 1 o 1
ij=1 ! e ox; L(Q)
n
<ol Y (a0l = (8, 10%)i0? L,
ij=1
— gl (X2 I8T0™)i0 = (83700 + (87 00! — (A7)0l )
i,j=1
< - A—lm.r‘n_A—lm.Q - A—lm,Q_A—10.Q
<ol ( X (a5 0™} — (A7 0™)i] |, ) + Y (85 0™)iv) — (85107)iv} Ly
ij=1 ij=1
n n
< Grllgly ( L 185 0" e 12 = llyiy + Lo 1822 @ = o) e 2,
j=1 j=1

n
< GGslglly (L 10" ey o) = Pl +2Hv — ) 19,
j=1 =1

< Ca (10|, (e 10" = 2l (o) + 10" — 00||L4(Q) 12°01 Ly () @Il
= Cs([[0" I, ) + 12° I, @) 10" = 2°[l1, (o) @Il -
Thereby
1B(0™) = B(0°)ly—1 < Cs([[0™ |1, () + I10°]I 2, ) 10" — 2l 1,00y

Assuming that o™ — v% in Ly(Q), we obtain that the map B : L4(Q) — V~! is continuous.

2. To prove this item, it is necessary to use the last estimate and repeat the proof of Lemma 2.5.4
(item 2) from Reference [28].

3. To prove this item, we use the Aubin-Simon theorem:

Theorem 5. [28,39,40] Let X C E C Y are Banach spaces, the embedding X C E is compact and the
embedding E C Y is continuous. Also let F C L,(0,T;X), 1 < p < co. We assume that for any f € F
its generalized derivative belongs to L, (0, T;Y), 1 < r < co. Now let:

e Fisboundedin L,(0,T; X);
o {f: feF}lsboundedmL(OTY)

Then for p < oo the set F is relatively compact in L,(0,T;E), and for p = oo and r > 1 the set F is
relatively compact in C([0, T|; E).

Consider the set F = {v € Ly(0,T; V3),v' € L,(0, T; L,(Q))}. Since the embedding V? C Ly(Q)
is compact, the embedding F C L4(0, T; L4(Q2)) is also compact.

From continuity of embeddings
C([0,T]; V3) € Ly(0,T; V3), Ly(0,T; V3) C Ly(0, T; Lp(Q2))

the continuous embedding W, C F follows. In addition, also we have that the operator B :
L4(0,T; Ly(QY)) — Lp(0,T; V1) is continuous (from the second item of this lemma). Thus, we
have the superposition of embeddings:

W, C F C Ly(0,T; Ly(Q)) B L(0, T; VY,
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where the first embedding is continuous, the second is compact, and the map B is continuous.
Therefore, for any function v € W, we obtain that the function B(v) € L,(0, T; Vfl), and the map
B: Wy — Ly(0,T; V~1) is compact. The proof is complete.

O

We proceed to investigate the properties of the map C. We introduce the following norm
[9[l,2,(0,r;v-1) equal to the norm [[9[| (g ;1) where O(t) = e~ v(t), k > 0. Then the following
lemma holds.

Lemma 3. For any v € L[,(0,T; V'), z € CG we have that C(v,z) € L(0,T; V™) and the map C :
Ly(0,T; V1) x CG — Ly(0, T; V1) is continuous and bounded. In addition, for any fixed function z € CG
and arbitrary u, v € Ly (0, T; V1) the following estimate holds:

C(v,z) — C(u, z) Hk,Lz(O,T;V*l) < CT' FVT/k|o - ”||k,L2(0,T;v1)- (25)
Proof. The first part of this lemma is proved similarly to the Lemma 2.2 [30]. We prove necessary

estimate (25). Let o(t) = e *ov(t),u(t) = e u(t). By definition, for almost all t € [0, T] we have
¢ € Lp(0,T, V') and obtain

(e C(v,2)(t) — e MC(u,2)(t), p(t))
_/ // KE=3) (1 — 5) P& (0 — 1) (5,2(s:1, %)) ds E;i () () dx dt.

Then, using the Holder inequality, we obtain

1/2
(e7MC(v,2)(t) — e ™C(u,2) / / e k(t=s) (¢ / E2(o—1)(s,z(s;t, x))dx)
/52 )(t, x) dx dsdt / / (=) P @ =) (s, ) lyillo(t, ) |lyr ds dt
s 1/2
< CoT'™ ﬂHv_”HLZ(OTvl I, 0,v1) / / ke )det) .

The last inequality holds by virtue of the following estimate [41] (Theorem 2.6)

t
I /0 (t=5)"Po(s)ds||L, 1) < CoT Pllo(s) L, 01, ¢(s) € Lp(0,T), 1< p <o

Estimate the remaining integral:

k(t—s) 1/2_1/T _ ,—kt <1/T _T
// ) ds dt =g r—ears g [a= o

Thus, we obtain the estimate
(e7MC(0,z)(t) — e MClu,z) (1), 9(t)) < CoT' Py T/kl[o =l 0,00 |91l Ly 0,701

From where necessary estimate (25) follows. O

We formulate one more necessary property of the operator C.
But first we define several concepts concerning the measure of noncompactness and L-condensing
operators [30,42].

Definition 4. A non-negative real function y defined on a subset of a Banach space F is called a measure of
non-compactness if for any subset M of this space the following properties are satisfied:
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o PeoM)=ypM);
e forany two sets My and My from My C M; follows that p(My) < p(My).

Here, by co M we denote the convex closure of the set M. As an example of a measure of
non-compactness, we give the Kuratowski measure of non-compactness: the exact lower bound d > 0
for which the set M can be divided into a finite number of subsets whose diameters are less than d.
Kuratowski’s non-compactness measure has several important properties:

e (M) =0,if M is a relatively compact subset;
e P(MUK) = (M) if K is a relatively compact set.

Definition 5. Let X be bounded subset of a Banach space, and L : X — F is a map from X into a Banach
space F. A map g : X — F is called L-condensing if {(g(M)) < p(L(M)) for any set M C X such that

p(g(M)) # 0.

Let 74 be the Kuratowski measure of noncompactness in the space L (0, T; V~!) with the norm
9]l £, (0,r;v-1)- Then the following lemma holds.

Lemma 4. The map G : Wy — Ly(0, T; V=1) x V3 is L-condensing with respect to the Kuratowski measure
of noncompactness ‘yy.

Proof. Let M C W, C L,(0, T; V') be an arbitrary bounded set. By virtue of Theorem 2, the set z(M)
is the set of trajectories z that are uniquely determined by the velocities v € M and this set is relatively
compact. Then for any fixed v € W, the set C(v,z(M)) is relatively compact. In addition, for any
z € z(M), the map C(-, z) satisfies the Lipschitz condition with constant CoT'~#1/T/k in the norms
Il y0,7,v1) and || - [l 1, (0,7,v-1)- Then, by Theorem 1.5.7 [42], the map C(v, z) and, therefore, the
map G are CoT'~F+/T/k-bounded with respect to the Hausdorff measure x. It is known, see Theorem
1.1.7 [42], that the non-compactness measures of Hausdorff and Kuratowski satisfy the following
inequalities xx (M) < v, (M) < 2xx(M). Therefore, the estimate

1 (G(M)) < CoT' " PV/T/ky (L(M))
hold. Choosing k so that Cg T1-B\/T/k < 1, we obtain the statement of the lemma. [

Using the above estimates and the properties of the operators, we prove the following a priori
estimates for auxiliary family (10)—-(14), (8).

Lemma 5. Let vg € V3. Then for any solution v € W, of operator inclusion (16) the following estimates hold:

100l Ly 0,m5v1) < Cro(llvollvo + Vellvollv2); (26)
ol co,mvey < Curlllvollyo + vellvolly2); (27)
ellollE o102 < Cr2(llvoll3o + ellvollF2), (28)

where the constants C1g, C11, C1p do not depend on € and §.
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Proof. Let v € W, be a solution of operator inclusion (16). Then for any ¢ € V! and almostall € (0, T)
equality (15) holds. Since it is valid for all ¢ € V!, we assume that ¢ = 7, where () = e ¥v(t). Then

95,
/Q dx—g/ Y (A7 o) (1)oi (1) a]x(l-t) dx+y0/0w(t):w<t)dx

ij=1

+ r<fl—§/&) </Ot(t —5) PE(0)(5,2(5:t,x)) ds, £(B(1)) )
e /Q VAV (1) : Vo) dx = E(f(1),3(t)). (29)

Let us replace v(t) = e"*5(t) and separately transform the terms in the left side of the last equality

as follows. Consider the first term:

/Q o (D)3 (t) dx = /Q (ektﬁ(t))’ﬁ(t)dx:ekt /O 7 (1)3(t) dx + ke / 3(4)5(t) dx

Q

ekt ekt d _
= 5 [ 2O by ko030 = G 1RO + (1) B G0

Now we turn to the consideration of the following term:

97;(t) " R0
1 J _ Lkt =1\, . ]

/ l]Z:l (A, i(t) o, dx =¢ /Qijz_ll(A“ 0);(t)v;(t) o, dx

Mo & 0 0@ ()T() e I(Ay 0)i(t)

- /Qijzlma e N Y O
ekt n )

= Q];dwu(t)ij (t)dx =0
Finally, we transform the last term:
—S/QVAU’(t): = —s/ VA(e " Vo(t) dx skekt/QVAE(t) s Vo(t) dx
eekt d
_ okt =/ vzl —_ kt = «© =
ee /QVAU (t) : Vo(t)dx = eke / AT (t)Ao(t )dx—|— > Joat (Av( )Av(t)) dx

_ kt
= ek [o(8) 2 + - 2 [0(0) 3

Thus, equality (29) can be rewritten as follows:

A o0) o + ke [5(0) 2+ oe [ 3 -+ ke [3(6) 22 + - [5(0)
_ Mg /t B kt= . - kt =
- g (] (t=5)Pe@ D) (s 2(5:t,2)) ds, E(1) ) +EH(F(1), 5(0)). (31)
We estimate modulo the right-hand side of the resulting equality. Using the Cauchy inequality
5br 2
be < 7 + 5

for 6 = 1/yup, we obtain:

kt
g (f(1),3()) < I fFBlyalla®)ly < IIf( Wy + uoze (Ol

_2;1
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Multiplying both sides of equality (31) on e, for almost all t € (0, T) we have

01— _
O+ & S 3(0) a4+ K)o + B2 9(0) 3 + k(0

H
<Fa-p

We integrate the last inequality with respect to ¢ from 0 to 7, where T € [0, T]. Then

T
30 o + 5 19() 32+ [ 3(0) o dt + ek [ [9(6) 3 at
+B2 [T 5(0) Bt < Slo0lio + 5 o0l + 5= [ IF(E) IR di
2 Jo 1% V 1% 2]/{0 0 V-

i (e /0 (t—s)5S(ektv)(s,z(s;t,x))ds,E(v(t)))‘dt.

(efkt /Ot(t _ S)*ﬁg(ektﬁ) (s,z(s;t,x)) dS,f(Wﬂ)) ‘ + 2]140 1£(t) ”%ﬁ1

Lo
2

H
+r<11ﬁ>/o

We use estimate (25) for u = 0. In this way,

1 _ T . T _
21T o+ SO + & [ 19(6) o dt + ek [ o(6) 32 dt

0o [T = 1 s 1C9T T/ 2k
+3 [ RO dt < 3ol + Flleolf + =g y 5 - ||fHL2 orv-
T'F\/T/(2k)
We assume that the number k is sufficiently large such that G T ,B)/ Ho/ 4.
The nonnegativity of the quantities [|5(t)[|3,, [[7(t)]|2, and [|[3(¢)]|2, yields the following estimates:
o ("5 0
PO [ o(e) Bt < gl + 2HUO||VZ + 2 W0 z-n + 219 gy
€
B0 < 2||vo||Vo +5 ||Uo||vz t5- Hf||L2 oy T Hv||L2 0,11y
5 1o( ||vo < 2||UO||V0 +5 ||UO||v2 + Hf||L2(0TV 1y 1 £ H ||L2 (0,T;V1)"

Since the right-hand side in all the above inequalities does not depend on T, we pass to the

maximum in T € [0, T] in the left-hand sides of these inequalities. Then

Ho 1 €

H HLZ(OT\/l) < EHUOH%/U + EHUOHVZ + ”fHLZ 0,T;V— 1) HUHLZ (0,T;V1)”
152 < SoollZo + & ||v 52+ 5— ||f|| HvH
5 19lc(fo,);v2) = 5 1€01Iyo 0lly2 Ly(0,T;V -1 Ly(0,T; V1)
1,_» 1
S 0 < Sleoldo + Sliool2z + - ||f||L2 ory-1y + 2 IBIE o -

From this and feedback condition (8) the required estimates (26)-(28) directly follow. The proof

is complete. [
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Lemma 6. Let vy € V3. For any solution v € W, for operator inclusion (16) we have the following estimates

1
eVl Ly0,m5v3) < Ci3 (1 + g) 90l|20 + C13v/el|volly2 + Casllvoll32; (32)
1
C13T C13T Ci3T2
l9llcqo,mv3) < llvollvs + (1+ )HUOHVO +— NG loolly2 + —=—lvol[32; (33)
||U/HL4/3(0,T;V*1) < Cu(llvoll3o +£llwoll32 +1); (34)
ellv L, 5013 < Cis(llvoll3o + elloolly + 1); (35)

where the constants Cq3, C14, C15 do not depend on ¢, v and ¢.

Proof. Let v € W, be a solution of (16). Then it satisfies the following operator equality

Jo' + eAyv’ + poAv — EB(v) + Iﬁ(illcﬁ)C(v,z) =Zf. (36)

Hence,

[(J +eA2)?" || 1,001y = IEf +EB(v) — poAv — WC(U'Z)HQ(OIT;V”)'

We estimate the right-hand side of the last equality. By estimates (18) and (25) for u = 0, we get:
B(o) — podv — —11€_¢
Hgf+ g (U) HoAD 1"(1 _ ﬁ) (U’Z)HLZ(O,T;V_l)
1GT!
< flly0,mv—1y + 1B@) | y0,mv1) + ;i-(liﬁ)HUHLz orv1) + Holloll, oy (B7)

We separately estimate the |[B(v) ||, r,v-1). Using (23), and the continuity of the embedding
V2 C Ly(Q), we have:

=
=

T T
1B v = ([ 1B@IE-at)* < [0l o))
1
< Cug / lo(t) {2 dt) " < CieT? max [[o(1)}: = CroT2|[9[12 g 71,02

We rewrite inequality (37) as follows

|f +EB(v) — podo — r(ffﬁ)cmz) om0

< Cir(lflly0mv-1) + C16 T 210 0E 0 11.v2) + 10l y0,01))-

From the a priori estimates (26) and (28) it immediately follows that

||(]+€A2)U/HL2(O,T;V* 1y < Ci3 (1 + )HUOH o + Ci3Vellvoly2 + C13HUO||%/2

To prove estimate (32), it remains to use the left (21) for p = 2:

ellv [l 013 < ||(I+€A2)vl||L2(O,T;V’1)

1
< Cia(1+ 2) (ol + £ 07,01, ) + Cravelloollyz + Casleoll2

Hence, inequality (32) is established.
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We pass to the proof of estimate (33). Represent the function v € W, as follows:

t
o(t) = / o/ (s)ds + vo.
0
Then

lo()]lys <

vo+/ ds

Since the right-hand side of the resulting inequality does not depend on t, we pass to the maximum
in T € [0, T] in the left-hand side. Then, taking into account estimate (32), we obtain

t 1
= l[vollys +/0 19'(s)[lys ds < l|vollys + T2 (V| 0,1;v3)-

Ci3T?

1
Ci3T2 Ci3T?
max [[o(t)[lys < ||vollys + —— o[}

1
1
max < (1 ) ol + =2 llollya +

Thus, we received estimate (33).

Now we prove inequality (34). As before, v € W is a solution of operator Equation (36). Then

191y o) < 25 + EB(0) = posto = 1 5C0,2) = 20 1 o1

S ||fHL4/3(O,T,V71) + ||B(U)HL4/3(O,T,V71) + y0‘|AvHL4/3(O,T,V71)
H1 2
+ Ti-p) IC(0,2)IL, 50,1 +€llA U/HL4/3(O,T;V—1)‘ (38)

We separately consider the terms on the right-hand side of the last inequality. First, we estimate
IIB(v)]] Ly/5(0,T;v-1)- Given from Reference [34] the well-known inequality for n = 3

1 1 3
Il < 2Nl ) IVl oy € V2,

and estimate (23), we obtain (for the case n = 2 the proof is similar):

T 4 3 T 8
1B 1,y = ([ IB@IGdt)* < Cs( [ ol )
T 2 % T 2
<265 [ ol 19210y 1) < Cas(( [ ol ol )
2 LIRPIAN 3 5
< C18H HC [0,T];V0) (/0 HU”VI dt) = ClSHUHC([O,T];VO)HUHLZ(O,T;Vl)' (39)
Consider the following term. We use the Holder inequality and estimate (18). Then
3 T 4 3
4 T 4
A0l gorv-y = ([ 140lE-a) < ([ ol ar)

1 T % 1
<TH( [ olide)” = THol o). (@0

Similarly, using the Holder inequality and estimate (25) for u = 0, we obtain an estimate for the
next term:

NI

HS G

T 4 3 1 T 1
1€@ ey p0rv = ([ 1@ dt) " <TH( [ lc@ )R- dr)’

1 1, q_
=T4 ||C(U/Z)HL2(0,T;V—1) < TiT! ﬁC9”UHL2(0,T;V1)‘
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Finally, we consider the last term. Using inequality (20), we get:

2./ T 2./ % % T / % % /
el A%, orvny =2 ) AT adt) <el [ llollsdt) < el o)

Let us estimate the right-hand side of the last inequality. We use the left side of estimate (22)
for p = 4/3. Thus, to obtain an estimate of ¢||7/|| Ly/5(0,T;v3)- it is necessary to obtain an estimate of
(] + eA)|| Ly5(0T;v-1)- To do this, we again use operator Equation (36). From its appearance, it
follows that

£||U/HL4/3(O,T;V3) < ||f||L4/3(O,T;V*1) + ||B(v)||L4/3(O,T;V*1) - y0||AU||L4/3(O,T;V*1) +,ulHC(UrZ)||L4/3(O,T;V*1)'
Thus,

€||AZU/HL4/3(O,T;V’1) < €||U/||L4/3(0,T;V3)

1
< Al 50,mv-1) T 1B@) L, 50,01y + Holl AL, 0 m1) + Hlyiw|lc(v/2)HL4/3(0,T;V*1)' (41)

From (38), estimates (39)—(41) and a priori estimates (26) and (27), we get

||U/||L4/3(O,T;V*1) < 2(||f||L4/3(0,T;V*1) + HB(U)||L4/3(O,T;V*1) + VOHAUHL4/3(O,T;V*1)

+r(1y71ﬁ)HC(UrZ)||L4/3(O,T;V—1)) < C19(||fHL2(O,T;V—1) + ||UHL2(0,T;V1)

1 3
ol om0 1212, 0 1)) < ool yomv1) + Noollva + VEllzollye

1
+(llvollvo + Vellvollv2 + | fll 1, 0,7;v-1)) 2 (lvollvo + Vellvollv2 + 11 flly0,,v-1)))
< Car(|[vollyo + Vellvollv2 + I fllp0,mv-1) + 1)* < 4Ca (ool + ellvoll3 + 1)

3
2

This completes the proof of inequality (34), where C14 = 4Cp;.
Finally, applying again estimates (39) and (40), for the right-hand side of (41), as well as a priori
estimates (26) and (27), we obtain

8||U/||L4/3(0,T;V3) < 2(||f||L4/3(0,T;V*1) + ||B(v)||L4/3(O,T;V*1) + VOHAUHLM?,(O,T;V*])

"1

+mHC(U’Z)||L4/3(O,T;V—1)) < CZZ(HfHLz(O,T;V—l) + ||UHL2(0,T;V1)

1 3
ol om0 1212, 0 1)) < o3Il ygomv1) + Noollva + Vellzollye

1 3
+(llvollvo + Vellvollva + Il fllLy0,mv-1))2 (lwollvo + Vellwollva + 11 fll y0,7v-1))2)
< Cau([lvollyo + Vellvollvz + £l Ly, mv-1) + 1)% < 4Cas([00ll30 + ellvoll§2 +1)-

Thus, inequality (35), where C15 = 4Cy;4 is established. The proof is complete. [

Lemma 7. Let vy € V3. Then for any solution v € W, of operator Equation (16) we have the following
estimate:
||UHW2 S C251 (42)

where Cyp5 > 0 is a constant that depends on e.

Theorem 6. Let vy € V3. Then there is at least one solution v € W, of auxiliary problem (10)—(14), (8) for
=1
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Proof. To prove this theorem, we use the topological degree theory for multi-valued vector fields [2,43].
Consider operator inclusion (17). From Corollary 7 it follows that all solutions of inclusion (17) are
in the ball B C W, of radius R = Cp5 + 1 centered at zero. By item 4 of Lemma 1 the operator
L : Wy — Ly(0,T; V™) x V3 is invertible. Then there is no solution of the family of following
inclusions

veiM, where ¢e€/[0,1],

on the boundary of the same ball Bg.

By virtue of item 4 of Lemma 1 the operator L1 : L,(0, T; V~1) x V3 — W, is continuous. By
the Lemmas 2 and 4 the map (Y (v) + K(v) — G(v)) : Wo — Ly(0, T; V~!) x V3 is L - condensing with
respect to the Kuratowski 7 non-compactness measure. Therefore, the operator M : W, — Wj is
condensing with respect to the Kuratowski 7, non-compactness measure.

Thus, the vector field v — { M (v) is non-degenerate on the boundary of the ball Bg, which means
that the topological degree deg(I — {M (v), Bg,0) is defined for this vector field . By the properties of
homotopy invariance and normalization of degree we obtain that

deg(I — M(v), Bg,0) = deg(I, Bg,0) = 1.

The non-zero degree of the mapping ensures the existence of at least one solution v € W5 of
inclusion (17) for ¢ = 1, and therefore of auxiliary problem (8), (10)—(14) for { = 1. The theorem is
proved. 0O

4. Proof of Theorem 3

We proceed directly to the proof of the solvability of feedback control problem (1)—(5), (8). To do
this, we carry out the passage to the limit in auxiliary problem (10)—(14), (8) for ¢ = 1. Since the space
V3 is dense in V7, then for each v} € VO there exists a sequence v}' € V2 converging to v in V0.
If v§ = 0, then we put v =0, &,y = 1/m. If ||| \0 # 0, then starting from some number we have
l0§'|lv2 # 0. Then we put e, = 1/ (m||v! ||%/2) Under our choice {e,, } resulting sequence converges
to zero as m — oo. Moreover, &, [vf'[|3, < 1.

By Theorem 6, for each ¢, and vfj there exists a solution v,, € W, C Wj of auxiliary problem
(10)=(14), (8) for & = 1. Thus, each solution vy, for all ¢ € V! for almost all t € (0,T) satisfies
the equality

n aq)
@ 9) = [ 1 (85 on)i(on) 5 dx+ o || Vou: Vo
ij=1 i

—em /Q VAv,, : Vedx + r(lyiﬂ)(/ot(t —5) " PE(vm) (s, zm(s;t, %)) ds,é’(qo)) = (fm @),  (43)

and the initial condition
Z7m|t:0 = 06’1-

Since the sequence {v}'} converges in V7, it is bounded by the norm V. Hence,

1051150 + emllof 52 < Cas.
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Thus, from estimates (26), (27), (34) and (35) we obtain that

||Um||%2(o,T;V1> < Cy7, (44)
||Um||2c([0,T],.V0) < Cgs, (45)
Hv;n||L4/3(O,T;V—1) < Gy, (46)
el|onllL, 5 (0,m;v3) < Cao, (47)

where the constants Cyy7, Cag, Cag, C39p do not depend on e. Due to the continuity of the embedding
C([0, T); V9) C Leo(0, T; V°) and estimates (44)—(46), without loss of generality (if necessary, passing to
a subsequence) we obtain that

Om — v« weaklyin Ly(0,T; V1) as m — oo, (48)
Om — vx  *-weaklyin Le(0,T;V0) as m — oo, (49)
vl, — v, weaklyin Ly;3(0,T;V™Y) as m — oo, (50)

and that the limit function v, belongs to the space Wj.

Consider Cauchy problem (3) for the limit function v,. Since v, € W, therefore v, satisfies
the conditions of Theorem 1. Therefore, in [0, T| x [0, T] x Q) there exists a Lagrangian regular flow
z4(T; t,x) associated to v.. We denote by z,,(7; ¢, x) the Lagrangian regular flow associated to vy,.

Lemma 8. The sequence z,,(T;t, x) converges to z(T; t, x) with respect to the Lebesgue measure on the set
[0, T] x Qin (t,x) for t € [0, T].

This lemma follows from the a priori estimate (42) and Theorem 2.

The proofs of the solvability of feedback control problem (8), (1)—(5) are divided into two parts.
First, we prove the passage to the limit in auxiliary problem (8), (10)—(14) for ¢ = 1 and a test function
@ from V1, which is sufficiently smooth, then for the arbitrary function ¢ € V1.

Ipart. Let the test function ¢ € V! be smooth. We pass to the limit in each term of (43).

For m — oo, by the definition of weak convergence v, — v* in L, (0, T; Vl) we get

V:Vd—>/V*:Vd
#o/Q on: Vodx = jiy | Vo.: Vodx

for any ¢ € V1.

Due to weak convergence v/, — v, in Ly/3(0, T; V~1) as m — co we obtain that

(VU @) = (WL, @)

forany ¢ € V1.

Further, using estimate (47), without loss of generality and, if necessary, passing to a
subsequence, we have that there exists a function u € Ly,3(0, T; V3) such that

emt), — u weaklyin Ly/3(0,T;V3) as m — oco.

Then
em(VAV,, Vo) — (VAu, V), as m— oo.

However, the sequence ¢,,0), converges to zero in the sense of distributions on [0, T] with
values in V3. Indeed, for any smooth scalar function ¢ with compact support and for
Q€< V3, we obtain
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T T
Jim_ em/o /QVAU;,Z:V(;)dxtp(t)dt‘—nligéosm/O /QAvfﬂAgodxtp(t)dt‘
T T
= lim &, /0 /QVU;H:VA(pdxlp(t)dt‘ = lim &, lim /0 /Qw;n:vmpdxlp(t)dt‘

= lim &, lim
m—00 m—o0

[, ([ venptar) :vagas

T, 99(t) .\ .
/Q (/0 vaatdt> : VAgpdx

’ . 9P(t)
/0 /Qva.VA(pdxatdt’.

= lim &, lim
m—o0 m—o0

= lim &, lim
m—ro0 m—00

Since v, weakly converges to v* in L, (0, T; Vl) and, therefore, converges to v* in the sense
of distributions, then

lim ¢, = 0.
m—o0

lim ¢, lim
m—ro0 m—00

/T/ Wm:VAfpdxw(t)dt‘ = ‘/T/ vy*:VAcpdxaL(t)dt
0 Ja 0o Jo ot

Thus, due to the uniqueness of the weak limit

em(VAU, Vo) —0 as m— .

Since the embedding V! C L4(Q) is completely continuous, and the embedding L4(Q) C
V~1is continuous, by Theorem 5 it follows, that

F={veLy(0,T;V'),v' € Ly;3(0,T;V1)} C Ly(0, T; Ly(Q)).
Then, taking into account estimates (45) and (46) we conclude that
vm — Ux  stronglyin  Lp(0, T; Ls(Q2)).

Since the operator Ay ' = (I —a?A)~1: L,(0,T; V') — L,(0, T; V3) is continuous, then

- 0Q; é 9Q;
Ayt om)i(om)j5 > d —>/ A 10.)i(vs)j =2 d — oo,
/Qi,]E“’l( « Um)l(vm)]axi X 'Qi,j;l( )i )]axi x as M — oo

where the first sequence (A;'v,,); weakly converges in L, (0, T; V'), and the second (v, ) i
strongly in L, (0, T; L4(Q)) ). Consequently, their product converges weakly to the product
of limits.

Now show that

r(lyiﬁ)(/ot(t_S)ﬁg(vm)(S, zm(s;t,x))dslg(q))>

Hr(l‘uiﬁ)(/ot(ts)_ﬂf(v*)(s,z*(s;t,x))ds,é’((p)). 51)
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Consider the following difference

r(1yi B) </;(t —5)PE(on) (5, zu(sit,x)) ds,E(g) )
- s ([ -9 P st 0) s (0)
r(1y— / (t=s) 'S/ (0m)(s, zm(s;t, %)) — €(v*)(s,zm(s;t,x))}:5((p)dxds)
+r(f’iiﬁ)(/Ot(t‘—s)*/f‘/Q [E@)(s, 2m(s8,%) = E@)(5,2:(5:8,%))] : E) dxds) = 27 + 23

(1)  We show first that Z" — 0 as m — oco.

Denote the integral over domain Q) in Z{" by I

I= /Q [E(Um)(s, zZm(s; %)) — E(vs) (S, zm(s; t,x))] :E()dx.

We make the change of variables x = z"(t;s,y) in I (where the reverse change is y =
Zm (s;t, %)):

I = /Q {5(vm)(s,y) - S(v*)(s,y)} E(9) (zm(t;5,y)) dy.

We rewrite Z7" and continue the further expansion:

20 = it ([ =977 [ [lon) o) =0 6,0)] : E(0) nttis ) dy ds)

~ st (L= [ [eensn —e@)em) [s<¢><zm<t;s,y>>

—s<<p><z*<t;s,y>>]dyds) m"_ﬁ ([e-97* [ [
—£(0)(5,y)] : £z (65,y)) dyds) = Zf} + Zfh.

(@)  Due to the weak convergence v,, to v, in the space L, (0, T; Vl), we obtain that Z{, — 0
as m — oo.
(b)  Applying the Holder and the Cauchy-Bunyakovsky inequalities, we get

t 2
ZBP < Coa( [ (=) Pllom(s) = 05, )l s (am(135,°)) = a2 65, o ds)
< Calom(s, ) (5, Miyiorwny % [ Ioslem(ts,)) — gulaltis, Dlinds. G2)
We denote the second efficient in the last inequality by @, (s) :
T
= | lgsntis, ) = gslzi(tis, o ds.

We show the convergence @, (s) — 0 as m — oo for every s € [0, T]. Note, that

@u(s) = [ [ loxCan(tis,) — gue-(5,9) P dy .
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)

Let ¢ > 0 be a sufficiently small number.The continuity of the function ¢, in Q) means that
there exists §(¢) such that if [x”" — x'| < §(e), then

|92 (x") — u(x)[ <& (53)
Since the sequence z,,(t;s,y) converges to z.(;s,) in the Lebesgue measure with respect to

(t,y), therefore for d(¢) there exists the number N = N(J(¢)) which for m > N the following
inequality holds:

m({(Ly): len(bs,y) —z(tsy) > 8(e)}) <e. 4
We denote
Q> 8(e) = {(Ly) € Qr ¢ [zm(tis,y) — 2 (55,Y)] > 6(e));
Q(<3(e) = {(ty) € Qr+ lzm(tis,y) — 2 (t:5,y)| < 3(e)}.
Then
n(s) < Con( [ | Islem(t5,9) — palza(t5,y) Py s

- /Q(SM (9x(zn(E:5,)) = @x(z2(5,y) P dyds ) = Caa (@}, (s) + P (5)). (55)

By virtue of (53) for ®2,(s) we have |z, (t;s,y) — z«(t;5,y)| < 5(¢). Hence

D2 (s </ €2 dy ds = Cayé?. 56
(s) < 0(<5(0) y 34 (56)

By virtue of (54) for @}, (s) we have m(Q(> é(¢))) < e. Hence

), (5) < Casllxleior [

dyds = Czse . 57
0>56)) y 35¢ll@xllc(a) (57)

Thus, from (55), (56) and (57) it follows that for small ¢ > 0 and m > N(d(¢)) the following
inequality holds
@ (s) < Caee.

Consequently, convergence ®,,(s) — 0as m — oo for all s € [0, T] is obtained. Consider
the right side of inequality (4). Due to the boundedness of the first efficient (since v, €
L»(0, T; V1)) and the convergence to 0 of the second efficient as m — oo, we get that Z" — 0
as m — oo,

Thus, it is proved that Z" — 0 as m — co.

Now show that ZJ* — 0 as m — oo. Consider the auxiliary function 9(t, x) smooth and finite
on [0, T] x Q such that [|o. — 7|, o 1,1y < € for sufficiently small & > 0. We now estimate
75" through three integrals

73] < c37(/0t(t—s)*ﬁ/ﬂ||v*(s, Zn(836,%)) = B(s, Zm (534, %)) |1 ds
—i—/ot(t—s)*ﬁ/nﬂﬁ(s, Zm(s;t, %)) — 0(s,z«(s; t, %)) ||y1 ds

t
+/0 (t—s)*ﬁ/o 85, 2574, )) = 02(5, 2 (534, ¥)) 1 ds ) = Car (Z84 + Z83 + 785
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II part.

We make a change of variables in the norms under the integrals Z7; and ZJ%:
[0+(s, 2m(s3 £, ) = 0(s,zm(s;t, %)) [lyr = |[04(5,y) = T(s,y)[lv1;

10(s, 24 (578, %)) = (s, 2 (78, %)) [y = [[9(s,y) = v, ) |1

Then we get
t
23+ 23 = Car( [ (t=9)Flfou(s,") = 8(s, ) ds) < Cave.
We estimate also Z5;

7 < C37(/0t(t—s / |0x (s, zm(s;t,+)) — Ux(s,z4(s;t, ))\zdx)l/zds).

By virtue of Lemma 8 z,,(s; t, x) converges to z(s; t, x) and the function 7y (¢, x) is bounded
and smooth. Therefore, by the Lebesgue theorem, we obtain that Z}" — 0 as m — co. Thus,
convergence (51) is proved.

Taking into account the a priori estimates (44)—(46) and conditions (¥1)-(Y4), without loss of
generality, we can assume that there exists f. € Ly(0,T; V1) such that f,, — f. € ¥(v.) as
m — o0.

As a result, it was shown that the functions v, and f, with a smooth test function ¢ from V'
satisfy the equality:

0
(v, ) — / Z a(p dx+y0/ Vo, : Vpdx
i,j=1

+m”—15)( [ =9 P (54,0 d5,E(9) = (fur0). G8)

Since the sequence {v,,} has a priori estimates (44), (45) and (46), due to the weak
convergence properties for v, we immediately obtain the estimate:

||U*HL°0(O,T;V0) + ||U*HL2(0,T;V1) + ||v*||L4/3(O,T;V*1) < Css.

Whence it follows that v, € Wj. Thus, the passage to the limit was proved for a test function

@ € V1, which is smooth.
Let us prove this passage to the limit for an arbitrary test function ¢ from V1. We rewrite (58)

for smooth ¢ in the form:
[G1,¢] =[Gz, 9] =0, (59)

where

n aq)
Y (A7 0)(e) 522 dx+ o | Vo: Vo
ij=1

e () (4 —9) PE(0) (5,2(54,2)) ds, () ) [Ga, 9] = (£ )

Guol = 0)— [

Lemma 9. Let the test function ¢ be smooth. Then
[G1 9l < Caollgllvr,  1[G2 9]l < Caoll@llyr- (60)

The proof of this Lemma is similar to obtaining a priori estimates in section 3.
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Since the set of smooth functions is dense in V1, for Qe V1 there exists a sequence of smooth
functions ¢’ € V! such that |¢! — ¢|;1 — 0 for I — co. By virtue of (59) we obtain

[G1, 9] — [G2, 9] = [G1, 9 — ¢'] — [Go, 9 — ¢'] +[G1, ¢'] = [Ga, @]
=[GLo—¢']—[G2 90— ¢'].

From the last equality and estimates (60) we obtain

[G1, 9] — (G2, 9]| < Carlp— ¢I.

Taking into account the last inequality and passing to the limit as I — oo in equality (58)
for ¢ = ¢' we obtain equality (58) for arbitrary ¢ € V!, which completes the proof of the
existence of weak solutions for feedback control problem (1)—(5), (8).

5. Proof of Theorem 4

From Theorem 3 we obtain that the set of solutions is nonempty. Therefore, there exists a
minimizing sequence (v}, f;) € X such that

lliﬁ@(vl,ﬁ) = inf P(v,f).

i
(v,f)ex
As before, in the proof of Theorem 3 from estimates (44)—(46) it follows:

v; — v, weakly in L (0, T; Vl),
vy — *weakly in Lo (0, T; VO),

v) — v/, weakly in Ly /3(0, T; V1),
v — vy strongly in Ly (0, T; Ly (Q))),

z;(T;t,x) — z(T; t, x) in the Lebesgue measure with respect to (7,x) on [0, T] x Q,
fi = fu € ¥(v.) strongly in L, (0, T; V1),

Similarly from inclusion

]U; + upAv; — B(U[) + ﬁC(UZ,ZZ) = fl S ‘I"(ZJZ),

passing to the limit, we obtain

]vf« + ,uOAU* - B(U*) + ﬁC(v*,z*) = f* S T(U*)

We get that (v, fi) € X. Since the functional @ is lower semicontinuous with respect to the
relatively weak topology, we have

O(vy, fs) < inf O(v, f).
(0s, fx) oL, (0, f)

Thereby (v, f+) is the required solution. The theorem is proved.

6. Conclusions

To summarize all reasonings, calculations and proofs in this paper, the mathematical model
describing the motion of viscoelastic mediums was investigated. This model is equipped with the
Voigt rheological relation. This relation is considered with the left-side fractional Riemann-Liouville
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derivative, which allows us to take into account the memory of the medium. This memory is considered
along the trajectory of the motion of fluid particles, determined by the velocity field. This allows a
more accurate description of the physical process of fluid motion. Also in this paper the model under
consideration is called the alpha-model. Interest in the study of alpha-models is primarily associated
with their application to the study of turbulence effects for fluid flows.

The main result of this paper is the solutions existence to the feedback control problem for the
mathematical model under consideration. Also the existence of an optimal solution to the problem
under consideration that gives a minimum to a given bounded quality functional is proved. Results of
this paper provide an opportunity for the future investigation of this model. The authors propose the
following future research directions for the model under consideration—1) the numerical analysis of
the obtained solutions; 2) the consideration of a turbulence case of this problem; 3) the investigation of
a II class of alpha-models for this problem and so forth.
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