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Abstract: The purpose of this paper is to obtain the regularity for solutions of semilinear neutral
hyperbolic equations with the nonlinear convolution. The principal operator is the infinitesimal
generator of a cosine and sine families. In order to show a variation of constant formula for solutions,
we make of using the nature of cosine and sine families.
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1. Introduction

This paper is to establish the regularity of solutions of the following abstract semilinear neutral
hyperbolic equation in a Banach space X:

{ Llw'(t) +g(tw(t)] = Aw(t) + F(t,w) + f(t), 0<t<T, o

w(0) =xp, w'(0) = yo.

The principal operator A is the infinitesimal generator of a cosine family C(t)(t € R). The nonlinear

part is given by
t

F(t,w) :/0 k(t — s)h(s, w(s))ds.

Here, k € L2(0, T) and the mapping & : [0, T] x D(A) — X satisfies that w — h(t,w) satisfies Lipschitz
continuous. The nonlinear mapping g : [0, T] x X — X will be explained in detail in Section 3.

Semilinear neutral differential equations have been considered by many authors [1,2] and
reference therein. We refer to [3,4] for partial neutral integro-differential equations. The existence
of solutions for neutral differential equations with state-dependence delay has been studied in the
literature in [5,6]. In [7,8] a hyperbolic equation of convolution type is treated. In [9,10] oscillatory
properties of solutions for certain nonlinear impulsive hyperbolic partial differential equation of
neutral type are investigated and new sufficient conditions and a necessary and sufficient condition
for oscillation of the equations are established. The regularity of solutions of parabolic type equations
under some general conditions of the nonlinear terms is considered in [11,12], which is reasonable
for application in nonlinear systems. It is worth giving several examples of the use of such and other
classes of differential equations in engineering and scientific tasks, for instance, almost automorphic
mild solutions of hyperbolic evolution equations with stepanov-like almost automorphic forcing term
have studied in [13], and the local well-posedness to the Cauchy problem of the 2D compressible
Navier-Stokes—-Smoluchowski equations with vacuum was considered in [14]. Recently, regularity
problems of second order differential equations have been discussed in [15-17]. The fixed point of a
locally asymptotically nonexpansive cosine family is introduced in [17,18].

In this paper, we take an approach different to that of previous works (see [2,19-21]) to discuss
some kind of solutions of Cauchy initial problems. By means of L2-regularity results, we obtain global
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existence of semilinear neutral hyperbolic equations under more general hypotheses of nonlinear
terms. Motivated by the L2-regularity problems of the linear cases of [19,22], we show to remain valid
those under the above the semilinear neutral problem (1).

The summary of the content is as follows. In Section 2, we introduce some notations and
preliminaries. In Section 3, we devote to study the regularity and existence of a solution for Equation (1).
We prove that the existence for each T > 0 of a solution w € L2(0,T; D(A)) N W?(0, T; E) when
f : R — X is continuously differentiable, (xo, o, k) € D(A) x E x W¥2(0, T). Here, the space E is an
intermediate space between D(A) and X. We are based on some basic ideas of cosine and sine families
referred to [23,24] to develop our consequence. We will make general assumptions about the nonlinear
terms to obtain the regularity of solutions of Equation (1). An example as application of our results in
the last section is given.

2. Preliminaries

We first introduce some notations, definitions and preliminaries. If X is a Banach space with norm
denoted by || - ||, and 1 < p < oo, LP(0, T; X) is the collection of all strongly measurable functions from
(0, T) into X the p-th powers whose of norms are integrable and W"* (0, T; X) is the set of all functions
f whose derivatives D* f up to degree m in the distribution sense belong to L? (0, T; X).

Definition 1 ([23]). A bounded linear family C(t)(t € R) in X is called a cosine family if

1) C(0)=1I C(s+t)+C(s—t)=2C(s)C(t), forallseR,
c(2) C(t)x iscontinuousin t on R for each fixed x € X.

Let C(t)(t € R) is a cosine family in X. Then the sine family S(¢)(t € R) is defined by

S(t)x = / C(s)xds, x € X. ()
J0
Thus, S(t)x is also strong continuous, that is, S(#)x is continuous in t on R for each fixed x € X.
The A : X — X is defined by
42
T

which is called the infinitesimal generator of a cosine family C(t)(t € R). The domain

Ax C(0)x,

DA)={xeX: %C(t)x is continuous}

with norm p
[xllpcay = [Ix|l +SUP{HEC(f)xH 1t € R} + || Ax]].

We introduce the set

E = {x € X : C(t)x is a once continuously differentiable function of ¢}

with norm p
[x)le = ||| +sup{HEC(t)xH ‘t €R}.

We know that D(A) and E with given norms are Banach spaces.
The following Lemma is a summary of Proposition 2.1 and Proposition 2.2 of [23].

Lemma 1. Let C(t)(t € R) be a cosine family in X. The following terms are satisfied:
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c(3) there are constants w > 0 and K > 1 satisfying

IC(t)|| < Ke“!!l forall t € R,

t
1S(t1) — S(t)|| < K’/tle“"s‘ds’ forall t1,t € R,
2

c(4) letx € E. Then

S(t)x € D(A), %C(t)x — AS(t)x = S(H) Ax = ;—;S(t)x,

c(5) letx € D(A). Then

2

C(t)x € D(A), %C(t)x = AC(t)x = C(t)Ax,

c(6) letx € Xandr,s € R. Then

/rs S(t)xdt € D(A) and A(/rs 5(t)xd7) = C(s)x — C(r)x,

The following Lemma is from Proposition 2.4 of [23].

Lemma 2. Let A is the infinitesimal generator of cosine family C(t)(t € R). If f : R — X is continuously
differentiable, (xo,10) € D(A) x E then

w(t) = C()xo + S(H)yo + /Ot S(t—s)f(s)ds, t € R,

belongs to D(A), w is twice continuously differentiable. Moreover, w satisfies

: ®)

{ w” (1) = Aw(t) + f(t), t€R,
w(0) = xo, w (0) = yo.

Conversely, if f : R — X is continuous, w satisfies (3) and w(t) € D(A) is twice continuously differentiable,

w(t) = C(t)xo + S(t)yo + /Ot S(t—s)f(s)ds, te€R. 4)

Proposition 1. Let f be continuously differentiable, (xo,yo) € D(A) x E. Then w(t) defined by (4) is a
solution of the linear Equation (3). Moreover, W (t) belongs to L?(0, T; D(A)) NW12(0, T; E) and there exists
a positive constant Cq such that for any T > 0,

lwll200,m;004)) < C1(1+ [[x0llp(a) + Ivolle + [ fllwr2o,1,x))- ®)

Proof. By virtue of Lemma 2, we have that w satisfies Equation (3), w(tf) € D(A) and w is twice
continuously differentiable. It is easily seen that there is a constant C > 0 such that

lwllL200,7,x) < Clllxollpcay + Ivolle + 1 £ l20,7:x))- (6)

Now, we will prove that w € LZ(O, T;D(A)). Using c(3) and c(4), it holds

T
/o IAC()xo|[Pdt < K(@“T = 1) x0lI ), )
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and if yy € E, by c(4), we have

[ astwolPar = [ & ool < Tyl ®

It is proved in Proposition 2.4 of [23] that

t t ’
A/O S(t—s)f(s)ds:C(t)f(O)—f(0)+/() (C(t—=s)—=1I)f (s)ds.

So, since
L1151 @aslPar < k2 —em2 [ ([ 15 (0 s 2
T
<K= [Tt [CF (o)) st
<k [Nf )P
we have
Iy Y, sdstdtg/THCt (0)|Pt
FTIFOR+ [ [ ct-s)f aslPar+ [ H/f s)as|"at ©
< KRETTFO)| + TIFO) P+ (K20~ T2+ 1) 2 [ (9]fas.
Noting that from c(4)
%C( )/OtS(tfs)f(s)ds (10)

— AS(t) /OtS(t —8)f(s)ds = S(1)A /OtS(t —8)f(s)ds

we can show the relation of (5) from (6)—(10). Combining (2) and ¢(3), we also obtain that an analogous
estimate to (5) holds for w € W'2(0, T;E). O

Remark 1. Let (xo,y0) € D(A) X E, and let f be continuously differentiable Let us remark that if w is a
solution of (3) in an interval [0, t1 + t5] with t1,ty > 0. Then when t € [0, t; + t5], from c(11)-c(14), we have

w(t) =C(t—tH)w(t)+S(t—H)w (1) +/ (t—s)f
= Clt— ){Cl)o + (o + [ S(h1 — 5)f(s)ds)
+S(E— 1) {AS(H)x0 + C(H)yo + /Otl Clty — 5)f(s)ds)
+ [ 8=
— C()x0+ S(E)yo + /Ot S(t — ) f(s)ds,

here, we used the following basic properties of C(t)

S()AS(s) = AS(H)S(s) = %C(t +o)— %C(t _s) = C(t+5) — C(H)C(s)
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forall s,t € R. This mean the mapping t — w(t; + t) is a solution of (3) in [0, t1 + to] with initial data
(w(ty),w (t1)) € D(A) X E.

3. Semilinear Neutral Equations

This section is to deal with the regularity of solutions of a semilinear neutral second order initial
value Equation (1) in a Banach space X: The nonlinear part of Equation (1) is given by we set

t

F(t,w) = /0 k(t — $)h(s, w(s))ds (11)

for w € L2(0,T; D(A)) and k € L(0, T).
Assumption (A). Leth:[0,T| x D(A) — X be a nonlinear operator such that

(D |[[h(t, w1) — h(t, w2)||p(ay < Lllwr — w2,
(h2) h(t,0) =0

for a positive constant L.

Assumption (B). Let g : [0, T] x X — X be a nonlinear operator such that there is a constant Ly
satisfying the following conditions hold:

(i)  Forany x € X, the mapping g(-, x) is strongly measurable function;
(ii)) There exists a positive constant L such that

1Ag(t,0)[| < Lg,  [|Ag(t x) — Ag(t, 2)|| < Lgllx — 2],

forallt € [0,T],and x, £ € X.

We will find a mild solution of Equation (1), which is represented as the integral equation

wl(t) =Clt)0-+ S(1)lyo + (0, 30)] + [ S(t—5){F(s,w) + f(5)}ds
- /OtC(t —8)g(s, x(s))ds. (12)

Remark 2. In [25], the approximate controllability of Equation (1) has investigated as a general assumption
that h(t,-) is continuous mapping of X into itself satisfying

|1 (t, w1) — h(t, w2)|| < Lfjwy — wa|
for a positive constant L.

For short, we assume that 0 € p(A) and the closed half plane {A : ReA > 0} C p(A). We remake
that A : X — X is unbounded, but we can assume that || A~!|| < M for a positive constant M > 0.

Lemma 3. Let Assumption (A) be satisfied. Then for w € L>(0, T; D(A)), T > 0.

||F(‘/w)||L2(O,T;X) < LHk||L2(O,T)\/T||wHLZ(O,T;D(A))'

Moreover,
IF(,w1) = F( w2) || 2 0m%) < LHkHLZ(O,T)ﬁle —wa|l12(0,;D(a))

for wy, wy € L2(0,T; D(A)).
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Proof. From Assumption (A) and by using the Holder inequality,we have

||F(/ L2 0,T;X) / / t_S ( W(S))dSHZdt
< (k2 OT/ /L2Hw Pdsa

2
< L?|[k||7 0T)T||w||L2 (0,T;D(A))"

The proof of the second paragraph is obtained similarly. [

Lemma 4. If k belongs to W'2(0, T), then

A/tS(t—s)F(s,w)ds - /Ot(C(t—s) — Dk(0)h(s, w(s))ds (13)
+/ (t—s) /S %k(s—”r)h(r,w(’r))drds.

Proof. The proof of (13) is easily obained from the following formula

A/(:S(t—s)F(s,w)ds _ /Ot(C(t—s) —I)%F(s,w)ds

and

%F(s, w = s %k(s — D)h(t,w(T))dT + k(O)h(s, w(s)).
O

First of all, we give the following result on a local solvability of (11).

Theorem 1. Let that Assumptions (A) and (B) besatisfied. If (xo,yo, k) € D(A) x E x W2(0, T)(T > 0),
where k is the function defined by (11), and f : R — X is continuously differentiable, then there exists a time
To < T such that the Equation (1) quarantees a unique solution w in L2(0, To; D(A)) N W2(0, Ty; E).

Proof. Let us fix Ty > 0 satisfying

C =w 'KLT ? (™ — 1) |[k]| 20,1,
+{w K (™ = 1) + 1}T572/V/3LIKe™ + 1|kl yrzo,7,) (14)
+ {w 'K (e®To — 1) + 1} Ty/V2L(Ke“To + 1) [k(0) |

KML KL
+ §Ve2wTo — 14 {w 1K(e¥To —1) + 1}—2(5 Ve2wTo — 1

<1,

where K and L are constants in c¢(4) and (h1), respectively. For any v € LZ(O, To; D(A)), let ] be the
operator on L2(0, To; D(A)) defined by

J(©)(8) =C(t)30 + SOl + 80, x0)) + [ St~ ){F(s,2) + £(5)}ds (15)

_/0 C(t —s)g(s,v(s))ds.
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Then for each vy, v, € L?(0, Ty; D(A)),

@0 (©) ~ J(@2)(0) = [ S(t = 5){F(s,01) — Fls,02) s
— [ et = 9)lgs,01() — gls,02(5))s

=I1(v1 —v2) — (v —v2),

where

tS(t —5){F(s,v1) — F(s,v2) }ds,

C(t = s)[g(s,v1(s)) — g(s,v2(s))]ds.

I =

S— S—

I =

Now, we will show that I; € L2(0,To; D(A)) (i = 1,2). From Lemmas 3 and 4, it follows that for
0<t< Ty,

= || [ 8= 9){F(s,00) ~ FGs, )] a6)
< W KLT(¢“T = D)[IKll2(0,1y) 171 = 22l 120070 4))-
and
ARl =14 [ $(—5){F(s,00) — F(s,02) s
<| /(:(C(t—s) _ 1) /O %k(s 1) (h(t,01(7)) — h(t, va(7)))dr ds|
H] (€t 5) = DKO) (s, 21(5)) (s wa(s))es| @)

< tL(Ke“" + 1)kl w20,y 101 = ©2ll 200,50 (4))
+ VEL|[Ke® +1][[[k(0)[[[|o1 — 02l 120,700 4))-

We also obtain that
| Zcwn] = 4w /OtS(tfs){F(s,m) ~ F(s,02) Y|
— ||as(t) /OtS(t—s){F(s,vl) — F(s,0) }ds (18)
— ||s(t)A /OtS(t—s){F(s,vl) — F(s,v) }ds|)-
Therefore we have

111122 (0,050 a))

< w 'KLT3? (e — DIkl 20,1 101 = 22l 200,104

+ {w IK(eT — 1) + 1} T3/ V/BL(Ke“ T + DIkllwr2(0,1) 101 = 22l 12(0,10;04))
+{w K (e — 1) + 13 To/ V2L(Ke“T + 1) |[k(0) [ lo1 — v2l12(0,7,,0(4))
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From now on, we show that I, € L2 (0, To; D(A)), from Assumption(B), (c3), it follows that
||| =|inthC(¢ — s){g(s, 1) — g(s,02) }ds|
t
< [ et =s){s(s,1) — g(s,02)} s

¢
< \/I;Tu 62“’t—1[/ HA_lA{g(s,m)—g(s,vz)}szs]% (19)
<~V [ o — v

<

KML
7\/275 Vet — 1oy — UZHLZ(O,TO;D(A))
and
t
lALI =[4 [ C(t=s){g(s,01) = (s, v2) s
t
< [ ctt = s)ALg(s,01) = glsv2)} s 20)
t
< [/ HC(t—s)szs 2 / | A{g(s, 1) — g(s, vz)}szS]%
KL,
< VT Tllor ~ vallizo

ﬁ

We also obtain that

%C(t) /Ot C(t—s)g(s,w(s))ds (21)

t
= S(t)A/ C(t—s)g(s,w(s))ds,
0
Hence by (19)—(21), we conclude that

1221l 12(0,7;D( A))

KML
< ng’m - UZHLZ (0,To;D
+ {w K (T — 1) + 1} WH% - Z72||L2 (0,To;D
Thus, from I; and I, we conclude that

1T(01) = J(@2) || 12(0,70;D(A))
< hlle20m00a)) + 12120, 19:0(4))
< w 'KLTY (e — DIkl 20,1 101 = 22l 120,100 4))

+ {w K (e“T — 1) + 1}T5/2/V3L(Ke“ T + 1) Ikllwr20,1) 101 = ©2ll 12 (0,1, 4)) (22)
+{w K (e = 1) + 13T/ V2L(Ke“T +1) [[k(0) || [lo1 — v2ll 200,70 4))

KML
+ ng\/mﬂfh—vz”pom
+ {w K (e — +1} W o1 — o2l 200, 7y0¢

So in terms of the condition (14), the contraction mapping principle on | defined by (15) the contraction
mapping guarantees that the solution of Equation (1) exists uniquely in [0, Tp]. O
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Now, we establish the global existence of solution of Equation (1) based on a variation of constant
formula for solutions

Theorem 2. Let Assumptions (A) and (B) be satisfied. If f : R — X is continuously differentiable,
(x0,¥0,k) € D(A) x E x WY2(0,T), then the solution w of Equation (1) exists and is unique in
L%2(0,T; D(A)) N WVY2(0, T; E) for each T > 0, and there is a constant C3 depending on T such that

lwll200,m;00a)) < C3(1+ [[x0llp(a) + lIvolle + [ fllwr2o,r,x))- (23)

Proof. Let w(-) be the solution of Equation (1) in [0, Ty] where Tj is a constant in (14) and let v(-) be a
solution of the following linear equation

Then
(w—0)(t) = S(t)g(0,x0) + /Ot S(t —s)F(s,v)ds — /.t C(t—s)g(s,v)ds,
and by (22)

o= w1200, 1:0(4)) < Calloll 20,7004 + w KM (e — D llxollr2(0,7;0(4)) (24)

where C; is the constant defined by (14). Combining (24) with Proposition 1, it holds

1 I T
91l t2(0,1;0(4)) < ?CZHUHLZ(O,TO;D(A)) 1z o KM (e = 1) Ix0l 12(0,1;0(4))

< G
—1-CG

(14 lIxollpcay + llvolle + [l f llwr2(0,1;x)) (25)

t1o CzaflKM(e“’T“ = Dllxollr2(0,7;0(4))-

In order to obtain the solution of Equation (1) on [Ty, 2Tp], we will show that w(Ty) € D(A), w'(Ty) €
E. Since

AL (w A/ (Ty — s){F(s,w) + f(s)}ds
= C(T)f(0) ~ £0) + [ (C(Ty—s) ~ Df (s)ds
+/TO(C(T0—S) ) /s %k(s—r)h(r,w(r))drds
+ /TO To — s) — Dk(0)h(s, w(s))ds

and

%C(t) /Ot S(t —s){F(s,v) + f(s)}ds

(t)A/Ot S(t —s){F(s,0) + f(s)}ds,
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it holds

1L (w)lpeay < LIkl 20,10 1@l 220,10 4))
+ (w0 TK(e¥T0 — 1) + 1) Ty L(Ke“T0 + 1) 1K llw20,1) @l 200,700 a))
+ (@ 'K (e — 1) + )V TOL(Ke“™ + 1) [|k(0)[[[|w]l 12(0,7,,0(a))

Furthermore, we obtain

| I (w |7H/ C(To —s)g(s,w(s))ds| < /TD |C(To — s)g(s,w(s))||ds
< — K \/eZ“’TO— / |ATAg(s, w(s )szs]%

KML To 1
< 3 eZWTO—l/ w||2ds|2
< S ([ s

KML
< 7g eszo _ 1 w )
SN | ||L2(0,T0,D(A))

and
To
|AL(w |—||A/ C(Ty — 5)g(s, w(s))ds|| g/ |C(Ty — 5) Ag(s, w(s))||ds
ELVﬁ%—nmn
Vaw L2(0,Ty;D(A))”
Since
d To
EC(t)/ C(To —s)g(s,w(s) A/ (To —s)g(s,w(s))ds,
0
We obtain that

KML
[ L2(w) | p(a) g Ve2oTo — 1wl 2010
+ w*lK eTo 1) +1 —\/eZ“’TO—l w .
( ( ) )\/271 lwll L2(0,10;D(4))

Therefore, we conclude that

[w(To)lIpa)

= ||C(To)xo + S(To) (yo + &(0, x0)) + L (w) — L(w) — /OTO C(To —s)g(s,w(s))ds||p(a)
< (w0 K (T — 1) + 1) [Ke“T0 + Le{w ™ 'Ke“ 0 — 1) + M}||x0[| p(a)

+w KT = 1) |lyol

+ [[KeTo£(0)]| + [ £ (0] + K (e“™ + 1)/ Tol fllwr2 (0,7

+ LIkl t2(0,1) @l L2 (0,700 (4))

+ ToL(Ke“T0 +1) Ik llw20,10) @l L2 (0,70;0(4))

+ VToL(Ke“T0 + 1) [|k(0) | || 20,70 a))

KML
8 2w T
% /e2wTy _1||lw .
\/27(»0 || ||L2(0,T0,D(A)
KL
8 2wTy
+ NoTE] | HL2(0,T0,D(A))]
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Thus, by (25), there is a positive constant C > 0 such that

[w(To)Ipcay < C(L+ [Ixollpeay + llyolle + HfHWl/Z(O,TO;X))'

From which it is immediately obtain that w(Tp) € E. Hence, we can show that the solution can be
extended to the interval [Ty, 2Tp] with the initial (w(nTy),w (nTy)) € D(A) x E and that an estimate
similar to (25) holds. Since the condition (14) are independent of initial values, the solution can be
extended to the interval [0, nTp] for every natural number 7. So the proof is complete. [

Example. We consider the following semilinear neutral partial differential equation in X =
L%([0, t]; R):

diw'(t,x) + g(t,w(t,x))]) = Aw(t,x) + F(t,w) + f(t), 0<t 0<x<m,
w(t,0) =w(t,t)=0, teR (26)
w(0,x) = xo(x), w (0,x) =yo(x), O<x<m

It is well known that {e, = \/%sin nx:n=1,---}is an orthonormal base for X. Let A : X — X be

defined by
2

d
Aw(t, x) = ﬁw(t,x).
For short, w(t, x) = w(x), we know D(A) = {w € W*?(0,7t) : (w,0) = w(rr) = 0}, and
Aw = Z —nz(w, en)en, w € D(A),

n=1
and A is the infinitesimal generator of a cosine family C(t)(t € R) in X represented as
o
CHhw = Z cosnt(w,ey)e,, w € X.

n=1

The associated sine family is given by

= sinnt
S(tw = , , X.
(Hw ,;1 ” (w,en)en, we

Since {e, : n € N} is an orthogonal basis of X and

[e¢]
At — Z e‘”zt(w, en)en, Ywe€ H, t>0.

n=1

Moreover, there exists a constant My such that [|e?|| < M.
Define g : [0, T] x X — X as

J0

g(tw) = rg /Ote_”zt(/s as (t — s)w(s)ds, wy)wy,

where there exists a constant M; such that

lax(s)| < My, |aa(s) —ax(7)| < My(s— 1), s, TERT.
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Then it can be checked that Assumption (B) in Section 3 is satisfied. Indeed,for w € X, we know

Ag(t,w) = (e = 1) /Os ap(t — s)w(s)ds,

where [ is the identity operator form X to itself. Hence, we have

| 4g(t,w) > <(Mo+ D] [ (@a(t +9) = ax(t)wisis] + | [ a(ey(s)ac]’}
<(Mo +1)*M3{t3/3 +t}||w]|.

It is immediately seen that Assumption (B) has been satisfied.Let
h(t,w)x = h1(t,w, Dw, Dzw).

We consider Equation (26) under the following assumptions:
Assumption (C). There isa continuous 7(t,7) : R> — R* such that

(h1) y(t,x,0,0) =0,
(h2) - |h(t, x,w,p) — It x,w,q)] < (4 [w])[p — 4],
(h3) |h1(t1xlwll P) - hl(t1x1w2/ P)‘ S ’)/(t/ ‘w1| + |w2|)|w1 — W2|.

Then since
1 (t, 1) — h(t,w2) |3, < 2/ |l (£, x, w1, Dwy, D*wy) — iy (, wy, Dy, D*wy)|*du
4 Q

+ 2 / |h1<t, x, w1, le, D2w1) - hl(t/ xl w2/ Dw2, D2w2) |2dl/l,
Q
it follows from Assumption (C) that

1h(t,w1) = g(t,w2)l[52 < L(lw1llpeay llwzllpiay) wr = wallpa),
where L([[w1[|pa), [w2llp(a)) is a constant depending on [|w: || p(4) and [|w2 || p(4). We set

t

F(t,w) :/ k(t — s)h(s, w(s))ds
0
where k belongs to L?(0, T).

Theorem 3. Let Assumption (C) be satisfied for the Equation (26), If f : R — X is continuously
differentiable, (xo,y0,k) € D(A) x E x W¥2(0, T), then the solution w of Equation (26) exists and is unique
inL2(0, T; D(A)) NW'2(0, T; E) for each T > 0, and there is a constant Cs depending on T such that

lwllL20,;0(a)) < C3(1+ [Ix0llp(ay + lvolle + 1 fllwr20,m;x))-

4. Conclusions

This paper investigates the regularity for solutions of semilinear neutral hyperbolic equations with
the nonlinear convolution. The principal operator is the infinitesimal generator of a cosine and sine
families. We can obtain a variation of constant formula for solutions under more general hypotheses
of nonlinear terms by using the nature of cosine and sine families. To show the regularity results
of semilinear neutral hyperbolic equations is to remain valid those under the above the semilinear
neutral problem based by the L?-regularity problems of the linear cases, which is also applicable to the
functional analysis concerning control problems and optimal control theory.
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