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Abstract: Here, we deal with the concept of fuzzy metric space (X, M, x), due to George and
Veeramani. Based on the fuzzy diameter for a subset of X', we introduce the notion of strong fuzzy
diameter zero for a family of subsets. Then, we characterize nested sequences of subsets having strong
fuzzy diameter zero using their fuzzy diameter. Examples of sequences of subsets which do or do
not have strong fuzzy diameter zero are provided. Our main result is the following characterization:
a fuzzy metric space is strongly complete if and only if every nested sequence of close subsets
which has strong fuzzy diameter zero has a singleton intersection. Moreover, the standard fuzzy
metric is studied as a particular case. Finally, this work points out a route of research in fuzzy fixed
point theory.
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1. Introduction

Kramosil and Michalek [1] extended the concept of Menger space [2] to fuzzy setting. Here,
we deal with the concept of fuzzy metric due to George and Veeramani [3] which is a modification of
the one given by Kramosil and Michalek. These concepts are formulated by means of a continuous
t-norm * [4]. If (X', M, *) is a fuzzy metric space, then M is a fuzzy metric on X that induces a topology
Tpm on X'. Gregori and Romaguera [5] proved that 7, is metrizable. Then, many topics studied in our
fuzzy setting are extensions of the corresponding ones in classical metrics. Now, a significant difference
with classical metrics is that fuzzy metrics do not admit, in general, (fuzzy) completion [6]. On the
other hand, fuzzy metrics were extended to the intuitionistic context introduced by Atanassov [7]
(see, for instance, [8-10]). An area of high activity in our context is fuzzy fixed point theory [11-13].
In this context, as in the classical case, the concept of Cauchy sequence plays a crucial role. Several
concepts of Cauchy sequence in this context have been given in the literature [14]. In particular, and
in a natural way, Gregori and Mifiana [15] introduced and studied a concept of Cauchy sequence,
named strong Cauchy sequence (Definition 4). Nevertheless, up to now, the two more used concepts of
Cauchy sequence in fuzzy fixed point theory (in a wide sense) are due to M. Grabiec [16] and George
and Veeramani [17]. The first one, denoted here G-Cauchy, was introduced for fuzzy metrics in the
sense of Kramosil and Michalek (a sequence {¢, },en is G-Cauchy if lim, M(&y, C,+1,t) = 1 for all
t > 0, as observed Mihed in [18]). The given one by George and Veeramani is simply called Cauchy
(Definition 2). A discussion on these two concepts can be seen in [19]. If we assume for each one of the
three Cauchy concepts above mentioned, the concept, as usual, of completeness (see Definition 9), we
have the following chain of implications, of obvious interpretation, for a fuzzy metric space.
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G-complete— complete— strongly complete

The aim of this paper is to study the concept of (strong) fuzzy diameter zero for a family of sets of
X, and then, to find a characterization of the strong completeness of X', similar to the classical one, by
means of certain family of nested sequences of sets of X'. For it, we proceed as explained, briefly, in the
following paragraph.

Inspired by George and Veeramani [17] (Definition 3.1), and accordingly to the concepts
introduced in [15], we introduce the concept of a family of subsets which has strong fuzzy diameter
zero. In particular, a nested sequence of non-empty sets {.A; },cy of & has strong fuzzy diameter zero
if given r €]0, 1] there exists n, € N, depending on r, such that M(&,#,t) > 1 —r foreach {,n € A,
with n > n, and all t € RT (Remark 4). Then, using the notion of fuzzy diameter ¢ 4(t) of a subset
A of X (Definition 6), we characterize, in Proposition 3, those nested sequences which have strong
fuzzy diameter zero. The existence of (non-trivial) nested sequences which have strong fuzzy diameter
zero, is shown, among other things, in Example 1. In the proof of Lemma 1, we show that A and A
(closure of A) have the same fuzzy diameter. Then, we use Lemma 1 to establish, in Theorem 1, our
main result: (X, M, %) is strongly complete if and only if every nested sequences of non-empty closed
sets of (X, Tp() with strong fuzzy diameter zero, has a singleton intersection. As a corollary, we obtain
that every standard fuzzy metric space is strongly complete (Proposition 7). As application, again
of Theorem 1, we prove in Example 3 the existence of a (non-trivial) strongly complete fuzzy metric
space, previously studied in Example 2. Finally, recalling the above chain of implications between
the different types of completeness, we point out the interest of the strong completeness in order to
generalize fixed point theorems stated for complete fuzzy metric spaces.

The structure of the paper is as follows. In Section 2, we give known concepts and results that
are needed for the comprehension of the paper. In Section 3, we introduce and study the concept of
strong fuzzy diameter zero for a nested sequence of sets of X'. In Section 4, we study some aspects
related to the strong completeness and characterize when (X', M, x) is strongly complete. Section 5
is an explanatory note on the possibility of continuing this work and also on the capability of using
strong completeness in fuzzy fixed point theory.

2. Preliminaries
Throughout the paper, R™ denotes the set of positive real numbers, i.e., R =]0, oo|.
Definition 1 ([3]). A fuzzy metric space is an ordered triple (X, M, x) such that X is a (non-empty) set,

% is a continuous t-norm, and M is a fuzzy set on X x X x R satisfying the following conditions, for all
&n,0€ Xandt,s e RY

(GV1) M(E, 5, t) > 0;

(GV2) M(¢,n,t) =Llifand only if = n;

(GV3) M(¢,n,t) = M(n,G,t);

(GV4) M(E,1,t) x M(n,6,5) < M(E,6,t+5); and
(GV5) M(¢,1,_) : Rt —]0,1] is continuous.

If (X, M, *) is a fuzzy metric space, we say that (M, x), or simply M, is a fuzzy metric on X In
addition, we say that (X, M) or, simply, X is a fuzzy metric space.

It is well known that the function Mg, (t) = M(¢,,t) for all t > 0, is a non-decreasing function
on . When M(¢,7,t) does not depend on ¢, that is Mg, is constant, M is called stationary [20].

Let (X, d) be a metric space. Denote by - the usual product on [0, 1], and let M be the fuzzy set

defined on X x X x R by
t

t+d(S,m)
Then, (M, -) is a fuzzy metric on X called standard fuzzy metric induced by d [3].

Md(gl 1, t) =
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George and Veeramani proved [3] that every fuzzy metric M on X’ generates a topology T on
X which has as a base the family of open sets of the form {Bp(&,r,t) : £ € X, r €]0,1[, t € RT},
where By (&,7,t) = {n € X : M(&,n,t) >1—r}forall¢ € X,r €]0,1[and t € R*. In the case of
the standard fuzzy metric M, it is well known that the topology 7(d) on X deduced from d satisfies
7(d) = Tp,- From now on, we suppose X’ endowed with the topology T

As is usual, A denotes the closure of the set 4 in & with respect to the topology T4.

Proposition 1 ([3]). A sequence {G}nen in a fuzzy metric space (X, M, x) converges to Gy if and only if
li’Ian(Co, Cn,t) =1, forallt € RT.

Definition 2 ([17]). A sequence {n}nen in a fuzzy metric space (X, M, x) is called Cauchy if for each
€ €]0,1[ and each t € R there exists ny € N such that M(En, &, t) > 1 — e forall n,m > ng or equivalently
IT}ZIEM(Cn,ém,t) =1forallt € RT.

(X, M, x), or simply M, is called complete if every Cauchy sequence in X is convergent with respect
to T\.

Definition 3 ([15]). A sequence {n}nen in a fuzzy metric space (X, M, ) is called strongly convergent
to &y € X if given € €]0,1] there exists n,, depending on ¢, such that M(&y, o, t) > 1 —¢, foralln >
ne and forall t € RT.

Definition 4 ([15]). A sequence {n }nen in a fuzzy metric space (X, M, x) is strong Cauchy if given ¢ €]0,1]
there exists ne, depending on €, such that M(&y, &m,t) > 1 — ¢, forall n,m > ne and forall t € R,

3. Fuzzy Diameter

Along this paper (X, M, %) is a fuzzy metric space, which we denote (X, M), or simply X,
if confusion is not possible.

Definition 5 ([21]). A non-empty set A of the fuzzy metric space X is said to be F-bounded if there exist
r €]0,1[and t € R" such that M(,5,t) > 1 —rforall &,y € A.

One can assume that this concept is appropriate, since as it is easy to verify that .4 is F-bounded
in a standard fuzzy metric (X, M;) if and only if A is bounded in the metric space (X, d).

In a metric space (X, d), the diameter of a non-empty set A of X, denoted diam(.A), is defined as
diam(A) = sup{d(&,n) : &, n € A}. In our fuzzy setting, diameter of A is defined as a function on the
t-parameter, as follows:

Definition 6. The fuzzy diameter of a non-empty set A of a fuzzy metric space X, with respect to t, is the
function ¢ 4 :]0, +o0[— [0, 1] given by

Pa(t) =inf{M(G,n,t) : &, € A}

foreach t € RT.

Remark 1. The function ¢ 4 is, obviously, well defined and it is easy to observe:

(i) pals) < palt)ifs <t.
(ii)  Pa(t) = ¢p(t) if ACB.
(iii)  pA(t) =1 for somet € RT if and only if A is a singleton set.

Definition 7 ([17]). A collection of sets { A;}ic7 is said to have fuzzy diameter zero if given r €]0,1[ and
t € RY there exists i € T such that M(&,n,t) > 1—rforall &,y € A,.
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In the following, by a nested sequence of sets { A, } ,cny We mean a sequence of non-empty sets
A, satisfying A, 1 C Ay foralln € N.

Remark 2. In particular, a nested sequence of sets { Ay },en has fuzzy diameter zero if for r €]0,1[and t € R
there exists n,; € N such that M(&,n,t) > 1—r foreach &, n € A, withn > n, ;. In this case if (| An # D
n=1

then necessarily (| Ay is a singleton set ([17], Remark 3.4).
n=1

Remark 3. Let { Ay} cn be a nested sequence of sets such that A, = A for n > ng (i.e. {An}pen is
eventually constant). Then, { Ay} ,en has fuzzy diameter zero if and only if A is a singleton set.

Roughly speaking, {Ay },en has fuzzy diameter zero if, for each t € RT, the sequence contains
small sets whose (fuzzy) diameter tends to 1. We formalize this in the following proposition.

Proposition 2. Let { Ay}, be a nested sequence of sets of the fuzzy metric space X. They are equivalent:

(i) {An}nen has fuzzy diameter zero.
(ii) nli_{rologlmn(t) =1forallt € RT.

Proof. (i) — (ii) Lett € RT. Givenr €)0, 1| there exists 1, € N such that M (¢, 7,t) > 1 — r for each
¢,n € Ay withn > npp. Then, ¢4, (t) = inf{M(,n,t) : &,y € Ay} > 1—rforalln > n,;. Hence
lim ¢, (t) =1, since r is arbitrary in |0, 1].

(ii) — (i) Suppose ]}grgo¢An(t) = 1forallt € RT. Lett € R" and let r €]0,1[. We can find
n.y € Nsuch that ¢ 4,(t) > 1—rforalln > n,;. Thus, M(¢,5,t) > 1 —rfor each &, i € A, with
n > nypie., { Ay }yen has fuzzy diameter zero. [

According to Definition 7, we introduce the following concept that is stronger than fuzzy
diameter zero.

Definition 8. A family of non-empty sets {A;}ic7 of X has strong fuzzy diameter zero if for r €]0, 1] there
exists i € T such that M(Z,n,t) > 1—rforeach&,n € A;andall t € R,

Remark 4. A nested sequence of sets { A, } e of X has strong fuzzy diameter zero if given r € [0, 1] there
exists n, € N such that M(&,n,t) > 1 —r foreach &, € A, withn > n,and all t € RT.

Remark 5. If M is stationary both concepts in Definitions 7 and 8 agree.

Proposition 3. Let (X, M, *) be a fuzzy metric space and let { A, },en be a nested sequence of sets of X.
They are equivalent:

(i) {An}nen has strong fuzzy diameter zero.
(ii) nll_{]folo ¢, (tn) = 1 for every decreasing sequence of positive real numbers {t, },cn that converges to 0.

Proof. (i) — (ii) Let {t, },cn be a decreasing sequence of positive real numbers that converges to 0.
Given r €]0,1[, we can find n, € N such that M(¢,7,t) > 1 —rforeach ¢,y € A, withn > n, and
all t € R In particular, M (¢, 1, t,) > 1 —rforallé,n € A, withn > n,,ie., ¢p4,(t,) > 1 —rforall
n>n,,ie., ,}i_{%o‘f’An(tn) =1.

(i) — (i) Suppose that {A; },cn has not strong fuzzy diameter zero. Let r €]0,1[ such that
IT={neN: M(&nt) <1-—r, forsomel,n € A, and some t € R"}, is infinite. Take n; = minZ.
Then, there exist u,, 7, € Ay, such that M (&u,, 15y, tny) <1 —rwith0 <t, <1.
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Take ny > nq, with ny € I, such that M(Cu,, iy, tn,) < 1 —r for some Cp,, 1, € Apn, and
0 < ty, < min{t,, %} In this way, we construct, by induction, a sequence {t, }jcy such that
M8yt tn;) < 1 —r for some &y, 11, € Ay, 1 € Zwithn; > n;_qand 0 < t, < min{t,, |, %}

Then, ¢4, (tn,) = Inf{M(,n,tn,) : &, € An} < M(Cnjtin tn,) < 1—rforalli € N.
Hence {¢ 4, (tnll.)}l-eN does not converge to 1. Now, {f,, }icy is a subsequence of the decreasing
tny n<m

, and the sequence
Fnjq n; <n<mnjy

sequence {t, },cn that converges to 0, given by t, = {
{¢ 4, (tn) }nen does not converge to 1. Thus, we get the contradiction. [

Remark 6. Let (X, M) be the standard fuzzy metric space induced by the metric space (X ,d). In [17] it was
observed that a nested sequence of sets { A } nen has fuzzy diameter zero if and only if lim diam(.A,) = 0.
n

In this context, we give the following proposition.

Proposition 4. Let { A, },cn be a nested sequence of sets with fuzzy diameter zero in (X, My). {Antnen
has strong fuzzy diameter zero if and only if A, is a singleton set after a certain stage.

Proof. We prove the direct. Suppose { Ay },cn is not eventually constant. Put s, = sup{d(&,7n) : &, €
Ay} and take t,, = s, for all n € N. Then, {t, },cn is a decreasing sequence of positive real numbers
which, by Remark 6, converges to 0. Then,

lim g, () = lim inf(Ma(E ) : 8,1 € A}

= lim W lim —" !
 noeoty +diam(Ay)  noeos, +s, 2

and hence { A}, has not strong fuzzy diameter zero.
The converse is obvious. [

Example 1. Let X be the real interval [0, +oo[. We consider on X the usual metric d, and the induced standard
fuzzy metric My. In addition, we consider on X the fuzzy metric M (for the product t-norm) given by

~ min{d,n}+t N
M(E,n,t) = max{en] + 1 +tf0reach &, €|0,+oo[andt € RT.

Consider also the nested sequences { Ay }nen and { By }yen defined by Ay = [0, 2] and B, = [1,1+ 1],
forall n € N, respectively.

(a)  Since nl1_r)ro10 diam(A,) = nh—I>Io10 diam(B,) = nh—Igolo% = 0 for the metric d, then, by Remark 6, { Ay} nen
and { By, } yen have fuzzy diameter zero for My, but they have not strong fuzzy diameter zero for M by

Proposition 4.
(b)  We claim that { A, } has fuzzy diameter zero in (X, M, -). Indeed, take t € R™, then nh_r)rolo $a,(t) =

n=co max{¢{,n}+t

(X, M,-).

We claim that { A} e has not strong fuzzy diameter zero in (X, M, ). Indeed, take the decreasing
sequence of positive real numbers {t, },cn where t, = L forall n € N. Clearly, {t,}ncn converges to 0.

—n
Then,

lim inf{nun{(',‘,n}th /NS An} = lim %H = 1and so { Ay }nen has fuzzy diameter zero in
n

1
:g,UGAn}:lim n :%

1 1
—oo L LY
noon_|_

= lim inf
n—oo

{ min{&, 1} + t,

o, @4, (t) max{¢, 1} +

and hence { Ay } e has not strong fuzzy diameter zero in (X, M, -).
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We claim that { By, },cn has strong fuzzy diameter zero in (X, M, -). Indeed, for a decreasing sequence of
positive real numbers {t, },cn that converges to 0 we have that

{ min{¢, 7} + tn

li t,) = lim inf
lim ¢, (t,) = lim in max{E ] L

i
— 00

1+t
:C,ryeBn}— lim —
n—)ool_._ﬁ+tn

and hence { By, },en has strong fuzzy diameter zero in (X, M, -).

4. Characterization of Strong Completeness

We begin this section with the following natural definition.

Definition 9. Let (X, M, %) be a fuzzy metric space. (X, M, ), or simply X, is called strongly complete if
every strong Cauchy sequence in X is convergent in (X, Tpy).

Since every strong Cauchy sequence is, obviously, Cauchy, we have the following
immediate result.

Proposition 5. Every complete fuzzy metric space is strongly complete.
The following is a nice result, in our fuzzy setting.

Proposition 6. Let {C, },cn be a sequence in (X, M, x). They are equivalent:

(i) {&n}nen is convergent and strong Cauchy.
(i) {&n}nen is strongly convergent.

Proof. (i) — (ii) Suppose {&y } e is convergent to . Let v €]0,1[. We can find s €]0, 1] such that
(1—s)>1—r. Fors €]0,1][ we can find n; € N such that M (&, &y, t) > 1— s forall m,n > ng and all
t € R, since {&, },en is strong Cauchy (notice that n; depends on r since s depends on r). Now, we
have that

M@ Ent) = MG 5) * M@ B g) = MGG 5) (1)

forall m,n > ngand all t € RT.

When m tends to co we have M(&, &, t) > 1% (1—s) >1—rforalln > nsand all t € RT, and
s0 {&n }nen is strongly convergent to ¢.

(ii) — (i) Suppose that {&, },cn is strongly convergent. It is obvious that {, } ;e is convergent.
On the other hand in [15] (Proposition 4.3), it is proved that {&, } ,cn is strong Cauchy. [

Example 2. (A (non-trivial) strongly complete fuzzy metric space).
Let X = [0, +oo[. It is well-known that (X, M, ) is a complete fuzzy metric space where M({,1,t) =
min{¢, 7} +¢

max{¢, )+t
We claim that every strongly convergent sequence to 0 in X is eventually constant (i.e., the null sequence).

Indeed, suppose that {&y}nen is strongly convergent to 0. Given r = %, there exists n, € N such that
M(0,Gpn,t) =

( ng ) gn +t
then there exists a subsequence {Cx, }nen of {Cn}nen, with G, # 0 for all n € N, converging to 0. Take

th = 5 - Ck, forall n € N. Then, nlgl(}oM(O, Ch,rtn) ,}5{}0 & +tn il 2t, + t,

foreach &,y € X and t € RT, and that Ty, is the usual topology of R restricted to X [22].

>1—r= %for alln > nyand all t € RT. Now, if {€n }nen is not eventually constant

= %, a contradiction.
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Consider now X* =0, +oo| with the fuzzy metric M restricted to X*. Since {1 },cn is convergent in
X, {1} uen is Cauchy in X and so it is Cauchy in X*. Now, {1}, cy does not converge in X* and so X* is
not complete. We show that (X*, M, -) is strongly complete.

Let {Cy}nen be a non-trivial strong Cauchy sequence in X*. We prove that {n },en converges in
min{&,, &m} +1

X*, M,-). Let r €|0,1]. Then, we can find n, € N such that M (&, Cy,t) = ——222—=—— >1—rfor
( ) ] [ .ﬁ r (gm 61’! ) max{gn, Cm} +t f
all m,n € Nwithm,n > n,, and all t € RT. When t tends to 0, we have
. min{&u, &n}
= 7 "7 > —_
}%M(Em,én,t) max{&u,&n} ~ 1=r M

forallm,n > ny, i, lim Tndom on}
mn—roo maX{CM/ gn}
We claim that {, },en is upper bounded for the usual metric of R. Indeed, in the other case, there exists

min{¢m, G, } Cm

a non-bounded increasing subsequence {Cx, }nen of {Cn tnen such that Jlim max{em 2 ] = lim z =0,

=1, since r is arbitrary.

for all term &, of the sequence, a contradiction with (1).

Thus, for some K > 0, the sequence {Gy } nen is contained in the (compact) interval [0, K] of R. Suppose
{&n}nen is not convergent in X*. Then, with an easy argument one can observe that there exist two subsequences
{Giy Ynew and {;, Ynen of {Gn tnen, which converge to two distinct points & and 1, respectively, in [0, K]. We
can suppose § < 11. Now, & # 0, since in other case, {Cn }yen is a strong Cauchy sequence and convergent
to 0 in (X, M,-), and then by Proposition 6 {, }nen is a non-trivial strongly convergent sequence to 0, in
(X, M, ) (a contradiction with the first above paragraph).

Take 5 > 0 satisfying 6 < 3 min{¢,y — &}. Then, |¢ — 8,& + 8[N]y — 6,11 + 6[= @ and the sequence
{Giy bnen is eventually in |& — 6, + 6[ and {{}, }nen is eventually in |1y — 6,1 + 6[. Take r > O such that
r<1-— @ By election of 6, we have lim mm{gin’mn} < c+o < 1 —r, a contradiction with
n—2=o n—o0 max{Cin,nJ-n} n—20o
Equation (1). Hence, {&y } en is convergent in 0, 4+-ooland hence (X*, M) is strongly complete.

Finally, we see that there are non-trivial strong Cauchy sequences in X*. Indeed, consider the sequence
—r

1
{&u}nen in X* given by & = 1+ L foralln € N. Let r €]0,1[ and choose n, € N satisfying n, >
_ 1+t > 1
1+14t 7141
convergent and thus it is strong Cauchy.

Then, M(1,&y, t) >1—rforalln > n,and all t € RY. Then, {&n }nen is strongly

Remark 7. In (X*, M, -), every convergent sequence is strongly convergent. Indeed, suppose {&y}yen

converges to ¢ in X*. Given r €]0,1[, we choose 6 > 0 with ngé < r. Now, {&}yen is eventually in

|& —6,C + O] that is there exists n, such that &, €]¢ — 6, + O] for all n > n,, and thus

M, Ent) = min{C, &} +t S min{¢, &, } N ) 1,

- max{& &} +t " max{¢ &} T &+6

foralln > nyandall t € R,

Lemma 1. Let (X, M, x) be a fuzzy metric space. If { Ay}, en is a nested sequence of sets of X which has
strong fuzzy diameter zero then { A, },en has strong fuzzy diameter zero.

Proof. First, we prove that ¢(t) = ¢ 4(t) for every subset A of X. Indeed, take &, € A. Then, we
can find two sequences {&, },en and {7, },en in A that converge to ¢ and 7, respectively. Let t € R™
and an arbitrary ¢ €]0,1]. We have that

M(G,m,t +2¢e) > M(G,Gn,€) * M(Cn,1n, t) x M(i1n,17,€) = M(G, G, €) * pa(t) x M(1n, 17, €)
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and taking limit on the inequality when n tends to co, we obtain

M(G,m,t+2e) > 1xpa(t)*1=dal(t)

Since ¢ is arbitrary, due to the continuity of M({,#,_) we obtain M(&,1,t) > ¢4(t) and
then ¢z, = ¢4(t). On the other hand, by (ii) of Remark 1, we have ¢ 4(t) > ¢4(t) and hence
9a(D) = Pa(b).

Let {ty},eny be a decreasing sequence of positive real numbers converging to 0.
By Proposition 3 we have that 7111_1%10 ¢a,(ty) = 1. Then, by our last argument, we have that

nlgn o1 (tn) = nlgn ¢4, (tn) =1, and consequently, by Proposition 3, {A4,},cn has strong fuzzy

diameter zero. [

The following is a characterization of the strong completeness by means of nested sequences of
closed sets, similar to the completeness of classical metrics.

Theorem 1. Let (X, M, x) be a fuzzy metric space. They are equivalent:

(i) X is strongly complete.
(ii)  Every nested sequence of non-empty closed sets { Fy },en of X with strong fuzzy diameter zero has a
singleton intersection.

Proof. (i) — (ii) Suppose X is strongly complete. Let {F, },cn be a nested sequence of non-empty
closed sets of X with strong fuzzy diameter zero. Take ¢, € F;, for each n € N and consider the
sequence {G, }yen. Since {F, },en has strong fuzzy diameter zero, for a given r €]0, 1] we can find
n, € N such that M(¢,y,t) > 1—rforall¢,n € F,, and allt € R*. For m,n > n, we have that
Cn, Cm € Fn, since { Fy },en is a nested sequence and thus M (&, &m, t) > 1 —r forall n,m > n, and
all t € R, and thus {&, },cn is a strong Cauchy sequence.

Now, X' is strongly complete and thus {¢, } ;e converges (strongly) to some point, say, { € X.
For each fixed n € N we have that ¢, € F,, for all k > n and therefore ¢ € F,, = F, for every n eN

and hence ¢ € ﬂ Fu. Finally, ¢ is the only element of the intersection. Indeed, suppose ¢, 1 € ﬂ Fus

then since {]—"n}neN has (strong) fuzzy diameter zero, for a fixed t € R* we have M (¢, 7,t) > 1 -1
for each n € N, and thus M (¢, #,t) =1 and hence ¢ = 7.

(ii) — (i) Let {&n } nen be a strong Cauchy sequence in X'. We prove that {¢y, },c is convergent in
X (and according to Proposition 6, {¢, } ,en is strongly convergent). Define A, = {Cu, &nt1,Cnt2 - }
for all n € N. For a given r €]0, 1] we can find n, € N such that M (&, G, t) > 1 —rforallm,n > n,
and all t € RY, since {¢, } ;e is strong Cauchy. Then, {4, },cy is a nested sequence that has strong
fuzzy diameter zero.

Foreachn € Nput F, = A,,. Then, by Lemma 1, { F,; },,c is a nested sequence of non-empty
closed sets which has strong fuzzy diameter zero. Hence, by hypothesis, there exists (g € X such that

{CO}_ ﬂ]:n

Now for € €]0, 1], there exists n, € N such that M(&,5,t) > 1—¢forall{,n € F, withn > n,
and for all t € R*. In particular, M(&o,n,t) > 1 —¢foralln > neand all t € RY, ie., {&n}pen is
(strongly) convergent to ¢y, and so & is strongly complete. [

By the last theorem, we obtain the following result for the standard fuzzy metric.

Proposition 7. Let d be a metric on X. Then, the standard fuzzy metric (X, My) deduced from d is
strongly complete.
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Proof. Let {F, },cn be a nested sequence of sets of X', which has strong fuzzy diameter zero. Then,

by Proposition 4, { F,, } ,cN is a singleton set after a certain stage, and, hence, () F is a singleton set.
n=1
The conclusion follows by Theorem 1. [

Corollary 1. If (X, d) is a non-complete metric space then (X, M) is strongly complete and non-complete.

Example 3. We use the last theorem and the completeness of R with the usual metric of R to show that the
fuzzy metric space (]0,+oo[, M, -) of Example 2 is strongly complete.

Let { Fy }nen be a nested sequence of (non-empty) closed subsets of X* =|0, 4-oo| that has strong fuzzy
diameter zero in (X*, M, ). Define i, = inf{¢ € X* : ¢ € F,} and s, = sup{¢ € X* : { € Fy}. Clearly,
int1 > ipand sy 1 < sy forall n € N, if s, is not infinite. We claim that {i, },c is not eventually identically
zero. Indeed, suppose the contrary, i.e., iy = 0 for alln € N. Take &, € F, for all n € N then there exists

. ; + Q
&€ Fu, with& < &, foralln € N. Forr = Land t, = % we have M(&y, &y, tn) = ? _'_64"
ntog
fn 4 G o
; §4 =3 < 1—rand so {Fy},en has not strong fuzzy diameter zero.
n g

We claim that ¢, < oo for some ng € N. Indeed, in other case, suppose s, = oo for all n € N. Take
&n € Fy foralln € N, then there exists &), € Fp, with A&, < &, foralln € N. Forr = % and t,, = %” we have

én érl gn
+g 2492 5
M@ 8t = Tk < L = <1
GG 4t

and so { Fy } yen has not strong fuzzy diameter zero.
Without loss of generality, we can suppose iy > 0 and s; < oo. Then, F,, C [i1,s1] foralln € N, and

thus { Fy } nen is a nested sequence of closed sets of R, with the usual topology of R, and so (\ Fy # O (this
n=1

intersection, by Remark 2, is a unique point), and hence (X*, M, -) is strongly complete.

Denote by § (respectively, §st) a nested sequence of non-empty closed sets on X that has
(respectively, strong) fuzzy diameter zero. Then, taking into account Proposition 5, we have the
following nice diagram of implications (of obvious interpretation) for a fuzzy metric space (X, M, ).

X complete — X strongly complete

I I
NS #Qforall§ — NFst # O for all Fet

5. Conclusions

In this paper, we introduce and study a concept of strong fuzzy diameter zero for a family of sets
of a fuzzy metric space (X, M, ), and we characterize when X is strongly complete by means of a
certain class of sequences of sets which have strong fuzzy diameter zero (Theorem 1), in a similar way
to (classical) metrics.

In our context, several other (well-motivated) concepts of Cauchy sequence have appeared in
the literature: standard Cauchy [23], p-Cauchy [24], and s-Cauchy [14] that have been studied in [14].
Then, a natural continuation of this paper is to investigate for which of these concepts one can get a
characterization of the corresponding completeness by means of certain classes of nested sequences of
sets. On the other hand, the results provided in this document or those above suggested for studying
can also be tried to retrieve in the intuitionistic fuzzy context.

Fuzzy fixed point theory, as in the classical case, is founded, basically, on the contractivity of a
self-mapping f of X’ and the completeness of the fuzzy metric space X'. Usually, there are two concepts
of completeness extensively used in fuzzy setting. The concept of G-complete space was introduced
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by M. Grabiec [16] and the concept of complete space [17,25] is due to George and Veeramani (a
comparative of these two concepts can be seen in [19]). The relationship of these concepts with strong
completeness is given in the following chain of implications

G — complete — Complete — Strongly complete

Then, it arise a natural route of investigation: to state fixed point theorems for strongly complete
fuzzy metric spaces. A simple way to proceed is as follows. Suppose an existing theorem Th, stated for
a complete fuzzy metric space, in the literature. A generalization of Th is reached if one is able to prove
that Th is also satisfied when completeness is replaced by strong completeness. To this end, the reader
can find fixed point theorems established for complete fuzzy metric spaces in recent publications
(see, for instance, [11,26-30] and references therein). Now, this line of investigation is close to the
following unsolved question (posed in [15], Problem 4.6): Characterize those fuzzy metric spaces in
which Cauchy sequences are strong Cauchy.
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