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Abstract: In this paper, based on the concept of complete-closed time scales attached with shift
direction under non-translational shifts (or S-CCTS for short), as a first attempt, we develop the
concepts of S-equipotentially almost automorphic sequences, discontinuous S-almost automorphic
functions and weighted piecewise pseudo S-almost automorphic functions. More precisely, some
novel results about their basic properties and some related theorems are obtained. Then, we apply
the introduced new concepts to investigate the existence of weighted piecewise pseudo S-almost
automorphic mild solutions for the impulsive evolution equations on irregular hybrid domains.
The obtained results are valid for g-difference partial dynamic equations and can also be extended
to other dynamic equations on more general time scales. Finally, some heat dynamic equations on
various hybrid domains are provided as applications to illustrate the obtained theory.
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1. Introduction

Almost automorphic functions, which are more general than the almost periodic functions,
were introduced by Bochner (see [1-3]) in relation to some aspects of differential geometry.
Almost automorphic solutions in the context of differential equations have been studied by several
researchers. For instance, pseudo and weighted pseudo almost automorphic mild solutions to
(fractional) evolution equations were investigated by Chang et al. [4-6], Ding et al. [7,8], Diagana [9,10].
Subsequently some interesting properties of the space of weighted pseudo almost automorphic
functions like the completeness and the composition theorem were reported in [11,12] by N'Guérékata
which have many applications in the context of differential equations. For more details about this
topic we refer to the recent books (see [10,11]), where the authors gave important overviews about the
theory of almost automorphic functions and their applications to differential equations.

Since time-scale calculus was proposed by Hilger [13], Bohner and Guseinov have extensively
developed this theory on the aspect of integral and dynamic equations (see [14,15]). To study the
approximation properties of time scales, some new concepts such as almost periodic time scales and
changing-periodic time scales were proposed and studied by Agarwal et al. (see [16,17]). In addition
to these fundamental results, there have been many works on different types of dynamic equations
on time scales. For example, the concept of variable time scales was introduced and a novel idea of
the mutual transformation between impulsive dynamic equations and dynamic equations on variable
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time scales was initiated by Akhmet et al. [18-20]. In the literature [21], Bohner et al. established
an SIR model on the general time scales and derived its exact solution. In [22], the existing ideas of
the univariate case of the time-scale calculus was generalized to the bivariate case and applied to
partial dynamic equations. In the stability analysis, Martynyuk and Stamova investigated the sets of
dynamic equations and hybrid dynamic systems on time scales (see [23,24]). In [25,26], two types of
new high order derivations were introduced and the existence of solutions for the type high order
fractional integro-differential equations was studied by Aydogan and Baleanu et al., and these types
of fractional corresponding derivatives were generalized to time scales by Mozyrska, Ortigueira and
Torres et al. (see [27,28]). In the field of studying functions and applications, it is a hot topic to study
the almost automorphic and almost periodic functions and applications to dynamic equations based
on time scales. For example, Hong investigated the almost periodic set-valued functions and almost
periodic set dynamic equations on time scales (see [29]). On almost automorphic functions and its
related problems, Kéré, Mophou, N'Guérékata et al. investigated (n-order ) almost automorphic and
asymptotically almost automorphic functions of n-order, some basic results were obtained and applied
to abstract dynamic equations (see [30-32]). In 2020, based on the concepts the authors introduced on
translation time scales, Wang et al. established a theory of closedness of translation time scales and
their applications to evolution equations and dynamical models (see the monograph [33]). In addition,
a new concept of periodic time scales and the notion of shift operators of time scales were proposed
and studied under the background of studying periodic functions (see Adivar et al. [34,35]). It is easy
to observe that periodic time scales under translations have a nice closedness and their graininess
function y is bounded.

However, some classical and important time scales are irregular and they have the unbounded
graininess function . For example, T = o := {g' : t € Noforq > 1} U {0}, where Ny is the
set of natural numbers or T = g% := g% U {0} or quantum-like time scale T = (—q)Z (which has
applications in quantum theory) and other types of time scales like T = N? and T = T}, the space of
the harmonic numbers (it is of interest to study almost automorphic dynamic behavior of solutions for
g-difference-like dynamic equations among others, see Wang et al. [36-38]). It is impossible to introduce
almost automorphic functions on such a type of time scale since the translation approximation of
functions will never be reached for the reason that the graininess function y is a strictly increasing
function for time scales. In addition, many natural phenomena must be modeled as a process in which
continuous evolution is usually interrupted by an event (impulses, catastrophe, etc., see Stamova [39,40]
and Wang et al. [41-43]), which motivates us to investigate general evolution equations with impulses
on irregular hybrid domains.

In the present paper, for the first time, we study the existence of weighted piecewise pseudo
S-almost automorphic mild solutions for the impulsive evolution dynamic equations

{xA(t) =A)xT+ f(tx(t), teT, t#t, k€ Z, @

Ax(ty) = x(5) = x(t;) = Le(x(t)), £ = &,

where A € PC,;(T, B(X)) is a bounded linear operator in the Banach space X and f € PC,4(T x
X, X), x7 = x(c(t)). f, Iy, t; satisfy suitable conditions that will be established later and T is a
complete-closed time scale attached with shift direction under non-translational shifts (S-CCTS).
In addition, the notations x(tlj) and x(t_ ) represent the right-hand and the left-hand side limits
of x(-) at ty, respectively. In addition, some Lemmas are obtained and the exponential stability of
weighted piecewise pseudo S-almost automorphic mild solutions is also studied. Finally, we apply
these obtained results to study a class of A-partial differential equations on S-CCTS. The obtained
results in this paper are feasible and effective on g-difference partial dynamic equations and more.
For instance, in (1), by using the shift operators J+ in Section 2,
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(i) ifweletT = Nz = {V/n:n eN}andty = Vk?+1, k € Z, then (1) turns into

V21—t

SWELD=0 _ A1) + f(t, (1), tET, t £ b, k€L,
Ax(ty) = x() — x(t7) = L(x(t)), t =ty

(ii) ifweletT={q":q>1,n € Z} =q%and t; = g, k € Z, then (1) turns into

% — ADXT + f(t,x(D), teT, t £ b, ke,
Ax(te) = x(t)) —x(t) = L(x(t), t = ti;
(iii) ifweletT=hZ, h>0and t;, = hi3, k € Z, then (1) turns into

{"(”’“,3"“) — A()x+ f(Lx(D), teT, t £, k€ Z,
Ax(t) = x(tf) = x(tp) = Le(x(t)), t = ti;

(iv) ifweletT={(—q)":q>1n€Z}U{0,1}and ty = (—q)%, k € Z, then (1) turns into

(=1t

D=2t _ A(1)x7 4 f(t,x(t)), t€T, t # b, k€ Z,
Ax(t) = x(t0) —x(tp) = Le(x(t)), t =t

30f28

where g; = g% if t > 0 and q; = 1/¢%if t < 0, it is a classical g-dynamic system on quantum-like

hybrid domains.

We provide four types of impulsive evolution dynamic equations in the above, in fact, (1) will

turn into other different types of dynamic equations on different types of complete-closed time scales

attached with shift direction under translational or non-translational shifts.
The highlights of the paper can be summarized as follows

e  We introduce the concept of S-equipotentially almost automorphic sequences under S-CCTS.

o  We establish a theory of discontinuous S-almost automorphic functions and weighted piecewise
pseudo S-almost automorphic functions. Some new results about their basic properties and some

related theorems are obtained.

o The existence of weighted piecewise pseudo S-almost automorphic mild solutions for the

impulsive evolution equations on irregular hybrid domains is studied.

e  The obtained results in this paper are effective for g-difference heat equations and other dynamic

equations on more general hybrid domains.

2. S-Equipotentially Almost Automorphic Sequence Under S-CCTS

In this section, we will introduce some knowledge of complete-closed time scales under
non-translational shifts (or S-CCTS for short) and then define S-equipotentially almost automorphic
sequence and study its properties. For more details about time-scale calculus and S-CCTS, one may

refer to the book [14,17].

For convenience, we introduce the notations. Let T* be the largest open subset of T, i.e., T+ = T.

Dy = {(s,t) € T x T* : 6. (s,t) € T*}.

For any s € T*, denote

T =6 (s, T) := {6_(s,t) : (5,t) € D_, ¥t € T*},

@
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T = 5, (s,T%) i= {04(s,1) : (5,1) € Do, V€ T, ©)

Definition 1 ([36]). Let T be a time scale with the shift operators d+ associated with the initial point ty € T*.
The time scale T is said to be bi-direction S-CCTS in shifts 6+ if

IT o= {p € T": (p,t) € Diforall t € T'} & {{to},2}. @)

Remark 1. Note that from (2) and (3), we obtain that (4) can be written into the equivalent form I+ = {p €
5
T*: T CT*} ¢ {{t}, @}

Example 1. According to Definition 1, we provide the following examples of S-CCTS. Let T = (—q)% =
{(=q)": g >1,n € Z}U{0}. We can obtain that 11+ = {(—q)?" : q > 1, n € Z}. For such a time scale,

forany t € T*, take ty = 1, we attach the shift operators

t, >0, Lt>0,
5i(s,t) = {S 5_(s,t) = {

Lt<o, st, t <O.

Hence, there exists q* € IT* such that 6+ (q%,t) € T* forall t € T*, i.e., II* ¢ {{1},@}. From Definition 1,
T is a S-CCTS with bi-direction.

Remark 2. Note that if T is a periodic time scales under translations and 115 C T*, then the shift operators
will fulfill 6+ (7, t) = t £ T € T with the initial point ty = 0. Hence, iin C T*, then T-CCTS is included in
S-CCTS.

If T is a bi-direction S-CCTS and t, is the initial point, then for any s € I1*, we define a function

A TIF — 117,
A(S) _ 5"1‘(5/ tO)/ s> tO/
o_(s,to), s<ty,

which will be used later. Note that A(s) > tp and A(s) > s.
Remark 3. If [T+ C T* and 64 (s, tg) = s & to, let tg = 0, then one can easily obtain A(s) = |s|.

In what follows, we will demonstrate some examples to show the almost automorphic phenomena
for functions on S-CCTS, which are completely different from the cases on periodic time scales
under translations.

Example 2. Let T = Rand IT = [0, +00), and we define the following operators:

Tt, ift >0,

for T € [1,400) NTI,
t/T, ift <O,

6 (T,t) = {

and

t/tT, ift >0,
o_(t,t) = /T itz for T € [1,4+00) NIL.
Tt, ift <O,

Step 1. Periodic function construction. We know that the set of reals R is periodic under shifts 6.
The function
In |¢]

felt)=eos (i

7T>, T>landt € T* = R\{0}
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is periodic under shifts 5+ with the period T = P?, P > 1 since

| fe(tPF2), ift>0, — cos In|t| +2In(1/P)
fr(éq—il(t)) - {fT(t/Pﬂ), ift < 0, o ( ln(l/P) 71')

B In |¢| _ In |¢] _

= cos <ln(1/P)7Ti27T) = Cos (ln(l/P)n) —fr(t)-

Step 2. Almost periodic function construction. Based on Step 1, consider the function

_ In [v/2t| In |\/3t|
F(t) = cos (ln(l/Pl)n> + cos (hl(l/Pz)ﬂ)'

where Py # Py, P1, P, > 1and t € T* = R\{0}. One can observe that F(t) is almost periodic under shifts 6.
From Step 1, let

) V3t B In|/3t|
fr2(V24) = cos (hl(l/Pl)ﬂ)' fr3(V/31) = cos (Mﬂ)l

we obtain that F(t) = fplz(ﬁt) + fpzz(\/gt), and note that fplz and fp22 are periodic with different periods
P2, P3, respectively.
Step 3. S-almost automorphic function construction. According to the above, consider the function

A

F(t) = cos

: )
<2+ [ cos ( In| /21| 1) + cos ( lnl\/g? )] '

where Py # P, P, P, > 1and t € T* = R\{0}. One can observe that F(t) is almost automorphic under

. ) Aoy 1
shifts 6. From Step 2, we can obtain that F(t) = cos <2+fplz(ﬁf)+fpzz(\5f) )

Example 3. The time scale g% = {q" :n € Zand q = v/3} U {0} is periodic with period T under the shift
operator 6+.
Step 1. Periodic function construction. The piecewise periodic function defined by

filt) = [G(t)]l%:, folt) = [g(t)]ll%t, o(t) = {1, t>1,

-1, 0<t< 1

Let T = g* and 64 (7, t) = g**t € g2\ {0} = g%, we have f; (6+(T,t)) = [0(t)] g [0(t)] = fi(t)
for all t € q%. Hence, fi(t) is a periodic function with period q*. Similarly, let T = q°, we can obtain
f(0+(T, 1) = fo(t).

Step 2. Almost periodic function construction.

Through Step 1, we can obtain an almost periodic piecewise function

Int Ingt

F(t) = Ai(t) + fa(t) = [6(8)] 7 + [6(£)] ™

on g%, where fi, f» are periodic piecewise functions on q%, respectively. Note that the periods of fi and f, are
completely different.

Step 3. Almost automorphic function construction.

According to the above, let
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which is an almost automorphic function on .

Let
B={{tx}:tx €T tp 1>t keZ lim ty ==+
{{k} k k+1 = Lk klm k °°}

with 6 = infrcy 6_ (t, teq) > 0.
Next, based on Definition 1, we will introduce the concept of S-equipotentially almost
automorphic sequence and study its properties.

Definition 2. Assume T is S-CCTS with shifts 6+. Let {ty} € B, k € Z. We say {t{(} is a S-derivative
sequence of {ty } and ‘
t, =0 (teter)). kj € Z.

Remark 4. If T is a periodic time scale under translations, then one can obtain the classical derivative sequence
of {ti} satisfying t, = tiyj — tx by letting 54 (s,t) = t & s. Particularly, if T = R, one can obtain the
derivative sequence of {t;.} from [40] (pp. 191-194) immediately.

Lemma 1 ([37]). If T* be the largest subset of T and including a fixed number ty € T* such that there exist
operators o4 : T* — T*, then

(1) 6-(s,04(u, b)) =64 (6_(s,u),t), 64(s,6-(u,t)) =6_(6_(s,u),t).
(2) 6-(s,0-(u,t)) =6_(64(s,u),t), 64(s,04(u,t)) =64 (64(s,u),t).
(3) 64 (6-(u,s),6—(s,t)) =6 (04 (u,s),64(s,t)) = 6—(u,t).

Lemma 2 ([37]). Ift{{ = 0_(tg, txyj) and k, j € Z, then

Jo4 _ ky Gk ke N Lk
6 (ty, tk+k1) = 5*(tkl'tk}kj)’ o-(t' ) = tk+k11'

Based on the S-derivative sequence and its properties, we will propose the following definition.

Definition 3. Let T be a S-CCTS under shifts 6+ and t;; = 0—(tk tkyj), k, j € Z. The sequence {t;{}, k,jeZ
is said to be S-equipotentially almost automorphic if for any sequence {s, } C Z, there exists a subsequence {sn}
such that )

lim tZ" = Yk

n—oo

is well defined for each k € Z and

!

lim 7, " =t

foreach k € Z.

Remark 5. In Definition 3, note that T is a closed subset of R, thus, for each k € Z, one has vy € T.

3. S-Almost Automorphic Functions and Weighted Pseudo S-Almost Automorphic Functions

Let X be a Banach space endowed with the norm || - ||. B(X,Y) denotes the Banach space of all
bounded linear operators from X to Y. This is simply denoted as B(X) when X = Y. BC(T, X) is the
space of bounded continuous function from T to X equipped with the supremum norm defined by
lulloo = supy (1)

In the following, we will give the definition of rd-piecewise continuous functions on time scales.

Definition 4. Wesay ¢ : T — X is rd-piecewise continuous with respect to a sequence {t;} C T which satisfy
te < ter1, k € Z, if ¢(t) is continuous on [ty, ty 1 )7 and rd-continuous on T\{t }. Furthermore, [ty, tyy 1)1
are called intervals of continuity of the function ¢(t).
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For convenience, PC,;(T, X) denotes the set of all rd-piecewise continuous functions with respect
to a sequence {t;}, k € Z. For {t; }rcz € B, let

BPCrd(T X {(P € PCrd('IF X)
9]l < M, where M is a positive constant and ¢(ty) = ¢(t), k € Z};

let Q) be a subset of X and

BPCp(T x O, X) =: {¢ € PCyy(T x O, X) : [|¢|| < M, where M is a positive constant
and ¢(t, x) = ¢(t;",x), k € Z, ¢(t,-) is continuous at x € Q) forany t € T};

UPC(T,X) =: {@ € PCy(T,X) :

¢ is uniformly rd-continuous on the interval [t, tx.1 ) for k € Z}.

Remark 6. ¢ € C,;(T,X) is uniformly rd-continuous on the interval [a, b if and only if for any e > 0, there
exists 5(e) > 0 such that for all right dense points t1,t, € T and |t; — t| < & implies || @(t1) — p(t2)| < €
(see Definition 2.1 of [29]).

Now, let T, P € B and let s(T U P) : B — B be a map such that the set s(T U P) forms a strictly
increasing sequence. For D C T and v > 0, we introduce the notations 6,(D) = {0_(v,t),t € D},
F,(D) = DN {6,(D)}. Denote by ¢ = (¢(t), T) the element from the space PC,4(T,X) x B. For every
sequence of real numbers {s,} C IT¥, n = 1,2,... with 65,¢ := (¢(6+(sn,t)),6—(sn, T)), we shall
consider the sets { (64 (su, 1)), 6—(sn, T)} C PCrd x B, where

6_(sn,T)={0_(su,tx) :k€Z,n=1,2,...}.

Definition 5. The sequence {¢n}, n = (¢u(t), Tn) € PCuy(T,X) x B is convergent to ¢* pointwise,
¢* = (¢* (1), T*), (¢*(t), T*) € PCy(T,X) x B, if and only if for any & > 0 there exists ny > 0 such that
n > ng implies

ATy, T*) <&, ||@u(t) — ¢™(t)| < € pointwise

fort € T\F:(s(T, UT*)), d(-, -) is an arbitrary distance in B.
For convenience, consider the metric space BPC,;4(T, X) x B with the metric

deo = sup d(§r, ;).
teT\B

where

d(fr, f) = max {d(T, T*), ||lp(t) B3,
and ¢ = (@(t),T), ¢* = (¢*(t), T*).

Theorem 1. The metric space (BPC,y(T,X) X B, deo) is complete.

Proof. For any given Cauchy sequence {¢, = (¢, (t), Tn) } C BPC,;(T,X) x B, we can obtain that
the sequences {¢,(t)} and {T,} be the Cauchy sequences in the metric space (BPC,4(T,X),| - [«)
and (B, d) respectively. Hence, for any ¢ > 0, there exists some 1y > 0 such that n,m > ng implies
d(Ty, Tm) < €, which yields that |t,((”) - t,((m)| < efor any k € Z. Thus there exists t; such that n > ng
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implies \t,((") — tr| < e. Therefore, there exists {#;} = T such thatn > ngimpliesd(T,, T) < e. Moreover,
for n > ng, we can obtain

O (tg, tig) ({5+(fk+1r5—(f;((rfy5—(fk,5+(f;(<n)/5 f;((n ; k+1

))

165 (b1, 06— (K, 645 (o, 0, 6 (£, 670 )
’ k+1/ + krte ) k 4 k+1

))

)

- ‘(5 tk+1/ k+l 5+(5*(tkrt](( )) o kn), tk+l

(o~

|64 (8- (8- (tk+1, ), 6= (1)), 6= (1, 1)
(A
(A(

)]
)|
)|
)|
)

> |6 (A(s tm, D0 (b t0)), - (5, 170)]
= |o_(A(t ), 6- (K, 8 )| = |6- (Alto) + o(a), 6,)

7

where 6, = infyez d_(t ,(( ), t,(#)l) > 0 and limy, s 0() = 0, thus there exists some 1y > 0 such that

n > ng implies
Izgéé_(tk, tk+1) > |(S— (A<t0) + O(a)'6”)| >0,

so we obtain T € B, which indicates (B, d) is complete.
For any fixed t € T\F(s(T, UT)), ¢u(t) C BPCy(T,X) is a Cauchy sequence in the Banach
space X, hence for any ¢ > 0, there exists some ¢(t) € X such that n > ny implies

lon(t) — @(t)|| < e pointwise. (5)

We claim that ¢(t) is also bounded on T\F;(s(T, U T)). In fact, there exists some 1y > 0 such that
n,m > ng implies ||¢y — @mlleo < 1,50 forall t € T\F(s(T, UT)) we have

[P(B)] < 1@(t) = @uo ()] + |@no (D] < Nl = Pmglleo + |@ng lleo <1+ [ leo-

To complete the proof, it is sufficient to show ¢, — ¢ in norm on T\F(s(T, UT)), i.e., ||¢ —
¢n|| — 0as n — co. According to (5), there exists some ng > 0 such that n,m > ny implies

l9n — Puglleo + 1@ — Pngll oo

lp— gull <
< llgn— @rolle + Jim (g — @yl < &+ =2¢

forallt € T\F(s(T,UT)),s0 [|¢ — ¢n]lec < & This completes the proof. [

Definition 6. Let T be a bi-direction S-CCTS. A function ¢ € BPC,4(T,X) is said to be rd-piecewise S-almost
automorphic if the following conditions are fulfilled:

(i) Let T = {tx} be a S-equipotentially almost automorphic sequence.

(ii) Let ¢ € BPC,4(T,X) be a bounded function with respect to a sequence T = {t;}. Then ¢ is said to be
piecewise S-almost automorphic if from every sequence {s, }°>_; C 1%, we can extract a subsequence
{Tn}o such that

§* = (¢7(0),T) = lim (9(6+ (1, 1)), 6 (1, T)) = Jim 6,6

n—oo

is well defined for each t € T and

o= (p(t),T) = lim (¢"(6_(Tu,1)),04(Ta, T*)) = lim 6o, P*

n—o0

for each t € T. Denote by AAg(T,X) the set of all such functions.
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(iii) A bounded function f € BPC,4(T x X, X) with respect to a sequence T = {t;} is said to be piecewise
S-almost automorphic if f(t,x) is piecewise S-automorphic in t € T uniformly for x € B, where B is any
bounded subset of X. Denote by AAs(T x X, X) the set of all such functions.

Similarly, we can also introduce the concept of piecewise S-almost automorphic functions that
belong to PC,;(T, X).

Let U be the set of all functions p : T — (0, c0) which are positive and locally A-integrable over T.
For a given r € (0,00)1y+ and Vi € T*, set

04 (r.to)
mg(r,p,to) ::/&Jr o(s)As (6)

— (r,to)

for each p € U.

Remark 7. Particularly, if we let T = {q" : n € Z,q > 1} U{0} and ty = q, then (6) will turn into the

integral on the quantum time scale:
qr
mg(r,p,to) == ﬁ p(s)As.

7

Moreover, let T = {4+/n : n € N} and tg = 1, then the integral is

VitrZ
0, t0) 1= As.
ms(rpt0) = [ p(s)as
Define
U = {p eU: rli_)rg ms(r,p,tp) = oo},
Up := {p € Uy : pis bounded and in{p(s) > 0}.
se

It is clear that Up C U C U. Now for p € Uy define
WPAAS (T, p) := {q> € BPC,4(T,X) :

I ! /‘S*W”) 19(s)lp(s)As = 0, Vg € T eni}
P i (r,0,10) Js_(ragy 1T IPEIES =0 TR €S '

Similarly, we define
WPAAS(T x X, p) :

— {® e BPCH(Tx O,X): i ! BT As =0
= {eenrcumx0m;: tim o [T (s 0o -

uniformly with respect tox € K, Vtg € T, r € TI+ }

We are now ready to introduce the sets WPAAg(T, p) and WPAA(T x X, p) of weighted pseudo
S-almost automorphic functions:

WPAAS(T,p) = {f = g+ ¢ € BPC,y(T,X) : g € AAs(T,X)and ¢ € WPAAS(T,p)},

WPAAs(T x X,p) = {f =g+ ¢ € BPC,y(T x X,X) : g € AAs(T x X, X)
and ¢ € WPAA(T x X, p)}.
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Lemma 3. Let T be bi-direction S-CCTS under shifts 6. and ¢ € BPC,4(T,X). Then ¢ € WPAAS(T, p)
where p € Ugp if and only if for every e > 0,

. 1
P sty (Mren () = O

where r € T1F, up(+) is the A-measurability function on the time scale T and

My ety (¢) 1= {t € [0-(7,t0), 0+ (r,t0)|+ = |p(t)]| > e}
Proof.

(a) Necessity. For contradiction, suppose that there exists ¢g > 0 such that

. 1
rll_)HO'g m#A (MV,SOJO (‘P)) 7& 0.

Then there exists > 0 such that for every n € N,

1

- >6f h I,
(e, Eo) pa(Mr, et (¢)) > 6 for some r, > n, where ry, €

So we get

1 0+ (rto)

_ A

D) /WO) 16 (s)[|o(s)As
1

' 1
= — s)llp(s)As + —————
s (ru, 0, to) /Mm/go/fo(@ 19()lete) ms(rn, 0, to)

X S s)As
/[(f,fo)r5+(r,to)]1r*\Mm,so,ro((P) lo)llo(e)

1
s s)As
/MWO o 196)006)

mS (rl’ll P/ tO)

€0 /
P S s S)As > g¢d7y,
= s B8 Sty @) llp(s)llp(s)As > egdy

>

where v = infscr p(s). This contradicts the assumption.
b) Sufficiency. Assume that im ——1— n (My¢ s = 0. Then for every € > 0, there exists ryp > 0
Y s s (rp,tg) A WWireto y

[ee]
such that for every r > ry, m]m (Mgt (¢)) < 57, where M := sup,p [|¢(t)] < oo and

K :=sup,.qp(t) < oo.

Now, we have

L [ s (o) s

ms(r,0,t0) Js_(rt)
1

- ms(r,p,to)</Mw0(¢) ¢(s)llp(s)As

+ / S s As)
[6— (,£0),0+ (7t0) 7+ \ M.t () lo)llots)

MK
m}% (My g1, ()

€
i |
ms (7’, p' t()) [ - (r/tO)/‘er (rrto)]’]l‘* \MV,MO (47) p(

IN

s)As < 2e.
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Therefore, lim;_co m b+ rrtzo ¢(s)[lo(s)As = 0, thatis, ¢ € WPAAS(T, p). This completes
the proof.
O

Lemma 4. Let T be bi-direction S-CCTS under shifts é+. Then WPAAg(’]I‘,p) is a shift invariant set of
BPC,4(T, X) with respect to I1~ if p € Ug, i.e., for any s € 11, one has ¢ (51 (s, 1)) := 0s¢ € WPAAS(T, p)
pr € Ug.

Proof. Forany s € I, ¢ € WPAAg(']I‘,p), e>0,r >0, wehave

Myt (0sp) = {t € [6-(r,t0),04(r to)]7= : [|6s(t)]| > €}
{te[o-(rto), 61 (r,to)]ms + l9(04(s, 1)) ]| > €}
= {t€[04(5,0-(r,t0)), 0+ (5,04 (r, t0)) ] + lp(t) ]| > e}
C {te[0-(0-(s,7),t0), 65 (84 (s,7), to)lr= : |p(t)]| > &}
C {te[0-(0-(A(s),7),t0), 0+ (04 (A(s),7), to) ]+ = |p(t)]| > e}
C {t € [0-(6+(A(5),7), t0), 0+ (04 (A(s),7), to)]7+ : |9(t) ]| = e}
Hence

s (r, 0, ko) 1 (Myey(65¢)) < s, ko) M (Ms, (A@s)r),et0 (Bs9))

_ mg(0+(A(s),7),p,t0) 1
- ms(},/ 0, tO) mg (5+(A(S), r)’p/ t()) Ha (M(5+ (A(s),r),et0 ((P)) .

Since ¢ € WPAAS (T, p), then by Lemma 3, we have

1
ms (04 (A(s),7), 0, to) (Ms, (A(s), )t () — 0 as T — oco.

: ms (84 (A(s),r).pto) _
Furthermore, lim, st 1, thus

1

mm (Myet,(85(9))) — 0, 7 — c0.

Again, using Lemma 3, one can get ;¢ € WPAA(S) (T,p) for any s € I1%. This completes the
proof. O

By Definition 6, the following two Lemmas are obvious.

Lemma 5. Let T be bi-direction S-CCTS under shifts 6+ and ¢ € AAg(T,X), then the range of p, ¢(T), is a
relatively compact subset of X.

Lemma 6. Let T be bi-direction S-CCTS under shifts 6+. If f = g+ ¢ with g € AAg(T,X), and ¢ €
WPAAS(T, p), where p € Ug, then g(T) C f(T).

Lemma 7. Let T be bi-direction S-CCTS under shifts 6+. The decomposition of a weighted piecewise pseudo
S-almost automorphic function according to AAs & WPAAS is unique for any p € Usp.
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Proof. Let f € WPAAg(T,p), if f = g1 + ¢1 = g2 + ¢2, then we have g1 — go = ¢ — ¢1. Hence, we
obtain that there exists some positive constant c such that

-0 < Jim s [ g1 (6) - sl o)
C-Su — m ———— S S S
te?IT) 81 82 = roeomg(r,0,t0) Jo(rt) S P

_ nml) /‘” 11(5) — ga(5)j0(5)s

r—ee mg(r, p, to
5+ T, tg

tim —— [ g (5)os) s

r—eo mg(r,p,t0) (r,t0)

(rto)
wlim L [0 ) lots)as =

reo g (T P, to

IN

s0g1— g2 =0=¢1 — ¢, ie, g1 = g and ¢; = ¢,. This completes the proof. [J

Lemma 8. Let {¢,} C AAs(T,X) be a sequence of piecewise S-almost automorphic functions such that
limy, o ¢ = @ uniformly, then @ is piecewise S-almost automorphic.

Proof. From Definition 6, denote ¢, = (¢n(t), T,) and ¢* = (¢ (t),T). Let {1,} be an arbitrary
sequence of real numbers. Then we can extract a subsequence {1, } of {1, } C IT* such that

Tim 0,6 = ¢, )

foreachi =1,2,..., pointwise.
We claim that the sequence of functions {¢;} is a Cauchy sequence. In fact, we can obtain

d‘((l;l*’ 4;]*) S d‘((l;l*l GTn (ﬁl) + J(GTn (ﬁi' eTn (i)]) + J(eTri 4;]’ (ﬁ]*) (8)

Let € > 0. By the uniform convergence of {¢,} there exists a positive integer N such that for
alli,j > N implies d(0,;, 0+, ¢;) < & By using (7), (8) and the completeness of the space X, we can
deduce the pointwise convergence of the sequence {¢, }, say to a function ¢.

Now, we claim that lim, e ¢r, = ¢* and lim, e ¢* = ¢ pointwise on T.

Let ¢ > 0, there exists some positive integer M such that d(6+,, 0-,¢m) < e and d($};, ¢*) < e
pointwise so that

d(¢r,, §*) < 2e+d(07,$um, P3y) pointwise,

since for each M, there exists some positive integer K = K(t, M) such that d(6x, $r1, Pr) < & then we
can obtain d(¢r,, §*) < 3¢ for n > Np, where N is some positive integer depending on ¢ and .

Similarly, the same step can be applied for lim, e ¢* ., = ¢ pointwise on T, thus, we can obtain
the desired result. This completes the proof. [

Theorem 2. Let T be bi-direction S-CCTS under shifts 6+. For p € Up, (WPAA(T x X,p), | - |leo) is @
Banach space.

Proof. For any convergent sequence {f,} C WPAAS(T x X, p) with f, — f uniformly for t € T,
we can obtain

A ‘5+:;°> (s, 0)lo(s) s
. 54 (rto)
< hmr%mm +:t00) ”fn(s X)HP( )

. (5 o)
My oo s [T (s, x) — £(s, ) lp(s)As
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by letting n — co we have

1

i [ 1 mllp)as =0
m ———— S, X 5)As =V,
r—eo mg(r,0,t0) Jo_ (1) P

which indicates WPAAS (T x X, p) is a closed subspace of BPC,4(T x Q, X). Therefore, WPAAS(T x
X, p) is itself a Banach space. Then by Lemmas 7 and 8, we have (WPAAg(T x X, p), || - [|e0) is @
Banach space. The proof is completed. [

Definition 7. Let p1, 02 € Us. One says that py equivalent p,, written py ~ p2 if p1/p2 € Up.
Theorem 3. Let p1,p2 € Uwo. If p1 ~ p2, then WPAAg(T, p1) = WPAAg(T, p2).
Proof. Assume that p; ~ p,. There exist a,b > 0 such that ap; < p» < bp;. So

”mS(T’IPLtO) S ms(rIPZI tO) S bmS(”/Plz tO)/

where r € ITF, and

IN

1 5+("/t0)
Py 196 la(s)as
-t

a
Ems(r/pl/to )

]_ 5+(7,t0)
T 19 a(s)as
-1

mS(”/ P2/ tO )

b 1 8+ (r,to)
)/ gy 1P lpr(s)8s.

amg(r,p1,t0) Jo_(r,

This completes the proof. [

Lemma 9. Let T be bi-direction S-CCTS under shifts 6+. If ¢ € AAg(T x X, X) and « € AAs(T,X),
then G(t) := g(-,a(-)) € AAs(T,X).

Proof. Let T = {#}, ¢ = (g(t,x),T) € AAs(T x X,X) x B, from every sequence {s,}>_, C IT%,

we can extract a subsequence {7, }$>_; such that

P* = (g"(t,x), T*) = T}EQOGTHJJ = lim (§(64 (T, t),x),6— (0, T)),

n—o0

uniformly exists on PC,y(T x X, X) x B. Since & € AAg(T,X), one can extract {7,} C {1,} such that

/

11151;097”143 = 7112130(g(5+(’[,;,t),D((éJr(T,;,t))),(sf(Tn,T))
= lim (g(04 (T, 1), & (£)),0— (1, T)) = (" (£, " (£)), T*).

Hence, G € AA(T,X). This completes the proof. [

By Lemmas 3 and 9, one can get the following theorem immediately without proof.

Theorem 4. Let T be bi-direction S-CCTS under shifts 6+ and f = ¢+ ¢ € WPAAg(T x X, p), where
g € AAs(T x X,X), ¢ € WPAAS(T x X, p), p € Ug and the following conditions hold:

(i) {f(t,x):te T, xeK} is bounded for every bounded subset K C Q.
(ii)  f(t,-), g(t,-) are uniformly continuous in each bounded subset of Q uniformly in t € T.

Then f(-,h(-)) € WPAAg(T,p) ifh € WPAAs(T, p) and h(T) C Q.

Theorem 4 has the following consequence:
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Corollary 1. Let f = g+ ¢ € WPAAg(T,p), where p € Up. Assume that f and g are Lipschitzian in x € X
uniformly in t € T. Then f(-,h(-)) € WPAAg(T,p) if h € WPAAs(T, p).

Next, we will show the following two Lemmas, which are useful in the proof of our results.

Lemma 10. Let T be bi-direction S-CCTS under shifts 6+. If ¢ € PC,y(T,X) is an S-almost automorphic
function with respect to the sequence T and {t;} C T is S-equipotentially almost automorphic satisfying
infyez tz =0 > ty,q € Z, where t is an initial point, then { ¢(t)} is an S-almost automorphic sequence in X.

Proof. Let t;{ = 0_(H, tkﬂ-), k,j € Z. Obviously, from the definition of I+, it is easy to know that

t{; € IT*. Since ¢ € PC,4(T,X) is an S-almost automorphic function and {#;} C T is S-equipotentially
almost automorphic, from Definitions 3 and 6, for any sequence {s,} C Z, there exists a subsequence
{s,,} such that

!

Bim (g(t, ), 0-(E7,T)) = lim (p(04(£", 1)), (£, )
= ("), T*) = (@(0+ (7w t)), 6- (1, T))-

/
and from #;" — 7y, (n — o0) for each k, we obtain

!

lim (9" (6_), 62 (65, T) = Jim (p(0(v,_y b)) 64 (E8,0-(2,T)))
= nlgl’olo ((P((S-‘r(')’k_s’nrtk_s;))’(s— (5_({.?[, ka)' T))
= (o), T).

Hence, {¢(t)} is an S-almost automorphic sequence in X. This completes the proof. [J

Denote IT~ = {s € IT* : s < to} and [T = {s € [T* : 5 > t(}.
To prove the following basic Lemma, we introduce notations J_ (7
6 (1,6.K71(t)), 64 (T, t) := 6c(t), 85(t) = 64 (7,657 1(t)) k € Z and 62(to)

II‘

t) = or
5 (to) = 1.

Lemma 11. Let T be bi-direction S-CCTS under shifts + and 5 be A-differentiable to its second argument
with 65 (s, ) < 6% (s € I17), where 8% is a positive number. A necessary and sufficient condition for a bounded
sequence {ay} to be in WPAAS(Z, p) is that there exists a uniformly continuous function f € WPAAS(T, p)
such thatf[éf(n)(to)] =an, to € T,n € Z, p € Ug, where

r— ifn <0
r(n)=qty ifn=0;
r ifn > 0.

Proof. Necessity. We define a function
F(8) = an+ (£ =67, (t0)) (@ns1 — an), 6}, (to) <t <870, (bo), t €T, m € Ztg € T*.
Since f(t) has the bounded A-derivative, it is uniformly continuous on T. For each j € Z, note that

j+1 j j «
’5i0+1 ) 5i(].)(t0)‘ = lésgn(j)(rréi(j)(to)) ‘Ssgn( )(tOr‘S (j )(tO))’ < "Sﬁ‘ Tt

where ry, := max {|r — o, [6—(r, to) — to|}.
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We have f € WPAAS(T, p) since

Wf Hf )llp(s)As

1 k=1 51?;11 (to) j
- mgkfy(>() laj + (s = &5 (t0)) (a1 = aj) [ (s)As
k

N S

S (5](—1( )Pt )P]—_k <||a]|]’l |5 } rto
) (o) j

+||a]+1 Ll]” 5] /J(r:) (551(.)(t0))p(s)As)
< 1 Z |§A| rio |l e (¢ ) (t )+(H”kHJFHLkH)(’gé"UO)Z_
= o () 12 tollAjllH ms (55 (1) o)
S 5 ST 7 Z ’5A| rioll £ () 1 (£)p(t))

Heldf_ (t)0F (to))ps
lall+lla_l SA| . V25
+ms(§lr(—1(r)pt)(|5—| rt[)) p
= % Z |5A\ rio L f (E) (£ ()
L mtelt) j=

=
IIakHHIfl kll

2
PR C=TEVYS (|62] -74,)"p — 0, ask — oo,

where p = infier p(t), p = sup;p p(t).
Sufficiency. Let 0 < & < 1, there exists 6* > 0, for t € (t,, t, + 0*), n € Z, such that

1FB)llo(t) = (1 =) f () llp(En), n € Z.

Without loss of generality, let t, > to, t_, < tg, n € Z" and
oy <t <...<fo<tp <...<t,1 <ty

there exists 1y, —n € (tg, +00)11+ such that 84 (ry, to) = tn, 6_(r—n, to) = t_p. Let r’n = max{ry, r_,} €
[1%. Therefore,

f‘”: :0) If(D)lle()At > f§+(,’"jf;0 IF(B)llo(t)At = [ |If(8)]lo(t)At
A VCIOIES s A OIEORY

]_*71
Y () - )1 - o) FE) ()

j=—n

v

v

> (1-¢) © (ult) =) )l

j=—n
SO one can obtain

1 n—1

Y (ut) = 8)FE)lle(t), ©)

mS(”;wPf tO) j=—n

(1,p,to)/ . ||f( ()ALt > (1—¢)

it is easy to see that 7, is increasing with respect to n € Z™, one can find some 1y > n such that

71071

/ 1 (o)
msupt) = [ pass L uliely= L slelt) (0)

7(”, o) / ' P
! € (g t0) b+ (rug o)+ J=="o
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from (9) and (10), we have

1 04 (o) 1 no- 1 .
m/ o) IfOlp®)At = (1 =)o 3 (r(t) =8")If(t)le(t), A1)

o (ry, T—
< ktp(t) 1=

j=—mno

noting that n — oo implies ny — oo, since f € WPAAg (T, p), it follows from the inequality (11) that
f(ty) = ay € WPAAS(Z, p). This completes the proof. [

By Lemma 11, we can straightly get the following theorem:

Theorem 5. Let T be bi-direction S-CCTS under shifts 0+ and 6 be A-differentiable to its second arqument
with 65 (s, -) < 6% (s € I17), where 8% is a positive number. A necessary and sufficient condition for a bounded
sequence {ay, } to be in WPAAg(Z, p) is that there exists a uniformly continuous function f € WPAAg(T, p)
such thatf[éf(n)(to)] =an, ty€T,n€Z, pec Up.

Theorem 6. Let T be bi-direction S-CCTS under shifts 6+ and 6 be A-differentiable to its second arqument
with 6% (s, -) < 8%, where 5% is a positive number. Assume that p € Ug and the sequence of vector-valued
functions {Ii } key is weighted pseudo S-almost automorphic, i.e., for any x € Q, {I(x), k € Z} is weighted
pseudo S-almost automorphic sequence. Suppose {Iy(x) : k € Z,x € K} is bounded for every bounded subset
K C O, Ix(x) is uniformly continuous in x € Q uniformly in k € Z. If h € WPAAg(T,p) N UPC(T, X)
such that h(T) C Q, then I (h(ty)) is a weighted pseudo S-almost automorphic sequence.

Proof. Fix h € WPAAs(T,p) N UPC(T,X), first we show h(ty) is weighted pseudo S-almost
automorphic. Since h = ¢y + ¢o, where ¢; € AAs(T,X), ¢o € WPAAS(T,p). It follows
from Lemma 10 that the sequence ¢ (t) is S-almost automorphic. To show h(ty) is weighted
pseudo S-almost automorphic, we need to show that ¢, (t,) € WPAAS(Z,p). By the assumption,
h,¢1 € UPC(T,X), sois ¢p. Let 0 < & < 1, there exists 6* > 0 such that for t € (fy, ty + )7, k € Z,
we have

[p2(B) () = (1 —¢€)lg2(ti)llp(tr), k € Z.
Without loss of generality, let t, > tg, t_, < to, n € Z™, there exists r,,7_, € (t,00)+ such that

O4(rn,tg) = ty, 6—(r—y, tg) = t_y. Let r;Z = max{ry,r_,} € ITIF. Therefore, repeating the proof of
Lemma 11, we can obtain k() is weighted pseudo S-almost automorphic.

Now, we show I (h(ty)) is weighted pseudo S-almost automorphic. Let

I(tx) = Te(x) + (E= 8 (00) [T (x) = K(x)],
S (bo) St < 8541, (o), k € Z,r € TTF,

Do(t)  =h(t)+ (t— 5f(k)(t0)) [(tesr) — h(t)],

o gy (to) <t < 8531 (), k € Z,r € TTE,

Since I, h(ty) are two weighted pseudo S-almost automorphic, by Lemma 11 and Theorem 5,
we know that I € WPAAg(T x Q,p), P9 € WPAAs(T,p). For every t € T, there exists a number
k € Z such that |t — Jf(k)(to)] <r,

() < L)+ (8= 8 (bo) ] [ ea (2) ]+ [ ()]
< (D) + 7l Depa ()1l

A\
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Since {Ix(x) : k € Z,x € K} is bounded for every bounded set K C Q, {I(t,x) :t € T,x € K} is
bounded for every bounded set K C (). For every x1, x, € (), we have

[1(t,x1) = I(t,x2)|| < |1 Le(oxr) — Te(x2) || + [ — 5f(k)(fo)|[\|1k+1(x1) — L (x2) ||
+[ Tk (x1) = T (x2) ]
< () e(xr) = Le(x) | 4 7[ Tegn (1) = T (x2) ]

Noting that I (x) is uniformly continuous in x € Q) uniformly in k € Z, we then get that I(t, x)
is uniformly continuous in x € Q for t € T. Then by Theorem 4, I (-, ®y(-)) € WPAAg(T, X). Again,
using Lemma 11 and Theorem 5, we have that I (5f(k) (to), Do ((5’7‘(1() (to))) is a weighted pseudo S-almost

autmorphic sequence, that is, I (h(ty)) is weighted pseudo S-almost automorphic. This completes
the proof. O

From Theorem 6, one can easily get the following corollary:

Corollary 2. Let T be bi-direction S-CCTS under shifts 61 and d be A-differentiable to its second argument
with 64 (s, ) < 6%, where 8% is a positive number. Assume the sequence of vector-valued functions {I ey, is
weighted pseudo S-almost automorphic, p € Up, if there is a number L > 0 such that

1k (x) = Le()[| < Lllx =yl

forall x,y € O, k € Zand h € WPAAg(T,p) N UPC(T, p) such that h(T) C Q, then I (h(ty)) is a
weighted pseudo S-almost automorphic sequence.

4. Weighted Piecewise Pseudo S-Almost Automorphic Mild Solutions to the Impulsive
A-Evolution Equations

In this section, we investigate the existence and exponential stability of a piecewise weighted
pseudo S-almost automorphic mild solution to Equation (1). For this, we will provide a Lemma that
will be used in our main results.

Lemma 12. Let T be bi-direction S-CCTS under shifts 6+ and § be A-differentiable to its second argument
with 8% (s,-) < 6% (s € I17), where 5% is a positive number. Assume that w € R*, forallt € T, x € 1T,
there exist constants B 4, B2« > 0 such that

Brap(t) < p(d4(a,t)) < Poap(t). (12)
Then there exists positive constants K* and w* such that
cw (64 (1), 64 (a,5)) < Keowr(t,s), t>s.

Proof. Obviously, if 4 = 0, T = R, the result holds. Assume that y # 0. Since ©w € R, one has

eow ((S+(lX, t),(5+(06,5)) = exp { — 6‘?((“‘%/:)) ﬁ In 1;41(”[)UJAT}

= exp { R 1 5% (a, T)AT}.

n(os@m) 1 (0n (@) w
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Hence, by the Inequality (12), we can obtain

50
e (81 01),84(3,9)) < exp { = [} g In o
A

N
In(1—pu(t AW P2
_ {exp{f; (-p(eh, ))}} _

Therefore, there exists a positive constant K* > 0 such that

Ey
eow (54—(“/ t)ra-i-(“rs)) = [e@ﬁlraw(tfs)] Pau < K*e@a}* (t,S),

where w* = B yw. This completes the proof. [J

Remark 8. It is easy to observe that if y(t) is bounded, then there exists a sufficiently small constant Bq, > 0
and a sufficiently large constant By, > 0 such that (12) is valid. Therefore, Lemma 12 holds when T is an
almost periodic time scale from [33].

For the time scale from (1) in Example 1, we can obtain that

2 2

geat —at, t >0, gt—t, t>0,
or(a,t)) = t) =
p(o+ (1) {f ~-Lt<o, ) Lt t<0,

ag?

{,Bl,uc = ,82,41 =ua,t>0,

Pra = Boa =3, t <0
Hence, for all t € T*, & < 1, we can obtain ap(t) < p(64(a,t)) < 1u(t).
Consider the impulsive linear A-evolution equation
XA =A)x, teT, (13)

where A : T — B(X) is a linear operator in the Banach space X. We denote by B(X, Y) the Banach
space of all bounded linear operators from X to Y. This is simply denoted as B(X) when X =Y.

Definition 8 ([11]). T(t,s) : T x T — B(X) is called the linear evolution operator associated to (13) if T(t, s)
satisfies the following conditions:

(1) T(s,s) =Id, where Id denotes the identity operator in X;
(2) T(t,s)T(s,r) =T(tr);
(8)  the mapping (t,s) — T(t,s)x is continuous for any fixed x € X.

Definition 9. A function x : T — X is called a mild solution of Equation (1) if forany t € T, t > ¢, c #
ty, k € Z, one has

t
x(t) = T(t,c)x(c) —l—/ T(t,s)f (s, x(s))As + 2 T(t, te) I (x(tg)).
¢ <t <t
In the following, consider (1) with the following assumptions:

(Hy) Let T be bi-direction S-CCTS under shifts 6+ and ¢ be A-differentiable to its second argument
with 0% (s,-) < 84 (s € IT™), where §2 is a positive number.
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(Hp) The family {A(t) : t € T} of operators in X generates an S-exponentially stable evolution system
{T(t,s) : t > s},1i.e., there exist Ky > 1 and w > 0 such that

K
IT(t,5)llpx) < We@w(ns), t>s, weR". (14)

(H3) f=g+¢ € WPAAs(T,p), where p € Up and f (¢, -) is uniformly continuous in each bounded
subset of Q) uniformly in t € T; I is a weighted pseudo S-almost periodic sequence, I;(x) is
uniformly continuous in x € Q uniformly in k € Z, infyez t} = 6_ (t, teq1) = 6 > max{to,0},
where tj is the initial point.

Remark 9. In the assumption (Hy), let T = R, Equation (14) turns into
IT(ts)lpx) < Koe @=5), ¢ > 5.

Let T =hZ,h > 0and KP = 15—0“], it becomes

t—s

W\ *
Tl < K (1- 175 ) ez

Moreover, let the time scale T be the quantum time scale > = {q" : q > 1, n € Z}, then

Ky 1
1Tt s)lpx) < 77 T o
B(X) 1+w(g—1)t el 1+ (g —1)ws
Let u = inficpu(t) and i = su t). To investigate the existence and uniqueness of
I €TH H PreT # g q

a weighted piecewise pseudo S-almost automorphic mild solution to Equation (1), we need the
following Lemma:

Lemma 13. Assumev € AAs(T,X), w € R* and (Hy) — (Hz) are satisfied. If u : T — X is defined by
t
o (t) :/ T(t,s)o(s)As + Y T(t, t) I (v(ty)), t> s,
- te<t

then ug(-) € AAs(T,X).
Proof. Let {s,};> ; C II". Since v is almost automorphic, there exists a subsequence {7,}5_; C

{sn}o> such that hi(t) := lim, e v (04 (Ty, ) is well defined for each t € T.
Now, we consider

+(Tut)
u((5+(Tn,t)) = /joo T(5+(Tn,t),S)U(S)A
s = /jw T (64 (Tu,t), 6+ (Tu,8)) 0 (64 (Tu, 8)) 64 (Tu, 5) As

= /j T (64 (Tu,t), 6+ (Tu, 5)) 84 (Tu, 8)vn (5)As,

where v, (s) = (64 (Ty,8)), n=1,2,....

Since w € R, one can choose sufficiently small constant f; > 0 such that w* = Bjw is
also positive regressive. Further, noting that e (t,5) (1 + p(s)w*) = ecw+(t,0(s)), by (H) and
Lemma 12, we have
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lu(ds(m, t)]| < /jooHT((SJr(Tn,t),5+(Tn,s))éﬁ(rn,s)vn(s)||As

of » K
< [ AT e (0 () 4 () lon(s) s

KoK*6% rt
S T ot Ela()las
KoK*[[olleod® 1
< «(t A
- 1+ pw /700 1+ pw* *o (t(s)) s
KoK*[]|8% KoK*[]|8%
= —= +(t,—00) —ecw (tt)] = ————.

Therefore, by the condition (Hj), (H,), we have T (64 (T, t),01 (T, s)) — T*(t,s), n — oo.
Furthermore, it is easy to see that v,(s) — h(s) asn — oo, Vs € T and for any t > s, by Lebesgue’s
dominated convergence theorem, we get limy, 0 (64 (Ty, t)) = ffoo T*(t,5)0x(s)h(s)As.

Moreover, we consider

WOt t) = Y T(0 (T t) te) Le(vr(te)

tr <04 (Tust)

= Y TSy (T 1), 01 (T 1) I (064 (T, 1))

te<t

= ) T(04(tu, ), 04 (T, 1)) T (Vkn )

t<t

where v(64 (T, t)) := vk,. By Lemma 12, we can get

I (6 (1))

Yy T((5+(Tn,t),tk)lk(vk(tk))H

<04 (Tust)

Y T (64 (T, 1), 64 (Tu, te)) I (On)

tk<t
IKy
e O (Ty, t), 0. (T, t
1+Ewtk<t @w( +( n ) +( n k))
IKoK* IKoK* 1
eowt(t ) < ,
1+Ewtkz<t o k)_l—l—ﬂwl—egw*(e,to)

where sup; . ecw (1, tr) 1= ecw (6, ty).

Since v € AAg(T,X), vg, — h(ty), n — oo, Vk € Z. Hence, for any t > ty, k € Z, by Lebesgue’s
dominated convergence theorem, we get limy_o0 ' (01 (Ty, t)) = Yot T (1) Ik (h(t)) - So we have
limy o0 10 (64 (Tu, t)) = limy—se0 (04 (T, ) + limy—se0 u (64 (T, 1)) is well defined for each t € T*.
Therefore, ug(-) € AAg(T,X). This completes the proof. [

Theorem 7. Assume that (Hy) — (Hz) are satisfied. Let f(-,8(-)) € WPAAg(T,p), where 9 €
WPAAg(T, p) and {T(t,s),t > s} is exponentially stable, p € Up. Then

F(-):= /foi T(,s)f (s, 9(s))As+ Y T(-, ;) I (8(tx)) € WPAAg(T, p).

te<-
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Proof. Fix & € WPAAg(T,X), then we have f(-,9(:)) = ¢1(-) + ¢2(-), where ¢; € AAg(T,X),
¢2 € WPAA3(T,X), so

t

/_too T(t,s)f (s, 0(s))As = /

T(t,s)gr (s m+/ T(t,5)¢a(s)As i= L (£) + ()

and

Yo T(tt) I (0(t) = Y T(t k) B+ Y, T(E t)vi := Ya(t) + Yo ().

fe<t te<t te<t

By Lemma 13, we can easily see that I, Y; € AAs(T, X).
Moreover, we have

1 S (rt
E = i las
‘/ T(t,s)p2(s)As||A

§+ rto
1 §+ Vto
S t/ Koecu(t,5) [ p2(s)[1As

(r p,to _(rto)
ms(r,0,t0) Jo_(rty)
1 §+(V to) - (r,to)
- L At( [ Kaecalt,s)lga(s) 185

ms(r,0,t0) Jo_(rty)

t
Koeew(t, A
o Kaects)ga(s) )

1
mg(r,p,t0) J-

1 54 (r,to) 34 (r,to)
+7/ 5 As/ Koeow(t,s)At = 19 + 10,
s [ gl [ ket it = 1+

Then

1 d—(r.to) d+(r,to) K
L = 7/ A / 0 t,s)At
1 mg(r, 0, to) J-co 92(s)llAs 5_(rty) 1+ ,u(t)weow( s)

1 0+ (rto)

_(r,tp)
_ )/‘; |\¢2(s)||As/(L Koeow (0 (t),5) At

mg(r, p, to (r,t0)

o_(r,tp) 04 (r,tp)
< s [ el [ e (s o) ar

ms(r,p,to 8- (rto)
1 Ko

6—(r,tp)
- mi oo H(PZ(S)H [ew (8,5_(1’,t0)) — €w (S,é.t,.(?’, to))]AS

LS ([ ecalo- o))

mg (1’ Os fo

_ ‘/_oo ,to) ecw (64 (r,to), S)As)

oo Il e (61 t0), =) —ecas (6-(1,t0)6- (1, 1)

—ecw (04 (1, ty), —00) + ecw (64 (1, t0), 6—(r,ty))) — 0 asr — oo,

IN

IN
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and
1 ~(5+(7’,t0) K
0 0
= — =0 A
B o= o / ||472( as [ et ot
< s [ s [T kw900
= ns(r, o) ¢P2(s)||As . 0eow(0(t),s
Ky /5+ Vfo) /5+(f,f0)
< — A ,o(t))At
< oo @l [ eu (s 0(0)
1 Ky 5+(rto)
= 0 - t))]A
i o a6 ew(s,5) = w58 o)) s
1 KO +( 0
< - As.
Since ¢» € WPAAZ(T, p), we have lim,_co m O rrtgo [2(s)]|As = 0. Hence, lim 0 I3 = 0.

It remains to show Y, € WPAAg (T, p). For any r > 0, there exist i(r), j(r) such that
tin—1 < d_(r,ty) < tiry <o <tj) < o4(r,ty) < titr)41

Since 7 € WPAAS(Z,p), My, = supyy || 74|l < oo, noting that for a € T, ecw(ta) = (1+
u(t)w)ew(a,0(t)), then we can obtain

1 /(5+ 1 5+(7’,t0)
S Y, Atzi/ T(t t)ve | At
ms(r,p,to) (r/to) Y20l ms(r,0,t0) Jo_(rt) tk2<t (£ )
1 ()+(1’,t0) KO
< 7/ ———¢ tt At
>~ ms(r,p,to) 5,(r,t0) tk2<t1+‘u(t)w @w( k)”’)/kH
1
< — ) ecw(-(rto) t) Il
ms(r’ p’ tO) tk<(5_(1’,t0)
(5+(V,t0) KO
X — t,0_(r,tg)) At
Jteay T utaees (600100
1 5+(r,t[)) KO
s L elttlnd [ e eca (o), ) A
ms(r, o, to) S (r,tg) <ty <t<b:(rtg) 6-(nh) 1+ p(t)w
1 Ko
m(r’p’ to) tk<(s_(7',t0) w ‘
1 Ko
Y. — [[7kllecew (t t)
ms (1, 0, to) 5 (o) <tret<bsi(rty) ¢
1 KoM, 1 Ko 1 i) 1
< +— —
— mg(r,pt0) w 1—ecw(dty) w ms(r,p,to) :Z’ ”%”1—6@‘0(9,1?0)
k=i(r)
Since 7x € WPAA3(Z, p), for r — oo, ms(r,p) — o0, we have
lim ——— =lim-— -
lim ms(r o) Z(‘, Iell = lim — k;) Il = 0.
i) L p(t)p(te)
k=i(r)
Clearly, as ¥ — oo, one has

ms(r,0,tg) w 1—ecw(B,to)
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Hence

i [ a0
P ms(r,0,t0) Jo ey | 2N

Thus, ¥y, . T(-, i) I (8(t)) € WPAAG(T, p), then F(-) € WPAAg(T,p). This completes the
proof. O

Theorem 8. Assume (Hy) — (Hs) are satisfied and the following conditions hold:

(A1) The family {A(t) : t € T} of operators in X generates an 5-exponentially stable evolution system
{T(t,s) : t > s}, ie., there exist Koy > 1 and w > 0 such that

K
||T(t/5)||B(X) < weew(f,s), t > s.

(Ap) f € WPAAS(T x Q,p), and f satisfies the Lipschitz condition with respect to the second argument, i.e.,
1f(tx) = fFE Il < Lallx —yll, t€T, x,y € Q,
(A3) I is a weighted pseudo S-almost periodic sequence, and there exists a number Ly > 0 such that
1H(x) = K(y)I] < Lallx = yll,

forallx,y € Q, k € Z.

Assume that
KoLy KoL»

w(l+pw)  1—ecw(d,to)

then Equation (1) has a unique weighted piecewise pseudo S-almost automorphic mild solution.

<1,

Proof. Consider the nonlinear operator I' given by

Tp= / ,9(s))As+ Y T(t, ) I (@(tx)).

t<t

By Theorem 7, we see that I maps WPAAg(T, p) into WPAAs(T, p).
It suffices now to show that the operator I has a fixed point in WPAAg(T,p). For ¢1, ¢ €
WPAAg(T, p), one has the following:

T ()= Toa(0ll = | [ T (s1(5) ~ £ (5,205
+ ) T(tt) [T (91(t) _Ik((PZ(tk))]H

= /;HI;?)eewU,s)Hf(s,qol(s)) £(s5,92(5)) || as
+tz<t T p(w e E (1)) — I(ea(t) |

- /. (— ufﬁ@w)) (Ew)ec (t,0(5)) Lallpr(s) = p2(s) | As
+tk2<t1+ Secw(t i) Lallgr(t) = @a(te)|

{ KoLy KoLy
(

w(l+pw) 1 —e@w(e,to)] lo1r = @21
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Koly _ 4 _ Kolp
(I+pw) * 1—ecw(b,ty)
then Equation (1) has a unique weighted piecewise pseudo S-almost automorphic mild solution. This

completes the proof. [

Since < 1, T is a contradiction. Hence, I has a fixed point in WPAAs(T, p),

5. Applications
In this section, three examples are demonstrated as the applications of our obtained results.

Example 4. Let Ty be S-CCTS under shifts 6+ and u : Ty x Ty — R, where the hybrid domain T is the time
scale in Example (1) and T, is a discrete time scale with a forward jump operator oo and 0, 7t € Ty, i.e.,

Ty = (—9)Z={(-q)": q>1,n€Z} U{0}, whereq = /3.
Consider the following system:

sl ux) _ (R 0) =) e () ) | (i Bt + (1)) cosu(t, ),

te Ty, t#t, x € (0,7, (15)
Au(ty, x) = Bxu(ty, x), k € Z, x € [0, 7],
u(tro) = u(t/ 7T) = 0/ te Tl/

where g € UPC(Ty, R) satisfies |g(t)| < 1, (t € Ty) and p(t) = |sint| + 1, By = g5 (sink + cos v/2k +
g(k)) and t, = g%, t_ = (—q)%*1, k € ZT U {0}.
Define X = L2[0, ], let

p()u(qet, 03 (x)) — (p(x) + p(o(x)))u(gst, 02(x)) + p(o(x))u(get, x)

Au = ,
(o (x))u(x)
where u € D(A) = H}[0, 7|y, N H?[0, 7t]r,. Clearly, it follows from the same discussion as
Section 3.1 in [22], one can easily observe that the evolution system {T(t,s) : t > s} satisfies || T(t,s)|| <
Hy(lt%ee%(t,s) (t > s) with Ky = 1/2,w = 1/2. Furthermore, we obtain that {t;c} =

{0-(te tiyj) } C {tx} K, j € Z, by Definition 3, we can obtain {t;{}, k,j € Z, is an equipotentially S-almost
automorphic sequence and for k € 7, we have
t_x_q 1

tet1 6 1
th = 5 (4t =l g6l =5 () = = .
x (ter tes1) LA (tgrtg—1) PR

Let f(t,u) = £ (sinv2t+g(t)) cosu, Iy(u) = Byu. Noticing that f and Iy satisfy the assumptions
given in Theorem 8 with L1 = % and L, = 31W' we obtain

KoLy KoL, _ Koli, KoLy _1
(/J(l +E(U) 1-— E@w(e,l) w 1— sup HSE[tk,tk+1) (1 _ \1/?_;215) -3

In fact, noting that

KoL, B
1= supg T i) (1 Y252)

H (1—\@_1s> — coas k — oo.

2
s€[tktrr1) 1+q

since that

Therefore, Equation (15) has a weighted piecewise pseudo S-almost automorphic mild solution.
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Example 5. Let Ty be S-CCTS under shifts 6+ and u : T x Ty — R, where the time scale Ty = hZ,h > 0
and Ty = {q" : q > 1,n € Z} U{0, 7} Consider the following dynamic equation:

hx)—u(t, hg?x)—(g+1 h, ]

u(t+ x]l u(tx) _ u(t+hg’x) (q—q&-(q)itgt)—z&-xqu)-&-qu(t-&-ix) + 185’( )COS \/Etcosu(t,x),
te Tlr t 75 tkr X € [O, 7'[]']1*2,

Au(ty, x) = Bru(t, x), k € Z, x € [0, ],

u(t,0) =u(t,m) =0, t € Ty,

(16)

where g € UPC(Tq, R) satisfies |g(t)| <1, (t € T1)and p(t) = e~ + 1, B = {5g(k) and ty, = 4kh, t_; =
—akh, k € Z+ U {0}.
Define X = L?[0, tr,, let

u(t+h,q%x) — (g +1u(t +h gx) +qu(t+h, x)
q(q —1)%x

Clearly, through Section 3.1 in [22], we have the evolution system {T(t,s) : t > s} that satisfies

IT(ts)] < W(z 1(t s) (t > s) with Ky = 1/2, w = 1/2. Moreover, we have {tk} = {tkyj —tx} C

{tx},k,j € Z, then {t }, k,j € Z, is an equipotentially S-almost automorphic sequence. For k € 77,

Au =

, u € D(A) = H}[0, ], N H?[0, 7],

1
te=thp1 —tk =4h=1t_;_1 —t_

Hence, 0 = infrcy (ti1 — tx) = 4h > 0. Let f(t,u) = £g(t) cos 2t cosu, Iy(u) = Byu. Clearly,

both f and Iy satisfy the assumptions given in Theorem 8 with Ly = lg, L, = 5. Moreover,

Kb, Kol Kl KoLy 1
wl+pw)  1—ecw(d1) w(l+hw) Supk(llew)él 18(2+ h)

N

— <1
+17<

Therefore, Equation (16) has a weighted piecewise pseudo S-almost automorphic mild solution.

Example 6. Let Ty be S-CCTS under shifts 6+ and u : T1 x Ty — R, where the hybrid domain T is the time
scale N3 and T, = hZ U {0, 7t}. Consider the following dynamic equation:

u((V+1)2,x)—u(t,x)
2V/t+1

u((\/f+1)2,x+2h)7222((\/f+1)2,x+h)+u(x) +2i(smt+cos \ft+g(t))cosu(t %),

te Ty, t#ty, x €07,
Au(ty, x) = Bru(ty, x), k € Z, x € [0, 7|,
u(t,0) =u(t,m) =0, t €Ty,

(17)

where g € UPC(Ty,R) satisfies |g(t)| < 1, (t € Ty) and p(t) = |sint| +1, By = 57 (sink + cos v2k +
g(k)) and ty, = (k+3)%, k € ZT U {0}.
Define X = L?(0, t|r,, let

u((Vt+1)2,x +2h) —2u((vVt+1)%,x + h) + u(x)
h2 ’

Au = u € D(A) = H}[0, ], N H2[0, 7],

Clearly, it follows from the same discussion as Section 3.1 in [22], one can easily observe that the evolution

system {T(t,s) : t > s} satisfies || T(t,s)|| < 14—#%/% el 1(t,8) (t > s) withKy = 1/2, w = 1/2. In addition,

we obtain an equipotentially S-almost automorphic sequence {t }={0-(tw trrj)} Tk} K j € Z, with

o= O0_(tuti) = (Ve — Vi) =
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Hence, 0 = infycy (0—(t, 1)) = 1. Let f(t,u) = 5 (sint + cos V2t + g(t)) cosu, Ir(u) = Byu.
Clearly, both f and Iy satisfy the assumptions given in Theorem 8 with L1 = Ly = %. Moreover,
KoLq KoLy 1 1/2

<-4+ ——=03785 < 1.
w(l+pw)  1—ecw(®,1) 6 6(1—6’%)

Therefore, Equation (17) has a weighted piecewise pseudo S-almost automorphic mild solution.

6. Conclusions and Open Problems

In this paper, we have introduced a concept of complete-closed time scales attached with a shift
direction under non-translational shifts (S-CCTS). This is the first attempt to introduce and study the
concepts of S-equipotentially almost automorphic sequence, discontinuous S-almost automorphic
functions and weighted piecewise pseudo S-almost automorphic functions. Then, we apply the
introduced concepts to investigate the existence of weighted piecewise pseudo S-almost automorphic
mild solutions for a class of evolution impulsive equations on hybrid domains. Finally, we apply the
obtained results to A-partial dynamic equations from which one can see the established results are
feasible and effective for g-difference partial dynamic equations among others. It is obvious that these
results are more general and comprehensive than previous literature.

On the other hand, by virtue of S-CCTS, the almost automorphic problems of g-difference partial
dynamic equations can also be introduced and studied. In fact, from the construction of almost
automorphy of functions in Section 3, one can also establish some new types of functions with almost
automorphy. Moreover, by introducing the concepts of almost automorphic functions and A-almost
automorphic functions and developing an appropriate approach, we will study almost automorphic
problems of A-partial dynamic equations on irregular time scales, which will be the topic of our
future work.

Based on our discussion, we introduce the following open problems:

(1) For the highly hybrid time scales such as T = g% U {hZ} U N%, how to provide an effective way
to construct the shift operators?

(2) How to establish a feasible method to study the almost automorphy of solutions to discontinuous
dynamic systems on highly hybrid time scales?
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