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Abstract: The existence of infinitely many homoclinic solutions for the fourth-order differential
equation (¢, (u” (1)) +w (@p (W' (1)) + V(D) ep (1 (t)) = a(t)f(t,u(t)),t € R is studied in the
paper. Here @, (t) = |t|” 24, p > 2, wis a constant, V and a are positive functions, f satisfies some
extended growth conditions. Homoclinic solutions u are such that u(t) — 0, || — oo, u # 0, knownin
physical models as ground states or pulses. The variational approach is applied based on multiple
critical point theorem due to Liu and Wang.

Keywords: homoclinic solutions; fourth-order p-Laplacian differential equations; minimization
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1. Introduction

In this paper, we study the existence of infinitely many nonzero solutions homoclinic solutions
for the fourth-order p-Laplacian differential equation

(@p (1" ()" +w (9p (W' (1)) + V(D)gp (u (1) = a(t)f(t,u(h)), @

where t € R, w is a constant, ¢, (t) = |1f|p*2 t, for p > 2, V is a positive bounded function, a is a positive
continuous function and f € C!(R, R) satisfies some growth conditions with respect to p. As usual,
we say that a solution u of (1) is a nontrivial homoclinic solution to zero solution of (1) if

u#0,u(t) —0, |t| — oo. 2)

They are known in phase transitions models as ground states or pulses (see [1]). The existence
of homoclinic and heteroclinic solutions of fourth-order equations is studied by various authors
(see [2-12] and references therein). Sun and Wu [4] obtained existence of two homoclinic solutions for
a class of fourth-order differential equations:

u® +wu” +a(B)u = f(t,u) + Ah(t) |ul’u, t R,

where w is a constant, A > 0,1 < p < 2,2 € C(R,R")and h € L5 (R) by using mountain
pass theorem.
Yang [8] studies the existence of infinitely many homoclinic solutions for a the fourth-order
differential equation:
u® +wu” +a(t)u = f(t,u), t€R,

where w is a constant, 2 € C(R) and f € C(R x R,R). A critical point theorem, formulated in
the terms of Krasnoselskii’s genus (see [13], Remark 7.3), is applied, which ensures the existence of
infinitely many homoclinic solutions.
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We suppose the following conditions on the functions 4, f and V.
(A)a e C(R,R")and a(t) — 0 as || — +oo.
(F;) There are numbers p and gs.t. 1 < g <2 < p and for f € C'(R,R)

uf(t,u) <qF(t,u), Vvu e R,u #0,

where F(t,u) = [ f(t x)dx.
(F ) |f( u)] < b(H)|u)i7l, V(t,u) € RxR, where b is a positive function, s.t. b €

.
L?1(R), wherer—p%.

)N
(F3) There exists an interval ] C R and a constant ¢ > 0s. t. F(t,u) > clul?, VY(t,u) € ] xR.
(Fy) F(t,—u) = F(t,u) forall (t,u) € R x R.

(V) There exist positive constants v1 and v, such that 0 < v; < V(t) < vp, Vt€R.

Let
o S (O + ) dt

w = m

u#0 f |u |pdt

L"(R)N

Denote by X the Sobolev’s space
X := W2 (R) = {uc LP(R) : ' € LP(R),u" € LP(R)},

equipped by the usual norm

|ul|x == (/R (]u”(t)|” + ()| + |u(t)|”) dt)l/p.

The functional I : X — R is defined as follows

I(u) = /R(cb,,(u”(t)) —w®, (u' (1)) + V() Py (u(t)))dt — /Ra(t)F(t,u(t)dt, ®3)
where ®(t) = % forp > 2.
Under conditions (A), (F;) — (F3) and V the functional [ is differentiable and for all u,v € X
we have

((),0) = [ gy (" (5) (1) = gy (' (1) ©'(K)) dt + V(D) (u(D) o(E)alt

—/Ra(t)f(t,u(t))v(t)dt.

where (.,.) means the duality pairing between X and it’s dual space X*. The homoclinic solutions of
the Equation (1) are the critical points of the functional I, i.e., 1 is a homoclinic solution of the problem
if (I'(up),v) = 0 for every v € X (see [6,11,12]).

Let vgp = min{1, v1 }, where v; is the positive constant from condition (V). Our main result is:

Theorem 1. Let p > 2, w < vow* and the functions a, f and V satisfy the assumptions (A), (F;) — (F3)
and (V') . Then the Equation (1) has at least one nonzero homoclinic solution uy € X. Additionally if (Fy) holds,
the Equation (1) has infinitely many nonzero solutions u; such that ||u;||cc — 0as j — oco.

Remark 1. An example of a function f(t,u), which satisfies the assumptions (F;) — (Fy) is as follows.
Let p=3,q =3 and f(t,u) = a(t)|u|'?u, where

2 <1
"‘(f):{ 1 I > 1
K < &
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We have that r = ﬁ =2, ﬁ = 6and b(t) = a(t) € L>(R) N L°(R), because [ tlzdt = 1and
1

Ldt = 1. Moreover a(t) > 1ift € (—1,1) = J. Next, we have

ftw] = a(t)ul?,

2
F(tu) = za(dul*?,

and F(t,u) > 2lul’2,t € ] = (—1,1).

As an open problem we state the existence of weak solutions of the problem when1 < g < p < 2.

This paper is organized as follows. In Section 2 we present the variational formulation of the
problem and critical point theorems used in the proof of the main result. In Section 3, we give the
proof of Theorem 1.

2. Preliminaries

In this section we give the variational formulation of the problem and present two critical point
theorems.
Let X be the Sobolev’s space

Xii={ne X: [ (a0 —wlu' ()] + V() ju(b)) at < oo},

equipped by the norm

WH:<AQWmV—wme+wwww0mfw.

Denote

*

_ e (WO + [u()]) dt
w* = inf YN
u0 Jg [/ (t)|F dt
and vy = min{1,v; }. The next lemma shows that under condition (V) for w < vyw* the norms ||.|
and ||.||x are equivalent and X = Xj.

Lemma 1. Let w < vgw*. Then, there exists a constant C > 0 such that
/R (lu"(®)]F =] (5" + V(e) [u(t)|") dt > C [ul}} , Vu € X. @)

Proof of Lemma 1. In view of Lemma 4.10 in [14], there exists a positive constant K = K(p) depending
only on p such that

/R ’”/(t)|pdt < K/R (|u"(t)‘p + \u(t)|”) dt.

Then - .
t t dt
1 e g (O + O))
K U0 Jg 1w/ (t)|F dt
Let .
co_ bow'—w
07 K+ Doow*

and C = 9pCy. We have
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/IR (IO = |’ ()] + V(#) lu(t)]? ) dt
(- 2w s or)a
UOZ:u*)/R ([ )] + lu()|") at

/R ([ @ =" WO +]u(o)l") )
)/R (@) + ()P ) at

= G [ (WO + ) i

> oo [ ([W/O + WO +u]) at = cllullf,

v

= oo((1-
w
Vow*

v
]
o
—~
—_
|

which completes the proof. [

By Brezis [15], Theorem 8.8 and Corollary 8.9 for u € X and s > p

fulleo = = 1l o my < Callullx,
®)
/Rlu(t)lsdt < [JullePHullk,

and lim u(t) = 0.

‘t‘%oo
We consider the functional I : X — R

I(u) = /R(cpp(u”(t)) —w®, (u' (1)) + V() Py (u(t)))dt — /Ra(t)F(t,u(t)dt, (5)
where ®(t) = # forp > 2.
One can show that under conditions (A), (F;) — (F3) and V the functional I is differentiable and
for all u,v € X we have

(I'(u),v) = ./R (pp (1" (1)) 0" () —wep (u' (£)) V' (k)) dt + V(t)@p (u(t)) v(t)dt
— [ a0f (t,u) o(t)a. ®)

Let L (R), p > 1 be the weighted Lebesque space of functions u : R — R with norm ||u|],,q :=

1/p
<fa(t)|u(t)|”dt> . We have

R

Lemma 2. Assume that the assumptions (A) and (V) hold. Then, the inclusion X C L} (R) is continuous
and compact.

Proof of Lemma 2. The embedding X C L} (R) is continuous by the boundedness of the function
aby (A). We show that the inclusion is compact. Let {u;} C X be a sequence such that ||u;|| < M
and u; — u weakly in X. We'll show that u; — u strongly in LE (R). Without loss of generality we
can assume that u = 0, considering the sequence {uj —u}.By (A) for any ¢ > 0, there exists R > 0,
such that for || > R

€
0<a(t) < m.
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Then

| a0l < 5
t>R

By Sobolev’s imbedding theorem u; — 0 strongly in C([—R, R]) and there exists jp such that for
j>Jo:
€
. p -
/ aOluy()Pat < 5y
[t|<R

Then, for j > jo we have [ a(t)|u;(t)|Pdt < e, which shows that u; — 0 strongly in L} (R). O
R
Lemma 3. Let assumptions (A), (F1) — (F3) and (V) hold. If u; — u weakly in X, there exists a subsequence

of the sequence {u;} , still denoted by {u;} such that f(t,u;) — f(t,u) in L} (R).

Proof of Lemma 3. Let u; — u weakly in X. By Banach-Steinhaus theorem there exists M; > 0,
such that [[u;|| < M and [[u[| < M. By the elementary inequality fora > 0,b > 0,p > 1

(a+b)P <201l +b7),

and (F,) we have

Flw) = £t w)lP < 22 XU + |6 0)1P)
< 27 b(1)|P (g 0 + [P 57D).

P

Let0 < a(t) < A. Then, by Holder inequality and b € L?77(R) it follows that

[ aOU (1) = F(tu(n) e
2p_1f§/%|b(tﬂp(|ujvﬂq—l)4_|M|P@—4))dt
2 VA 0T (Pt + ([ (o) Pans )

-1
Al  MPIY.
L2T

7 (R)

IN

IN

IN

By Lemma 2, u; — u weakly in X implies that there exists a subsequence {u;}, such that u; — u
strongly in L} (R). By analogous way as above we have that there exists B > 0, such that

[ Ve i(8)) = £t u(e)) Pat < B.

Lete > 0,R > Oares.t. 0 < a(t) < 55 for [t{ > Rby (A). Then

At‘ZRa(f)|f(f,uj(t)) — f(t,u(t))|Pdt < ; -

Let0 < ag < a(t) < Afor |t| < R. By uj — u strongly in L} (R) it follows that

/‘t‘SR“(t)‘”j(t) —u(t)[Pdt > ag /\tISR luj(t) —u(t)|Pdt — 0
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and uj(t) —u(t) — Oa.e. in [t| < R. Then, by Lebesque’s dominated convergence theorem

Ig := a(t)|f(tuj(t)) — f(£,u(t))[Pdt = 0.

[t|<R
Let jo is sufficiently large, such that for j > jo,0 < Iz < 5. Then by (7) for j > jo we have
/]R a(t)|f(t,uj(t)) — f(Eu(t))Pdt <e,
which completes the proof. O

Next we have:

Lemma 4. Under assumptions (A), (F) — (F3), (V) the functional I € C'(X,R) and the identity (6) holds
forallu,v € X. holds.

It can be proved in a standard way using Lemma 3 (see Yang [8], Tersian, Chaparova [6]).
Lemma 5. Under assumptions (A), (F1) — (F3) and (V) the functional I satisfies the (PS) condition.

Proof of Lemma 5. Let {;} be a sequence such that {I(u;)} is bounded in X and I'(u;) — 0 in X*.
Then, there exists a constant C; > 0, s.t.

1)l < G, 11yl < Co.

By (F,) we have

C
Cy + ?1|\u]-|| > = < I'(uj),u; > —I(u))

Vv
/N
= | =
I
<=
"
=
=

Then, {u;} is a bounded sequence in X and up to a subsequence, still denoted by {u;}, u; — u
weakly in X. There exists M, > 0, such that |[u;]| < My, ||u|| < M. By Lemma 2, u,, — u in L3(R)
and by Lemma 3, f(t, uy(t)) — f(t,u(t)) in L2(R) . By Holder inequality we have:

/ a(t) (F(t5(6)) = £t () ((8) - u(t))at
”T Flbui(8)) — £t u()))ar () (u;(E) — u(t))dt

I
\

p-1

A”T/ o(oluo) = u(o)Pde [ 17(eui0)) = o, Fra) T

IN

As in the proof of Lemma 3, by assumption (F), b € L (R) and Holder inequality we have for

p1=%>1:
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U (0) = e () Pt

< om-l / b(t)|71| <|uj(t)|(‘7_1)”1 + |u(t)\(‘7‘1)”1)dt
-1 q-1
1 P = p—
< om (/ b7 th) ((/ Juj |Pdt) +</R|u|pdt> )
< 2p1||b‘ L (‘7 1)!’1.

LP—4
Then, by u; — uin L2(R) it follows that I = 0 as j — oo. Next, we have
uj —ul|P << I'(uj) = I'(u),u; —u > +1;,
which shows that u; — uin X. 0O

Next, we recall a minimization theorem which will be used in the proof of Theorem 1. (see [16],
Theorem 2.7 of [13]).

Theorem 2. (Minimization theorem) Let E be a real Banach space and | € C'(E,R) satisfying (PS) condition.
If | is bounded below, then ¢ = infg I is a critical value of |.

We will use also the following generalization of Clark’s theorem (see Rabinowitz [13], p. 53) due
to Z. Liu and Z. Wang [17]:

Theorem 3. (Generalized Clark’s theorem, [17]) Let E be a Banach spa ce, | € Cl(E,R). Assume that |
satisfies the (PS) condition, it is even, bounded from below and J(0) = 0. If for any k € N, there exists
a k—dimensional subspace E* of E and py > 0 such that SUPEkns,, ] <0, where Sy = {u € E, |[u|g = p},
then at least one of the following conclusions holds:

1. There exists a sequence of critical points {uy } satisfying J(uy) < 0 for all k and limy_, ||uk| g = 0.
2. There exists r > 0 such that for any 0 < a < r there exists a critical point u such that ||u||p = « and

J(u) =0.

Note that Theorem 3 implies the existence of infinitely many pairs of critical points (uy, —u),
up # 00f ], s.t. J(ug) <0, limy_, 4o J(ug) = 0 and limy_, ;o [lug || £ = 0.

Lemma 6. Assume that assumptions (A), (F,) and (V') hold. Then the functional I is bounded from below.

Proof of Lemma 6. By (F;) and the proof of Lemma 3 we have

IF(t,u)] < ;b<t>|u|‘7.

and
) = Sl = [ a()F(eu(t)d
> Sl =2 [ bolat _
> ;Huup—(/ b an) " ([ nopar)”
1
>

Lo~ 4 q,
pIIMII qll 1 e, ]
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By p > q it follows that I is bounded from below functional. O

3. Proof of the Main Result

In this section we prove Theorem 1. The proof is based on the minimization Theorem 2 and
multiplicity result Theorem 3. Their conditions are satisfied according to Lemmas 1-6.

Proof of Theorem 1. The functional I satisfies the assumptions of minimization Theorem 2. Let u( be
the minimizer of I. Since I(0) = 0 to show that ug # 0, let us take v € Wg’p (J), where ] is the interval
from condition (F3). Suppose that ||v||c < 1. Then for A > 0 by (F3)

):HUW - /]'a(t)l-“(t,?w(t))dt

AP
< ?||v||p—cx\q/a(t)|v(t)|‘7dt.
]

I(Av)

By 1 < g < p and the last inequality it follows for A sufficiently small and Ag > A > 0 I(Av) < 0.
Then (1) = min{I(u) : u € X} < I(Av) < 0and 1 is a nonzero weak solution. Let the condition (Fj)
holds additionally. We show that the functional I satisfies the assumptions of Theorem 3. We construct
a sequence of finite dimensional subspaces X, C X and spheres S!~! C X, with sufficiently small
radius r, > 0 such that sup{I(u) : u € S!"1} < 0.Let] = (a,b) C Rand for k € {1,2,..,n}
Jr = (xx_1,x;) , where x, = a+ %(b — a). Next, we choose functions v, € C3(J) such that ||vg||e < 00
and [[og|[x = 1.

Let X,, be the n— dimensional subspace X, := span{vy, ..., v} C X and

S’;*l ={ue X, :||lullx =p}

Foru =Y} ; cxv € X;, we have

[l

L (1" @1 =l O] +VE) u))?) at

3 led? [ (O ~wloh(OF + V(o))
j=k Jk

n

= ) lol”

k=1

By analogous way for v, = f]k(|vk(t) |7dt > 0 we have

n
[Tl = Y vileel” ®)
k=1
The space X, is n-dimensional and the norms ||.|| and ||.||, are equivalent. There are positive
constants dy, and dy;, s.t.
dunlul| < |ulln < donllull,  Vu € Xa. ©

Then, for u € X, N STﬁl

I(Au) fww-éﬁumemmw

p n

< Al AT Y- Jeel? [ a(o)oulo)a
p =1 7 Jk
p

< 2wwﬁmmww
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By 1 < g < p and the last inequality it follows that I(v) < 0 forv € S° | 1= {u € X, : ||u|| = p}.
Finally, all assumptions of Theorem 3 are satisfied and by Remark 1 there exist infinitely many weak
solutions {u;} of the problem (1), such that I({u;}) < 0 and ||u;|| — 0. By imbedding X C L*(R) it
follows that [|uj||cc — 0 as j — oo which completes the proof. [

4. Conlusions

In this paper, we obtained the existence of infinitely many homoclinic solutions of Equation (1)
under conditions (A), (F1) — (Fy), (V) in the case 1 < q < 2 < p. The equation is an extension of the
stationary Fisher-Kolmogorov equation which appears in the phase transition models. The variational
approach is applied based on the multiple critical point theorem due to Liu and Wang. It will be
interesting to extend the result to the case 1 < g < p < 2.
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