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Abstract: In this paper, we discuss two well-known coefficient functionals aza4 — a3 and a4 — ayas.
The first one is called the Hankel determinant of order 2. The second one is a special case of
Zalcman functional. We consider them for functions in the class QR(%) of analytic functions with

real coefficients which satisfy the condition Re @ > 1 for z in the unit disk A. It is known that all
coefficients of f € QR(%) are bounded by 1. We find the upper bound of a3a4 — a3% and the bound
of |ay — apa;|. We also consider a few subclasses of Qg () and we estimate the above mentioned
functionals. In our research two different methods are applied. The first method connects the
coefficients of a function in a given class with coefficients of a corresponding Schwarz function or
a function with positive real part. The second method is based on the theorem of formulated by
Szapiel. According to this theorem, we can point out the extremal functions in this problem, that is,
functions for which equalities in the estimates hold. The obtained estimates significantly extend the
results previously established for the discussed classes. They allow to compare the behavior of the
coefficient functionals considered in the case of real coefficients and arbitrary coefficients.

Keywords: coefficient problems; analytic functions; Schwarz functions; starlike functions; functions
convex in one direction

MSC: 30C45; 30C50

1. Introduction

Let A be the unit disk {z € C : |z| < 1} and A denote the class of all functions f analytic in A
with the typical normalization f(0) = f/(0) — 1 = 0. This means that the function f € A has the
following representation

flz)=z+ ianz". (1)
n=2

Additionally, we denote by A the class of those functions f € A whose all coefficients are real.
In this paper we discuss two functionals

aray — u32 (2)

and
Ay — apas 3)
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considered for functions of the form (1) in a given class A C A.

Recently, these functionals have been widely discussed. The research mainly focused on
estimating so called Hankel determinants. Pommerenke (see [1,2]) defined the k-th Hankel determinant
for a function f of the form (1) and n,k € N as

an Apt1 --+ Apik-1
Ap+1 Any2 .- Antk
Hi(n) = 1| . :
Ap+k-1  Antk --- An2k-2

In a view of this definition, a;a4 — u% is the second Hankel determinant (more precisely, H(2)).

The sharp bounds of |a,a4 — a3?| for almost all important subclasses of the class S of analytic
univalent functions were found (see, for example, [3-8]). It is worth noting that we still do not know
the exact bound of this expression for S, nor for C consisting of all close-to-convex functions (see [9]).
On the other hand, finding the bounds, upper and lower, for classes of analytic functions with real
coefficients is a much more complicated task. For this reason, only a few papers were devoted to
solving this problem. Such result for univalent starlike functions was obtained by Kwon and Sim ([10]).
Furthermore, similar problems for functions which are typically real were discussed in [11].

The functional a4 — apa3 is a special case of the so-called generalized Zalcman functional which
was studied, among others, in [12,13]. The generalized version of this functional, that is, a4 — pasas,
was discussed in [14].

We start with considering (2) and (3) in the class QR(%) of analytic functions given by (1) which
satisfy the condition

Re@>% , zZEN. (4)

It is known that all coefficients of f € QR(%) are real and bounded by 1.

The class QR(%) contains three well-known, important subclasses of univalent functions: Kg
of convex functions, Sﬁi(%) of starlike functions of order 1/2, Kg(i) of functions that are convex in
the direction of the imaginary axis. Two other classes 7 (1) and W consisting of functions defined
by specific Riemann-Stieltjes integrals are also included in QR(%). The precise definitions of these
classes will be given in Section 3. In this section we show the partial ordering of the mentioned above
subclasses of QR(%) with respect to the relation of inclusion. Clearly, the coefficients of functions
in each subset of QR(%) are bounded by 1. What is interesting, this number cannot be improved.
Finding the estimates of aya4 — a32 and a4 — ayas gives additional information about the richness of
these classes (compare [15]).

All functions in O ( %) and in other classes discussed in this paper have real coefficients. For this
reason, it is interesting to find not only the bounds of moduli of (2) and (3), but also their upper and
lower bounds. On the other hand, it is clear that if the following property

feA ifandonlyif —f(-z)€A ()
holds for all functions f in a given class A, then

min{ay —aaz : f € A} = —max{ay —apaz: f € A}. (6)

The same property is not true for the functional ayay — 3.

2. Estimates for the class Qg (3)

The coefficients of f € Or(3) can be expressed in terms of the coefficients of a relative function
p in the class P or in terms of the coefficients of a relative function w in the class (By)r. Recall that
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P and (B)) denote the class of functions with positive real part and the class of functions such that
w(0) =0and |w(z)| < 1.
If f e QR(%) is of the form (1), p € Pgr and w € (By)g are of the form

p(z) =1+ p1z+ paz® + ... (7)

and
wz)=cz+e?+..., (8)

then

anp = %pn—l
and
a =c1, as :c2+012, ay :c3—|—2c1cz+c13.
For this reason, we have

ias — a3” = §(p1ps — p2*) = c1c3 — ¢ ©)

and
s — 203 = 3(p3 — 3p1p2) = 3+ c1ca . (10

To obtain our results we need the estimates for initial coefficients of Schwarz functions.
Lemma 1 ([16]). If w € By is of the form (8), then
] <1, el <1=lal?, les(1=|er]?) +e1e2?] < (1= [e1]?)* = [eal* .
If, additionally, w has real coefficients, we have the following fact.
Corollary 1. If w € (By)g is of the form (8), then
2

2 c2
3<1—0c1"— .
3= 1 1—C1

We also need the generalized Livingstone result obtained by Hayami and Owa.
Lemma 2 ([17]). If p € P is of the form (7) and u € [0, 1], then
ps —ppipal < 2.
The following sharp result was also proved by Hayami and Owa.

Theorem 1 ([17]). If f € QR(%), then
|azay —as?| < 1. (11)
Equality holds for f(z) = %

z2°

Observe that for f(z) = 17 we have ayay — a3%> = —1, which means that
min {a2a4 —a3? 1 f € Or (%)} =-1.

Now, we shall derive an upper bound of this functional for Qg (3).
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Theorem 2. If f € QR(%), then

2
Aoy — a3? < g —0384.... (12)

Proof. Applying (9) and Corollary 1,

622

1—C1

apay — az® = cic3 — 22 < (1 —¢12) — =:Iy(c1,¢2) .

After simple calculation,

w

hy(c1,c2) < h1(%,0) = % .
O

The estimate of |as — apa3| for Or(}) is also easy to obtain. It is enough to apply (10) and
Lemma 2.

Theorem 3. If f € QR(%), then
ay —azaz] < 1. (13)

Equality holds for f(z) = 1=

3

3. Other Classes with Coefficients Bounded by 1

We know a few other subclasses of A consisting of functions with real coefficients bounded by 1:
the class g of convex functions, the class Sﬁ%(%) of starlike functions of order 1/2, and the class K (7)
of functions that are convex in the direction of the imaginary axis. The same property also holds for
T (%) and W defined as follows

1
T() = {1) = [[| mopit), t € [-1,1), wE R L1y} a8
and ’
w={fG) = [ Zpdn, e 11 we Ly (15)

where P|_; ;) is the set of probability measures on the interval [—1,1].
For convenience of the reader, let us recall that an analytic and normalized function belongs to
Kr and Sfé(%) when the following conditions are satisfied, respectively

Re (1 + ZJ{:;E?) >0 , zeA (16)
and ,
ReZJ{(S) >1 , zea. (17)

The class K (i) is related to the class 7 of typically real functions. Namely, for all z € A there is
feKr(i) < zf(z) €T. (18)
The classes defined above can be ordered in the following chains of inclusions:
Kr C Sp(1/2) c T(1/2) € Q(1/2),

Kr C ’CR(Z> - 7'(1/2) C Q(l/Z) ,
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W C Kg(i) C T(1/2) C Q(1/2).

The first inclusion in the first chain is the famous theorem of Marx-Strohhécker ([18]). In [19]
Hallenbeck proved that S (1/2) C 7(1/2). In fact, he proved that 7(1/2) is a closed convex hull
fo Si(1/2). Robertson proved in [20] that if f € KCg(i) then Re(f(z)/z) > 1/2, or, in other words,
feQ(l/2).

The inclusion Kg C Kg(i) is obvious. The proof of the relation g (i) C 7(1/2) can be found
in [21].

To prove the third chain of inclusions, observe that YW C Kg(i). Indeed, {z/(1 —1tz) : t €
[—1,1]} C Kg, so the closed convex hull of the set {z/(1 — tz) : f € [-1,1]} is included in the closed
convex hull of K equal to Kg(i). The successive inclusions have already been shown.

Moreover,

W¢ICR and ICR¢W

The first statement follows from the fact that f1(z) = —%5, as a convex combination of the

1—z27
functions 1% and 1%, belongs to WV, but it does not belong to K. To show the second statement, it is

enough to consider f,(z) = z — §2°. Since

1" 2
Re(1+Z ,Z(Z)) “Re =2 ) >0,
f: 2 (z) 1- 322
this function is in K. From the formula for the coefficients of functions in WV it follows that a3 > 0 for
each f € W, butaz = —1/9 for f,. Consequently, f, does not belong to W.

It is easy to check that
Kr(i)  Sx(3) and Si(3) & Kr(i) -
It is clear that for f1(z) = ;%5 € Kg(i) there is Zjﬁz{((zz)) = ifﬁ Consequently, fi ¢ Si(3).

: _ _z 2fi(z) _ 1 zf3(2)
On the other hand, for the function f3(z) = i We have AG) T Hence, Re G 1/2

and f3 € Si(1). The image set f3(A) coincides with the domain lying between two branches of the
hyperbola (Rew)? — (Imw)? < 1/2. This means that f is not in K (i).
From the argument given above and Theorem 1 we obtain

Corollary 2. Let A denote one of the classes: T (), Kg (i) and W and let f € A. Then

lagay —az?| < 1.

Equality holds for f(z) = 1%.

In our research two different methods are applied. The first method connects the coefficients of a
function in a given class with coefficients with a corresponding Schwarz function or a function with
positive real part. The second method is based on the Szapiel theorem. According to this theorem,
we can point out the extremal functions in this problem, that is, functions for which equalities in the
estimates hold.

4. Estimates for Kp and Sﬁi(%)

We know that the estimate given in Corollary 2 is true but not sharp for X and Sﬁ(%), because
the function f(z) = 1% does not belong to either of them. In [5] it was shown that the sharp bound

of |ayay — a3%| in Kg is 1/8 and the extremal function is

f(Z):%arctan(%) :Z+%22—}1Z4—|—....
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On the other hand, |asay — a3%| < 1/4in Sﬁi(%) (see [3]) and the extremal function is

f(z) = 1iz2 :z+%z3+%z5—|—... .
Let f € Kg and w € (By)g be given by (1) and (8), respectively. From the correspondence

between K and (By)g, that is,

zf"(z) 14 w(z)

e T 1wl

19)
we obtain
(1 + 4ayz + 9a322 + 16a4z3 .. ) . (1 — 1z — c222 —.. ) =
(1+2a2z + 3a32> + 4ayz>...) - (1 +oz4 0z + .. ) . (20

Consequently,
2 3
a2:c1,a3:%cz+cl ,a4:%63+%clcz+61 . (21)

Putting these formulae into (9) and (10) we have
apay — El32 = %C1C3 + %C12C2 — %CZZ (22)

and
ag — draz = %(C(; + 3C1C2) . (23)

Theorem 4. If f € Ky, then

1. apay —az? < 0.066. ..,
2. |ag—apas| < 42 = 0256....

Proof. Let f € K.
I. By Lemma 1,

2+c
aray — a32 < % <C1(1 — 612) —|—C12€ — %1 — Ci 622> =: hl(Cl,Cz) .

The critical points of & are the solutions of the system

_ 3(-c1) . 2
{CZ = 201 2

1—3C12+261C2—( 2 )2:0.

1—61

From this system we have
12¢1° +33¢1* + 24013 + 44012 — 161 — 16 = 0.

Hence, the critical points, satisfying the first two inequalities of Lemma 1, are as follows
(—0.468...,0.315...),(0.593...,0.082...) and

h1(—0.468...,0.315...) =0.055... , h1(0.593...,0.082...) =0.066... .

Since ¢; € [-1,1],
hl(Cl,l *Clz) = *%(1 *C12)2 <0

and
hl (C1/ -1+ C12) = —%(1 — Clz)(l +2C12) <0.
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This means that aya, — a3> < 0.066. . ..
II. From Lemma 1,

2

c
ag — axaz < % (1_C12_1—261

+ 3c1c2> =:hy(c1,02) .

The points (0,0) and (10/27,85/243) are the only critical points of h,. For these points 1, (0,0) =
1/6 and h,(10/27,85/243) = 1156/6561 = 0.176 . ... Moreover,

ha(c1,1—c1%) = (e — 1) < 92%

and
ha(c1,—1+4¢1%) = —%(c1 —¢1°) < %\/3 .
The relation in (6) and the above results give the declared bound. [
From the definition of the class Sﬂg(%) we can represent a function f of this class as follows
2f'(2) 1
= , W E (B())R. (24)
flz2) 1-w(z)
Let f and w be given by (1) and (8), respectively. Comparing the coefficients of both sides in
(z+2a222+3a323+...) . (1—612—6222—...) :z+a222+a323+... ,
we obtain
1y — 1 2 =1 7 3
2=20C1,03 = 5C+C1", a4 = 303+ gc1ca + 17 . (25)
Putting these formulae into (9) and (10) we have
aray — a32 = %C]C3 + %61262 - %622 (26)
and
ag — apds = %(Cg + 2C1(12) . (27)

Theorem 5. If f € S (1), then

1. apay —az% <0.129...,
2. |ag — agaz| < 23 —0384....

Proof. Let f € S (3).
I. By Lemma 1,

34+
aay —as* < % <C1(1 —c1?) + 301%cr — %1 _— 0® ) =t hz(cy,c2) .

The critical points of h3 are the solutions of the system
34c c 2

l*Cl

1—3¢,2 +crop — (152 )2:0.

Cr =

We consider only the points lying in the set

{(cl,cz) —1<0<1,-14¢2<<1 —clz}
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(compare, Lemma 1). Hence, we obtain the equation
c1° +601% 4+ 15¢1% +26c12 — 601 —9=0.
The critical points are: (—0.543...,0.185...) and (0.581...,0.039...). For these points,

h3(—0.543...,0.185...) = —0.123... and h3(0.581...,0.039...) =0.129... .

Moreover,
ha(cr,1—c1?) = —5(1—c1?)(3—c1?) <0

and
ha(er, ~1+a?) = —3(1— ) (1 +e1%) <0.
This means that a,a, — a3? < 0.129. . ..

II. From Lemma 1,

2

ag — araz < % <1 — - + 2c1c2> =:hy(cy,c2) .

1*61

The point (0,0) is the only critical point of #4 and h4(0,0) = 1/3. Moreover,

ha(cr,1—c%) = 3(a1 — 1) < N

S

and

B

hy(c1, —1 —|—C12) = —C +C13 <=5

The relation in (6) and the above results give the declared bound. O

5. Preliminary Results for 7(3), Kr(i) and W

Let X be a compact Hausdorff space and [, = [y J(t)du(t). Szapiel in [22] proved the
following theorem.

Theorem 6 ([22], Thm.1.40). Let J : [a, B] — R" be continuous. Suppose that there exists a positive integer k,
such that for each non-zero p in R" the number of solutions of any equation (](_;f), p)=const,a <t<Bis
not greater than k. Then, for every y € Py, ) such that ], belongs to the boundary of the convex hull of ] ([a, B),
the following statements are true:
1. if k = 2m, then

(a) | supp(p)| < m

or

(b) | supp ()| = m + Land {a, B} C supp(p),
2.ifk =2m+1, then

(a)] supp(p)| < m

or

(b) | supp(p)| = m + 1 and one of the points w, B belongs to supp (i) .

In the above the symbol (if, 7 ) denotes the scalar product of vectors if and 7, whereas the symbols
Px and |supp(u)| denote the set of probability measures on X and the cardinality of the support
of u, respectively.

Observe that the coefficients 4, of a function f belonging to the classes T(%), Kg(i) and W can
be expressed by

1
oy = /_ Ana(Ddu(t), (28)
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where A, (t) is a polynomial of degree n.

Taking into account the fact that we estimate the functionals a,a, — a3% and |ay — a5a3|, depending
only on 3 coefficients of f, it is enough to consider the vectors J(t) = [A1(t), Ax(t), A3(t)], t € [-1,1]
and g = [p1, p2, p3]. We can observe that

p1A1(t) + p2Aa(t) + p3As(t) = const, te [—1,1] (29)

is a polynomial equation of degree 3. Therefore, the Equation (29) has at most 3 solutions.

In particular, for the classes 7(3), Kr(i) and W, it is known that A,(t) are the Legendre
polynomials P, (t), the Chebyshev polynomials Uy, () and the monomial ", respectively.

For a given class A C Ag, we denote by ()(A) the region of variability of three succeeding
coefficients of functions in A, that is, the set {(a2(f), a3(f),a4(f)) : f € A)}. Therefore, (7 (3)) is
the closed convex hull of the curve

7 (=LA 3t (Po(E), Pa(t), Ps(1))
Q(Kg(i)) is the closed convex hull of the curve
72 [-1,1] 5t (Un(t), Ua(t), Us(t))
and Q(W) is the closed convex hull of the curve
yii[=1,1] 3t (t,tz,t?’) .

According to Theorem 6, the boundary of the convex hulls of ¢ ([—1,1]), k = 1,2, 3 are determined
by atomic measures y for which the support consists of 2 points at most with one of them being equal
to —1 or 1. In this way, we have proved the following lemmas.

Lemma 3. The boundary of (T (1)) consists of points (az, a3, as) that correspond to the following functions

z

N TR

+(1—a) ael0,1], te[-1,1] (30)

1—-z’

or
z

@ :a\/1—2t2+zz N

Lemma 4. The boundary of Q(Kg(i)) consists of points (ay, a3, as) that correspond to the following functions

(1—a) ael0,1], tel-1,1]. (31)

_Z
14z’

zf/(z):le_ztzﬁ+(1—tx)(1_zz)2, ael0,1, te[-1,1] (32)
or .
zf’(z):am+(1—a)(1+z)2, xel0,1], te[-1,1]. (33)

Lemma 5. The boundary of (W) consists of points (ay, a3, as) that correspond to the following functions

ya z
fE) =ar=r+(—a)——, «€l01], te[-11] (34)

or

+(1—«a)

Z
o ccb1, tel-11]. (35)

6. Estimates for the Class 7(3), Kr (i) and W
Now, we are ready to derive the sharp bound of (9) and (10) in T(%), Kgr(i) and W.
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Theorem 7. If f € T (1), then

1. |ag —axa3| < B¢,
2. apay —az? < 0.204....

The results are sharp.

Proof. Function (30) has the Taylor series expansion

f@) =2+ Y [P () + (1 — a)Ppy(1)] 2 36)
k=2

Let ay — azaz = g1(w, t) and axay — a3 = g»(a, t). Using (36), we can write

g1(a,t) = [aP3(t) + (1 — &) P5(1)]

(37)
= [wPr(t 4+ (1= a) P ()] - [wP2(t) + (1 = ) P (1)],
where
Pi(t)=t, Py(t)=1(3*-1) and Ps(t) = (5 —3t).
Therefore,
gl t)=3a(l—a)1 -1 —-)—(1-Fa+(1-t)a. (38)
Similarly,
£2(00) = (8P (1) + (1= )P (D] [4P5(8) + (1 = 0)P3(1)] o)
— [aPy(t) + (1= a) P2(1)]* .
Hence,
golat) = 1a2(#* — 1) + a1 — ) (gﬁ —32 - 1t 1) . (40)
It is easy to conclude that for function (31) we have ay — aa3 = —g1(«, —t) and axas — a32 =
92 (a, —t). For this reason, it is enough to discuss only the function given by (30).
I. The critical points of g; inside the set [0,1] x [—1,1] coincide with the solutions of the system
F(1—12)[(6a —5)t —6a+3] =0
T [2(15—9a) + 6t(a — 1) +3ax —5] =0.
From the first equation we have t = 2&:3. Putting it into the second one, we obtain only one
critical point & = %, t= —% and gl(%, —%) = %.

Now we need to verify the behavior of the function g;(«,t) on the boundary of the set [0, 1] x
[—1,1]. We have
81(0,1) = g1(a, =1) = g1(a,1) =0

and
q(Lt) =6 —t
Fort € [—1,1] there is %‘/5 <g(Lt) < #.
Therefore, we conclude that g7 (a, t) < 338 for all (a, t) € [0,1] x [—1,1]. Taking into account (6),
we obtain the same estimates of |¢1 (&, t)| < %. The equality holds for the function (30) with a = %
and t = — 7, so the extremal function has the form

— 15/

f(z):z—i—%zz—i—gzg’—k%z‘l—i—....
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Thus, the estimate is sharp.
II. Now, we shall derive the greatest value of g («, t) for « € [0,1] and t € [—1,1]. The critical points of
¢ inside the set [0, 1] x [—1, 1] coincide with the solutions of the system of equations

J(t=1) [at? +12(5—9a) +t(3a — 1) +5a — 2] =0
o [at3+ 1(1 — ) (152 — 12t — 1)} =0.

. _ 152412441 PP . .
From the second equation we have & = 75=5-5-57-=. Combining it with the first equation we

obtain « = 0.403...,t = —0.076... and g»(0.403...,—0.076...) = 0.204.. ..
If we examine the behavior of g, («, ) on the boundary of the set [0,1] x [—1,1], we have g»(0,t) =

(1) =0,
(e, —1)=—4a(1-a) <0 and g(1,t)=1(*—-1)<0.

Therefore, we conclude that for all («, ) € [0,1] x [—1,1] we have g (a, t) < 0.204.. .. The equality
holds for function (30) with « = 0.403...and t = —0.076. ... Thus, the estimate is sharp. [

Theorem 8. If f € Ky (i),

1. |ag — ﬂzﬂ3| <3 1243 ,
2 a2u4—a3 <

The results are sharp.

Proof. Observe that the function given by (32) has the following Taylor series expansion

»\H

2f(z f QU1 () + (1 — ) Uy (1)] 2 (a1)

Let ay — ayas = g3(a, t) and ayay — a3 = g4(a,t). Using the same reasoning as in the proof of
Theorem 7, we consider the function given by (32).

Notice that
g(a,t) =1 [odlg(t) + (1 —a)U3(1)] @)
— g lali (t) + (1 = a)Ur (1)] - [alla(f) + (1 — ) U2(1)] ,
where
Uy(t) =2t, Uy(t) =4t* -1, Us(t) =8 —
Hence,
g3(a,t) = (21‘3 - t) +(1—a)—iat+1—a) [a(4t2 —-1)+3(1 - tx)} . (43)
Similarly,
ga(a,t) = glaly () + (1 = a)Us (1)] - [alis () + (1 — a)Us(1)] )
= [atia(t) + (1 =) ()] .
Hence,
ga(a,t) = (at +1—a)[a (2 — ) + (1 —a)] — [x(4? — 1) +3(1 — ). (45)

I. Similarly, as in the proof of Theorem 7, we find that (%, - %) is the only critical point of g3 inside the
set [0,1] x [—1,1]. Therefore, g3(%, —3) = %.
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Now, we need to study the behavior of g3(«, t) on the boundary of the set [0, 1] x [—1,1]. We have

83(0,t) = g3(a, —1) = g3(a, 1) =0

and
_ 4 <
Fort € [—1,1], there is \f g23(1,t) < 9\[
Taking into account the previous reasoning, we obtain the desired estimation |g3(a, t)| < 3.
The equality holds for function (32) with ¢t = —% and & = %, so we obtain the extremal function

1 (135 11 1,2, 31,3, 281
f(z) = 5 (@arctan(£§)+l Zz) =z+g + 57+ fer +-

Thus, the estimate is sharp.

IL It is easy to verify that (3,0) is the only critical point of g4 inside the set [0,1] x [—1,1]. Therefore,

84(%/0) = %

Analyzing the behavior of the function g4(«, t) on the boundary of the set [0,1] x [—1,1], we have

ga(a,1) = g4(0,1) =0, gu(L,t)=3§(2* —*—1) <0

and
ga(w, —1) = 4% — 44 < 0.

Hence, we conclude that g4(a,t) < % for all (a,t) € [0,1] x [-1,1]. The equality holds for

function (32) with « = % and ¢t = 0, so we obtain the extremal function
flz)=1 (3arctanz + 1‘%) =z+ 322+ 32 + 82+ .
Thus, the estimate is sharp. O
For the function given by (34) we have
m=at+1l—n,a3=at>+1—a, a3 =at’+1—n.

Therefore,
ay —apaz = (1 —a)(1+£)(1 —t)?

and
apay —a3? = a(1 —a)t(1 —t)2.

Fora € [0,1] thereis a(1 —a) < 1, s0

lag — azas| = ay —agaz < 11— 1)(1 —1)%.

The latter attains the greatest value for t= % Hence, |a4 — aza3] < %
The equality holds for (34) with« = 1 and t = —1, so for
fo) = g =2 +37+ 52+ B+

Furthermore, observe that

max{ayay —az® 1w € [0,1],t € [-1,1]} = max{apay —az®: 2 € [0,1],t € [0,1]} .



Mathematics 2020, 8, 491 13 of 14

Hence,
aay—a? < H(1-t)2 < L.

In this way we have proved the following theorem.

Theorem 9. If f € W, then

The results are sharp.

7. Concluding Remarks

In this paper we derived the upper estimates of the functionals aa4 — 3% and |ag — apa3| for the
functions in the subclasses of QR(%). In the paper two different methods were applied. In the first
method we expressed the coefficients of a function in a given class by coefficients with a corresponding
Schwarz function or a function with positive real part. The second method was based on the Szapiel
theorem. This theorem allowed us to obtain the sharp bounds of the functionals (9) and (10) and to
point out the extremal functions.

Itis clear thatif A; C Ay, then

max{a2a4 — a32 : f S Al} < max{a2a4 — 1132 Zf € Az}

and
max{|ag —apaz| : f € A1} < max{|ag —apaz|: f € Ay} .

The obtained results satisfy the above inequalities and coincide with the inclusions presented in
Section 3.
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