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Abstract: We introduce the concrete category CRelp(H) [resp. CRelg(H)] of cubic H-relational
spaces and P-preserving [resp. R-preserving] mappings between them and study it in a topological
universe viewpoint. In addition, we prove that it is Cartesian closed over Set. Next, we introduce the
subcategory CRelp g (H) [resp. CRelg g(H)] of CRelp(H) [resp. CRelg(H)] and investigate it in
the sense of a topological universe. In particular, we obtain exponential objects in CRelp g (H) [resp.
CRelg r(H)] quite different from those in CRelp(H) [resp. CRelg (H)].
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1. Introduction

In 1984, Nel [1] introduced the concept of a topological universe which implies quasitopos [2].
Its notion has already been put to effective use several areas of mathematics in [3-5]. After then,
Kim et al. [6] and Lee et al. [7] constructed the category NSet(H) of neutrosophic H-sets and morphisms
between them and the category NCSet(H) of neutrosophic crisp sets and morphisms between them,
and they studied each category in the sense of a topological universe. On the other hand, Cerruti [8]
constructed the category of L-fuzzy relations and obtained some of its properties. Hur [9,10] [resp.
Hur et al. [11] and Lim et al [12] formed the category Rel(H) of H-fuzzy relational spaces [resp. IRel(H)
of H-intuitionistic fuzzy relational spaces and VRel(H) of vague relational spaces] and each category
was investigated in topological universe viewpoint.

In 2012, Jun et al. [13] introduced the notion of a cubic set and investigated some of its properties.
After that time, Ahn and Ko [14] studied cubic subalgebras and filters of CI-algebras. Akram et al. [15]
applied the concept of cubic sets to KU-algebras. Jun et al. [16] dealt with cubic structures of ideals of
BCl-algebras. Jun and Khan [17] found some properties of cubic ideals in semigroups. Jun et al. [18]
studied cubic subgroups. Zeb et al. [19] defined the notion of a cubic topology and investigated some
of its properties. Recently, Mahmood et al. [20] dealt with multicriteria decision making based on cubic
sets. Rashed et al. [21] applied the concept of cubic sets to graph theory. Yaqoob et al. [22] introduced
the notion of a cubic finite switchboard state machine and studied its various properties. Ma et al. [23]
define a cubic relation on H,-LA-semigroup and investigated some of its properties. Kim et al. [24]
defined cubic relations and obtained some their properties.

In this paper, we study the category of cubic relations and morphisms between them in the sense
of a topological universe proposed by Nel. First, we define the concept of a cubic H-relational space
for a Heyting algebra H and introduce the concrete category CRelp(H) [resp. CRelg (H)] of cubic
H-relational spaces and P-preserving [resp. R-preserving] mappings between them, and obtained

Mathematics 2020, 8, 482; d0i:10.3390/math8040482 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0003-2677-2001
http://dx.doi.org/10.3390/math8040482
http://www.mdpi.com/journal/mathematics
https://www.mdpi.com/2227-7390/8/4/482?type=check_update&version=2

Mathematics 2020, 8, 482 2 0of 18

some categorical structures and give examples. In particular, we prove that the category CRelp(H)
[resp. CRelg (H)] is Cartesian closed over Set, where Set denotes the category consisting of ordinary
sets and ordinary mappings between them. Next, we introduce the subcategory CRelp g (H) [resp.
CRelg r(H)] of CRelp(H) [resp. CRelg(H)] and investigate it in the sense of a topological universe.
In particular, we obtain exponential objects in CRelp g(H) [resp. CRelg r(H)] quite different from
those in CRelp(H) [resp. CRelr(H)].

2. Preliminaries

In this section, we list some basic definitions for category theory which are needed in the next
sections. Let us recall that a concrete category is a category of sets which are endowed with an unspecified
structure. Refer to [25] for the notions of a topological category and a cotopological category.

Definition 1 ([25]). Let A be a concrete category.

(i)  The A-fiber of a set X is the class of all A-structures on X.
(ii) A is said to be properly fibered over Set, if it satisfies the following:

(a)  (Fiber-smallness) for each set X, the A-fiber of X is a set,
(b)  (Terminal separator property) for each singleton set X, the A-fiber of X has precisely one element,
(c) if & and n are A-structures on a set X such that id : (X, ) — (X, n) and id : (X,57) — (X,{) are

A-morphisms, then § = 1.

Definition 2 ([26]). A category A is said to be Cartesian closed, if it satisfies the following conditions:

(i)  for each A-object A and B, there exists a product A x B in A,

(ii)  exponential objects exist in A, i.e., for each A-object A, the functor A X — : A — A has a right adjoint,
i.e., for any A-object B, there exist an A-object B and a A-morphismesp : A x BA — B (called the
evaluation) such that for any A-object C and any A-morphism f : A x C — B, there exists a unique
A-morphism f : C — B such thateq o (14 x f) = f, i.e., the diagram commutes:

A x BA CAB B

E|1AX7 f

AxC
Definition 3 ([1]). A category A is called a topological universe over Set if it satisfies the following conditions:

(i)  Ais well-structured, i.e., (a) A is concrete category; (b) fiber-smallness condition; (c) A has the terminal
separator property,

(ii) A is cotopological over Set,

(iii) ~ final episinks in A are preserved by pullbacks, i.e., for any episink (g; : X; — Y)j and any A-morphism
f:W =Y, the family (ej : U; — W), obtained by taking the pullback f and g;, for each j € ], is again
a final episink.

Now refer to [13,27-34] for the concepts of fuzzy sets, fuzzy relations, interval-valued fuzzy sets
and interval-valued fuzzy relations, neutrosophic crisp sets, neutrosophic sets and operation between
them, respectively.
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3. Properties of the Categories HRelp(H) and HRelg (H)

In this section, first, we write the concept of a cubic set introduced by Jun et al. [13] (Also, see [13]
for the equality A = B and orders A C B, A € B for any cubic sets A, B, the complement A° of a
cubic set A, and the unions A LU B, AU B and intersections A1 B, AW B of two cubic sets A, B). Next,
we introduce the category CRelp(H) [resp. CRelg (H)] consisting of all cubic H-relational spaces and
all P-preserving [resp. R-preserving] mappings between any two cubic H-relational spaces and it has
the similar structures as those of CSetp(H) [resp. CSetg(H)] (See [35]).

Throughout this section and next section, H denotes a complete Heyting algebra (Refer to [36,37]
for its definition) and [H] denotes the set of all closed subintervals of H.

Definition 4 ([13]). Let X be a nonempty set. Then a complex mapping A =< A, A >: X — [I] x I is called
a cubic set in X, where I = [0,1] and [I] be the set of all closed subintervals of I.

A cubic set A =< A, A > in which A(x) = 0and A(x) = 1 (resp. A(x) = 1and A(x) = 0) for each
x € X is denoted by 0 (resp. 1).

A cubic set B =< B, u > in which B(x) = 0 and u(x) = 0 (resp. B(x) = 1 and u(x) = 1) for each
x € X is denoted by 0 (resp. 1). In this case, 0 (resp. 1) will be called a cubic empty (resp. whole) set in X.

We denote the set of all cubic sets in X by ([I] x I)X.

Definition 5. Let X be a nonempty set. Then a complex mapping R =< R,A >: X x X — [H| x H is called
a cubic H-relation in X. The pair (X, R) is called a cubic H-relational space. In particular, a cubic H-relation
from X to X is called a H-relation in or on X. We will denote the set of all cubic H-relations in X as resp.
([H] x H)X*X_ In fact, each member R =< R,A >€ ([H] x H)**Y is a cubic H-set in X x X (See [35]).

Definition 6. Let (X, Rx) = (X, < Rx,Ax >)and (Y,Ry) = (Y, < Ry, Ay >) be two cubic H-relational
spaces. Then a mapping f : (X, Rx) — (Y, Ry) is called:

(i)  a P-order preserving mapping, if it satisfies the following condition:
Rx C Ryo f>=<Ryo f%Ayof?>,ie, foreach (x,y) € X x X,

< Ry (x,y), Rx (x,y)] Mx,y) >
<p< [Ry (f(x), f(¥)), Ry (f(x), fF(y))] Av (f(x), f(y)) >, e,
Ry (x,y) < (Ry o f2)(x,), R (x,y) < (Ry o f2)(x,y), Ax(x,y) < (Ay o f)(x,y),
(ii)  a R-order preserving mapping, if it satisfies the following condition:

Rx @ Ry sz =< Ry ofz,)ty of2 >, i.e., foreach (x,y) € X x X,

< Ry (x,y), Rx (x,y)] Mx,y) >
<< [Ry (F(), F1) RY (F(), ) Ay (F(), F() >, e
Ry (x,y) < (Ry o f2)(x,y), R§(x,y) < (RY o f2)(x,), Ax(x,y) = (Ay o f2)(x,y),
where f2 = f x f.

Proposition 1. Let (X,Rx) = (X,< Rx, Ax >), (Y,Ry) = (Y,< Ry, Ay >) and (Z,Rz) = (Z,<
Rz, Az >) be three cubic H- relational spaces.

(1)  The identity mapping 1x : (X, Rx) — (X, Rx) is a P-order [resp. R-oder] preserving mapping.
2) Iff:(X,Rx) = (Y,Ry)and g : (Y,Ry) — (Z, Ryz) are P-preserving [resp. R-preserving] mappings,
then go f : (XX, Rx) — (Z,Ry) is a P-preserving [resp. R-preserving] mapping.

Proof. (1) The proof follows from the definitions of P-orders and R-orders, and identity mappings.
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(2) Suppose f : (X,Rx) — (Y,Ry)and g: (Y,Ry) — (Z, Rz) are P-preserving mappings and
let (x,y) € X x X. Then

Rx(x,y) =< [Rx (%), R (x,y)], Ax(x,y) >
<p<I[(Ry o fA)(x,y), Ry © fA)(x,y)l, Ay o f)(x,y) >
[Since f is a P-preserving mapping]

=< [Ry (f(x), f()), Ry (f(x), f)], Ay (f(x), f(y)) >
<p [Rz (8(f(x)), 8(f())), RZ (8(f(x)), 8(f ()], Az(8(f (x)), 8(f(¥))) >

[Since g is a P-preserving mapping]

=[Rz 0 (82 f)*(x,y), Ry o (g0 fl(x,y)] Az o (80 f)*(x,y) >.
Thus, Rx = Rz o (g0 f)% So g o f is a P-preserving mapping. [

We will denote the collection consisting of all cubic H-relational spaces and all P-preserving [resp.
R-preserving] mappings between any two cubic H-relational spaces as CRelp(H) [resp. CRelg(H)].
Then from Proposition 1, we can easily see that CRelp(H) [resp. CRelg (H)] forms a concrete category.
In the sequel, a P-preserving [resp. R-preserving] mapping between any two cubic H-spaces will be
called a CRelp(H)-mapping [resp. CRelg (H)-mapping].

Lemma 1. The category CRelp(H) [resp. CRelg(H)] is topological over Set.

Proof. Let X be a set and let (Xj, R;)je; = (Xj, < Rj,A; >) be any family of cubic H-relational spaces
indexed by a class J. Suppose (f; : X — X;); be a source of mappings. We define a mapping
Rxp=<Rxp,Axp>: X x X — [H| x H as follows: for each (x,y) € X x X,

Rxp(x) = [Mic)(Rjo fHI(x,y), ie.,

Rxp(x,y) =< [AR; (fi(x), i), AR (F(x), i), \ A (Fi(x), £ () > -

j€J j€] j€]
Then clearly, for each j € J and (x,y) € X x X,

< [Rx p(x,y), Ry p(x, )], Ax,p(x,y) >
<p< [R; (fj(x), i), R (fi(x), f;(¥)), Aj(fi(x), fi(y)) >

Thus, Rx,p C R; of].z, foreachj € J. So f; : (X, Rx,p) — (Xj, R;) is a CRelp(H)-mapping, for
eachjc J.

For any object (Y, Ry) = (Y, < Ry, Ay),let g : Y — X be any mapping for which fiog: (Y, Ry) —
(Xj, R) is a CRelp(H)-mapping, for each j € ] and let (y, y) €Y x Y. Then foreachj € J,

Ry(w,y) <p [Rjo (fi08)l(wy) = [(Rjo f) oy, y), ie.,

<Ry (v ), RS (v Ax(y,y) >

<p< [(R; o f1)(g),8W), (R o £)(8(v), gy, (A0 £)(8(w), 8(y) > -
Thus,

<Ry 0,y ), Ry () Av(wy) >
<p<[Njej(R; © f7)(8(y). &y ) Njer (R; o f2)((y). 8(y )],
),

)
Njer(Ajo f7)(8(y g(y/) >
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[]eIROf])]( (v).8(y)
= (Rxpog®)(y, y,) [By the definition of Rx p]

So Ry = Rxpog® Henceg: (Y,Ry) — (X,Rxp) is a CRelp(H)-mapping. Therefore (fi :
(X, Rx,p) — (Xj,Rj)); is an initial source in CRelp(H).
Now define a mapping Rxr =< Rxr,Axr >: X x X — [H| x H as below: for each (x,y) €
X x X,
RX,R(X) = [@]’GI(R]' of]-z)}(x,y), ie.,
Rxr(x,y) =< [AR; (fj(x), fiw), AR} (fi(x). £i(), \/ Ai(fi(x), fi(y)) >
j€l j€l j€J

Then clearly, for each j € J and (x,y) € X x X,

< [RXR(X y), XR(x V), Axr(x,y) >
<r< [Ri (fi(x), fi(y)), Ri (fi(x), fi(y)] A (fi(x), fi(y)) >

Thus, Rx,r € R; ij2' foreachj € J. So fj: (X,Rxr) — (Xj, R;) is a CRelg (H)-mapping, for
eachje J.

For any object (Y, Ry) = (Y, < Ry, Ay), letg: Y — X be any mapping for which fjo ¢ : (Y, Ry) —
(Xj,R;) is a CRelg (H)-mapping, for each j € ] and let (y, y) €Y x Y. Thenforeachj e J,

Ry(,y) <k [Rjo (fio8)’)(n,y) = [(Rjo f7) o (w,y), e,

< [Ry v,y ) RY (v )l Av(w,y) >
<r< [(R7 o )W), (), (R o f1)(g(y), g )], (Aj o f7)(g(w) gly) > .

Thus,
<[Ry (0,¥) RY (0, Av(yy ) > /
<R< [Ajej(R; o f7)(8(y), 8y ), Njep(R; o f7)((y), 8(y )],
Vies(Ajo F)(gv), g) >
= [Mie)(Rjo ;)I(g(y), 8(v)
= (Rxr©8%)(v,v). [By the definition of R g]

So Ry C Rxrog* Hence g : (Y,Ry) = (X,Rxr) is a CRelg(H)-mapping. Therefore (f; :
(X, Rx,r) — (Xj,R;)); is an initial source in CRelg (H). This completes the proof. [

Example 1. (1) (Inverse image of a cubic H-relation) Let X be a set, let (Y, Ry) = (Y, < Ry, Ay >) bea
cubic H-relational space and let f : X — Y be a mapping. Then there exists a unique initial cubic H-relation of
P-order type Rx p [resp. R-order type Rx rl in X for which f : (X, Rx p) — (Y, Ry) is a CRelp(H)-mapping
[resp. f: (X,Rxr) = (Y, Ry) isa CRelg(H)-mapping]. In fact,

RX,p = Ry sz =< Ry sz,/\y sz >= RX,R~

In this case, Rx p [resp. Rx rl is called the inverse image under f of the cubic H-relation Ry in'Y.
In particular, if X C Y and f : X — Y is the inclusion mapping, then the inverse image Rx p [resp.
Rx rlof Ry under f is called a cubic H-subrelation of (Y, Ry ). In fact,

Rxp(x,y) = Ry(x,y) = Rxr(x,y), for each (x,y) € X x X.
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(2) (Cubic H-product relation) Let ((X;,R}))je; = ((Xj, < Rj,Aj >))jej be any family of cubic
H-relational spaces and let X = I1;c;X;. Foreach j € ], let prj : X — X; be the ordinary projection. Then
there exists a unique cubic H-relation of P-order type, Rx,p in X for which pr; : (X, Rx,p) — (Xj, R;) is
a CRelp(H)-mapping, for each j € ]. In this case, Rx,p is called the cubic H-product relation of (R;)jcy and

(X, Rx,p) is called the cubic H-product relational space of ((Xj, R;))jej, and denoted as the following, respectively:
Rx.p = je/R;

and
(X, Rx,p) = (IjefX;, i/ R;) = (Ijef X, < gy R;, T, >).

In fact, R p(x) = (M) (R o pry)](x,y), for each (x,) € X x X.
Similarly, there exists a unique cubic H-relation of R-order type, Rx g in X for which prj: (X, Rx,r) —
(Xj, R;) is a CRelg(H)-mapping, for each j € J. In this case, Rxr is called the cubic H-product* relation
of (Rj)jey and (X, Rx,Rr) is called the cubic H-product* relational space of ((X;, R;))jey, and denoted as the
following, respectively:
RX,R = H;'{e],R’j

and
(XIRX,R) = (H]E]X]', H;(GIRj) = (Hj»E]Xjr< HjE]Rj/ H;fej)\]' >).
In fact, Rx,r(x,y) = [Micj(R; o prj)](x,y), for each (x,y) € X x X.
In particular, if | = {1,2}, then for each (x1,y1), (x2,y2) € X1 X X3,
(R1 x Ra)((x1,¥1), (x2,¥2))
=< [Ry (x1,%2) ARy (y1,¥2), RY (x1,%2) ARG (y1,2)], A (x1, %2) A Aa(ya, y2) >
and
(R1 x* R2)((x1, 1), (x2,42))
=< [Ry (x1,%2) ARy (y1,¥2), RY (x1,22) A RS (y1,¥2)], A (x1,%2) V A2 (y1,y2) >.

The following is obvious from Lemma 3.9 and Theorem 1.6 in [25] or Proposition in Section 1
in [38].

Corollary 1. The category CRelp(H) [resp. CRelg(H)] is complete and cocomplete over Set.

Furthermore, we can easily see that CRelp(H) [resp. CRelr(H)] is well-powered and cowell-
powered. It is well-known that a concrete category is topological if and only if it is cotopological (See
Theorem 1.5 in [25]). However, we prove directly that CRelp(H) [resp. CRelg (H)] is cotopological.

Lemma 2. The category CRelp(H) [resp. CRelg(H)] is cotopological over Set.

Proof. Let X be any set and let (Xj, Rj)je; = (Xj, < Rj,A; >) be any family of cubic H-relational

spaces indexed by a class J. Suppose (f; : X; — X)je; is a sink of mappings. We define a mapping
Rxp=<Rxp,Axp >: X x X = [H] x H as follows: for each (x,y) € X x X,

Rx,p(%,y) = (Ujes Ui yef2(ey) R (097) =V V Ri(xj,yj)-
JEJ (xjy;)ef 2 (xy)

Then we can easily see that

fi+ (X;,R;) = (X, Rx,p) is a CRelp(H) — mapping, for eachj € J.
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For any cubic H-relational space (Y, Ry) = (Y, < Ry, Ay >),let g : X — Y be any mapping such
that go f; : (X, Rj) — (Y, Ry) is a CRelp(H)-mapping, for each j € [ and let (x,y) € X x X. Then
for each j € ] and each (x;,y;) € fj_z(x,y),

R; (x]/]/])

—<[ - ( ],]/]) [ ( ]/y])}r ]( ],]/])

<p< [(R ° (gOf]) )(xj,yj), (Ry (gOf])2)( yil (Ay o (gOf;) ) (%, yj) >

=< [(Ry o &*)(fi(x)), f](}/])) (R §°)(fi(xp), f( iDL (Ay 0 82)(fi(x)), fi(y;)) >

=< [(Ry &%) (x,), (Ry o &%) (x,y), (Mng)( ]/) >

= (Ryog)(x,y).

Thus, by the definition of Rxp, Rxp(x,y) <p (Ryog*)(x,y). So Rxp C Ry o g> Hence
g:(X,Rxp) — (Y,Ry) is a CRelp(H)-mapping. Therefore CRelp(H) is cotopological over Set.

Now we define a mapping Rx r =< Rxr,Axr >: X x X — [H] x H as follows: for each (x,y) €
X x X,

Rxr(x,Y)

= (Yjes Y, )ef2 () R (%5, 9j)

=< Vies Vigwper20 Ry (659 Vier Vi mpes2y R (50971,
Njer Ner2(xy) A (X5 yj) >

Then we can easily see that
fi+ (X;;Rj) = (X,Rx,r)is a CRelg(H) — mapping, for eachj € J.

For any cubic H-relational space (Y, Ry) = (Y, < Ry, Ay >),let g : X — Y be any mapping such
that go f; : (X, Rj) — (Y, Ry) is a CRelg(H)-mapping, for each j € ] and let (x,y) € X x X. Then
for each j € J and each (x;,y;) € fJfZ(x,y),

R'(x]ry])

=< [R' (x]/y]) [R: (x]/y])} (xj/yj) >

<r< [(R ° (gOf]) )(xj, ), (Ry o (g f;)) (xj,y7)], (Ay (gOf]) )(%j,9) >

=< [(Ry 0 &) (fj(x)). fi(y)), (Ry 0 &) (fj( ])/f]( ]))] (Ay 0 ) (fi(x)), i) >

=<[(Ry og*)(x,¥), (Ry 0 8*)(x,y)], (Ay 0 g*)(x,y) >

= (Ryog?)(x,y).

Thus, by the definition of Rx r, Rxr(*,y) <g (Ryog?)(x,y). So Rxr € Ry og? Hence
g: (X,Rxr) = (Y,Ry) is a CRelg(H)-mapping. Therefore CRelg(H) is cotopological over Set.
This completes the proof. [

Example 2. (Cubic H-quotient relation) Let (X, R) = (X, < R, A >) be a cubic H-relational space, let
~ be an equivalence relation on X and let 7w : X — X/ ~ be the canonical mapping. We define a mapping
Rx/mp: X/ ~ xX/ ~— [H] x H as below: for each ([x], [y]) € X/ ~ xX/ ~,
Ryjop(llly)
= Miyen 2, [y])R] xy) o
=< Vit yyemr @) R G V)V yen g R0l
Vi ren2a o) MEY) >

Then we can easily see that Rx /., p is a cubic H-relation in X/ ~. Furthermore, 7w : (X, R) = (X/ ~,
Rx/~ p) is a CRelp(H)-mapping. Thus, Rx .~ p is the final cubic H-relation in X/ ~.

Now we define a mapping Ry, g : X/ ~ xX/ ~— [H| x H as follows: for each ([x],[y]) € X/ ~
XX/ ~,

R/ (W) = 940 ey RIE )
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_ _ / / + / /
=< Ve yren 20 B EV) Ve R &9
N ) yem2(ps ) AX Y ) > -

Then we can easily see that Rx /., g is a cubic H-relation in X/ ~. Furthermore, 7w : (X, R) = (X/ ~,
Ax~r) is a Crelg (H)-mapping. Thus, Rx -, g is the final cubic H-relation in X/ ~.

In this case, Rx,~p [resp. Ax,~ rl is called the cubic H-quotient [resp. H-quotient*] relation in X
induced by ~.

Definition 7 ([38]). Let A be a concrete category and let f,g : A — B be two A-morphisms. Then a pair (E, e)
is called an equalizer in A of f and g, if the following conditions hold:

(i) e:E — Aisan A-morphism,

(ii) foe=goe,

(iii)  for any A-morphism ¢ : E — A such that fo ¢ = go ¢, there exists a unique A-morphism e : E —>E
such thate' = eoe.

In this case, we say that A has equalizers.
Dual notion: Coequalizer.
Proposition 2. The category CRelp(H) [resp. CRelg(H)] has equalizers.

Proof. Let f,g : (X,Rx) — (Y, Ry) be two CRelp(H)-mappings, where Rx =< Rx,Ax > and
Ry =< Ry,Ay >. LetE ={a € X: f(a) = g(a)} and define a mapping Rgp : E X E — [H] x H as
follows: for each (a,b) € E X E,

Rep(a,b) = Rx(a,b)) =< [Ry(a,b), Ry (a,b)], Ax(a,b) > .

Then clearly, R p is a cubic H-relation in E and Rgp C Rx. Consider the inclusion mapping
i:E— X. Thenclearly,i: (E, Apg) — (X, A) is a CSetp(H)-mapping and foi = goi.

Letk: (E, Rp) — (X, Ax) be a CRelp(H)-mapping such that f ok = g o k. We define a mapping
k:E — E as follows: foreache € E,

Then clearly, k = i o k.
Let (¢, f) € E x E. Since k : (E,,RE/) — (X, Rgp) is a CRelp(H)-mapping,
Repo (k)(e,f)=Repo (B, f)
= Repo(i2ok(e,f))
= Repok(e,f)
Zp RE, (e/,f/).

Thus, R C Repo (k)2 Sok: (E,Ry) — (E,Rg,p) is a CRelp(H)-mapping.

Now in order to prove the uniqueness of k, let 7 : E' — Esuchthatio? = k. Then? = i ok = k.
Thus, k is unique. Hence CRelp(H) has equalizers.

Similarly, we can prove that CRelg (H) has the equalizer Rgp. [

For two cubic H-relations Rx =< Rx,Ax > in X and Ry =< Ry, Ay > inY, the product of
P-order type [resp. R-order type], denoted by Rx xp Vy [resp. Rx Xr Ry], is a cubic H-relation in
X x Y defined by: for any (x,v), (x/,y/) eEXxY,

(Rx xp Ry)((x,y), (x,¥)) =< Rx(x,x ) ARy(y,y ), Ax(x,x ) AAx(y,y ) >
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[resp. (Rx x&r R)v((x,y), (x,y)) =< Rx(x,x) ARy (1,4 ), Ax(x,x') V Ax (v, ) >]-
Lemma 3. Final episinks in CRelp(H) [resp. CRelg (H)] are preserved by pullbacks.

Proof. Let (g; : (Xj,Rj) — (Y,Ry))jes be any final episink in CRelp(H) and let f : (W, Rw) —
(Y,Ry) be any CRelp(H)-mapping, where R; =< R;A; >, Ry =< Ry,Ay > and Ry =<
Rw,Aw >. Foreachj € J, let

Uj = {(w,xj) € W x X; : f(w) = gj(x})}

and let us define a mapping Ruy;,p =< Ru;,p, Au;,p >: Uj x U; — [H] x H as follows: for each ((w, x;),
(w/,x;-)) e U x U,
Ru,p((w,5)), (@, X))
= (Rw xp Rj) |u;xu; ((w,xj),
= (R xp R))((w), ()
=< RW(w/ w/) AR (x]r ) )LW
=< (Rw x R))((w,x}), (W, x))

! !/

w,xj))

—~

w,w )/\)\~(x]~,x;-)>
s (Aw X Aj) ((w, x;), (w, x)) >, ie.,

~— ~ —

Ru,p =< Rw X Rj |uxuy, Aw X Aj luyxu;> -

Foreachj € J lete; : U — Wand p; : U; — X; be the usual projections. Then clearly, ¢;
(Uj, Ru;,p) = (W, Rw) and p; : (Uj, Ru,p) — (Xj, R;) are CRelp(H)-mappings and gj o p; = f oe¢j,
for each j € J. Thus, we have the following pullback square in CRelp(H):

(Uj, Ru;,p) P - (Xi,R))
(W, Ruy) - (Y, Ry).
f

We will prove that (e; : (Uj, Ru;,p) = (W, Rw))jej is a final episink in CRelp(H). Letw € W.
Since (gj)je; is an episink in CSetp(H), there is j € J such that g;(x;) = f(w), for some x; € X;. Thus,
(w,x;) € Ujand ej(w, x;) = w. So (ej) e is an episink in CRelp(H).

Finally, let us show that (¢;); is final in CRelp(H). Let R}y be the final structure in W regarding
(¢j)jej and let (w,w') € W x W. Then

Rw(w,w') =< Ry (w,w'), Aw(w,w') >
=< Ry (w,w') ARy (w,w"), Ay (w,w') A Aw(w,w') >
<p< Ry (w,w') ARy o f2(w,w ), Aw(w,w') A Ay o f2(w,w) >
[Since f : (VY, Rw) = (Y, Ry) isa CRelp(H )—mapping]
=< RW(wfw ) A [Vje] V(x. ! (f(w) S@') (x]r ])}

Aw(w, @) A Ve V(xj,x]'_ “2(f(w), (') M K ])] >
[Since (g : (R}, Rj) — (Y, Ry))]el is a final episink in CRelp(H)]
=< Vjer Vi g2 stan il IR (@ @) AR; (3, )],
VierV (33 egfz(f(w),f(w/))[ww, w) AAj(x), x})] >
=< \/]e]V () 2))eer? (w,w/)[RW(w,w/) /\R]-(x]-,x;-)]],
Vier V(. 2)ees 2wy AW (W) w') AAj(x),x)] >
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=< vf€] v((w,xj),(w/,x;))Eej*z(w,w/) [Ruj'P((w’ Xjs (w/’x;)]'
Vje] v((w,xj),(w/,x;))Gﬁfz(w,wl) [)\uj,p((ZU, X, (w’, X;)] >

= R{jv(w,w,).

Thus, RW C R*W Since (6] : (u]',Ruj) — (W,Rw)>]€] is final, Ty : (W,R*W) — (W,Rw> is a
CRelp(H)-mapping. So R}, C Ry. Hence R}, = Ryy. Therefore (¢;);c; is final.
Now we define a mapping Ry;,r =< Ruj,r, Auj,r >: U; — [H] X H as follows: for each ((w, x;),
(w’,x})) S U] X LI]-,
Ruyr((1,57), (@, )
= (Rw xR R)) lujxy; ((w, %)), (w', x;))
= (Rw xr Rj)((w, x), (w, x;))
=< Ryy(w,w') A Rj(xj, x}),/\w(w, w')V Aj(xj,x

!

])>.

Foreachj € ], lete;: U; — W and p; : U; — X; be the usual projections. Then we can similarly
prove that final episinks in Relg (H) are preserved by pullbacks. This completes the proof. [I

For any singleton set {a}, since the cubic set Ry, in {a} is not unique, the category CRel(H) is not
properly fibered over Set. Then from Definitions 1 and 3, Lemmas 2 and 3, we have the following result.

Theorem 1. The category CRelp(H) [resp. CRelg (H)] satisfies all the conditions of a topological universe
over Set except the terminal separator property.

Theorem 2. The category CRelp(H) [resp. CRelg(H)] is Cartesian closed over Set.

Proof. From Lemma 1, it is clear that CRelp(H) [resp. CRelg(H)] has products. Then it is sufficient
to prove that CRelp(H) [resp. CRelr (H)] has exponential objects.

For any cubic H-relational spaces X = (X,Rx) = (X, < Rx,Ax >)and Y = (Y, Ry) = (¥, <
Ry, Ay >), let YX be the set of all ordinary mappings from X to Y. We define two mappings Ryx :
YX x YX — [H] and Ayx : YX x YX — H as follows: for each (f,g) € YX x Y¥,

Ryx(f,g) =V{h € H:Rx(x,y) Nh < Ry(f(x), f(y)), for each (x,y) € X x X}
and

Myx(f,8) = V{h € H: Ax(x,y) Nh < Ay(f(x), f(y)), foreach (x,y) € X x X}. Then clearly,
Ayx =< Ayx, Ayx > is a cubic H-relation in YX. Moreover, by the definitions of Ryx and Ayx,

Ry (x,y) AR x(f.8) < Ry (f(x), f(y), Ry (x,y) ARUx(f.8) < Ry (f(x), f(y))

and
Ax(x,y) ANAyx(f,8) < Ay(f(x), f(y)),

for each (x,y) € X x X.
Let YX = (YX,Ryx) and let us define a mapping exy : X x YX — Y as follows: for each (x, f) €
X x YX,
exy(x f) = f(x).
Let (x,f), (y,8) € X x YX. Then
(Rx xp Ryx) (%, f), (v,8)) = Ry (x,y) AR x(f,8)
< Ry (f(x), f(y))

=Ry oeky((x,f), (v,8)),
[By the definition of ex y]

(R xp Ry (%, f), (v,8)) = R (x,y) AR (f, )
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<AV (f(x), f(y))

= AV 0%y ((x,f), (y,8)) and
(Ax xp Ayx)((x, f), (1, 8)) = Ax(x,y) A Ayx(f, 8)

< Ay(f(x), f(y)

= Ay ok ((x, ), (¥,8))-

Thus, exy : X xp Y — Y is a CRelp(H)-mapping, where X xp YX = (X x YX,< Ax xp
Ayx,)\x Xp /\yx >).

For any cubic H-relational space Z = (Z,< Az,Az >),letk : X xpZ — Y be a CRelp(H)-
mapping. We define a mapping k : Z — YX as follows: for each z € Z and each x € X,

[k(2)](x) = k(x, 2)-

Then we can prove that k is a unique CRelp(H)-mapping such that ex y o (1x x k) = k.
Now we define two mappings Ryx p : Y* x YX — [H] and Ayx  : YX x YX — H as follows: for
each (f,g) € YX x YX and each x € X,

RYX,R(f/g) = RyX,p(frg)

and

Ayx r(f.8) = \{h € H: Ax(x,y) Vh > Ay(f(x), f(y)), for each (x,y) € X x X}.

Then clearly, Ryx g =< Ryx g, Ayx g > is a cubic H-relation in YX. Moreover, by the definitions
of Ryx g and Ayx g,
Rx(x,y) ARyxr(f,8) < Ry (f(x), f(¥))

and
Ax(x,y) V Ayx r(f,8) = Ay(f(x), f(y)),

for each x € X. Let YX = (YX, Ryx ) and let us define a mapping ex,y : X X YX — Y as follows: for
each (x, f) € X x YX,

exy(x f) = f(x).

Let (x,f), (v,8) € X x YX. Then by the definitions of Ryx g and Ayx , we have the followings:

(Rx xr Ayx ) ((x, f), (1,8)) < Ry o ek v ((x, ), (¥,8))

and
(Ax xR Apyx) (%, ), (4,8)) = Ay o ex v (%, f), (4, 8))-

Thus, Rx xg Ryxg € Ryo e%(,Y' Soexy : X xR YX - Yisa CRelg (H)-mapping, where
X xg Y¥ = (X x YX, < Rx Xg Ryx g, Ax Xg Ayx g >).

For any cubic H-relational space Z = (Z,< Rz,Az >),letk : X xgZ — Y be a CRelg(H)-
mapping. We define a mapping k : Z — YX as follows: for each z € Z and each x € X,

[k(z)] (x) = k(x,2).

Then we can prove that k is a unique CRelg (H)-mapping such that
exyo (1x x k) = k.

This completes the proof. [

Remark 1. The category CRelp(H) [resp. CRelr(H)] is not a topos (See [39] for its definition), since it has
no subobject classifier.
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Example 3. Let I = {0,1} be two points chain, respectively and let X = {a}. Let Ry and R, be the cubic
H-relations in X defined by:

Ri(a) =< 0,0 > and Ry(a) =< 1,1 >.

Let 1x : (X, R1) — (X, Ry) be the identity mapping. Then clearly, 1x is both monomorphism and epimorphism
in CRelp(H) [resp. CRelg(H)]. However, 1x is not an isomorphism in CRelp(H) [resp. CRelg(H)]. Thus,
CRel(H) has no subobject classifier.

4. The Categories CRelp g(H) and CRelg g (H)

In this section, we obtain two subcategories CRelp g (H) and CRelg gr(H) of CRelp(H) and
CRelg(H), respectively which are topological universes over Set.

It is interesting that final structures and exponential objects in CRelp g (H) [resp. CRelg r(H)]
are shown to be quite different from those in CRelp(H) [resp. CRelg (H)].

First of all, we list two well-known results.

Result 1 (Theorem 2.5 [25]). Let A be a well-powered and co(well-powered) topological category. Then
the followings are equivalent:

(1) B is bireflective in A, '
(2) B is closed under the formation of initial sources, i.e., for any initial source (f; : A — Al);c;in A
with A; € B foreachj € ], then A € B.

Result 2 (Theorem 2.6 [25]). If A is a topological category and B is a bireflective subcategory of A, then
B is also a topological category. Moreover, every source in B which is initial in A is initial in B.

Definition 8. Let X be a nonempty set and let R =< R, A > be a cubic H-relation in X. Then R is said to be
reflexive, if R and A are reflexive, i.e., R(x,x) = 1and A(x,x) =1, for each x € X.

The class of all cubic H-reflexive relational spaces and CRelp(H)-mappings [resp. CRelg(H)-
mappings between them forms a subcategory of CRelp(H) [resp. CRelr(H)] denoted by CRelp g (H)
[resp. CRelg r(H)].

The following is the immediate result of Definitions 1 and 8.
Lemma 4. The category CRelp g (H) [resp. CRelg r(H)] is properly fibered over Set.

Lemma 5. The category CRelp r(H) [resp. CRelg r(H)] is closed under the formation of initial sources in
The category CRelp(H) [resp. CRelg(H)]

Proof. Let f;: (X, Rx,p) — (X, R;))jej bean initial source in CRelp(H) such that each (X;, R;) belongs
to CRelpr(H), where (X, Rx,p) = (X, < Rx,p,Ax,p >) and (Xj, Rj) = (Xj, < Rj,A; >). Letx € X and
let j € J. Since R; and A, are reflexive, R; o f?(x,x) = 1and A; o f7(x,x) = 1. Then

Rxp(x,x) = A\ R; o]‘](xx)—landAprx A A of] (x,x) = 1.
j€J j€J

Thus, Rx p(x,x) =< 1,1 >.So Rx p is reflexive.
Now let f; : (X, Rx,r) — (Xj, R;))jes be an initial source in CRelg(H) such that each (X;, R;)
belongs to CRelg g (H). Then clearly, for each x € X,

Rxr(x,x) = Rx p(x,x) =1and Ax g(x,x) = \/)\ of] (x,x) = 1.
j€l
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Thus, Rx r(x,x) =< 1,1 >. So R is reflexive. This completes the proof. [

From Results 1, 2 and Lemma 5, we have the followings.

Proposition 3. (1) The category CRelp g(H) [resp. CRelg r(H)] is a bireflective subcategory of CRelp(H)
[resp. CRelr(H)].
(2) The category CRelp g(H) [resp. CRelg r (H)] is topological over Set.

It is well-known that a category A is topological if and only if it is cotopological. Then by (2) of the
above Proposition, the category CRelp g (H) [resp. CRelg g (H)] is cotopological over Set. However,
we will prove that CRelp g (H) [resp. CRelg g (H)] is cotopological over Set, directly.

Lemma 6. the category CRelp g (H) [resp. CRelg g (H)] has final structure over Set.

Proof. Let X be anonempty setand let ((Xj, R;)) = ((Xj, < Rj,A; >)je; be any family of cubic H-relational

spaces indexed by a class . We define two mappings Rx p : X — [H] and AX" : X — H, respectively
as below: for each (x,y) € X x X,

» L Rixy) i () € (X x X — A
Ryp(x,y) = \/]e] \/(x],,yj)ef], 2(x,y) ](x] y].) if (x,y) € ( x)
1 if (x,y) € Ax
and '
)LX,P(x,y) _ v]G] v(x]-,y]-)ef]-’z(x,y) /\](x],]/]> if (x,]/) S (X X X — AX)
1 if (x,y) € Ay,

where Ax = {(x,x) : x € X}. Then clearly, Rx p is the cubic H-reflexive relation in X given by: for
each (x,y) € X x X,

Uje] l—l(xj,yj)éfjfz(X,y) Rj(Xj,y]') if (x,y) S (X x X — Ax)

R x,Y) =
xp(xY) { <1,1> if (x,y) € Ax.

Moreover, we can easily check that (X, Rxp) = (X,< Rxp,Axp >) is a final structure in
CRelpr(H). Thus, (f;: (Xj, Rj) = (X, Rx,p))je; is a final sink in CRelp g (H).
Now we define two mappings Ry g : X — [H] and A*R : X — H, respectively as follows: for each
(x,y) € X x X,
Rxr(x,y) = Rx,p(x,y)
and
/\je] /\(xj,yj)efjfz(x,y) Aj(xjryj) if (x,y) € (X x X - Ax)

A x,y) =
xR(xY) { 1 if (x,y) € Ax.

Then clearly, Rx r is the cubic H-reflexive relation in X given by: for each (x,y) € X x X,

Ry r(ny) = { Uiy @(xj,yj)efj_z(x,y) Ri(xj,y;) if (x,y) € (X x X = Ax)
<1,1> if (x,y) € Ax.
Moreover, we can easily show that (f; : (Xj, Rj) — (X, Rxr))jej is a final sink in CRelg r(H). O
Lemma 7. Final episinks in CRelp gr(H) [resp. CRelg g (H)] are preserved by pullbacks.
Proof. Let (g;: (X;,Rj) = (Y, Ry,p))jecj be any final episink in CRelp r(H) and let f : (W, Rw) —

(Y, Ry p) be any CRelp(H)-mapping, where (W, Ry ) is a cubic H-reflexive relational space. For each
J € ], let us take Uj, Ry;,,p, ej and p; as in the first proof of Lemma 3. Then we can easily check that
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CRelp r(H) is closed under the formation of pullbacks in CRelp(H). Thus, it is enough to prove that
(¢j)je; is final.
Suppose Ry is the final cubic H-relation in W regarding (e;) je; and let (w, w e (WxW—Ax).
Then
RW(w/ ) =< RW(w w ) )\W(w/w,) >
=< Rw(w,w )A Rw(w,wl),)tw(w,w,) /\Aw(w,w/) >
<p< Ry (w,w') ARy o f2(w,w), Aw(w,w' ) A Ay o f2(w,w') >
[Since f : (W, Rw) — (Y, Ry) is a CRelp(H)-mapping]
=< Rw(w,w ) A[Vje V (3188 2 (w0, f (@) Rj(x;, x].)},
/\W(wrw ) A [V]GI V (x; x eg’z(f(w) Sf@')) Aj(xj/ x]')] >
[Since (g : (R}, Rj) — (Y Ry))Jej is a final episink in CRelp(H)]
=< Vier V(g eg; 2w ) R (0,90 AR (x5, ) )
Vier Vi egr 2w sy Pw (@00 A (g, x5)] >
=< Vier V() e 2ty RW (@ @) ARj (x5, x3)]]
vfef \/( (w,x;}), (' x/))eej_z(w w’)[/\W(w’w ) A /\j(xj’ xj)] =
=< \/JEIV (w,x; ), (w x)) (ww)[Ruj/P((w’xf’ (w’xj)]’
Vier V(w), ,x]-))ee]-*z(w,w’) (A p((w, xj, (W, x;)] >
=Ry (w, w').

Thus, Rw C Rjy. On the other hand, by a similar argument in the first proof of Lemma 3,
RiyyC Rwon W xW —Ap. SoRjy = Rwon W x W — Ay. Now let (w,w) € Ay. Then clearly,
Riy(w,w) =<1,1 >= Ry (w, w). Thus, Rijy = Rw on Ay. Hence R}, = Ry on W.

Now for each j € J, let us Ry g =< Ruj,R/)\Uj,R >: U; — [H] x H be the mapping as in the
second proof of Lemma 3. Then we can similarly prove that ﬁnal episinks in Relg r(H) are preserved
by pullbacks. This completes the proof. [

The following is the immediate result of Lemma 4, Proposition 3 (2) and Lemma 7.

Theorem 3. The category CRelp r(H) [resp. CRelg r(H)] is a topological universe over Set. In particular,
CRelp r(H) [resp. CRelg r(H)] is Cartesian closed over Set (See [1]) and a concrete quasitopos (See [40]).

In [41], Noh obtained exponential objects in Rel(I), where Rel(I) denotes the category of fuzzy
relations. By applying his construction of an exponential object in Rel(I) to the category CRelp r(H)
[resp. CRelg r(H)], we have the following.

Proposition 4. The category CRelp gr(H) [resp. CRelg r(H)] has an exponential object.

Proof. Forany X = (X, Rx) = (X, < Rx,Ax >, Y= (Y,Ry) = (X, < Ry, Ay >) € Ob(CRelpr(H))
and let YX = hom(X, Y). For any (f,g) € YX x YX, let

D(f,g) = {(x,y) € X x X: Rx(x,y) > Ry(f(x),8(y)), Ax(x,y) > Ay(f(x),&(y))}-

We define a mapping Ryx p =< Ryxp,Ayxp >: YX x YX — [H] x H as follows: for each
(f,8) € YXxYX
RYX,P(f .8)

< /\(x,y)eD(f,g) RY(f(x)rf(y)) /\(xy)ED(fg AY(f( )/f(y)) (f g)
<1,1> it D(f,8) =
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Then by the definition of D(f,g), D(f, f) = ¢, for each f € YX. Thus, Ryx p(f,f) =< 1,1 >,
for each f € YX. So Ryx p is a cubic H-reflexive relation in YX.
Let YX = (Y¥, Ryx p) and we define the mapping exy : X xp YX — Y as follows: for each
(a,f) € X xYX,
exy(a, f) = f(a).

Let (a,f), (b,g) € X x YX.
Case 1: Suppose D(f, g) = ¢. Then
(Rx xpRyx p)((a,f),(b,8))
=< Rx(a,b) ARyx p(f, &), Ax(a,b) ANAyx p(f, &) >
=< Rx(a b) Ax(a b)
[By the definition of Ryx p, Ryx p(f,8) =1, Ayx p(f,8) = 1]
<p< Ry(F(x),8), Ay ((x),8(y)) > [Since D(f,g) - ¢]
—< Ry o8y ((a.f), (b.9))
Case 2: Suppose D(f, g) # ¢. Then
(Rx xp Ryxp)((a, f), (b,g))
=< Rx(a,0) AN yyep(r,g) Ry (f(x), f())],
)\X(a/ b) N [/\(x,y)ED(f,g) )W(f(x)/f(l/))] >
<p< Ry(f(x),8(¥)), Av(f(x),g(y)) >
=< Ryoegy((a,f) (b))

Thus, in either case, Rx X Ryx p C Ry 0 €5 y. So ex,y is a CRelp(H)-mapping.

LetZ = (Z,Rz) = (Z,< Rz, Az >) be any cubic H-reflexive relational space and leth : X x Z —
Y be any CRelp(H)-mapping. We define the mapping / : Z — YX as follows: for each ¢ € Z and each
aeX,

[i(c)](a) = h(a,c).
Letc € Zandleta, b € X. Then

Ry o [fi(c)](a, b)
= Ry ([h(c)](a), [(c)](b)) i i
=< Ry([(c)](a), [A(c)](b)), Ay ([h(c))(a), [A(c)] (b)) >
=< Ry(h(a,c),h(b,c)), Ay (h(a,c), h(b,c)) >
=< Ry oh®(h(a,c),h(b,c)), Ay o h*(h(a,c),h(b,c)) >
=Ry oh?((a,c),(b,c))
>p (Rx xpRz)((a,c),(b,c))
=< (Rx xpRz)((a,c), (b,c)), (AxtimespAz)((a,c), (b,c)) >
=< Rx(a,b) ARz(c,c), Ax(a,b) NAz(c,c) >

=< Rx(a,b), Ax(a,b) > [Since Ry is reflexive]
= Rx(a, b)

Thus, Rx = Ry o [k(c)]?. So h(c) : X — Y is a CRelp(H)-mapping. Hence  is well-defined. Let
c, ez
Case 1: Suppose D(h(c), ii(c')) = ¢. Then
RYX,POEZ(C/C) Ryx,p(h(c), h(c))
=< 1,1 > [By the definition of Ryx p]
>p Rz(c, C/)
Case 2: Suppose D(h(c),h(c")) # ¢. Then
Ryx p(h(c), (e ) =< Ryx p(h(c), h( ), /\YXP(E(C)fﬁg
=< Napeniie)i ([h(e)](a), [(c
Nasrenic e M (BN, BN ) >
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=< Napyenioyicey Ry (h(a,c), h(b, ),
/\(a,b)eD(fz(c) hi(c ))/\Y(h( c), h(b, C/))
>p< /\(g,h)eD(;;( o) h(c ))[RX(a b) ARz(c,c )]
/\(a,b)eD(E( V(e ))[)\X(a, b) A /\Z(c,c )] >.

On one hand, for any (a,b) € D
Rx(a,b) > Ry([h(c)](a), [h(c ]( )
= Ry(h(a,c), h(b,
> Rx(a,b) ANRz(c,c

o
~—

Thus, Rx(a,b) > Rz(c,c ). Similarly, we have Ax(a,b) > Az(c,c ). So
Ryx p(h(c), () =p Rz (c,c).

Hence in either cases, Rz C Ryx p o i?. Therefore I is a CRelp(H)-mapping. Furthermore,  is
unique and ey y o (1x x P_z) =h.

Now for any X = (X,Rx) = (X,< Rx,Ax >, Y = (Y,Ry) = (X,< Ry,Ay >) €
Ob(CRelg g(H)) and let YX = hom(X,Y). Forany (f,g) € YX x YX, let

D' (f,g) = {(x,y) € X x X : Rx(x,) > Ry(f(x),8(y)), Ax(x,y) < Ay(f(x),8(y))}-

We define a mapping Ryx g =< Ryxp,Ayxg >: YX x YX — [H] x H as follows: for each
(f,g) € YA x YX,

Ryxr(f,8)
_ { < Npegren! (7 RYFE SN ety 5. ), f0) > i D (1) #
<1,1> ifD (f,g)=¢

Then we can easily check that Ryx p is a cubic H-reflexive relation in YX. Moreover, by the similar
argument of the above proof, we can show that Ryx  is an exponential object in YX. This completes
the proof. 0O

Remark 2. (1) We can see that exponential objects in CRelp g (H) [resp. CRelg r(H)] is quite different from
those in CRelp(H) [resp. CRelg (H)] constructed in Theorem 1.
(2) The category CRelp r(H) [resp. CRelg r(H )] has no subject classifier.

Example 4. Let H = {0,1} be the two points chain and let X = {a,b}. Let R1p =< Ryp, A1 p > and
Rop =< Ry p, Ay,p > be cubic H-reflexive relations in X given by:

T\’,l,p(a, a) = Rllp(b, b) =<1,1>, ’R,Lp(a, b) = Rllp(b,a) =<0,0>
and
Rzrp(a,a) = Rzrp(b, b) =<11>, Rzlp(l/‘l,b) = Rzlp(b,a) =<1,1>.

Let 1x : (X, R1p) — (X, Ry,p) be the identity mapping. Then clearly, 1x is both monomorphism and
epimorphism in CRelp(H ). However, 1x is not an isomorphism in CRelp(H).

5. Conclusions

We constructed the concrete category CRelp(H) [resp. CRelg(H)] of cubic H-relational spaces and
P-preserving [resp. R-preserving] mappings between them and studied it in the sense of a topological
universe. In particular, we proved that it is Cartesian closed over Set. Next, We introduced the category
CRelp g (H) [resp. CRelg g (H)] of cubic H-reflexive relational spaces and P-preserving [resp. R-preserving]
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mappings between them and investigated it in a viewpoint of a topological universe. In particular, we
obtained exponential objects in CRelp g (H) [resp. CRelg g (H)] quite different from those in CRelp g (H)
[resp. CRelg r(H)]. Also we proved that CRelp(H) [resp. CRelg(H)] is a topological universe but
CRelp(H) [resp. CRelr(H)] not a topological universe. In the future, we will expect one to study
some full subcategories of the category CRelp(H) [resp. CRelg(H)].
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