

  mathematics-08-00418




mathematics-08-00418







Mathematics 2020, 8(3), 418; doi:10.3390/math8030418




Article



Maclaurin Coefficient Estimates of Bi-Univalent Functions Connected with the q-Derivative



Sheza M. El-Deeb 1,†[image: Orcid], Teodor Bulboacă 2,*[image: Orcid] and Bassant M. El-Matary 1,†[image: Orcid]





1



Department of Mathematics, Faculty of Science, Damietta University, New Damietta 34517, Egypt






2



Faculty of Mathematics and Computer Science, Babeş-Bolyai University, 400084 Cluj-Napoca, Romania









*



Correspondence: bulboaca@math.ubbcluj.ro






†



Current address: Department of Mathematics, College of Science and Arts in Badaya, Al-Qassim University, Al-Badaya, Al-Qassim Province, Saudi Arabia.









Received: 21 February 2020 / Accepted: 11 March 2020 / Published: 14 March 2020



Abstract

:

In this paper we introduce a new subclass of the bi-univalent functions defined in the open unit disc and connected with a q-analogue derivative. We find estimates for the first two Taylor-Maclaurin coefficients    a 2    and    a 3    for functions in this subclass, and we obtain an estimation for the Fekete-Szegő problem for this function class.
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1. Introduction, Definitions and Preliminaries


Let  A  denote the class of normalized analytic functions in the unit disc   U : = { z ∈ C : | z | < 1 }   of the form


  f  ( z )  = z +   ∑   k = 2  ∞   a k   z k  ,  z ∈ U ,  



(1)




and let   S ⊂ A   consisting on functions that are univalent in  U .



If the function   h ∈ A   is given by


  h  ( z )  = z +   ∑   k = 2  ∞   c k   z k  ,  z ∈ U ,  



(2)




then, the Hadamard (or convolution) product of f and h is defined by


   ( f ∗ h )   ( z )  : = z +   ∑   k = 2  ∞   a k   c k   z k  ,  z ∈ U .  











The theory of q-calculus plays an important role in many areas of mathematical, physical, and engineering sciences. Jackson ([1,2]) was the first to have some applications of the q-calculus and introduced the q-analogue of the classical derivative and integral operators [3].



For   0 < q < 1  , the q-derivative operator [2] for   f ∗ g   is defined by


      D q   f ∗ h   ( z )  : =  D q   z +   ∑   k = 2  ∞   a k   c k   z k         =    f ∗ h   ( z )  −  f ∗ h   ( q z )    z ( 1 − q )   = 1 +   ∑   k = 2  ∞   [ k , q ]   a k   c k   z  k − 1   ,  z ∈ U ,     








where


   [ k , q ]  : =   1 −  q k    1 − q   = 1 +   ∑   j = 1   k − 1    q j  ,   0 , q  : = 0 .  



(3)







Using the definition formula (3) we will define the next two products:




	(i)

	
For any non negative integer k, the q-shifted factorial is given by


   [ k , q ]  ! : =      1 ,    if    k = 0 ,         ∏  i = 1  k    i , q  ,    if    k ∈ N : = { 1 , 2 , … } .       












	(ii)

	
For any positive number r, the q-generalized Pochhammer symbol is defined by


    r , q  k  : =      1 ,    if    k = 0 ,         ∏  i = 1  k    r + i − 1 , q  ,    if    k ∈ N .       

















For   λ > − 1   and   0 < q < 1  , we define the linear operator    H  h   λ , q   : A → A   by


   H  h   λ , q   f  ( z )  ∗  M  q , λ + 1    ( z )  = z   D q   f ∗ h   ( z )  ,  z ∈ U ,  








where the function   M  q , λ + 1    is given by


   M  q , λ + 1    ( z )  : = z +   ∑   k = 2  ∞     [ λ + 1 , q ]   k − 1    [ k − 1 , q ] !    z k  ,  z ∈ U .  








A simple computation shows that


   H  h   λ , q   f  ( z )  : = z +   ∑   k = 2  ∞   ϕ  k − 1    a k   z k  ,  z ∈ U   ( λ > − 1 ,  0 < q < 1 )  ,  



(4)




where


   ϕ  k − 1   : =   [ k , q ] !    [ λ + 1 , q ]   k − 1      c k  ,  k ≥ 2 .  



(5)







Remark 1.

From the definition relation (4) we can easily verify that the next relations hold for all   f ∈ A  :


      ( i )      [ λ + 1 , q ]   H  h   λ , q   f  ( z )  =  [ λ , q ]   H  h   λ + 1 , q   f  ( z )  +  q λ   z  D q    H  h   λ + 1 , q   f  ( z )   ,  z ∈ U ;       ( i i )      I  h  λ  f  ( z )  : =  lim  q →  1 −     H  h   λ , q   f  ( z )  = z +   ∑   k = 2  ∞     k !    ( λ + 1 )   k − 1       a k   c k   z k  , z ∈ U .      



(6)









Remark 2.

Taking different particular cases for the coefficients   c k   we obtain the next special cases for the operator   H  h   λ , q   :




	(i) 

	
For    c k  =      ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )      ,   υ > 0  , we obtain the operator   N  υ , q  λ   studied by El-Deeb and Bulboacă [4]:


       N  υ , q  λ  f  ( z )  : = z +   ∑   k = 2  ∞      ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )    ·   [ k , q ] !    [ λ + 1 , q ]   k − 1     a k   z k        = z +   ∑   k = 2  ∞    [ k , q ] !    [ λ + 1 , q ]   k − 1     ψ k   a k   z k  ,  z ∈ U ,   ( υ > 0 ,  λ > − 1 ,  0 < q < 1 )  ,      



(7)







where


    ψ k  : =     ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )    ;   



(8)








	(ii) 

	
For    c k  =      n + 1   n + k     α   ,   α > 0  ,   n ≥ 0  , we obtain the operator    N  n , 1 , q   λ , α   = :  M  n , q   λ , α     studied by El-Deeb and Bulboacă [5]:


    M  n , q   λ , α   f  ( z )  : = z +   ∑   k = 2  ∞      n + 1   n + k    α  ·   [ k , q ] !    [ λ + 1 , q ]   k − 1     a k   z k  ,  z ∈ U ;   



(9)








	(iii) 

	
For    c k  = 1   we obtain the operator   J  q  λ   studied by Arif et al. [6], defined by


    J  q  λ  f  ( z )  : = z +   ∑   k = 2  ∞    [ k , q ] !    [ λ + 1 , q ]   k − 1     a k   z k  ,  z ∈ U ;   












	(iv) 

	
For    c k  =    m  k − 1    ( k − 1 ) !     e  − m    ,   m > 0  , we obtain the q-analogue of Poisson operator defined in [7] by:


    I  q   λ , m   f  ( z )  : = z +   ∑   k = 2  ∞    m  k − 1    ( k − 1 ) !    e  − m   ·   [ k , q ] !    [ λ + 1 , q ]   k − 1     a k   z k  ,  z ∈ U ;   



(10)








	(v) 

	
For   c k  =      1 + ℓ + μ ( k − 1 )   1 + ℓ     m  ,   m ∈ Z  ,   ℓ ≥ 0  ,   μ ≥ 0  , we obtain the q-analogue of Prajapat operator defined in [8] by


    J  q , ℓ , μ   λ , m   f  ( z )  : = z +   ∑   k = 2  ∞       1 + ℓ + μ ( k − 1 )   1 + ℓ     m  ·   [ k , q ] !    [ λ + 1 , q ]   k − 1     a k   z k  ,  z ∈ U .   



(11)















The Koebe one-quarter theorem ([9]) proves that the image of  U  under every univalent function   f ∈ S   contains the disk of radius    1 4   . Therefore, every function   f ∈ S   has an inverse   f  − 1    that satisfies


  f  (  f  − 1    ( w )  )  = w ,    w  <  r 0   f  ,   r 0   f  ≥  1 4   ,  








where


   f  − 1    ( w )  = w −  a 2   w 2  +  2  a  2  2  −  a 3    w 3  −  5  a  2  3  − 5  a 2   a 3  +  a 4    w 4  + … .  











A function   f ∈ A   is said to be bi-univalent in  U  if both f and   f  − 1    are univalent in  U . Let  Σ  denote the class of bi-univalent functions in  U  given by (1). Note that the functions    f 1   ( z )  =   z  1 − z     ,    f 2   ( z )  =   1 2   log    1 + z   1 − z     ,    f 3   ( z )  = − log  ( 1 − z )   , with their corresponding inverses    f  1   − 1    ( w )  =   w  1 + w     ,    f  2   − 1    ( w )  =     e  2 w   − 1    e  2 w   + 1     ,    f  3   − 1    ( w )  =     e w  − 1   e w     , are elements of  Σ  (see [10]). For a brief history and interesting examples in the class  Σ  see [11]. Brannan and Taha [12] (see also [10]) introduced certain subclasses of the bi-univalent functions class  Σ  similar to the familiar subclasses    S ∗   α    and   K  α    of starlike and convex functions of order  α   0 ≤ α < 1  , respectively (see [11]). Following Brannan and Taha [12], a function   f ∈ A   is said to be in the class    S  Σ  ∗   α    of bi-starlike functions of order  α   0 < α ≤ 1  , if each of the following conditions are satisfied:


  f ∈ Σ ,  with   arg   z  f ′   ( z )    f ( z )    <   α π  2  ,  z ∈ U ,  








and


   arg   z  g ′   ( w )    g ( w )    <   α π  2  ,  w ∈ U ,  








where the function g is the analytic extension of   f  − 1    to  U , given by


  g  ( w )  = w −  a 2   w 2  +  2  a  2  2  −  a 3    w 3  −  5  a  2  3  − 5  a 2   a 3  +  a 4    w 4  + … ,  w ∈ U .  



(12)







A function   f ∈ A   is said to be in the class    K  Σ  ∗   α    of bi-convex functions of order  α   0 < α ≤ 1  , if each of the following conditions are satisfied:


  f ∈ Σ ,  with   arg  1 +   z  f  ″    ( z )     f ′   ( z )      <   α π  2  ,  z ∈ U ,  








and


   arg  1 +   z  g  ″    ( w )     g ′   ( w )      <   α π  2  ,  w ∈ U .  











The classes    S  Σ  ∗   α    and    K Σ   α    of bi-starlike functions of order  α  and bi-convex functions of order  α   0 < α ≤ 1  , corresponding to the function classes    S ∗   α    and   K  α   , were also introduced analogously. For each of the function classes    S  Σ  ∗   α    and    K Σ   α   , they found non-sharp estimates on the first two Taylor-Maclaurin coefficients    a 2    and    a 3    ([10,12]).



The object of the paper is to introduce a new subclass of functions    L  Σ   q , λ    η ; h ; Φ    of the class  Σ , that generalize the previous defined classes. This subclass is defined with the aid of a general   H  h   λ , q    linear operator defined by convolution products together with the aid of q-derivative operator. This new class extends and generalizes many previous operators as it was presented in Remark 2, and the main goal of the paper is to find estimates on the coefficients    a 2   ,    a 3   , and for the Fekete-Szegő functional for functions in these new subclasses.



These classes will be introduced by using the subordination and the results are obtained by employing the techniques used earlier by Srivastava et al. [10]. This last work represents one of the most important study of the bi-univalent functions, and inspired many investigations in this area including the present paper, while many other recent papers deal with problems initiated in this work, like [13,14,15,16], and many others. The novelty of our paper consists of the fact that the operator used by defining the new subclass of  Σ  is a very general operator that generalizes many earlier defined operators, it does not overlap with those studied in the above mentioned papers (that    Φ ′   ( 0 )  > 0   and   Φ ( U )   is symmetric with respect to the real axis), while for the function  Φ  from Definition 1 we did not assume any restrictions like in many other papers, excepting the fact that   Φ ( 0 ) = 1   is necessary for the subordinations (13) and (14).



If f and F are analytic functions in  U , we say that f is subordinate to F, written   f ( z ) ≺ F ( z )  , if there exists a Schwarz function s, which is analytic in  U , with   s ( 0 ) = 0  , and    s ( z )  < 1   for all   z ∈ U  , such that   f ( z ) = F ( s ( z ) )  ,   z ∈ U  . Furthermore, if the function F is univalent in  U , then we have the following equivalence ([17,18])


  f ( z ) ≺ F ( z ) ⇔ f ( 0 ) = F ( 0 )  and  f ( U ) ⊂ F ( U ) .  











Throughout this paper we assume that  Φ  is an analytic function in  U  with   Φ ( 0 ) = 1   of the form


  Φ  ( z )  = 1 +  B 1  z +  B 2   z 2  +  B 3   z 3  + … ,  z ∈ U .  











Now we define the following subclass of bi-univalent functions    L  Σ   q , λ    η ; h ; Φ   :



Definition 1.

If the function f has the form (1) and h is given by (2), the function f is said to be in the class    L  Σ   q , λ    η ; h ; Φ    if the following conditions are satisfied:


   f ∈ Σ ,  w i t h  1 +  1 η     z   D q    H  h   λ , q   f  ( z )      H  h   λ , q   f  ( z )    − 1  ≺ Φ  ( z )  ,   



(13)




and


   1 +  1 η     w   D q    H  h   λ , q   g  ( w )      H  h   λ , q   g  ( w )    − 1  ≺ Φ  ( w )  ,   



(14)




with   λ > − 1  ,   0 < q < 1  , and   η ∈ C ∖ { 0 }  , where the function g is the analytic extension of   f  − 1    to  U , and is given by (12).





Remark 3.






	(i) 

	
Putting   q →  1 −    we obtain that    lim  q →  1 −     L  Σ   q , λ    η ; h ; Φ  = :  G  Σ  λ   η ; h ; Φ   , where    G  Σ  λ   η ; h ; Φ    represents the functions   f ∈ Σ   that satisfy (13) and (14) for   H  h   λ , q    replaced with   I  h  λ   (6).




	(ii) 

	
Putting    c k  =      ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )      ,   υ > 0  , we obtain the class    B  Σ   q , λ    η , υ ; Φ   , that represents the functions   f ∈ Σ   that satisfy (13) and (14) for   H  h   λ , q    replaced with   N  υ , q  λ   (7).




	(iii) 

	
Putting    c k  =      n + 1   n + k     α   ,   α > 0  ,   n ≥ 0  , we obtain the class    M  Σ   q , λ    η , n , α ; Φ   , that represents the functions   f ∈ Σ   that satisfy (13) and (14) for   H  h   λ , q    replaced with   M  n , q   λ , α    (9).




	(iv) 

	
Putting    c k  =    m  k − 1    ( k − 1 ) !     e  − m    ,   m > 0  , we obtain the class    I  Σ   q , λ    η , m ; Φ   , that represents the functions   f ∈ Σ   that satisfy (13) and (14) for   H  h   λ , q    replaced with   I  q   λ , m    (10).




	(v) 

	
Putting    c k  =      1 + ℓ + μ ( k − 1 )   1 + ℓ     m   ,   m ∈ Z  ,   ℓ ≥ 0  ,   μ ≥ 0  , we obtain the class    J  Σ   q , λ    η , m , ℓ , μ ; Φ   , that represents the functions   f ∈ Σ   that satisfy (13) and (14) for   H  h   λ , q    replaced with   J  q , ℓ , μ   λ , m    (11).











Remark 4.

If the function   h ∗   is given by


   h ∗   ( z )  =  z  1 − z   ,  z ∈ U ,  








then   h ∗   has the form (2) with    c k  = 1  ,   k ≥ 2  , and according to (6) we have


   I   h ∗   0  f  ( z )  : =  lim  q →  1 −     H   h ∗    0 , q   f  ( z )  = z +   ∑   k = 2  ∞     k !    ( 1 )   k − 1       a k   z k  = z +   ∑   k = 2  ∞  k   a k   z k  = z  f ′   ( z )  , z ∈ U ,  



(15)




for all   f ∈ A   of the form (1). Consider the function    f ∗   ( z )  =   z  1 − z    ∈ Σ  , and its inverse analytic extension on  U ,    g ∗   ( w )  =   w  1 + w     , let   η = 1   and    Φ ∗   ( z )  =    1 + z   1 − z     . Using (15), the relations (13) and (14) become


  1 +  1 η     z    I   h ∗   0   f ∗   ( z )   ′     I   h ∗   0   f ∗   ( z )    − 1  = 1 +   z  f  ∗   ″    ( z )     f  ∗  ′   ( z )    =  Φ ∗   ( z )  ≺  Φ ∗   ( z )  ,  








and


  1 +  1 η     w    I   h ∗   0   g ∗   ( w )   ′     I   h ∗   0   g ∗   ( w )    − 1  = 1 +   w  g  ∗   ″    ( w )     g  ∗  ′   ( w )    =  Φ ∗   ( − w )  ≺  Φ ∗   ( w )  .  








Hence, using the notation of Remark 3 (i), we have    G  Σ  λ   η ; h ; Φ  ≠ ∅   for some values of λ, η, and some special choices of the functions h and Φ.





To prove our main results we need to use the following lemma:



Lemma 1.

[19] [p. 172] If   s  ( z )  =   ∑  k = 1  ∞    p k   z k    is a Schwarz function for   z ∈ U  , then


    |   p 1   | ≤ 1 ,  |   p k   | ≤ 1 − |   p 1    |  2  ,  k ≥ 1 .   














2. Coefficient Bounds for the Function Class    L  Σ   q , λ    η ; h ; Φ   


Throughout this paper we are going to assume that   λ > − 1   and   0 < q < 1  .



Theorem 1.

If the function f given by (1) belongs to the class    L  Σ   q , λ    η ; h ; Φ   , and   η ∈  C ∗  : = C ∖  { 0 }   , then


     a 2   ≤    |   B 1   |     |   B 1   |         q η     ( 1 + q )   ϕ 2  −  ϕ  1  2    B  1  2  −    q 2   η 2     B 2   ϕ  1  2     ,   








and


     a 3   ≤    η   |  B 1  |    q  ( q + 1 )   ϕ 2    +    η 2    |  B 1  |  2     q 2   ϕ  1  2    ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





Proof. 

If   f ∈  L  Σ   q , λ    η ; h ; Φ   , from (13), (14), and the definition of subordination it follows that there exist two functions U and V analytic in  U  with   U ( 0 ) = V ( 0 ) = 0   and   | U ( z ) | < 1  ,   | V ( w ) | < 1   for all   z , w ∈ U  , such that


  1 +  1 η     z   D q    H  h   λ , q   f  ( z )      H  h   λ , q   f  ( z )    − 1  = Φ  ( U  ( z )  )  ,  



(16)




and


  1 +  1 η     w   D q    H  h   λ , q   g  ( w )      H  h   λ , q   g  ( w )    − 1  = Φ  ( V  ( w )  )  .  



(17)







If   U  ( z )  =   ∑  k = 1  ∞    u k   z k    and   V  ( w )  =   ∑  k = 1  ∞    v k   w k   ,   z , w ∈ U  , from Lemma 1 we have


    u k   ≤ 1  and    v k   ≤ 1 ,  k ∈ N .  



(18)







Relations (16) and (17) lead to


    z   D q    H  h   λ , q   f  ( z )      H  h   λ , q   f  ( z )    − 1 = η  Φ ( U ( z ) ) − 1  ,  



(19)




and


    w   D q    H  h   λ , q   g  ( w )      H  h   λ , q   g  ( w )    − 1 = η  Φ ( V ( w ) ) − 1  .  



(20)







Since


       z   D q    H  h   λ , q   f  ( z )      H  h   λ , q   f  ( z )    − 1 = q  ϕ 1   a 2  z +  q  ( 1 + q )   ϕ 2   a 3  − q  ϕ  1  2   a  2  2    z 2  + … ,         w   D q    H  h   λ , q   g  ( w )      H  h   λ , q   g  ( w )    − 1 = − q  ϕ 1   a 2  w +  q  ( 1 + q )   ϕ 2   2  a  2  2  −  a 3   − q  ϕ  1  2   a  2  2    w 2  + … ,     








and


     η  Φ ( U ( z ) ) − 1  = η  B 1   u 1  z + η   B 1   u 2  +  B 2   u  1  2    z 2  + … ,       η  Φ ( V ( w ) ) − 1  = η  B 1   v 1  w + η   B 1   v 2  +  B 2   v  1  2    w 2  + … .     











By equalization according the coefficients of z and w in (19) and (20), it follows that


     q  ϕ 1   a 2  = η  B 1   u 1  ,     



(21)






     q  ( 1 + q )   ϕ 2   a 3  − q  ϕ  1  2   a  2  2  = η   B 1   u 2  +  B 2   u  1  2   ,     



(22)






     − q  ϕ 1   a 2  = η  B 1   v 1  ,     



(23)






     q  ( 1 + q )   ϕ 2   2  a  2  2  −  a 3   − q  ϕ  1  2   a  2  2  = η   B 1   v 2  +  B 2   v  1  2   .     



(24)







Using (21) and (23) we obtain


   u 1  = −  v 1  .  



(25)







Squaring (21) and (23), after adding relations, we get


  2  q 2   a  2  2   ϕ  1  2  =  η 2   B  1  2    u  1  2  +  v  1  2   .  



(26)







Adding (22) and (24) we have


  2 q   ( 1 + q )   ϕ 2  −  ϕ  1  2    a  2  2  = η   B 1    u 2  +  v 2   +  B 2    u  1  2  +  v  1  2    .  











From (26), replacing    u  1  2  +  v  1  2    in the above equation, we have


   2 q   ( 1 + q )   ϕ 2  −  ϕ  1  2   η  B  1  2  − 2  q 2   ϕ  1  2   B 2    a  2  2  =  η 2   B  1  3    u 2  +  v 2   ,  








that is


   a  2  2  =    B  1  3    u 2  +  v 2     2    q η     ( 1 + q )   ϕ 2  −  ϕ  1  2    B  1  2  −    q 2   η 2     ϕ  1  2   B 2     .  



(27)







Taking the absolute value of (27) and using the inequalities (18) we conclude that


    a 2   ≤    |   B 1   |     |   B 1   |         q η     ( 1 + q )   ϕ 2  −  ϕ  1  2    B  1  2  −    q 2   η 2     B 2   ϕ  1  2     ,  








which gives the bound for    a 2    as we asserted in our theorem.



To find the bound for    a 3   , by subtracting (24) from (22), we get


  2 q  ( 1 + q )   ϕ 2    a 3  −  a  2  2   = η   B 1    u 2  −  v 2   +  B 2    u  1  2  −  v  1  2    .  



(28)







Form (25), (26) and (28), we obtain


   a 3  =   η  B 1    u 2  −  v 2     2 q  ( 1 + q )   ϕ 2    +    η 2   B  1  2    u  1  2  +  v  1  2     2  q 2   ϕ  1  2    .  



(29)







Taking the absolute value of (29) and using the inequalities (18) we obtain


    a 3   ≤    η   |  B 1  |    q  ( q + 1 )   ϕ 2    +    η 2    |  B 1  |  2     q 2   ϕ  1  2    .  








 □





Putting   q →  1 −    in Theorem 1 we obtain the following corollary:



Corollary 1.

If the function f given by (1) belongs to the class    G  Σ  λ   η ; h ; Φ    for   η ≠ 0  , then


     a 2   ≤    |   B 1   |     |   B 1   |        2  ϕ 2  −  ϕ  1  2      B  1  2  η   −     B 2   ϕ  1  2    η 2       ,   








and


     a 3   ≤    η   |  B 1  |    2  ϕ 2    +    η 2    |  B 1  |  2    ϕ  1  2   ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





Taking    c k  =      ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )      ,   υ > 0  , in Theorem 1 we obtain the following special case:



Corollary 2.

If   f ∈  B  Σ   q , λ    η , υ ; Φ    is given by (1) and   η ≠ 0  , then


     a 2   ≤    |   B 1   |     |   B 1   |         q η     ( 1 + q )   ψ 2  −  ψ  1  2    B  1  2  −    q 2   η 2     B 2   ψ  1  2     ,   








and


     a 3   ≤    η   |  B 1  |    q  ( q + 1 )   ψ 2    +    η 2    |  B 1  |  2     q 2   ψ  1  2    ,   








where   ψ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (8).





Considering    c k  =      n + 1   n + k     α   ,   α > 0  ,   n ≥ 0  , in Theorem 1 we obtain the following result:



Corollary 3.

If   f ∈  M  Σ   q , λ    η , n , α ; Φ    is given by (1) and   η ≠ 0  , then


     a 2   ≤    |   B 1   |     |   B 1   |        q η    ( 1 + q )     3 , q  !    λ + 1 , q  2       n + 1   n + 3    α  −     2 , q  !  2     λ + 1 , q   2       n + 1   n + 2     2 α     B  1  2  −   q 2   η 2    B 2      2 , q  !  2     λ + 1 , q   2       n + 1   n + 2     2 α      ,   








and


     a 3   ≤    η   |  B 1  |    λ + 1 , q  2    n + 3  α    q  ( q + 1 )   3 , q  !   n + 1  α    +    η 2    |  B 1  |  2     λ + 1 , q   2    n + 2   2 α      q 2     2 , q  !  2    n + 1   2 α     .   













Putting    c k  =    m  k − 1    ( k − 1 ) !     e  − m    ,   m > 0  , in Theorem 1 we obtain the following special case:



Corollary 4.

If   f ∈  I  Σ   q , λ    η , m ; Φ    is given by (1) and   η ≠ 0  , then


     a 2   ≤    |   B 1   |     |   B 1   |        q η    ( 1 + q )     3 , q  !   2   λ + 1 , q  2     m 2   e  − m   −     2 , q  !  2     λ + 1 , q   2    m 2   e  − 2 m     B  1  2  −   q 2   η 2    B 2      2 , q  !  2     λ + 1 , q   2    m 2   e  − 2 m      ,   








and


     a 3   ≤   2  η   |  B 1  |    λ + 1 , q  2    q  ( q + 1 )   3 , q  !  m 2   e  − m     +    η 2    |  B 1  |  2     λ + 1 , q   2     q 2     2 , q  !  2   m 2   e  − 2 m     .   














3. Fekete-Szegő Problem for the Function Class    L  Σ   q , λ    η ; h ; Φ   


Theorem 2.

If the function f given by (1) belongs to the class    L  Σ   q , λ    η ; h ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤  | η | |   B 1   |   | M + N | + | M − N |  ,   



(30)




with


   M =    1 − μ  η  B  1  2    2 q   ( 1 + q )   ϕ 2  −  ϕ  1  2   η  B  1  2  − 2  q 2   ϕ  1  2   B 2    ,  a n d  N =  1  2 q  ( 1 + q )   ϕ 2    ,   



(31)




where   μ ∈ C  , and   ϕ k  ,   k ∈ { 2 , 3 }  , are given by (5).





Proof. 

If   f ∈  L  Σ   q , λ    η ; h ; Φ   , like in the proof of Theorem 1, from (25) and (28) we have


   a 3  −  a  2  2  =   η  B 1    u 2  −  v 2     2 q  ( 1 + q )   ϕ 2    .  



(32)




Multiplying (27) by   ( 1 − μ )   we get


   1 − μ   a  2  2  =    1 − μ   η 2   B  1  3    u 2  +  v 2     2 q   ( 1 + q )   ϕ 2  −  ϕ  1  2   η  B  1  2  − 2  q 2   ϕ  1  2   B 2    .  



(33)







Adding (32) and (33), it follows that


   a 3  − μ  a  2  2  = η  B 1    M + N   u 2  +  M − N   v 2   ,  



(34)




where M and N are given by (31). Taking the absolute value of (34), from (18) we obtain the inequality (30). □





Remark 5.

Algebra shows that the inequality    M  ≤ N   is equivalent to


    μ − 1  ≤  1 −  η +    B 2  q   B  1  2      ϕ  1  2   η  ( 1 + q )   ϕ 2     .   








From Theorem 2 we get the next:



If the function f given by (1) belongs to the class    L  Σ   q , λ    η ; h ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤     η    B 1     q  ( 1 + q )   ϕ 2     ,   








where   μ ∈ C  , and


    μ − 1  ≤  1 −  η +    B 2  q   B  1  2      ϕ  1  2   η  ( 1 + q )   ϕ 2     ,   








with   ϕ k  ,   k ∈ { 2 , 3 }  , are given by (5).





Putting   q →  1 −    in Theorem 2 we obtain the following corollary:



Corollary 5.

If the function f given by (1) belongs to the class    G  Σ  λ   η , h ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤  | η | |   B 1   |   | M + N | + | M − N |  ,   








with


   M =    1 − μ  η  B  1  2    2  2  ϕ 2  −  ϕ  1  2   η  B  1  2  − 2  ϕ  1  2   B 2    ,  a n d  N =  1  4  ϕ 2    ,   








where   μ ∈ C  , and   ϕ k  ,   k ∈ { 2 , 3 }  , are given by (5).





Taking    c k  =      ( − 1 )   k − 1   Γ  ( υ + 1 )     4  k − 1    ( k − 1 )  ! Γ  ( k + υ )      ,   υ > 0   in Theorem 2, we obtain the following special case:



Corollary 6.

If the function f given by (1) belongs to the class    B  Σ   q , λ    η , υ ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤  | η | |   B 1   |   | M + N | + | M − N |  ,   








with


   M =    1 − μ  η  B  1  2    2 q   ( 1 + q )   ψ 2  −  ψ  1  2   η  B  1  2  − 2  q 2   ψ  1  2   B 2    ,  a n d  N =  1  2 q  ( 1 + q )   ψ 2    ,   








where   μ ∈ C  , and   ϕ k  ,   k ∈ { 2 , 3 }  , are given by (8).





Considering    c k  =      n + 1   n + k     α   ,   α > 0  ,   n ≥ 0   in Theorem 2, we obtain the next result:



Corollary 7.

If the function f given by (1) belongs to the class    M  Σ   q , λ    η , n , α ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤  | η | |   B 1   |   | M + N | + | M − N |  ,   








with


   M =    1 − μ  η  B  1  2    2 q  R 1   ( n , α , λ , q )  η  B  1  2  − 2  q 2       2 , q  !   λ + 1 , q    2      n + 1   n + 2     2 α    B 2    ,   








and


   N =     n + 3  α    λ + 1 , q  2    2 q  ( 1 + q )    n + 1  α   3 , q  !   ,   








where   μ ∈ C  , and


    R 1   ( n , α , λ , q )  =  ( 1 + q )     3 , q  !    λ + 1 , q  2       n + 1   n + 3    α  −      2 , q  !   λ + 1 , q    2      n + 1   n + 2     2 α   .   













If we take    c k  =    m  k − 1    ( k − 1 ) !     e  − m    ,   m > 0   in Theorem 2, we get the next special case:



Corollary 8.

If the function f given by (1) belongs to the class    I  Σ   q , λ    η , m ; Φ    for   η ≠ 0  , then


     a 3  − μ  a  2  2   ≤  | η | |   B 1   |   | M + N | + | M − N |  ,   








with


   M =    1 − μ  η  B  1  2    2 q R  ( m , λ , q )  η  B  1  2  − 2  q 2       2 , q  !   λ + 1 , q    2   m 2   e  − 2 m    B 2    ,   








and


   N =    λ + 1 , q  2   q  ( 1 + q )   m 2   e  − m    3 , q  !   ,   








where   μ ∈ C  , and


   R  ( m , λ , q )  =  ( 1 + q )     3 , q  !  m 2   e  − m     2   λ + 1 , q  2    −      2 , q  !   λ + 1 , q    2   m 2   e  − 2 m   .   













We will give a few applications of the above results obtained for special choices of the function  Φ , as follows.



1. The circular function   Φ  ( z )  =    1 + A z   1 + B z       − 1 < B < A ≤ 1   is convex in  U  and


     Φ  ( U )  =  w ∈ C :  w −   1 − A B   1 −  B 2     <   A − B   1 −  B 2     ,  if  − 1 < B < A ≤ 1 ,       Φ  ( U )  =  w ∈ C : Re w >   1 − A  2   ,  if  − 1 = B < A ≤ 1 .     











Since    B 1  = A − B   and    B 2  = B  ( B − a )   , replacing this function in Theorem 1 and Theorem 2 we obtain the next example:



Example 1.

If   f ∈  L  Σ   q , λ    η ; h ;   1 + A z   1 + B z      is given by (1) and   η ≠ 0  , then


     a 2   ≤    | A − B |    | A − B |        q η     ( 1 + q )   ϕ 2  −  ϕ  1  2     A − B  2  −    q 2   η 2    B  B − A   ϕ  1  2     ,   










     a 3   ≤    η   | A − B |    q  ( q + 1 )   ϕ 2    +    η 2    | A − B |  2     q 2   ϕ  1  2    ,   








and


     a 3  − μ  a  2  2   ≤  | η | | A − B |   | M + N | + | M − N |  ,   








with


   M =    1 − μ  η   A − B  2    2 η q   ( 1 + q )   ϕ 2  −  ϕ  1  2     A − B  2  − 2  q 2   ϕ  1  2  B  B − A    ,  a n d  N =  1  2 q  ( 1 + q )   ϕ 2    ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





Remark 6.

For the special values   A = 1 − 2 β   and   B = − 1    ( 0 ≤ β < 1 )  , the above example yields to the next special case: if   f ∈  L  Σ   q , λ    η ; h ;   1 +  1 − 2 β  z   1 − z      is given by (1) and   η ≠ 0  , then


     a 2   ≤   2  2    1 − β   3 2         4 q  η     ( 1 + q )   ϕ 2  −  ϕ  1  2     1 − β  2  −    2  q 2    η 2     1 − β   ϕ  1  2     ,   










     a 3   ≤   2  η   1 − β    q  ( q + 1 )   ϕ 2    +   4  η 2    1 − β  2     q 2   ϕ  1  2    ,   








and


     a 3  − μ  a  2  2   ≤ 2  | η |   1 − β   | M + N | + | M − N |  ,   








with


   M =   4 η  1 − μ    1 − β  2    8 η q   ( 1 + q )   ϕ 2  −  ϕ  1  2     1 − β  2  − 4  q 2   ϕ  1  2   1 − β    ,  a n d  N =  1  2 q  ( 1 + q )   ϕ 2    ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





2. Let consider the binomial function   Φ  ( z )  =   ( 1 + z )  α   ,   z ∈ U  , with   α ∈  C ∗   , where the power is considered at the principal branch, that is   Φ ( 0 ) = 1  . Since


  Φ  ( z )  =   ( 1 + z )  α  = 1 +   ∑   n = 1  ∞    α ( α − 1 ) … ( α − n + 1 )   n !    z n  ,  z ∈ U ,  








it follows that    B 1  = α   and    B 2  =    α ( α − 1 )  2    . Replacing this function in Theorems 1 and 2 we get:



Example 2.

If   f ∈  L  Σ   q , λ    η ; h ;   ( 1 + z )  α     is given by (1) and   η ≠ 0  , then


     a 2   ≤    | α |    | α |        q η     ( 1 + q )   ϕ 2  −  ϕ  1  2    α 2  −    q 2   2  η 2     α  ( α − 1 )   ϕ  1  2     ,   










     a 3   ≤    η   | α |    q  ( q + 1 )   ϕ 2    +    η 2    | α |  2     q 2   ϕ  1  2    ,   








and


     a 3  − μ  a  2  2   ≤  | η | | α |   | M + N | + | M − N |  ,   








with


      1 − μ  η  α 2    2 q   ( 1 + q )   ϕ 2  −  ϕ  1  2   η  α 2  −  q 2   ϕ  1  2  α  ( α − 1 )    ,  a n d  N =  1  2 q  ( 1 + q )   ϕ 2    ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





3. For the function   Φ  ( z )  =      1 + z   1 − z     σ   ,   z ∈ U  , with   σ ∈  C ∗   , where the power is considered at the principal branch, that is   Φ ( 0 ) = 1  , we have    B 1  = 2 σ   and    B 2  = 2  σ 2   . Therefore, from Theorems 1 and 2 we deduce the following example:



Example 3.

If   f ∈  L  Σ   q , λ    η ; h ;   ( 1 + z )  α     is given by (1) and   η ≠ 0  , then


     a 2   ≤   2  2   | σ |    | σ |         4 q  η     ( 1 + q )   ϕ 2  −  ϕ  1  2    σ 2  −    2  q 2    η 2     σ 2   ϕ  1  2     ,   










     a 3   ≤   2  η   | σ |    q  ( q + 1 )   ϕ 2    +   4  η 2    | σ |  2     q 2   ϕ  1  2    ,   








and


     a 3  − μ  a  2  2   ≤  2 | η | | σ |   | M + N | + | M − N |  ,   








with


     4  1 − μ  η  σ 2    8 q η   ( 1 + q )   ϕ 2  −  ϕ  1  2    σ 2  − 4  q 2   ϕ  1  2   σ 2    ,  a n d  N =  1  2 q  ( 1 + q )   ϕ 2    ,   








where   ϕ  k − 1   ,   k ∈ { 2 , 3 }  , are given by (5).





Remark 7.

We mention that all the above estimations for the coefficients    a 2   ,    a 3   , and Fekete-Szegő problem for the function class    L  Σ   q , λ    η ; h ; Φ    are not sharp. To find the sharp upper bounds for the above functionals, it still is an interesting open problem, as well as for    a n   ,   n ≥ 4  .
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