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Abstract

:

In this article, we introduce the parametric kinds of degenerate type Fubini polynomials and numbers. We derive recurrence relations, identities and summation formulas of these polynomials with the aid of generating functions and trigonometric functions. Further, we show that the parametric kind of the degenerate type Fubini polynomials are represented in terms of the Stirling numbers.
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1. Introduction


In the last decade, many mathematicians, namely, Kargin [1], Duran and Acikgoz [2], Kim et al. [3,4], Kilar and Simsek [5], Su and He [6] have been studied in the area of the Fubini polynomials and numbers, degenerate Fubini polynomials and numbers. The range of Appell polynomials sequences is one of the important classes of polynomial sequences. The Appell polynomials are very frequently used in various problems in pure and applied mathematics related to functional equations in differential equations, approximation theories, interpolation problems, summation methods, quadrature rules, and their multidimensional extensions (see [7,8]). The sequence of Appell polynomials    A j   ( w )    can be signified by means either following equivalent conditions


   d  d w    A j   ( w )  = j  A  j − 1    ( w )  ,      A 0   ( w )  ≠ 0 , w = η + i ξ ∈ C ,      j ∈  N 0  ,  



(1)




and satisfying the generating function


  A  ( z )   e  w z   =  A 0   ( w )  +  A 1   ( w )   z  1 !   +  A 2   ( w )    z 2   2 !   + ⋯ +  A n   ( w )    z n   n !   + ⋯ =  ∑  j = 0  ∞   A j   ( w )    z j   j !   ,  



(2)




where   A ( w )   is an entirely real power series with Taylor expansion given by


  A  ( w )  =  A 0   ( w )  +  A 1   ( w )   z  1 !   +  A 2   ( w )    z 2   2 !   + ⋯ +  A j   ( w )    z j   j !   + ⋯ ,    A 0  ≠ 0 .  











The well known degenerate exponential function [9] is defined by


   e  μ  η   ( z )  =   ( 1 + μ z )   η μ   ,        e μ   ( z )  =  e  μ  1   ( z )  ,  ( μ ∈ R )  .  



(3)







Since


   lim  μ → 0     ( 1 + μ z )   η μ   =  e  η z   .  











In [10,11], Carlitz introduced the degenerate Bernoulli polynomials which are defined by


   z    ( 1 + μ z )   1 μ   − 1     ( 1 + μ z )   η μ   =  ∑  j = 0  ∞   β j   ( η ; μ )    z j   j !   ,  ( μ ∈ C )  ,  



(4)




so that


   β j   ( η ; μ )  =  ∑  w = 0  j      j     w      β w   ( μ )     η μ    j − w   .  



(5)







When   η = 0  ,    β j   ( μ )  =  β j   ( 0 ; μ )    are called the degenerate Bernoulli numbers, (see [12,13,14,15]).



From Equation (4), we get


       ∑  j = 0  ∞    lim  μ ⟶ 0    β j   ( η ; μ )    z j   j !   =  lim  μ ⟶ 0    z    ( 1 + μ z )   1 μ   − 1     ( 1 + μ z )   η μ          =  z   e z  − 1    e  η z   =   ∑  j = 0  ∞    B j   ( η )    z j   j !   ,     



(6)




where    B j   ( η )    are called the Bernoulli polynomials, (see [9,16]).



The Stirling numbers of the first kind [3,14,17]) are defined by


   η j  =  ∑  i = 0  j   S 1   ( j , i )    ( η )  i  ,  ( j ≥ 0 )  ,  



(7)




where     ( η )  0  = 1 ,   ( η )  j  = η  ( η − 1 )  ⋯  ( η − j + 1 )  ,  ( j ≥ 1 )  .   Alternatively, the Stirling numbers of the second kind are defined by following generating function (see [4,5])


     (  e z  − 1 )  j   j !   =  ∑  i = j  ∞   S 2   ( j , i )    z j   j !   .  



(8)







The degenerate Stirling numbers of the second kind [17] are defined by means of the following generating function


   1  i !       ( 1 + μ z )   1 μ   − 1  i  =  ∑  j = i  ∞   S  2 , μ    ( j , i )    z j   j !   .  



(9)







It is clear that


   lim  μ → 0    S  2 , μ    ( j , i )  =  S 2   ( j , i )  .  











The generating function of 2-variable degenerate Fubini polynomials [3] are defined by


   1  1 − ξ (   ( 1 + μ z )   1 μ   − 1 )     ( 1 + μ z )   η μ   =  ∑  j = 0  ∞   F  j , μ    ( η ; ξ )    z j   j !   ,  



(10)




so that


   F  j , μ    ( η ; ξ )  =  ∑  i = 0  j      j     i      F  i , μ    ( ξ )    ( η )   j − i , μ   .  











When   η = 0  ,    F  j , μ    ( 0 ; ξ )  =  F  j , μ    ( ξ )   ,    F  j , μ    ( 0 ; 1 )  =  F  j , μ     are called the degenerate Fubini polynomials and degenerate Fubini numbers.



Note that


      lim  μ ⟶ 0     ∑  j = 0  ∞    F  j , μ    ( η ; ξ )    z j   j !   =  lim  μ ⟶ 0    1  1 − ξ (   ( 1 + μ z )   1 μ   − 1 )     ( 1 + μ z )   η μ          =  1  1 − ξ (  e z  − 1 )    e  η z   =   ∑  j = 0  ∞    F j   ( η ; ξ )    z j   j !   ,     



(11)




where    F j   ( η ; ξ )    are called the 2-variable Fubini polynomials, (see, [1,18]).



The two trigonometric functions    e  η z   cos ξ z   and    e  η z   sin ξ z   are defined as follows (see [19,20]):


   e  η z   cos ξ z =  ∑  k = 0  ∞   C k   ( η , ξ )    z k   k !   ,  



(12)




and


   e  η z   sin ξ z =  ∑  k = 0  ∞   S k   ( η , ξ )    z k   k !   ,  



(13)




where


   C k   ( η , ξ )  =  ∑  j = 0   [  k 2  ]       k      2 j        ( − 1 )  j   η  k − 2 j    ξ  2 j   ,  



(14)




and


   S k   ( η , ξ )  =  ∑  j = 0   [   k − 1  2  ]       k      2 j + 1        ( − 1 )  j   η  k − 2 j − 1    ξ  2 j + 1   .  



(15)







Recently, Kim et al. [16] introduced the degenerate cosine-polynomials and degenerate sine-polynomials are respectively, as follows


   e  μ  η   ( z )   cos  λ  ξ   ( z )  =  ∑  j = 0  ∞   C  j , μ    ( η , ξ )    z j   j !   ,  



(16)




and


   e  μ  η   ( z )   sin  μ  ξ   ( z )  =  ∑  j = 0  ∞   S  j , μ    ( η , ξ )    z j   j !   ,  



(17)




where


   C  j , μ    ( η , ξ )  =  ∑  k = 0   [  j 2  ]    ∑  i = 2 k  j      j     i      μ  i − 2 k     ( − 1 )  k   ξ  2 k    S 1   ( i , 2 k )    ( η )   j − i , μ   ,  



(18)




and


   S  j , μ    ( η , ξ )  =  ∑  k = 0   [   j − 1  2  ]    ∑  i = 2 k + 1  j      j     i      μ  i − 2 k − 1     ( − 1 )  k   ξ  2 k + 1    S 1   ( i , 2 k + 1 )    ( η )   j − i , μ   .  



(19)







This paper is organized as follows: In Section 2, we introduce degenerate complex Fubini polynomials with degenerate cosine-Fubini and degenerate sine-Fubini polynomials and present some properties and their relations. In Section 3, we derive partial differentiation, recurrence relations and summation formulas, Stirling numbers of the second kind of degenerate type Fubini numbers and polynomials by using a generating function, respectively.




2. A Parametric Kind of the Degenerate Fubini Polynomials


In this section, we study the parametric kind of degenerate Fubini polynomials by employing the real and imaginary parts separately and introduce the degenerate Fubini polynomials in terms of degenerate complex polynomials.



The well known degenerate Euler’s formula is defined as follows (see [16])


   e  μ   ( η + i ξ ) z   =  e  μ   η z    e  μ   i ξ z   =  e  μ   η z    (  cos μ  ξ z + i  sin μ  ξ z )  ,  



(20)




where


   cos μ  z =    e  μ  i   ( z )  +  e  μ   − i    ( z )   2  ,     sin μ  z =    e  μ  i   ( z )  −  e  μ   − i    ( z )    2 i   .  



(21)







Note that


   lim  μ → 0    e  μ  i  =  e  i z   ,  lim  μ → 0    cos μ  z = cos z ,     lim  μ → 0    sin μ  z = sin z .  











Using (8), we find


   1  1 − ρ (  e μ   ( z )  − 1 )    e  μ   η + i ξ    ( z )  =  ∑  j = 0  ∞   F  j , μ    ( η + i ξ ; ρ )    z j   j !   ,  



(22)




and


   1  1 − ρ (  e μ   ( z )  − 1 )    e  μ   η − i ξ    ( z )  =  ∑  j = 0  ∞   F  j , μ    ( η + i ξ ; ρ )    z j   j !   .  



(23)







From Equations (22) and (23), we obtain


   1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )  =  ∑  j = 0  ∞     F  j , μ    ( η + i ξ ; ρ )  +  F  j , μ    ( η − i ξ ; ρ )   2    z j   j !   ,  



(24)




and


   1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   sin μ   ( ξ z )  =  ∑  j = 0  ∞     F  j , μ    ( η + i ξ ; ρ )  −  F  j , μ    ( η − i ξ ; ρ )    2 i     z j   j !   .  



(25)







Definition 1.

For a non negative integer n, let us define the degenerate cosine-Fubini polynomials    F  j , μ   ( c )    ( η , ξ ; ρ )    and the degenerate sine-Fubini polynomials    F  j , μ   ( s )    ( η , ξ ; ρ )    by the generating functions, respectively, as follows


    1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )  =  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   ,   



(26)




and


    1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   sin μ   ( ξ z )  =  ∑  j = 0  ∞   F  j , μ   ( s )    ( η , ξ ; ρ )    z j   j !   .   



(27)







It is noted that


    F  j , μ   ( c )    ( 0 , 0 ; 1 )  =  F  j , μ   ,    F  j , μ   ( s )    ( 0 , 0 ; 1 )  = 0 ,  ( j ≥ 0 )  .   











The first few of them are:


        F  0 , μ   ( c )    ( η , ξ ; ρ )  = 1 ,       F  1 , μ   ( c )    ( η , ξ ; ρ )  = η + ρ ,       F  2 , μ   ( c )    ( η , ξ ; ρ )  = − μ η +  η 2  −  ξ 2  + ρ − μ ρ + 2 η ρ + 2  ρ 2  ,       F  3 , μ   ( c )    ( η , ξ ; ρ )  = 2  μ 2  η − 3 μ  η 2  +  η 3  − 3 η  ξ 2  + 3 μ  ξ 3  + ρ − 3 μ ρ + 2  μ 2  ρ + 3 η ρ − 6 μ η ρ             + 3  η 2  ρ − 3  ξ 2  ρ + 6  ρ 2  − 6 μ  ρ 2  + 6 η  ρ 2  + 6  ρ 3  ,      








and


        F  0 , μ   ( s )    ( η , ξ ; ρ )  = 0 ,       F  1 , μ   ( s )    ( η , ξ ; ρ )  = ξ ,       F  2 , μ   ( s )    ( η , ξ ; ρ )  = 2 η ξ − μ  ξ 2  + 2 ξ ρ ,       F  3 , μ   ( s )    ( η , ξ ; ρ )  = − 3 μ η ξ + 3  η 2  ξ − 3 μ η  ξ 2  −  ξ 3  + 2  μ 2   ξ 3  + 3 ξ ρ − 3 μ ξ ρ             + 6 η ξ ρ − 3 μ  ξ 2  ρ + 6 ξ  ρ 2  .      











Note that    lim  μ ⟶ 0    F  j , μ   ( c )    ( η , ξ ; ρ )  =  F  j   ( c )    ( η , ξ ; ρ )   ,    lim  μ ⟶ 0    F  j , μ   ( s )    ( η , ξ ; ρ )  =  F  j   ( s )    ( η , ξ ; ρ )   ,   ( j ≥ 0 )  , where    F  j   ( c )    ( η , ξ ; ρ )    and    F  j   ( s )    ( η , ξ ; ρ )    are the new type of Fubini polynomials.



From Equations (24)–(27), we determine


    F  j , μ   ( c )    ( η , ξ ; ρ )  =    F  j , μ    ( η + i ξ ; ρ )  +  F  j , μ    ( η − i ξ ; ρ )   2  ,   



(28)




and


    F  j , μ   ( s )    ( η , ξ ; ρ )  =    F  j , μ    ( η + i ξ ; ρ )  −  F  j , μ    ( η − i ξ ; ρ )    2 i   .   



(29)









Theorem 1.

The following result holds true


       F  j , μ    ( η + i ξ ; ρ )  =   ∑  r = 0  j       j     r       ( i ξ )   j − r , μ    F  r , μ    ( η ; ρ )         =   ∑  r = 0  j       j     r       ( η + i ξ )   j − r , μ    F  r , μ    ( ρ )  ,      



(30)




and


       F  j , μ    ( η − i ξ ; ρ )  =   ∑  r = 0  j       j     r       ( − 1 )   j − r     ( i ξ )   j − r , μ    F  r , μ    ( η ; ρ )         =   ∑  r = 0  j       j     r       ( − 1 )   j − r     ( i ξ − η )   j − r , μ    F  r , μ    ( ρ )  ,      



(31)




where     ( η )   0 , μ   = 1 ,      ( η )   j , μ   = η  ( η + μ )  ⋯  ( η + μ  ( j − 1 )  )  ,  ( j ≥ 1 )  .  





Proof. 

From Equation (26), we derive


        ∑  j = 0  ∞    F  j , μ    ( η + i ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e  μ  η   ( z )   e  μ   i ξ    ( z )         =   ∑  r = 0  ∞    F  r , μ    ( η ; ρ )    z r   r !     ∑  j = 0  ∞     ( i ξ )   j , μ     z j   j !          =   ∑  j = 0  ∞      ∑  r = 0  j       j     r       ( i ξ )   j − r , μ    F  r , μ    ( η ; ρ )     z j   j !       .  











Similarly, we find


       ∑  j = 0  ∞    F  j , μ    ( η + i ξ ; ρ )    z j   j !   =   ∑  r = 0  ∞    F  r , μ    ( ρ )    z r   r !     ∑  j = 0  ∞     ( η + i ξ )   j , μ     z j   j !          =   ∑  j = 0  ∞      ∑  r = 0  j       j     r       ( η + i ξ )   j − r , μ    F  r , μ    ( η ; ρ )     z j   j !   ,     








which implies the asserted result (30). The proof of (31) is similar. □





Theorem 2.

The following result holds true


       F  j , μ   ( c )    ( η , ξ ; ρ )  =   ∑  r = 0  j       j     r      F  r , μ   ( c )    ρ )   C  j − r , μ    ( η , ξ )         =   ∑  q = 0   [  j 2  ]      ∑  r = 2 q  j       j     r      μ  r − 2 q     ( − 1 )  q   ξ  2 q    S  ( 1 )    ( r , 2 q )   F  j − r , μ    ( η ; ρ )  ,      



(32)




and


       F  j , μ   ( s )    ( η , ξ ; ρ )  =   ∑  r = 0  j       j     r      F  r , μ   ( s )    ( ρ )   S  j − r , μ    ( η , ξ )         =   ∑  q = 0   [   j − 1  2  ]      ∑  r = 2 q + 1  j       j     r      μ  r − 2 q − 1     ( − 1 )  q   ξ  2 q + 1    S  ( 1 )    ( r , 2 q + 1 )   F  j − r , μ    ( η ; ρ )  .      



(33)









Proof. 

From Equations (26) and (16), we find


       ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )         =    ∑  r = 0  ∞    F  r , μ   ( c )    ( ρ )    z r   r !       ∑  j = 0  ∞    C  j , μ    ( η , ξ )    z j   j !           =   ∑  j = 0  ∞      ∑  r = 0  j       j     r      F  r , μ   ( c )    ( ρ )   C  j − r , μ    ( η , ξ )     z j   j !   .     



(34)







On the other hand, we find


      1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )  =   ∑  j = 0  ∞    F  j , μ   ( c )    ( η ; ρ )    z j   j !     ∑  r = 0  ∞     ∑  q = 0   [  l 2  ]     μ  r − 2 q     ( − 1 )  q   ξ  2 q    S  ( 1 )    ( r , q )    z r   r !          =   ∑  j = 0  ∞      ∑  r = 0  j     ∑  q = 0   [  r 2  ]        j     r      μ  r − 2 q     ( − 1 )  q   ξ  2 q    S  ( 1 )    ( r , 2 q )   F  j − r , μ   ( c )    ( η ; ρ )     z j   j !          =   ∑  j = 0  ∞      ∑  q = 0   [  j 2  ]      ∑  r = 2 q  n       j     r      μ  r − 2 q     ( − 1 )  q   ξ  2 q    S  ( 1 )    ( r , 2 q )   F  j − r , μ    ( η ; ρ )     z j   j !   .     



(35)







Therefore, by Equations (34) and (35), we obtain (32). The proof of (33) is similar. □





Theorem 3.

The following relation holds true


    C  j , μ    ( η , ξ )  =  F  j , μ   ( c )    ( η , ξ ; ρ )  − ρ  ∑  r = 0  j      j     r       ( 1 )   r , μ    F  j − r , μ   ( c )    ( η , ξ ; ρ )  + ρ  F  j , μ   ( c )    ( η , ξ ; ρ )  ,   



(36)




and


    S  j , μ    ( η , ξ )  =  F  j , μ   ( s )    ( η , ξ ; ρ )  − ρ   ∑  r = 0  j       j     r       ( 1 )   r , μ    F  j − r , μ   ( s )    ( η , ξ ; ρ )  + ρ  F  j , μ   ( s )    ( η , ξ ; ρ )  .   



(37)









Proof. 

In view of (16) and (26), we have


   e μ   ( η z )   cos μ   ( ξ z )  =  1 − ρ (  e μ   ( z )  − 1 )    ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !    










    ∑  j = 0  ∞    C  j , μ    ( η , ξ )    z j   j !   =   ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   − ρ  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !    ∑  r = 0  ∞    ( 1 )   r , μ     z r   r !    










  + ρ  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !    










  =  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   − ρ  ∑  j = 0  ∞   ∑  r = 0  j      j     r       ( 1 )   r , μ    F  j − r , μ   ( c )    ( η , ξ ; ρ )    z j   j !    










  + ρ  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   .  











On comparing the coefficients of both sides, we get (36). The proof of (37) is similar. □






3. Main Results


In this section, we derive partial differentiation, recurrence relations, explicit and implicit summation formulae and Stirling numbers of the second kind by using the summation technique series method. We start by the following theorem.



Theorem 4.

For every   j ∈ N  , the following equations for partial derivatives hold true:


    ∂  ∂ η    F  j , μ   ( c )    ( η , ξ ; ρ )  = j  F  j − 1 , μ   ( c )    ( η , ξ ; ρ )  ,   



(38)






    ∂  ∂ ξ    F  j , μ   ( c )    ( η , ξ ; ρ )  = − j  F  j − 1 , μ   ( s )    ( η , ξ ; ρ )  ,   



(39)






    ∂  ∂ η    F  j , μ   ( s )    ( η , ξ ; ρ )  = j  F  j − 1 , μ   ( s )    ( η , ξ ; ρ )  ,   



(40)






    ∂  ∂ ξ    F  j , μ   ( s )    ( η , ξ ; ρ )  = j  F  j − 1 , μ   ( c )    ( η , ξ ; ρ )  .   



(41)









Proof. 

Using Equation (26), we see


   ∑  j = 1  ∞   ∂  ∂ η    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  ∂  ∂ η      e μ   ( η z )   cos μ   ( ξ z )    1 − ρ (  e μ   ( z )  − 1 )   =  ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z  j + 1    j !    










  =  ∑  j = 0  ∞   F  j − 1 , μ   ( c )    ( η , ξ ; ρ )    z j   ( j − 1 ) !   =  ∑  j = 1  ∞  n  F  j − 1 , μ   ( c )    ( η , ξ ; ρ )    z j   j !   ,  








proving (38). Other (39), (40) and (41) can be similarly derived. □





Theorem 5.

For   j ≥ 0  , the following formula holds true:


    1  1 − ρ    ∑  r = 0  j      j     r      F  r , μ     ρ  1 − ρ     C  j − r , μ    ( η , ξ )  =  ∑  r = 0  j      j     r      ∑  q = 0  ∞   z q    ( q )   r , μ    C  j − r , μ    ( η , ξ )  ,   



(42)







and


    1  1 − ρ    ∑  r = 0  j      j     r      F  r , μ     ρ  1 − ρ     S  j − r , μ    ( η , ξ )  =  ∑  r = 0  j      j     r      ∑  q = 0  ∞   z q    ( q )   r , μ    S  j − r , μ    ( η , ξ )  .   



(43)









Proof. 

We begin with the definition (26) and write


   ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )  .  











Let


      1  1 − ρ     1  1 −  ρ  1 − ρ    [  e μ   ( z )  − 1 ]     =  1  1 − ρ  e μ   ( z )    =   ∑  q = 0  ∞    ρ q    ( 1 + μ z )   q μ          =   ∑  r = 0  ∞      ∑  k = 0  ∞    z k    ( k )   r , λ      t r   r !       



(44)






       ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =   ∑  r = 0  ∞      ∑  q = 0  ∞    ρ q    ( q )   r , μ      z r   r !      ∑  j = 0  ∞    C  j , μ    ( η , ξ )    z j   j !           =   ∑  j = 0  ∞      ∑  r = 0  j       j     r       ∑  q = 0  ∞    ρ q    ( q )   r , μ    C  j − r , μ    ( η , ξ )     z j   j !   .     



(45)







Now, we observe that, by (44), we get


   1  1 − ρ     1  1 −  ρ  1 − ρ     ( 1 + μ z )   1 μ   − 1    =  1  1 − ρ    ∑  j = 0  ∞   F  j , μ     ρ  1 − ρ      z j   j !   .  











Then, we have


       ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  1  1 − ρ     ∑  r = 0  ∞    F  r , μ     ρ  1 − ρ      z r   r !      ∑  j = 0  ∞    C  j , μ    ( η , ξ )    z j   j !           =  1  1 − ρ     ∑  j = 0  ∞      ∑  r = 0  j       j     r      F  r , μ     ρ  1 − ρ     C  j − r , μ    ( η , ξ )     z j   j !   .     



(46)







Therefore, by Equations (45) and (46), we get (42). The proof of (43) is similar. □





Theorem 6.

For   j ≥ 0  , the following formula holds true:


    C  j , μ    ( η , ξ )  =  F  j , μ   ( c )    ( η , ξ ; ρ )  − ρ  F  j , μ   ( c )    ( η + 1 , ξ ; ρ )  + ρ  F  j , μ   ( c )    ( η , ξ ; ρ )  ,   



(47)




and


    S  j , μ    ( η , ξ )  =  F  j , μ   ( s )    ( η , ξ ; ρ )  − ρ  F  j , μ   ( s )    ( η + 1 , ξ ; ρ )  + ρ  F  j , μ   ( s )    ( η , ξ ; ρ )  .   



(48)









Proof. 

We begin with the definition (26) and write


      e μ   ( η z )   cos μ   ( ξ z )  =   1 − ρ (  e μ   ( z )  − 1 )   1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )         =    e μ   ( η z )   cos μ   ( ξ z )    1 − ρ (  e μ   ( z )  − 1 )   −   ρ (  e μ   ( z )  − 1 )   1 − ρ (  e μ   ( z )  − 1 )     e μ   ( η z )   cos μ   ( ξ z )   .     










   ∑  j = 0  ∞   C  j , μ    ( η , ξ )    z j   j !   =  ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )  − ρ  F  j , μ   ( c )    ( η + 1 , ξ ; ρ )  + ρ  F  j , μ   ( c )    ( η , ξ ; ρ )     z j   j !   .  











Finally, comparing the coefficients of    z j   j !   , we get (47). The proof of (48) is similar. □





Theorem 7.

For   j ≥ 0   and    ρ 1  ≠  ρ 2   , the following formula holds true:


        ∑  q = 0  j       j     q      F  j − q , μ   ( c )    (  η 1  ,  ξ 1  ;  ρ 1  )   F  q , μ   ( c )    (  η 2  ,  ξ 2  ;  ρ 2  )         =    ρ 2   F  j , μ   ( c )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 2  )  −  ρ 1   F  n , μ   ( c )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 1  )     ρ 2  −  ρ 1    ,      



(49)




and


        ∑  q = 0  j       j     q      F  j − q , μ   ( s )    (  η 1  ,  ξ 1  ;  ρ 1  )   F  q , μ   ( s )    (  η 2  ,  ξ 2  ;  ρ 2  )         =    ρ 2   F  j , μ   ( s )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 2  )  −  ρ 1   F  n , μ   ( s )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 1  )     ρ 2  −  ρ 1    .      



(50)









Proof. 

The products of (26) can be written as


   ∑  j = 0  ∞   ∑  q = 0  ∞   F  n , μ   ( c )    (  η 1  ,  ξ 1  ;  ρ 1  )    z j   j !    F  q , μ   ( c )    (  η 2  ,  ξ 2  ;  ρ 2  )    z q   q !   =    e μ   (  η 1  z )   cos μ   (  ξ 1  z )   e μ   (  η 2  z )   cos μ   (  ξ 2  z )     ( 1 −  ρ 1   (  e μ   ( z )  − 1 )  )   ( 1 −  ρ 2   (  e μ   ( z )  − 1 )  )     










   ∑  j = 0  ∞    ∑  q = 0  j      j     q      F  j − q , μ   ( c )    (  η 1  ,  ξ 1  ;  ρ 1  )   F  q , μ   ( c )    (  η 2  ,  ξ 2  ;  ρ 2  )     z j   j !    










  =   ρ 2    ρ 2  −  ρ 1       e μ   (  (  η 1  +  η 2  )  z )   cos μ   (  (  ξ 1  +  ξ 2  )  z )    1 −  ρ 1   (  e μ   ( z )  − 1 )    −   ρ 1    ρ 2  −  ρ 1       e μ   (  (  η 1  +  η 2  )  z )   cos μ   (  (  ξ 1  +  ξ 2  )  z )    1 −  z 2   (  e λ   ( t )  − 1 )     










  =     ρ 2   F  j , μ   ( c )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 2  )  −  ρ 1   F  j , μ   ( c )    (  η 1  +  η 2  ,  ξ 1  +  ξ 2  ;  ρ 1  )     ρ 2  −  ρ 1       z j   j !   .  











By equating the coefficients of    z j   j !    on both sides, we get (49). The proof of (50) is similar. □





Theorem 8.

For   j ≥ 0  , the following formula holds true:


   ρ  F  j , μ   ( c )    ( η + 1 , ξ ; ρ )  =  ( 1 + ρ )   F  j , μ   ( c )    ( η , ξ ; ρ )  −  C  j , μ    ( η , ξ )  ,   



(51)




and


   ρ  F  j , μ   ( s )    ( η + 1 , ξ ; ρ )  =  ( 1 + ρ )   F  j , μ   ( s )    ( η , ξ ; ρ )  −  S  j , μ    ( η , ξ )  .   



(52)









Proof. 

Equation (26), we see


       ∑  j = 0  ∞     F  j , μ   ( c )    ( η + 1 , ξ ; ρ )  −  F  j , μ   ( c )    ( η , ξ ; ρ )     z j   j !   =    e μ   ( η z )   cos μ   ( ξ z )    1 − ρ (  e μ   ( z )  − 1 )    (  e μ   ( z )  − 1 )         =  1 ρ      e μ   ( η z )   cos μ   ( ξ z )    1 − ρ (  e μ   ( z )  − 1 )   −  e μ   ( η z )   cos μ   ( ξ z )          =  1 ρ    ∑  j = 0  ∞     F  j , μ   ( c )    ( x , y ; z )  −  C  j , μ    ( η , ξ )     z j   j !   .     











Comparing the coefficients of    z j   j !    on both sides, we obtain (51). The proof of (52) is similar. □





Corollary 1.

The following summation formula holds true


    F  j , μ   ( c )    ( η + 1 , ξ ; ρ )  =  ∑  r = 0  j      j     r      F  j − r , μ   ( c )    ( η , ξ ; ρ )    ( 1 )   r , μ   ,   








and


    F  j , μ   ( s )    ( η + 1 , ξ ; ρ )  =  ∑  r = 0  j      j     r      F  j − r , μ   ( s )    ( η , ξ ; ρ )    ( 1 )   r , μ   .   













Theorem 9.

For   j ≥ 0  , then


    F  j , μ   ( c )    ( η + α , ξ ; ρ )  =  ∑  r = 0  j      j     r      F  j − r , μ   ( c )    ( η , ξ ; ρ )    ( α )   r , μ   ,   



(53)




and


    F  j , μ   ( s )    ( η + α , ξ ; ρ )  =  ∑  r = 0  j      j     r      F  j − r , μ   ( s )    ( η , ξ ; ρ )    ( α )   r , μ   .   



(54)









Proof. 

Replacing  η  by   η + α   in (26), we have


       ∑  j = 0  ∞    F  j , μ   ( c )    ( η + α , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   (  ( η + α )  z )   cos μ   ( ξ z )         =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )   e μ   ( α z )         =   ∑  j = 0  ∞    F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !     ∑  r = 0  ∞     ( α )   r , μ     z j   j !          =   ∑  j = 0  ∞      ∑  r = 0  j       j     r      F  j − r , μ   ( c )    ( η , ξ ; ρ )    ( α )   r , μ      z j   j !   .     











On comparing the coefficients of z in both sides, we get (53). The proof of (54) is similar. □





Theorem 10.

For   j ≥ 0  , the following formula holds true:


    F  j , μ   ( c )    ( η , ξ ; ρ )  =  ∑  k = 0  j   ∑  q = 0  k      j     k       ( η )  q   S  μ   ( 2 )    ( k , q )   F  j − k , μ   ( c )    ( 0 , ξ ; ρ )  ,   



(55)




and


    F  j , μ   ( s )    ( η , ξ ; ρ )  =  ∑  k = 0  j   ∑  q = 0  k      j     k       ( η )  q   S  μ   ( 2 )    ( k , q )   F  j − k , μ   ( s )    ( 0 , ξ ; ρ )  .   



(56)









Proof. 

Consider (26), we find


   ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )     [  e μ   ( z )  − 1 + 1 ]  η   cos μ   ( ξ z )   










  =  1  1 − ρ (  e μ   ( z )  − 1 )    ∑  q = 0  ∞      η     q       (  e μ   ( z )  − 1 )  q   cos μ   ( ξ z )   










  =  1  1 − ρ (  e μ   ( z )  − 1 )    cos μ   ( ξ z )   ∑  q = 0  ∞    ( η )  q   ∑  k = q  ∞   S  μ   ( 2 )    ( k , q )    z k   k !    










  =  ∑  j = 0  ∞   F  j , μ   ( c )    ( 0 , ξ ; ρ )    z j   j !    ∑  k = 0  ∞    ∑  q = 0  k    ( η )  q   S  μ   ( 2 )    ( k , q )     z k   k !    










  =  ∑  j = 0  ∞    ∑  k = 0  j   ∑  q = 0  k      j     k       ( η )  q   S  μ   ( 2 )    ( k , q )   F  j − k , μ   ( c )    ( 0 , ξ ; ρ )     z j   j !   .  











On comparing the coefficients of z in both sides, we get (55). The proof of (56) is similar. □





Theorem 11.

Let   j ≥ 0  , then


    F  j , μ   ( c )    ( η , ξ ; ρ )  =  ∑  r = 0  j      j     r      C  j − r , μ    ( η , ξ )   ∑  k = 0  r   ρ k  k !  S  2 , μ    ( r , k )  ,   



(57)




and


    F  j , μ   ( s )    ( η , ξ ; ρ )  =  ∑  r = 0  j      j     r      S  j − r , μ    ( η , ξ )   ∑  k = 0  r   ρ k  k !  S  2 , μ    ( r , k )  .   



(58)









Proof. 

Using definition (26), we find


   ∑  j = 0  ∞   F  j , μ   ( c )    ( η , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   ( η z )   cos μ   ( ξ z )   










  =  e μ   ( η z )   cos μ   ( ξ z )   ∑  k = 0  ∞   ρ k    (  e μ   ( z )  − 1 )  k   










  =  e μ   ( η z )   cos μ   ( ξ z )   ∑  k = 0  ∞   ρ k  k !  ∑  r = k  ∞   S  2 , μ    ( r , k )    z r   r !    










  =  ∑  j = 0  ∞   C  j , μ    ( η , ξ )    z j   j !     ∑  r = 0  ∞   ∑  k = 0  r   ρ k  k !  S  2 , μ    ( r , k )    z r   r !     










  L . H . S =  ∑  j = 0  ∞    ∑  r = 0  j      j     r      C  j − r , μ    ( η , ξ )   ∑  k = 0  r   ρ k  k !  S  2 , μ    ( r , k )     z j   j !   .  











Equating the coefficients of    z j   j !    in both sides, we get (57). The proof of (58) is similar. □





Theorem 12.

For   j ≥ 0  , the following formula holds true:


    F  j , μ   ( c )    ( η + α , ξ ; ρ )  =  ∑  q = 0  j      j     q      C  j − q , μ    ( η , ξ )   ∑  k = 0  q   ρ k  k !  S  2 , μ    ( q + α , k + α )  ,   



(59)




and


    F  j , μ   ( s )    ( η + α , ξ ; ρ )  =  ∑  q = 0  j      j     q      S  j − q , μ    ( η , ξ )   ∑  k = 0  q   ρ k  k !  S  2 , μ    ( q + α , k + α )  .   



(60)









Proof. 

Replacing  η  by   η + α   in (26), we see


   ∑  j = 0  ∞   F  j , μ   ( c )    ( η + α , ξ ; ρ )    z j   j !   =  1  1 − ρ (  e μ   ( z )  − 1 )    e μ   (  ( η + α )  z )   cos μ   ( ξ z )   










  =  e μ   (  ( η + α )  z )   cos μ   ( ξ z )   e μ   ( r t )   ∑  k = 0  ∞   ρ k    (  e μ   ( z )  − 1 )  k   










  =  e μ   (  ( η + α )  z )   cos μ   ( ξ z )   e μ   ( r t )   ∑  k = 0  ∞   ρ k   ∑  q = k  ∞  k !  S  2 , μ    ( q , k )    z q   q !    










  =  ∑  j = 0  ∞   C  j , μ    ( η , ξ )    z j   j !    ∑  q = 0  ∞   ρ k   ∑  k = 0  q  k !  S  2 , μ    ( q + α , k + α )    z q   q !   .  










   ∑  j = 0  ∞   F  j , μ   ( c )    ( η + α , ξ ; ρ )    z j   j !    










  =  ∑  n = 0  ∞    ∑  q = 0  j      j     q      C  j − q , μ    ( η , ξ )   ∑  k = 0  q   ρ k  k !  S  2 , μ    ( q + α , k + α )     z j   j !   .  











Comparing the coefficients of    z j   j !    in both sides, we get (59). The proof of (60) is similar. □






4. Conclusions


In this paper, we study the general properties and identities of the degenerate Fubini polynomials by treating the real and imaginary parts separately, which provide the degenerate cosine Fubini polynomials and degenerate sine Fubini polynomials. These presented results can be applied to any complex Appell type polynomials such as complex Bernoulli and complex Euler polynomials. Furthermore, we show that the degenerate cosine Fubini polynomials and degenerate sine Fubini polynomials can be expressed in terms of the Stirling numbers of the second kind.
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