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Abstract: In this paper, we study the existence of solutions for a new nonlocal boundary
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1. Introduction

In the last few decades, fractional-order single-valued and multivalued boundary value problems
containing different fractional derivatives such as Caputo, Riemann-Liouville, Hadamard, etc.,
and classical, nonlocal, integral boundary conditions have been extensively studied, for example,
see the articles [1-12] and the references cited therein.

In the study of variational principles, fractional differential equations involving both left and
right fractional derivatives give rise to a special class of Euler-Lagrange equations, for details, see [13]
and the references cited therein. Let us consider some works on mixed fractional-order boundary
value problems. In [14], the authors discussed the existence of an extremal solution to a nonlinear
system involving the right-handed Riemann-Liouville fractional derivative. In [15], a two-point
nonlinear higher order fractional boundary value problem involving left Riemann-Liouville and right
Caputo fractional derivatives was investigated, while a problem in terms of left Caputo and right
Riemann-Liouville fractional derivatives was studied in [16]. A nonlinear fractional oscillator equation
containing left Riemann-Liouville and right Caputo fractional derivatives was investigated in [17].
In arecent paper [18], the authors proved some existence results for nonlocal boundary value problems
of differential equations and inclusions containing both left Caputo and right Riemann-Liouville
fractional derivatives.

Integro-differential equations appear in the mathematical modeling of several real world problems
such as, heat transfer phenomena [19,20], forced-convective flow over a heat-conducting plate [21], etc.
In [22], the authors studied the steady heat-transfer in fractal media via the local fractional nonlinear
Volterra integro-differential equations. Electromagnetic waves in a variety of dielectric media with
susceptibility following a fractional power-law are described by the fractional integro-differential
equations [23].
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Motivated by aforementioned applications of integro-differential equations and [18], we introduce
a new kind of integro-differential equation involving right-Caputo and left-Riemann-Liouville
fractional derivatives of different orders and right-left Riemann-Liouville fractional integrals and
solve it subject to nonlocal boundary conditions. In precise terms, we prove existence and uniqueness
of solutions for the problem given by

CDY_REDE (1) + AL 18, h(t,y(t)) = f(t,y(1), te€]:=0,1], (1)

y(0)=y(¢) =0, y(1)=3dy(p), 0<g<u<l, 2)

where D% and Rt Dg , denote the right Caputo fractional derivative of order a € (1,2] and the left
Riemann-Liouville fractional derivative of order g € (0,1], I{L and Ig , denote the right and left
Riemann-Liouville fractional integrals of orders p,q > 0 respectively, f,h : [0,1] x R — R are given
continuous functions and J, A € R. It is imperative to notice that the integro-differential equation in (1)
and (2) contains mixed type (integral and nonintegral) nonlinearities.

We organize the rest of the paper as follows. Section 2 contains some preliminary concepts related
to our work. In Section 3, we prove an auxiliary lemma for the linear variant of the problem (1) and (2).
Then we derive the existence results for the problem (1) and (2) by applying a fixed point theorem due
to Krasnoselski and Leray—Schauder nonlinear alternative, while the uniqueness result is established
via Banach contraction mapping principle. Examples illustrating the main results are also presented.

2. Preliminaries

In this section, we recall some related definitions of fractional calculus [1].

Definition 1. The left and right Riemann—Liouville fractional integrals of order B > 0 for an integrable
function g : (0,00) — R are respectively defined by

_g)p-1 s p)p-1
Bost = [ oo —sos ot 1f g0 = [ O T

Definition 2. The left Riemann—Liouville fractional derivative and the right Caputo fractional derivative of
order B € (n—1,n],n € N for a function g : (0,00) — Rwith g € C"((0,00),R) are respectively given by

g(s)ds.

no et (+_ g\n—p—1 _ \n—p-1
Dh.stt) = [ el stons and <Df g = (-1 [ CL g sy

Lemma 1. If p > 0and g > 0, then the following relations hold almost everywhere on [a, b]:
B f() = B7f (), I K, f(x) = 15T f (),

3. Main Results

In the following lemma, we solve a linear variant of the problem (1) and (2).
Lemma 2. Let H,F € C[0,1] N L(0,1). Then the linear problem
Cpe REpP iy AP 14 — —
{ DBy +AIP 1L H(H) = E(t), te]:=[0,1], o

y(0)=y(¢) =0, y(1)=23dy(n),
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is equivalent to the fractional integral equation:

F(f_ g)B-1 X
y(t) :/0 u[1{‘}(5) — AL H(s) | ds

I'(g)
_g)p1
+a1(t){5/0” (”r(?)[lfp(s) —AIf_*”I&H(s)]ds )
1(1— -1 N
—/0 (r(;g)[I%F(S)—Alljpfg+H(S)}ds}
_g)p-1
+a(t) /0é (gr(s;) [I{‘_F(s) - /\IfprngH(s)} ds,
where Lrepi1,p xpipit Lrp BHly _ prl B
ai(t) = < [P = PP, ay() = L[tP(1— Pt — P (1 - opP), (5)
and it is assumed that
A =P (1 —ouf) — gP(1—opPt) # 0. (©)

Proof. Applying the left and right fractional integrals I and Ig . successively to the
integro-differential equation in (3), and then using Lemma 1, we get
tP p+1
+c
T(B+1)  'T(B+2)

y(t) = I8 I F(t) — AP P10 H(E) + ¢ + oot L, @)
where cp, c; and c; are unknown arbitrary constants.

In view of the condition y(0) = 0, it follows from (7) that c; = 0. Inserting ¢, = 0 in (7) and then
using the nonlocal boundary conditions y(¢) = 0,y(1) = dy(p) in the resulting equation, we obtain
a system of equations in ¢y and ¢; given by

_5ub b
CO(I}([S iyl)) +C1(1r(/351 %) ) =641~ 4

gﬁ érﬁ—&-l
CO(F([S+ 7y +Cl(r(5+2))

®)

= _A3/
where
+ +
Ay =18 1% F(u) — A P10 H(p), Ap =15, 18 F(1) = ALS, IPP18, H(1),
+
Ay =18, 12 F(@) AL IPIE H(E).

Solving the system (8), we find that

o = w [Cﬁﬂ(&‘h —Ag) + (1~ 5Vﬂ+l)A3},
= w [C’S (6A1 — A2) +(1— (5#’5)1‘\3},

where A is defined by (6). Substituting the values of ¢y and ¢; together with the notations (5) in (7),
we obtain the solution (4). The converse follows by direct computation. This completes the proof. []
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Let X = C(]0,1], R) denote the Banach space of all continuous functions from [0, 1] — R equipped

with the norm [|y|| = sup {|y(t)| : t € [0,1]}. By Lemma 2, we define an operator G : X — X associated
with the problem (1) and (2) as

F(p_ )1 X
oye) = [ re [ Ao ~ AR (s y(s) s

_g)B-1
() [s [ (1 s ys) A I G,y s
1(1_g)B1 .
_ /O “F(g) 1;6f(s,y(s))—uljng+h(s,y(s))]ds]

s)P-1 «
raat) [T 1509 - M H G,y

Notice that the fixed points of the operator G are solutions of the problem (1) and (2).
In the forthcoming analysis, we use the following estimates:

t (t _ S),B—l N 7 t (t _ S)ﬁ—l 1 (u _ S)a+p—l u (u _ 1’)‘7_1

b W = [ L T e
tP

FB+DI(a+p+1I(g+1)

t (t _ S),Bfl N _ E(t— S)ﬁfl 1 (u _ S)lx—l B
/0 r(p) -4 = /0 T(B) / Ta) %S Ty Drg+1)

where we have used u7 <1, (1—5)*"? < 1; p,g > 0,1 <a <2.
In the sequel, we set

th = r(aA+ 1)’ 0 = r(a+p|f|1§r(q+ 1)’ ©)
where 1
S [1 + a1 (|6]P +1) +52§/5},
@ = max a1 ()], @ = max a2 |az ()]

3.1. Existence Results

In the following, we prove our first existence result for the problem (1) and (2), which relies on
Krasnoselskii’s fixed point theorem [24].

Theorem 1. Assumed that:

(By) There exist L > 0 such that |f(t,x) — f(t,y)| < L|x —y|, Vt € [0,1], x,y € R;
(By) There exist K > 0 such that |h(t,x) —h(t,y)| < K|x —y|, Vt € [0,1], x,y € R;
(Bs) |f(ty)l <o(t) and |h(t,y)| < p(t), where o, p € C([0, 1], RT).

Then the problem (1) and (2) has at least one solution on [0, 1] if L1 + Ky, < 1, where

L - M (10)
TE+UIa+1) P TE+ O (atp+r1)I(g+1)

"=
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Proof. Introduce the ball By = {y € X : |y|| < 0}, where || = SUP;e(o, lo(H)], el =
SUPte(o,1] lo(t)[ and

0 > [|o]|Q1 + (]| Q2. (11)
Let us split the operator G : X — X on Bg as G = G + Gp, where

— S /3 /371 "
gly(t) = /0 (t ()) Il f(S ]/( dS _)\/ ) 11jplg+h(5/y(5))d5,

o[ 5
_(/01(1—))ﬁ B £(s,y(s) ds_A/

I(
+a2(t)[/0 (G F(ﬁ) I{Lf(s,y(s))ds—/\/o

Now, we verify that the operators G; and G, satisfy the hypothesis of Krasnoselskii’s theorem [24]
in three steps.
(i) For y, x € By, we have

Goy(t)

11 f(s,y(s ds—/\/ _ Ifprngh(s,y(s))ds)

p-1
If+plg+h(s,y(s))ds)]

$)P1 aip g
T(p) L’ Io+h(s,y(s))ds].

|G1y + Gox||
(t‘—s)/3 p-1 a+p q
< ~ ¢ I |h( d
B tzl[g)l]{/O F(,B) il y(s) +| o yle)ide

—s —s)f 1,

+w1t\{ﬂ([f(”ng) 155, x(5) vm+Lu/’ G TP G, () )

p-1 p-1
+</01 a r(‘;)) I |f(s,x(s) |ds+\/\|/ ) 1““’1‘7+|h(s,x(s))|ds)}

_s)p1 1

Hawl{ [ E5 I£U@A4>ww+ww/ (F“% Iﬂpﬁﬁmaﬂﬂﬂ%}}

s,
Ioﬂégﬁ{érw)h%+ﬂa @ﬂ/

+/01(1;(“2)ﬁlli"ds} Hla) [ I{‘ds}

E(t—s)P! M —s)P1
Al sup { [ =2 “Wﬁﬂalw (1= )7 jappa g
P Jo 1

IN

Il ds

te[ou I'(g) I'(B) 0+
1-— « I
+'/0 ( F(S/Z g ds} + |aa(t +”Ig+als}

{ o] ralizy }
I'(a+1) T(a+p+1)T(g+1)
(1€ + [lpl|Q2 <6,

where we used (11). Thus Gy + Gox € By.
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(ii) Using (B1) and (By), it is easy to show that

— su ( S)ﬁ :
”gly gle < p]{/() F(ﬁ)

te[0,1

—5)p-1 -
+al [ tr(ﬁ) PR (s, y(s)) = h(s,x<s>>|ds}
< (Im+Ky)lly—«|,

L |f(s,y(s)) = f(s,x(s)) |ds

which, in view of the condition: Ly 4+ K7, < 1, implies that the operator G is a contraction.
(iii) Continuity of the functions f, h implies that the operator G, is continuous. In addition, G, is
uniformly bounded on By as

1G] < suP{\m {1 [ P s+ I s s

te[0,1]

—5)B-1
+/0 %{I{‘_U(s,y(s)ﬂ + A|1“+F’1‘7+|h(s,y(s))l]d5}

RV X
Haato)] [P [li’ilf(s,y(s))I - |A|11f"13+|h<s,y<s>>|]ds}

B—1

o] sup {|a1 [|5|/ W) g ds+/ () iy ds}
te[0,1]

+|ay(t // 11 ds}

+lollIA] sup {yal [|5|/ g ds+/ _ “+P13+ds]
te[0,1]

Haz ’/ _ fﬂ’lq ds}

< el (@ =) + HPH(Qz —72),

IN

where ();, and 7; (i = 1,2) are defined by (9) and (10) respectively.
To show the compactness of G, we fix sup ; ;¢ (91)x5, lf(t, )| =f, SUP (1., [0,1] x By |h(t,y)| = h.
Then, for 0 < t; < t, < 1, we have

[(G2y)(£2) = (G2y) (11)]

< o) - a1<t1>r{|5| [ s+ A s (s
+ [ O [ o]+ P B, Gyt s |
Flaats) - azul)\{ [T 115G oD+ AT s s s
< () { @0 - gt - g D)

Al

B
1 1
(U= = Al - P - ) S

which tends to zero independent of y as t, — ¢1. This shows that G, is equicontinuous. It is clear from
the foregoing arguments that the operator G, is relatively compact on By. Hence, by the Arzela-Ascoli
theorem, G, is compact on By.
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In view of the foregoing arguments (i)-(iii), the hypothesis of the Krasnoselskii’s fixed point
theorem [24] holds true. Thus, the operator G; + G, = G has a fixed point, which implies that the
problem (1) and (2) has at least one solution on [0, 1]. The proof is finished. [

Remark 1. If we interchange the roles of the operators Gy and Gy in the previous result, the condition Lyj +
Koo < 1, is replaced with the following one:

L —71) +K(Q2 —712) <1,
where ()1, (Y and 71, o are defined by (9), (10) respectively.
The following existence result relies on Leray—Schauder nonlinear alternative [25].

Theorem 2. Suppose that the following conditions hold:

(Bg) There exist continuous nondecreasing functions ¢, : [0,00) — (0,00) such that ¥(t,y) € [0,1] X R,

Lf(E Y| < wr(®)p(lyll) and [h(t,y)] < wa()p(l|yll), where wy, w; € C([0, T], RT).
(Bs) There exist a constant M > 0 such that

M
l[cor[|p(M)Qq + [|wz [l (M)

>1,

Then, the problem (1) and (2) has at least one solution on [0,1].

Proof. First we show that the operator G is completely continuous. This will be established in
several steps.

(1) G maps bounded sets into bounded sets in X

Lety € B, = {y € X : |ly|| < r}, where r is a fixed number. Then, using the strategy employed in
the proof of Theorem 1, we obtain

Iyt < {||w1||4>(r)+ oz |l (r)|A| }A

T(a+1)  T(a+p+1)T(g+1)
lworl|p(r) 1 + [lw2 |9 (r) Qo < oo.

(ii) G maps bounded sets into equicontinuous sets.

Let0 < t; < tp < 1andy € B;, where B, is bounded set in /X'. Then we obtain
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Gy(t2) — Gy(t1)]
t —s)F1 —5)p-1
I — r(ﬁ(t1 1 (s, y() + M, (s, ()] ds

IN

)
2 —g)f1
N /tf Uzr(?)[mf(s,y(s)) + IMETPI (s, y(s))|ds

_5)p1 .
+ai(t) — al(tl)}{zﬂ (/0” (”F(ﬁ)) [1{:|f(s,y(s))\ + AL *Prﬁm(s,y(s))@ds)

+</0 a _(Sﬁ)) [Ii‘If(sry(S))l+|A|1"‘“’ﬂ+|h(s,y(s))|}ds)}

_g)B1
+|a2(t2) — az(tl)‘{ /Oé (ér(sﬁ)) {I{‘_|f(s,y(s))| + |A|I“+p1q+|h(s,y(s))|}ds}
{ |w1|¢(r) n |wally(r)[A] ]

r+1)r(a+1) TE+1)T(a+p+1)T(g+1)

S|P +1
x {2(t2 — )P+ [P — 1P|+ (||T) (P11 — )+ gPlE" — )

(= o 4 - o™ - )

IN

1Al

Notice that the right-hand side of the above inequality tends to 0 as t, — t1, independent of
y € By. In view of the foregoing arguments, it follows by the Arzeld-Ascoli theorem that G : X — &
is completely continuous.

The conclusion of the Leray-Schauder nonlinear alternative [25] will be applicable once it is
shown that there exists an open set U C C([0,1],R) with y # vGy forv € (0,1) and y € JU.
Let y € C([0,1],R) such that y = vGy for v € (0,1). As argued in proving that the operator G is
bounded, one can obtain that

()] = vay()] < lwi(®OlPly)O + wa () [$(llyl]) 2,

which can be written as

Iyl -
[rllpTyTon + [wlp{Ty0z =

On the other hand, we can find a positive number M such that ||y|| # M by assumption (Bs).
Let us set

U={ye:|yl <M}

Clearly, oU contains a solution only when ||y|| = M. In other words, there is no solution y € U
such that y = vGy for some v € (0,1). Therefore, G has a fixed point y € U which is a solution of the
problem (1) and (2). The proof is finished. [

3.2. Uniqueness Result

Here we prove a uniqueness result for the problem (1) and (2) with the aid of Banach contraction
mapping principle.

Theorem 3. If the conditions (By) and (By) hold, then the problem (1) and (2) has a unique solution on [0,1] if
LO; + KOy <1, (12)

where ()1 and (), are defined by (9).
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Proof. In the first step, we show that GB, C B, where B, = {y € X : ||y|| < r} with

foOq + ko

> = = .
rz 1 _ (LQI +KQZ)/ fo sup |f(t/0)|/ hO sup |h(t’0)‘

te[0,1] te[0,1]

For y € B, and using the condition (B;), we have

f(ty)]

< Llyll + fo < Lr + fo.
Similarly, using (B;), we get
|h(t,y)| < Kr+ hy.

In view of (13) and (14), we obtain

Gyl = sup [Gy(t)]

te[0,1]

_g\B-1
< s { U {If_|f<s,y<s>>\ NI (s, y())] ds

te[01]

Har®{10) [ U= 115Gy + I w60 s

+f (1;(,3)'3 [Iit )]+ I 1 s, () s |

o] [FEI 116y >>\+|AIi‘fpfggh(s,y(s))@ds}
< (LHfO)t?[fﬁ]{/o (t;(sﬁ)fh ds + [a (¢ |[|5|/

+/ 11 ds}%—]az y/ (o sﬁ))ﬁ It ds}

+(Kr+h0)/\|tz1[tp;]{/ “;&Kllfﬂ’l&ds

+aa () [|5|/ _ ;"*’”ﬂ ds+/ 2)51

o B2 g )

(Lr + fo) (K7 +ho)|Al
= {F(a—i—l) + r(a+p+1)r(q+1)}A
= (LT’ +fQ)Ql + (KT’ + ho)Qz <7,

f(Ly) = f(£0) + f(£0)| < [f(ty) = f(£0)[+f(£,0)]

90f13

(13)

(14)

which implies that Gy € B;, for any y € B,. Therefore, G, C B,. Next, we prove that G is a
contraction. For that, let x,y € X and t € [0, 1]. Then, by the conditions (B;) and (B;), we obtain
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9964 = s |(G0(D) - (G0
su tw“ s,y(s)) — f(s,x(s))|ds
SR et MUCTCIR RO
p—1
i [ “*”Imh@ () (s, x(5))lds
+far(t) [5!( [ 1) S x(0) s

p—1
+a [T “*”ﬂ+|h<s V(s)) = h(s,x(5) s
et

([ (1‘(‘;) I_1£(5,(5)) ~ (5, (5) s
sﬁfl,x
L[ S R I (s v(6) — hls ) s )|
laa()]] [ 6v(5) — o)
1

s)B- o
+\/\|/ (G ,B)) +p1q+|h(s y(s)) — h(s,x(s))|dr du ds]}
<yl sup { /0 = g g

+ar (8)] {5|/ (=)o ds+/ A=) e ds]

+|ax(t) ]/ ,3) I ds}

t(t—s)P1
+Klly - *l|A sup]{ / %Ii‘f*’l@ﬂs

te[0,1 (ﬁ)
+ay (¢ |{5|/ . (ﬁ))ﬁ 7P, ds +/ _ ;"“’13#15}
Ha] [F€ 2 - 7, as)

(ot T s
IFa+1) T(a+p+1)T(g+1)
= (L + KDy)lly — x|

From the above inequality, it follows by the assumption (LQ); + K,) < 1 that G is a contraction.
Therefore, we deduce by Banach contraction mapping principle that there exists a unique fixed point for
the operator G, which corresponds to a unique solution for the problem (1) and (2) on [0, 1]. The proof
is completed. O

3.3. Examples

In this subsection, we construct examples to illustrate the existence and uniqueness results
obtained in the last two subsections. Let us consider the following problem:

{ DYDY 2y(t) + 213 134 h(t, y (1)) = f(ty(1), t € ] :=[0,1], )

y(0) =y(2/3) =0, y(1) = 3y(3/4).
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Herea =3/2,=1/2,A=2,p=4/3,9=5/4,u=3/4,6=1/2, =2/3,and

_ 1 -1 —t _ ly| —t
f(t,y)—(t2+8)(tan y+e), h(t,y)_zm(l+|y|+e ) (16)

Using the given data, it is found that L =1/8, K =1/6,

@ = max |aq(t)] = |a1(t) =1 =~ 1.121394517474712,

tel0,1]
@ = max |ax(t)| = |a2(t)|t:ta ~ 1.168623082364286,
t€[0,1] 2
where
1—-6 B+1
ty, = P ( K ) =~ 0.396975661732535.

(1—ouP)(B+1)

In consequence, we get
Oy ~ 3.022797441671726, )y ~ 1.451691300771574, | A| ~ 0.242702744426469,

where ()1,(); are defined by (9) and A is given by (6).
(i) For illustrating Theorem 1, we have

et +(7t/2) e t+1

FEn <o) =35 Ity <p) = s

and that
Ly1 + Ky =~ 0.174044436618777 < 1,

where ;1 ~ 0.848826363156775 and 7, ~ 0.407646847345084. Clearly, the hypothesis of Theorem 1 is

satisfied and consequently its conclusion applies to the problem (15).

(ii) In order to explain Theorem 2, we take the following values (instead of (16)) in the problem (15):
flty) =

ycosy+m/2), h(ty)= siny +1/4), (17)

1
5Vi2 44 (
and note that wy (t) = \/ﬁ,ﬂwlﬂ =1/5, wy(t) = &/ﬁ’ llw2|| = 1/10, ¢(|lyl|) = ||yl + /2 and
Y(|lyll) = |lyll +1/4. By the condition (Bs), we find that M > 3.939452045479877. Thus, all the
conditions of Theorem 2 are satisfied and, hence the problem (15) with f(t,y) and h(t,y) given by (17)
has at least one solution on [0, 1].

(iii) It is easy to show that f(t,y) and h(t,y) satisfy the conditions (B;) and (B;) respectively with
L =1/8and K = 1/6 and that LQ); + KOy ~ 0.619798230337561 < 1. Thus, all the assumptions of
Theorem 3 hold true and hence the problem (15) has a unique solution on [0, 1].

t2+25(

4. Conclusions

We considered a fractional differential equation involving left Caputo and right Riemann-Liouville
fractional derivatives of different orders and a pair of nonlinearities: I} I] Lh(ty(t) =

ftl (5;87’;_1 I (s_r?(’q);_l h(v,y(v))dvds (integral type) and f (¢, y(t)), equipped with four-point nonlocal
boundary conditions. Different criteria ensuring the existence of solutions for the given problem
are presented in Theorems 1 and 2, while the uniqueness of solutions is shown in Theorem 3.
An interesting and scientific feature of the fractional differential Equation (1) is that the integral
type of nonlinearity can describe composition of a physical quantity (like density) over two different
arbitrary subsegments of the given domain. In the case of p = g = 1, this composition takes the form
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ftl Jo h(v,y(v))dvds. As pointed out in the introduction, fractional differential equations containing
mixed (left Caputo and right Riemann-Liouville) fractional derivatives appear as Euler-Lagrange
equations in the study of variational principles. So, such equations in the presence of the integral type
of nonlinearity of the form introduced in (1) enhances the scope of Euler-Lagrange equations studied
in [26]. Moreover, the fractional integro-differential Equation (1) can improve the description of the
electromagnetic waves in dielectric media considered in [23]. As a special case, our results correspond
to a three-point nonlocal mixed fractional order boundary value problem by letting 6 = 0, which is
indeed new in the given configuration.
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