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Abstract: This paper aims to present, in a unified manner, results which are valid on both split
quaternions with quaternion coefficients and quaternions with dual coefficients, simultaneously,
calling the attention to the main differences between these two quaternions. Taking into account some
results obtained by Karaca, E. et al., 2020, each of these quaternions is studied and some important
differences are remarked on.

Keywords: quaternions; split quaternions with quaternion coefficients; dual quaternions

1. Introduction

Quaternions, introduced in 1843 by the Irish mathematician Hamilton as a generalization of
complex numbers, have become a useful tool for modeling and solving problems in classical fields
of mathematics, engineering and physics [1]. Quaternion algebra sits at the intersection of many
mathematical subjects. It captures the main features of noncommutative ring theory, group theory,
geometric topology, representation theory, etc. After the discovery of quaternions, split quaternion
algebra or coquaternion algebra was initially introduced by J. Cackle. Split quaternion algebra is
especially beneficial to study because it often reflects some of general aspects for the mentioned subjects.
Both quaternion and split quaternion algebras are associative and non-commutative 4-dimensional
Clifford algebras. With this in mind, the properties and roots of quaternions and split quaternions are
given in detail; see [2-5].

Like matrix representations of complex numbers, the quaternions are also given by
matrix representation. It enables for calculating some algebraic properties in quaternion algebra.
Hence, quaternions and matrices of quaternions were studied by many authors in the literature;
see [6,7].

A brief introduction of the generalized quaternions is given in detail in [8]. Split Fibonacci
quaternions, split Lucas quaternions and split generalized Fibonacci quaternions were defined in [9].
The relationships among these quaternions were given in the same study. Similarly, split Pell and split
Pell-Lucas quaternions were defined in [10]. In that study, many identities between split Pell and split
Pell-Lucas quaternions were mentioned.

Some algebraic concepts for complex quaternions and complex split quaternions were given
in [11,12]. In these studies, a 4 X 4 quaternion coefficients matrix representation was used.
Moreover, the correspondences between complex quaternions and complex split quaternions were
discussed in detail.

Dual numbers were initially introduced by Clifford. Additionally, they were used as representing
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the dual angle which measures the relative positions of two skew lines in space by E. study. Using
dual numbers, dual quaternions provide a set of tools to help solve problems in rigid transforms,
robotics, etc. The generalization of Euler’s and De Moivre’s formulas for dual quaternions and matrix
representations of basic algebraic concepts are studied in [13-15].

The main purpose of this paper is to present, based on quaternions with complex coefficients,
results on split quaternions with quaternion coefficients and quaternions with dual coefficients.

The rest of the paper is organized as follows: Section 1 contains a mathematical summary of real
quaternions and some concepts of dual numbers. Section 2 is dedicated to quaternions with dual
coefficients and Section 3 shows some properties of split quaternions with quaternion coefficients.
Finally, Section 4 contains the similarities and differences between quaternions with dual coefficients
and split quaternions with quaternion coefficients.

2. Preliminaries

In this section, a brief summary of real quaternions is outlined and some properties of these
quaternions are represented.

Definition 1. A real quaternion is defined as
q = qoeo + q1€1 + q2€2 + q3¢3, 1)

where qo, q1, g2 and q3 are real numbers and ey, e1, €, e3 of q are four basic vectors of a Cartesian set of coordinates
which satisfy the non-commutative multiplication conditions:

2 = e5=0c5=eciepe3=—1,
€1€p = €3 = —€p€], €263 = €1 = —e3€y, €361 = €) = —€1€3.

The set of quaternions can be represented as

H = {q = qoe0 + q1e1 + 9202 + g3€3 : 0,41, 92,93 € R}, )

where it is a 4-dimensional vector space on R. A real quaternion is defined as a couple (S;, V;). That is,
g consists of a scalar and a vector. Here S; = qoeo is scalar part and V; = gie1 + q2e2 + g3e3 is vector
part of g, respectively.

For any given two quaternions p and g, the addition is

p+q=_(5+5)+Vp+Vy)
and the quaternion product is
Pq - Spsq - <Vp/ Vq> + SqVq + Squ + Vp X Vq/ (3)

where p = poeo + p1e1 + pae2 + p3es and g = qoeg + q1e1 + g2e2 + g3e3 are real quaternions. Here “(, )”
is the inner product and “x” is vector product in R3.
The scalar product of g is defined as

Ag = (Ago)eo + (Aqq)er + (Aga)ex + (Ag3)es.

The conjugate of g is
g=S5;—Vg
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Additionally, the norm of quaternion is given as

lqll = Va7 = \/@ + @ + 3 + 63 (4)

If ||g|| = 1, then g is called unit real quaternion. The inverse of the real quaternion g is

-1 q
= —, # 0

Theorem 1. For p,q € H, the following properties are satisfied, and for more details see [13]:
@ q=aq,

(i) 77 = dp,

i) Nlqapll = l4llipll,

(i) g7l = gy

3. Quaternions with Dual Coefficients

Dual and complex numbers are significant two-dimensional number systems. Especially in the
literature, many mathematicians dealt with the algebraic applications and interpretations of these
numbers. Just as the algebra of complex numbers can be described with quaternions, the algebra of
dual numbers can be described with quaternions. In this section, quaternions with dual coefficients
(QDC) are introduced and some significant definitions and theorems are obtained.

A dual number is given by an expression of the form a + €b, where a and b are real numbers and
€2 = 0. Moreover, the set of dual numbers is given as

ID={z=a+eb:abcR, e =0} ®)
Addition and multiplication of dual numbers are represented, respectively, as follows:

(x+ey)+(a+eb) = (x+a)+e(y+b),
(x+ey).(a+eb) = (xa)+e(xb+ya).

The multiplication has commutatitve, associative property and distributes over addition.
The conjugate of z = a + €b is given as Z = a — eb. Additionally, the norm of z is

Vzz =a.
Let us define a quaternion with dual coefficients with the form
Q = QoEo + Q1E1 + Q2> + QsE3, (6)
where Q, Q1, Q2 and Q3 are dual numbers and E, E1, E, E3 satisfy the following equalities:

E} = E;=E;=FEFEE =—E,
EiEy = E3= —EyE, ExE3 = Ey = —E3Ey, E3E; = E; = —EqEs.

Furthermore, the quaternion with dual coefficients Q can be rewritten as
Q= Z(am =+ 6bm>Em/ (7)

where a,, and by, are real numbers for 0 < m < 3. Here i,j,k denote the quaternion units and
commutes with e,e, and e3, respectively. Additionally, So = QoEj is the scalar part and V5 =
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Q1E1 + Q2E> + Q3 E3 is the vector part of Q. For any given two quaternions with quaternion coefficients
Q and P, the addition is

Q+P=(Sp+Sqg)+ (Vr+Vp)

and the quaternion product is

QP = SaSc—(Va, V) +SaVe+ScVa+ (Vax Vc)
+ €[(SBSc — (VB, Vc) +SpVe + ScVp + (Vi x V)
+ (SASD—<VA,VD>+5AVD—|—SDVA—|—(VA XVD))],
where Q = (apEy + mE1 + a2Ex + aszE3) + e(bgEy + biEy + byEx + b3E3) and

P = (coEo + c1E1 + c2Ep + c3E3) + €(doEg + d1Ey +dyEy +d3E3) are quaternions with dual
coefficients. The coefficients of P and Q can be given as follows:

A = ayEy+a1E1 4+ arEy + azE;s,
B boEo + b1E1 + boEs + b3Es,
C = coEyp+ c1E1 + cEy + c3E;3,
D = dyEo+diEy +dyEy + d3E5

In other words, we can rewrite Q = A +eBand P = C +¢D.
The scalar product of Q is defined as

nQ = (uQo)Eo + (1Q1)Er + (1Q2) E2 + (1Qs) Es.
The conjugate of Q is

(agEg — a1Eq — apEy — a3E3) + €(boEg — by E; — by Ey — b3E3),
= A+e€B.

Example 1. Let Q =3Ey+ (1+2€)E;+ (1 —€)Ey+Esand P = (6+¢€)Eg+ (2—€)E; + (3+€)Ey +€E3
be quaternions with dual coefficients.
The addition of Q and P is

Q+P = (9+€)E0+ (3—|—€)E1 +4E, + (1+€)E3
Additionally, we can rewrite
Q= (B3Eg+ E1 + Ex + E3) + €(2E; — Ep)

and
P = (6Ey+2E1 + 3E) + €(Eg — E1 + E» + E3).

Moreover, the quaternion product of Q and P is
QP = Q = (13Eg + 9E; + 17E; + 7E3) + €(5Eo + 10E; — 4E; + 14E3).
For y = 2, the scalar product of Q is

2Q = 6 + (2 + 4€)Ey + (2 — 2¢)E; + 2E;.



Mathematics 2020, 8, 2149 50f 15

Moreover, the conjugate of Q is
0= (3E0 —E1—Ey — E3> +e(—2E1 + Ey).

Moreover, the norm of Q is given as

1Qll =/ QQ = VAA. ®)

If |Q|l =1, then Q is called unit quaternion with dual coefficients. The inverse of Q is

_ 0
Q>

Q! 1Qll # 0.

Example 2. Let Q = \/5Eq + (1 +¢€)Eq + (2 — €)Ea + E3 be a quaternion with dual coefficients. The inverse
of Qis
1 VBEy+(1—€)E1 + (2+€)Ey + Es

= 7 )

The conjugate and dual conjugate are defined, respectively, as follows:

Q

Q = QoEo— Q1E1 — Q2Er — Q3E;3,

Q = QoEo+ Q1E1 + QE» + Q3Es.

Furthermore, above equations can be written as Q = A +eB and Q = A — B, respectively.
Hence, we get the following equations:

QQ = A® —2¢(Va x Vp), )

QQ = A2 +2¢(Vy x Vp). (10)

Therefore, the product Q@ is not commutative.
Basis elements of 4 x 4 matrices are given as follows:

100 0 0 0 0 —1
0100 0 0 1 0

Ey = E —

0 0010 | 0 -1 0 0 |’
000 1 10 0 0
i 0 0 0 000 i
0 —i 0 0 00 i 0

BE=19 0 i 0o ["BTl0oio0o0
0 0 0 —i i 000

Here, the multiplication of the matrices Ey, E1, E, E3 satisfies the equalities given in the definition
of the basis elements ¢y, e1, €5, e3.

The algebra of the matrix representation for a quaternion with dual coefficients, denoted by H Q
is defined as

Qg +iQy 0 0 -Qq +iQ3

HS‘ ={Q= < R R 0 ) :Qo,Q1,Q2,Q3 € D}.
0

Q1 +iQ3 0 Qo —iQr
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In other words, the matrix representation of Q, where Q = QoEy + Q1E1 + Q2Ex + Q3Ez is a
quaternion with dual coefficients, is

x+ ey 0 0 —(Z+€t)

0 X+ejy z+et 0

0 —(z+€f) x+ey 0 ’
z+ €t 0 0 X+ €y

where x = ag +iay, y = bg +iby, z = a1 +iaz and t = by + ib3 are complex numbers.
The transpose and the adjoint matrix of Q, denoted by QT and AdjQ respectively, are obtained as

X+ ey 0 0 z+e€t
of — 0 T+ej —(z+e€l) 0
0 z4+et  x+ey 0 ’
—(zZ+€f) 0 0 X+ ey
A(AA 4+ BB) 0 0 —B(AA + BB)
. 0 A(AA+BB) B(AA+BB) 0
AdjQ = s ,
0 —B(AA+BB) A(AA+ BB) 0
B(AA + BB) 0 0 A(AA + BB)

where A = Qg +iQ; and B = Q1 + iQ3 are considered as coefficients. Here A and B are the complex
conjugates of A and B, respectively. From above matrices, we can write

AdjQ = (AA + BB)Q. (11)
If AA + BB =1, then we get Equation (11) as below:
AdjQ = Q.

If off-diagonal entries of Q are 0 then Q is called a diagonal matrix and Q is in form of
Q = QoEo + Q2Es.

If QT = Q then Qs called a symmetric matrix and Q is in form of Q = QoEg + Q2E> + Q3E3.

If QT = Q then Q is called orthogonal matrix and Q is in form of Q = QoEg + Q2 E>.

If ()T = Q then Q is called Hermitian matrix and Q is in form of Q = QoEq + Q2 E>.

If (Q)T = Q7! then Q is called a unitary matrix and Q is in form of Q = QyEo + Q1E; + Q3F3
and detQ = 1.

Definition 2. A determinant of Q € Hg is defined as
detQ = Q3detEy + Q3detEy + Q3detEy + Q3detEs. (12)
Moreover, from the definition of determinant, we can write
detQ = Qf + QF + QG+ Q3. (13)

Here, we point out that the definition of detQ in Equation (13) is different from the determinant
for the matrix representation of Q. Namely, the determinant for the matrix representation of Q is
calculated as (Q3 + Q7 + Q3 + Q3)%

Example 3. Let Q = (1 +¢€)Ey+ (3 +2¢)E1 + Ex + (1 — €)E3 be a quaternion with dual coefficients.
The determinant of Q is given as
detQ = 12.
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Theorem 2. Forany Q,P € Hg and A € H, the following properties are satisfied:
(i) detQ = detQT;

(i) det(AQ) = A%detQ;

(iii) det(QP) = detQdetP;

(iv) det(Q) = det(Q).

Proof. (i) Forany Q = QoEo + Q1E1 + Q2Ex + Q3E3 € Hg, from the given matrices, it can be easily
seen that
det(Q) = ((x + ey) (% +€7) + (z +et)(z + €F))? = det(QT). (14)

(ii) For A € H, we get AQ = (AQq)Ep + (AQ1)E1 + (AQ2)Ex + (AQ3)Es. Therefore,

det(AQ) = A2Q3+ A2Q% + A2Q2 + A2Q2
= A(Qj+QI+Q5+Q3)
= A%detQ.

(iii) For Q = QoEo + Q1E1 + Q2E> + Q3E3 and P = PyEy + PyEqy + P Ep + P3Ej3, the product QP is
denoted as

QP Eo(QoPo — (Q1P1 + Q2P2 + Q3P3))
Qo(P1E1 + P2Ex + P3E3)
Py(Q1E1 + Q2E2 + Q3E3)
E1(Q2P3 — Q3P)
E2(QsP1 — Q1P3)
(

E3(Qi1P, — Qo)

+ o+ o+ o+ o+

and from the definition of determinant, we have
det(QP) = QfP5 -+ QoPf + Q§P5 + Q§P + QiP5 + QiPf + QiP5 + QiP5 + Q3F;
+ Q3PP+ Q3PF + Q3P5 + Q3P5 + Q3P + Q3P + Q3P5.

In addition, the determinants of Q and P are Q3 + Q? + Q3 + Q3 and P3 + P? + P? + P2,
respectively. Then,

detQdetP = QoPg +QuPr + QoPs + QoPs + QiPs + QiPr + Q1P + QiP5 + QR
+ Q3P+ Q3P + Q3PS + Q3P] + Q3P] + Q3P + Q3PS
Therefore, we have
det(QP) = detQdetP.
(iv) From the definitions of the conjugate and dual conjugate, it can be proved easily. [J

On the other hand, we obtain the following result for the determinants of the product QTo
and Q :
det(QTQ) # (detQ)?, (15)

where Q is any non-zero quaternion.
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If detQ # 0, then the inverse of the quaternion with dual coefficients is

L A1
Q a QdetQ

1
= Q2+ QP+ Q2+ Q2 (QoEo — Q1E1 — Q2Ey — Q3E3).
0 1 2 3

Theorem 3. Quaternion with dual coefficients matrices satisfy the following properties:

(i) EiC # CEy, EoC # CE, E5C # CE3,
(i) Q% = S& —det(Vg)Ey +250Vq

where C is any non-zero quaternion.

Proof. (i) By using multiplication, it can be seen easily.
(if) For Q = QoEo + QiE1 + Q2E2 + QsE5 € Hp,

Q%= (Q3— Q2 — Q% — Q3)Eo +2Q0(QiE1 + QaEz + Q3E3).

Thus, we get
Q* = Sj — det(Vg)Eo + 250 V.
O

Here we would like to bring to your attention that this result is different from Theorem 2, in [1].

Lemma 1. Forany Q,P € H Q the following properties are satisfied:

o Q=1Q7
(i) Q'=Q
Proof. (i) Forany Q € Hg, we write
W 0 0 -Z
0 W Z 0
=10 2w o |’
Z 0 0 W

W 0 0 -Z

- 0o W Z 0

=10 zw o

Z 0 0 W

Using the definition of transpose, we get

W 0 0 Z
oT = o W —Z 0
0o Z W 0
-Z 0 0 W

As we use the definition of dual conjugate to the matrix Q7, i.e., applying the conjugate for every
coefficients, we acquire Q.
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O

(i) If Q is considered as (i), the transpose and conjugate are given as

W 0 0 Z
- 0 W —-Z 0
T _
Q = o Z W o0 |’
-Z 0 0 W
W 0 0 -Z
- 0o W Z 0
Q= 0 -Z W 0
Z 0 0 W

As we apply the dual conjugate for every coefficients of the conjugate of Q, we acquire that

W 0 0 Z
< 0 W —Z 0
Q= 0 Z W 0
-Z 0 0 W

Theorem 4. If Q,P € Hg are invertible, then the following properties are satisfied:

(i)

(ii)
(1ii)
(iv)

Q) # (év’l) in general,

= -1

(Q'=(Q)
@3: Qﬁ/
(Qp)~t=pP1Q7L

Proof. (i) For a given invertible Q = QyEq + Q1E1 + Q2E» + Q3E3, we can write

1

= T O (T (G2 Qoo+ QiEr+ QaFr + Qaks).

On the other hand, we can calculate

— 1

1y = J0Eo — O1E1 — O2E» — O3E3).
Q1) Q%+Q%+Q§+Q§(QOO Q1E1 — Q2E> — Q3E3)

Thus, we obtain (Q) ™! # ((5:1)
By using the inverse definition and multiplication definition, (ii) and (iii) can be seen, easily.
(iv) For Q = QoEg + Q1E1 + Q2Ez + Q3E3 and P = PyEg + P Eq + P2 E + P3E3, we obtain QP as

QP = Q = KEy + LE; + ME, + NE;,

where

= Qoo — Q1P — QP — Q3P
QoPr + Q1P + QoPs — Q3P
QoPr — Q1P + QoPy + Q3P
= QoP3+ Q1P — Q2P + Q3h,

z 2 = =
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are coefficients, respectively. From the definition of determinant, we write
det(QP) = K* + L* + M? + N2
Thus, we can find

QP  KEy— LE; — ME; — NE;

~ det(QP) K2+ L2+ M2+ N2

(Qp)~!

On the other hand, the inverses of P and Q are obtained as

PoEy — PiE1 — BE; — P3E3
2 L 2 L2 2
PO + P1 + Pz + P3
QoEo — Q1E1 — QoEx — Q3E3
QR+ + B+ Q3

P—l

4

Q—l

Additionally, their inner product is

KEy — LE; — ME, — NE;

plpo-1 =
e K2 + L2 + M? + N2

Hence,
(Pt =P7lQ7"
O

Example 4. Let Q = (2 —€)Eg + (14 €)E1 + (2 — €)Ep + (3 + 2¢) E3 be a quaternion with dual coefficients.
We obtain Q = (2+ €)Eg + (1 — €)Eq + (2 + €) Ex + (3 — 2¢€) E3. Therefore, we can write

~ 1 1 =
1

= E((2 +€)Eg+ (1 —€)Er + (2+€)Ex + (3 — 2¢)E3).

On the other hand, we can calculate

(Q) = 12~ ) — (1 +)Es +— (2~ )Er + —(3+ 26)E).

From these calculations, we observe that (Q) ' # (QAjl) in general. However, if we take Qq as pure-real
and Q1 = Qp = Q3 = 0, then equation (i) provides an equality.

Here, we would like to point out that (i) is only satisfied when Qy are considered as pure-real

and Q1 = Q2 = Q3 =0.
4. Split Quaternions with Quaternion Coefficients

In [11], Karaca et. al. introduced the split quaternions with quaternion coefficients (SQC) and
obtained some significant properties. Moreover, they gave some definitions and theorems about split
quaternions with quaternion coefficients.

A split quaternion with quaternion coefficients is the form

P = PyEy + P1E1 + PEy + P3Es, (16)
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where Py, P;, P, and P; are quaternions and the split quaternion matrix basis {Ey, E1, Ez, E3} of P
satisfies the following equalities:

E? = —Ey, E2=E3=E,
E1E; = E3= —ExEi, ExE3 = Ey = —E3E;, E3E1 = E; = —E1E3.

Additionally, the quaternion with quaternion coefficients P can be rewritten as
P =) (am+ bui+ cpj+ duk)Ep, (17)

where a,, by, ¢y, dy are real numbers for 0 < m < 3. Here i,j,k denote the quaternion units
and commutes with e;,e; and e3, respectively. Furthermore, Sp = PyEy is the scalar part and
Vp = P1E1 + P2Ey 4 P3E3 is vector part of P in [11]. The set of split quaternions with quaternion
coefficients are denoted by H, ? in [11]. Basis elements of 4x4 matrices are given as follows:

100 0 i 0 0 0
0100 0 —i 0 0
=l g o107 |0 0o i ol
000 1 0 0 0 —i
000 1 0 0 0 i
0010 0 0 —i 0

E, = Es =
2 0100 | 0 i 0 0
100 0 i 0 0 0

The conjugate, quaternionic conjugate and total conjugate are defined, respectively, as follows [11]:

P = PyEy— PiE; — PE; — P3E;3,
P = PyEy+ PEy+ DEy + P3Es,
P = DPyEy— P,E; — DEy — ByEs.

In [11], the determinant of P is defined as
detP = P3detEq + P?detE; + P2detE, + P3detEs. (18)

Simply, we can write
detP = P} + P} + P% + P3.
Additionally, the norm of P is given as
IP|| = VPP = P;+Pf—P;—Dj,
= (R +P) - (B+P3),

= vV ||l711|2 - |P12\2\/

where p11 = Py +iP; and p1p = P + iP5 are considered for calculations. If | P|| = 1, then P is called
unit split quaternion with quaternion coefficients in [11].

Theorem 5. For any non-zero Q, P € Hg and A € H, the following properties are satisfied:
(i) detQ = detQ = detQT,

(ii) det(AQ) = A2detQ,
(iii) det(QP) # detQdetP in general.
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Proof. (i) For any Q = QoEo + Q1E1 + Q2Ex + Q3E3 € Hg, from the equations of transpose
and conjugate

detQ = detQ = detQT = Q3 + Q + Q3 + Q3.
(ii) For A € H, we get AQ = (AQo)Eop + (AQ1)E1 + (AQ2)Ex> + (AQ3)E3. Therefore, we obtain

det(AQ) = A*Qf+A’Qf +A?Q5 + A*Q3
= M(Q+QA+Q+Q3)
AdetQ.

(lll) For Q = QoEg + Q1E1 + Q2Ex + Q3E3 and P = PyEg + Py Eq + P,Ep + P3E3, the product QP
is denoted as

det(QP) = (QoPo— (Q1P1+ Q2P> + Q3P3))?
QoP1 + Q1P+ QoP5 — Q3P,)?
QoP> + Q2Py + Q3Py — Q1 P3)?

(
(
(
(QoPs + Q3P + Q1P2 — Qo Py ).

+
+
_|_

In addition, the determinants of Q and P are Q% + Q% + Q% + Q% and Pg + Pl2 + P22 + P2,
respectively. Then,

detQdetP = QFP§ + QFPF + QFPF + Q3P + QiPf + QiP; + QiPF + Q3P;
+ Q3PF+ Q3PE + Q3P + Q3R] + Q3PF + Q3P3 + Q3PS
Therefore, we have
det(QP) # detQdetP.
O

Theorem 6. Split quaternions with quaternion coefficients matrices satisfy the following properties:

(i) E;C # CEy, EoC # CE,, EsC # CEg,
(i) Q*=S%+ (Vg x Vo) +2Q0(QiE1 + QaEz + QsEs) in general,

where C is any non-zero quaternion.

Proof. (i) For any non-zero quaternion C, from the quaternion product, it can be seen easily.
(ii) For Q, we acquire that

Q> = QfEo+ QoQiE1 + QoQ2E> + QoQsE3
+ QfEo+ Q1QoE1 — Q1QsE2 + Q1 Q25
+  Q3E0 + Q2Q3E1 + Q2Q0E2 — Q2Q1E3
+ Q3Eo— Q3Q2E1 + Q3QoE> + Q3Q0Es.

Thus, we can write Q% = SZQ + (Vo x V) +2Q0(Q1E1 + Q2Ex + Q3E3). [

Definition 3. Every split quaternion with quaternion coefficients Q = QoEo + Q1E1 + Q2E» + Q3E3 can be
written in the polar form

eQ = e (cos ¢ + ‘:PQ sing), (19)

where Vo = Q1E1 + QoEx + Q3Ez and ¢ = || Vgl| = \/Q% + Q% + Q%, respectively.
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Example 5. Let Q = 2Ey + (i + j) E1 + kEp + E3 be split quaternion with quaternion coefficients. The polar
form of Q is obtained as

@—8@szum+“H£;$%+&mmm+%»

where Vg = (i + j)E1 + kEy + E3 and ¢ = 2 + 2k, respectively.

Additionally, every split quaternion with quaternion coefficients P can be uniquely written as
P = (Py+ P1Ey) + Ex(P2 + P3Ey).

Theorem 7. For any non-zero P,Q € H Q the following properties are satisfied:
(i) detP # ||P||> in general,
(i) If P is invertible, then (P
(iii) If P is invertible, then (P)~
(iv) If Pisinvertible, then [(P)T]~! =

(v) QP # QP in general,

(vi) If Pand Q are invertible, then (PQ)~' = Q1P

)
-1

I
'U ’Ul

Lol
=
i

A
=
i

Proof. Let P = Py + P1Eq + E»(P, + P3E; be a split quaternion with quaternion coefficients.
(1) From the definition of the determinant, we obtain

detP = P? + P} + P3 + P4
and
IPI[* = PP = (P§ + P{ — P§ — P3)%.
(ii) Let P be invertible. Thus, we can write

PyEyg + P1E1 + P,Ey + P3E3

S
P2+ P?+ P34+ P

As we consider P = Py — PiE; — P,E, — P3Eq, we acquire

-1 PyEy + P1E1 + P,E; + P3E3
P = 2 p2 p2y p2
PO + P1 + P2 + P3

(iii) Let P be invertible. Using quaternionic conjugate, i.e., P = PyEy + P1E; + P,E; + P3E;,
we obtain _ _ _ _
Pl PyEy — PLE1 — P,E, — P3E; _ 13:/1
D3 + P2 + P2 + P? '

(iv) Let P be invertible. Considering transpose and conjugate, we get

PyEy + P1E1 + P,E; — P3E3

(P! = = [(PH)]".
P§ + P? +P; + P§
(v) Forany P,Q € HSQ, we can write
QP = QoPoEo— QoP1Er — QoP2E2 — QoPsEs

Q1PoEr — Q1P1Eg + Q1P E3 — Q1 BE
— QPyEy — QoPiEz + Qo P Eg + Qo P3Eq
— Q3PyE3 + Q3P1Ex — Q3P Eq + Q3P3Eg
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and

QP = QoPEy — QoP1E1 — QoP2Ex — QoP5Es
= Q1PoEr — Q1PiEg — Q1 PEs + Q1 BE;
= QPREx+ QoPiEs + Qo Eg — Qo P3E4
— Q3RE3 — Q3P Ex + Q3P Eq + Q3 P3E,.

Thus, QP # QP.
(vi) From the definition of conjugate, it can be proved easily. [

Let us to exemplify this theorem.

Example 6. Let Q = Eg+iEy + (j + k)E3 and P = Eo + E; + jE3 be split quaternions with quaternion
coefficients. Then:

(i) detP =1 = ||P|>.

(ii) Let P be invertible. It can be found that

(P-1)=Ey+Ey+jE3 =P L
(iii) Let P be invertible. It can be easily seen that

(]3)71 =Ey—Ey+jE3 = p-1,

(v) By exploiting the multiplication definition of quaternions and their properties, it is seen that

S|
|

2Ey+ 2E1 + E» — E3,
2Ey —2E1 — 3E, + Es.

O ©O
=i
|

5. Conclusions

In this article, we defined quaternions with dual coefficients (QDC). Then we got some algebraic
properties for QDC. Moreover, we gave some important theorems for split quaternions with quaternion
coefficients (SQC).

One of the important differences between QDC and SQC is the definition of the inner product.
Another difference between them is that the product of conjugate and dual conjugate is different from
the product of the conjugate and quaternionic conjugate. Thirdly, we found that the expression of the
norm is different in each case. Finally, the determinant of multiplication of two SQC is equal to the
multiplication of their determinants. However, this property does not hold for QDC. In other words,
the determinant of multiplication of two QDC is not equal to the multiplication of their determinants.
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