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Abstract: The notion of sequential convergence in fuzzy partially ordered sets, under the name
op-convergence, is well known. Our aim in this paper is to introduce and study a notion of net
convergence, with respect to the fuzzy order relation, named o-convergence, which generalizes the
former notion and is also closer to our sense of the classic concept of "convergence". The main result
of this article is that the two notions of convergence are identical in the area of complete F-lattices.
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1. Introduction

Zadeh, in his seminal paper [1] in 1971, introduced and studied the concept of fuzzy relation.
In particular, the notion of fuzzy order relation was initiated by generalizing the notions of reflexivity,
antisymmetry and transitivity. Since then, many authors have studied fuzzy orders and relations
by adopting different approaches [2-8]. Fuzzy orders have a wider range of utility when compared
to the classic orders by allowing the expression not only the preference for one alternative over
another, in a set of alternatives, but also the “power” of that preference. Generally, fuzzy relations
are important because of their applications in fuzzy modeling, fuzzy diagnosis, and fuzzy control
(see for example [9]).

Using a notion of fuzzy order, the authors in [3] defined and studied a notion of convergence for
sequences, in the sense of Birkhoff [10] which was further investigated in the context of fuzzy Riesz
spaces in [11,12], where is considered as net convergence. Moreover, this notion was redefined to
unbounded fuzzy order convergence in [13]. Motivated by the previous works, we provide, in the
general context of fuzzy posets, a notion of convergence for nets, in the sense of McShane [14].
Particularly, Section 2 contains preliminaries. In Section 3 we introduce and study o-convergence
which is a generalization of op-convergence, considered in [3]. In Section 4, we prove that, in the setting
of complete F-lattices, both notions of convergence are equivalent with the equality of limit inferior and
limit superior, with respect to the fuzzy order relation and, therefore, coincide. Finally, in Section 5,
we add some concluding remarks for possible future study in this field.

2. Preliminaries

This section contains preliminary material that will be needed in the sequel.

Let X be a nonempty set. A fuzzy set « on X (due to Zadeh [15]) is a membership function
ta © X — [0,1] with the value of u,(x) at x representing the “grade of membership” of x in a.
When « is an ordinary set its membership function yu, reduces to its characteristic function and « is
called a crisp set on X.
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In what follows, we recall the basic notions and results from [3,7,16].

Definition 1 ([3]). Let X be a nonempty set. A fuzzy order on X is a fuzzy set on X x X whose membership
function y satisfies the following properties:

(1)  (reflexivity) forall x € X, u(x,x) =1;
(2)  (antisymmetry) forall x,y € X, u(x,y) +
(3)  (transitivity) for all x,z € X, u(x,z) >

u(y, x) > 1implies x = y; and,

V [p(x,y) A u(y,z)], where \/ and A denote the supremum
yeX

and the infimum, with respect to the usual order on the unit interval, respectively.

A set with a fuzzy order defined on it is called a fuzzy ordered set (or foset for short.)

Notation 1 ([7]). Let X be a foset and x € X. With Tx we will denote the fuzzy set on X defined by
tx(y) = u(x,y), forall y € X. Dually, with | x we will denote the fuzzy set on X defined by |x(y) = u(y, x),

forally € X. If Misasubsetof X, tM =\ txand M=\ |x
xeM xeM

Definition 2 ([7]). Let M be a subset of a foset X. The upper bound U(M) of M is the fuzzy set on X,
defined as follows:

0, if tx(y) < 1/2 for some x € M
u(m =
(M) ( A Tx) (y), otherwise.
xeM
Dually, the lower bound L(M) of M is the fuzzy set on X, defined as follows:
0, if }x(y) < 1/2 for some x € M
L(M =
(M) ( A ¢x> (y), otherwise.
xeM

IfU(M)(x) > 0, for some x € X, we write x € U(M); in such case, we say that M is bounded from above
and we call x an upper bound of M. Similarly, if L(M)(x) > 0, then we write x € L(M); in such case we say
that M is bounded from below and we call x a lower bound of M. If M is both bounded from above and bounded
from below, then M is said to be bounded.

An element z € X is said to be the supremum of M (written z = sup M) if

(1) zeU(M)and
(2)  yeU(M)impliesy € U(z).
Similarly, z € X is said to be the infimum of M (written z = inf M) if

(3) ze€L(M)and
(4) y e L(M)impliesy € L(z).

Theorem 1 ([7]). Let M be a subset of a foset X. Subsequently,

(1) inf M, if it exists, is unique;
(2) sup M, if it exists, is unique.

If M is a subset of a foset X, then we will adopt from [3] the notations VM and AM for sup M and
inf M, respectively. In the case that M is an indexed setie., M = {m; : i € I} we will use alternatively,
when it is more convenient, the abbreviated symbols \/ m; and A m; for V{m; : i € I} and

iel iel
N{my; : i € I}, respectively.

Notation 2. x V y = sup{x,y} and x ANy = inf{x, y}.
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Theorem 2 ([7]). Let X be a foset. Then the following identities hold, whenever the expressions referred exist.

(1) xANx=xandxVx=x.

(2) xANy=yAxandxVy=yVux

3) xAN(xVy)=xV(xAy)=nx

(4)  wu(x,y)>1/2ifandonlyif x Ny = x.
(5)  u(x,y)>1/2ifand only if xVy = y.

Definition 3 ([7]). A foset X is called a fuzzy lattice (or F-lattice for short) if all finite subsets of X have
suprema and infima. A fuzzy lattice is said to be complete if every subset of X has a supremum and an infimum.

Definition 4 ([16]). Let D be a subset of a foset X.

(1) D is said to be directed to the right if for every finite subset E of D, D N U(E) # @.
(2) D is said to be directed to the left if for every finite subset E of D, D N L(E) # @.
(3) D is said to be directed if it is both directed to the right and directed to the left.

In our terminology for nets, we follow Kelley [17] i.e., a net in a set X is an arbitrary function
s : A — X, where A is a nonempty directed set. If s(a) = s,, for all a € A, then the net s will be
denoted by the symbol (s;)se4-

Definition 5 ([12]). Suppose that (X, ) is a foset. A net (s4)qe 4, of elements in X, is said to be increasing
ifa < b implies y(sa,s,) > 1/2, in which case we shall write (sg),eaT. Moreover, if x = V{s, : a € A},
then we write (sy) e aTx. The definition of a decreasing net and the symbols (Sa) e Al (Sa)acadx are dual.

The following notion of convergence in X, for the case of sequences, was introduced by I. Beg and
M. Islam [3] (the primary version for posets is due, in essence, to Birkhoff [10]). Below, we summarize
some basic notions and results from [3], where we refer the reader for more details.

Definition 6 ([3]). Let X be a foset. We say that a net (s;),e 4 in X is order-converging or (op)-converging to
a point x € X and we write (s,)qen — x if there exists a pair of nets (1) ge s and (vq)aea, in X, such that

(D (4a)acatx, (Va)acalx and
(2)  u(ug,sq) >1/2and u(sq,v,) > 1/2, foralla € A.

Proposition 1 ([3]). Let X be a foset. The or-convergence of sequences in X has the following properties:

(1) If (sn)nenT, then (sp)yen X x if and only if (sp)pentx.

() If (sn)pend, then (sp)nen — x if and only if (s, ) penlx.
(3)  Any op-convergent sequence is bounded.

(4)  Ifu(sn,tn) >1/2,foralln € N, and (sp)nen 2 %, (tn)pen 5 y, then p(x,y) > 1/2.

(5)  If (Sn)neN %8s x and (sp)pen - y, then x = y.

(6)  If (Sn)nen > x, then any subsequence of (s)nen 0p-converges to the same limit.

(7)  If u(tu,sn) > 1/2 and yu(sy,rn) > 1/2, forall n € N and (ty)en Ok x, (") nen OF X, then
(Sn)nen % x.

Definition 7 ([3]). A (real) linear space X is said to be a fuzzy ordered linear space if X is a foset and the
following conditions both hold:

(1) Ifx1,xp € X such that y(xq,x2) > 1/2, then u(x1,x2) < p(x1 +x,x2 + x), forall x € X.
(2)  Ifxy,xp € X, such that y(x1,x2) > 1/2, then p(x1,x2) < u(rxy, rxy), forall v > 0.

Proposition 2 ([3]). Let X be a fuzzy ordered linear space. The op-convergence of sequences in X has the
following properties:

(1) If (sn)nen % xand (tn)nen it Yy, then (Sp + tn)neN OF & +.
(2)  If (Sn)nen % xandr € R, then (rsy)pen —> rx.
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3. 0-Convergence with Respect to the Fuzzy Order Relation

In this section we will introduce and study a notion of convergence in fosets, named o-convergence
(the primary version for posets is due, in essence, to McShane [14]). The importance of o-convergence
lies in the fact that, in addition to successfully generalizing or-convergence, is closer to our
understanding of the concept of “convergence”, as we will see below.

Definition 8. Let X be a foset. We say that a net (Sq),c 4 in X is o-converging to a point x € X and we write
(Sa)aca — x if there exist a directed to the right subset D of X and a directed to the left subset F of X, such that

(1) VD = AF=xand
(2)  foreveryd € D and every f € F, u(d,sa) > 1/2 and u(sq, f) > 1/2, eventually.

Proposition 3. Let X be a foset, (5),c4 be anet in X and x € X. If (Sa)aca %8, x, then (sq)acp > X.

Proof. By hypothesis there exists a pair of nets (13),c4 and (v4),e 4, in X, such that

(a) (ua)lZEATx/ (va)aeA\l/x and
(®)  #(ita,sq) > 1/2 and p(ss, v,) > 1/2,foralla € A.

Consider the ranges of those nets i.e., the subsets
D={u;:aecA} and F={v,:a€ A}

of X. We will show that D is directed to the right (similarly, it can be proved that F is directed
to the left). Let E = {ug,,...,Uq,} be a finite subset of D. We will show that DN U(E) # @.
Indeed, since A is an ordinary directed set, there exists a9 € A such thatag > a;, foralli =1,...,m.
Therefore, p(ug;, uqy) > 1/2,foralli =1,...,m. The last implies that u,, € U(E). Evidently, u,, € D.
Furthermore, by hypothesis VD = AF = x, with respect to the fuzzy order on X. Letnow d € D and
f € F be arbitrary. Then, there exist aj,a € A such thatd = Ug; and f = v,,. Let a; € A such that
a; > aj and a; > a. Subsequently, p(tta, ug) > 1/2, for all a > a;. Because p(uq,5,) > 1/2, for all
a € Aand y(uﬂj,ual) > 1/2, transitivity yields y(ua].,sa) > 1/2,foralla > a;. Thatis u(d,s;) > 1/2,
for all a > a;. Analogously, we have ji(sq, f) > 1/2,foralla > a;. O

The following examples shows that the converse implication of Proposition 3 does not hold.
Example 1. Let the set X = {a,b,c}. Define pu : X x X — [0,1] by

1, ifx=y
2/3, ifx=aandy=c
3/4, ifx=bandy=c

0, otherwise.

u(x,y) =

One can easily check that p is a fuzzy order relation on X. Let now the sequence (s;),en, in X, defined by

a, ifn=1
Sy = b, lf n=2
¢, otherwise.
The subsets D = {c} and F = {c} of X satisfy all the conditions of the Definition 8 that determines the

convergence (Sy)peN 2y ¢. However, (Sn)nen is not bounded, since it is not bounded below and, therefore,
by Proposition 1 (3) (sy),en does not op-converge.
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Example 2. Let the (real) linear space X = R?. Define yu : X x X — [0,1] by

1, ifxy =y1and xp =y
2/3, ifxy=yrand x; <p
u(x,y) = .

4/5, ifxy <yjandx; <iyp

0, otherwise,

where x = (x1,x2) and y = (y1,y2). It is straightforward to verify that u is a fuzzy order relation on X which
satisfies the properties of Definition 7. Therefore, X is a fuzzy ordered linear space. Let Z.. be the set of positive
integers ordered as follows

1<3<h<7<...<2<4<6<8<.....

Clearly, 7. is a directed set. Let now (sy),cz, be the net, in X, defined by

(1/mn,1/n), ifniseven
S, =
" (n,n), if n is odd.

By Definition 8, (su)nez. 25 (0,0). However, (Sn)nez, does not op-converge to (0,0). Indeed, suppose that

(Sn)nez., 2% (0,0). Subsequently, by Definition 6, there exists a pair of nets (uy),cz, and (Vn)nez, , in X,
such that

(a) (”n)n€Z+T(OrO)/ (vn)neZ+~L(0/0) and
(b)  u(un,sn) > 1/2and u(sp,vy) > 1/2, foralln € Z.

By condition (b), p(s1,v1) > 1/2. Let v1 = (v11,v12) and let ny > 1 be a positive odd integer such that
v11 < ngand vip < ng. Subsequently, again, by condition (b) y(sny, vn,) > 1/2, where sy, = (19, np).
Let vy = (Vpy1, Ung2)- It follows that v, > ng and vy o > ng, ie., u(v1,vny) > 1/2, which contradicts
the fact that by condition (a) (vn)nez, is a decreasing net since vy # vy,. Thus, the net (sy),cz., does not
op-converge to (0,0). Note that the subnet (s2n)nez, of (Sn)nez, Op-converges to (0,0). This fact demostrates
that, in contrast to our common belief, the existense of additional terms in the "tail” of the net affects its
op-convergence. Obviously, o-convergence overcomes this pathology.

Remark 1. From the previous examples, we observe that boundness is a property that is not retained in the case
of o-convergence, not even for sequences.

The o-convergence has, as we will see next, similar properties to op-convergence.

Proposition 4. Let (s;),ca be a net in a foset X. Subsequently,

(1) (sq)acatx if and only if (s,)acn is increasing and (sy)aca — X;
(2)  (sq)acadx if and only if (s,)acn is decreasing and (s5,)aen — X.

Proof. (1) Let (s4),c4 be an increasing net and (s,),ec4 25 x. We will prove thatx = V{s, :a € A} i.e,

(@ xeU({sq:a€ A})and
b) yeU({ss:a€c A})impliesy € U(x).

Fix b € A. By hypothesis there exist a directed to the right subset D of X and a directed to the left
subset F of X such that

(¢) VD =AF=xand
(d) foreveryd e Dandevery f € F, u(d,sq) > 1/2and u(sq, f) > 1/2, eventually.
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Let f € F be arbitrary. There exists ay € A such that ji(ss, f) > 1/2, for every a > ay. Take any a1 € A,
such that a; > band a; > ag. It follows that, y(sp, ss,) > 1/2 and p(sa,, f) > 1/2. By transitivity we
have p(sp, f) > 1/2. Since f € F was arbitrarily chosen, u(s,, f) > 1/2,forall f € F. Thus, s, € L(F).
Since AF = x, s, € L(x) i.e., p(sp, x) > 1/2. The last conclusion does not depend on the choice of
be A, sou(sp,x) >1/2,forallb € A. Thus, x € U({s; : a € A}). Letnow y € U({s, : a € A}).
Subsequently, y(sq,y) > 1/2, foralla € A. Letd € D be arbitrary. There exists a;, € A such that
#(d,sq) > 1/2, for all a > a. Thus, by transitivity y(d,y) > 1/2. Since d € D was arbitrarily chosen,
u(d,y) >1/2,foralld € D, which further implies that y € U(D). On account of VD = x, y € U(x).
Therefore, conditions (a) and (b) are fulfilled, so x = \/{s; : a € A}. Hence, (s5)acaTx.

Conversely, let (s;),eaTx. Afterwards, (sq)qec 4 is increasing and therefore, by Proposition 1 (1)
(5a)aca - x. Hence, by Proposition 3 (s;),ca — ¥.
The proof of (2) is similar to the proof of (1). O

Proposition 5. Let (S5),c4 and (tg),ca be nets in a foset X and x,y € X. If u(sq, ty) > 1/2, foralla € A
and (sq)acn — X, (ta)aca — y, then u(x,y) > 1/2.

Proof. By hypothesis there exist directed to the right subsets D, D; of X and directed to the left subsets
F;, F; of X such that

(a) VDS:/\Fs:xand \/Dt:/\Ft:y’
(b) foreveryds € Ds and every fs € F, jt(ds,sa) > 1/2 and u(sq, fs) > 1/2, eventually;
(c) foreveryd; € D;and every fi € F, u(ds, t) > 1/2 and p(t,, fr) > 1/2, eventually.

Fix ds € Ds and let f; € F; be arbitrary. There exists ag € A such that, for all a > aq, p(ds,sa) > 1/2,
1(Sa, ta) > 1/2and p(t,, fr) > 1/2. Transitivity yields that u(ds, f;) > 1/2. Since f; € F; was arbitrarily
chosen, pu(ds, fr) > 1/2, for all f; € F;. Thus, ds € L(F;). Furthermore, AF; = y yields ds € L(y) i.e.,
#(ds,y) > 1/2. The last conclusion does not depend on the choice of ds € Ds, so u(ds,y) > 1/2,
for allds; € D;. Thus, y € U(Ds). Because VD, = x, y € U(x) ie., u(x,y) >1/2. O

Corollary 1. Let (s4)aen be a net in a foset X and x,y € X. If (5a)aca — x and (sq)aen — Y, then x = y.

Proof. Applying Proposition 5 by considering s, = t,, for alla € A, we get u(x,y) > 1/2 and
u(y,x) > 1/2. Thus, p(x,y) + u(y, x) > 1. Antisymmetry property yields x =y. [

Proposition 6. Let X be a foset. If (sq)acn — X and (tx)acn is any subnet of (s,)acn, then () ren — X.

Proof. By hypothesis, there exists a directed to the right subset D of X and a directed to the left subset
F of X, such that

(a) VD =AF=x;
(b) foreveryd € Dandevery f € F, u(d,s,) >1/2and u(ss, f) > 1/2, eventually.

Let now (fjy)yen be a subnet of (s;);ca. There exists a function ¢ : A — A with the
following properties:

() t=sog¢,orequivalently, t) = So(A)r forall A € A.
(d) Foreverya € A there exists Ay € A such that ¢(A) > a, forall A > Ay.

Letd € D and f € F be arbitrary. By condition (b) there exists a9 € A, such that y(d,s,) > 1/2 and
#(sa, f) > 1/2, for all a > ag. By condition (d), there exists A{; € A such that ¢(A) > ag, for all A > Aj,.
Thus, V(d,sq,()\)) >1/2and “l/l(Sq,(/\),f) >1/2,forall A > )\6. Because, t) = Sp(A)s ]/l(d, f)L) >1/2and
u(tr, f) > 1/2, for all A > Aj. Therefore, the directed to the right subset D of X and the directed to
the left subset F of X satisfy all the conditions of the Definition 8 that determines the convergence
(t\)rea = x. O
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Proposition 7. Let (Sq)aca, (ta)aca and (rq),ca be nets in a foset X and x € X. If u(sq,1,) > 1/2 and
U(ra,ty) > 1/2,foralla € Aand (sp)aen — X, (ta)aca — X, then (3)aca — X.

Proof. By hypothesis, there exist directed to the right subsets D;, D; of X and directed to the left
subsets F;, F; of X such that

(@) VDs=VD; = AF, = AF =x;
(b) foreveryds € Ds and every fs € F;, t(ds,sa) > 1/2 and u(sg, fs) > 1/2, eventually; and,
(c) foreveryd; € D;yand every fi € F, u(ds, ta) > 1/2 and u(t,, fr) > 1/2, eventually.

Letds € Ds and f; € F; be arbitrary. There exists ag € A such that, for all a > ayp we have p(ds,s;) >
1/2, 4(Sa,7a) > 1/2, u(ra, ta) > 1/2 and u(t,, fr) > 1/2. Transitivity yields that u(ds,r,) > 1/2 and
1(ra, fr) > 1/2, for all a > ag. Therefore, the directed to the right subset D; of X and the directed to
the left subset F; of X satisfy all the conditions of the Definition 8 that determines the convergence
(Ta)aca Sx O

Proposition 8. Let X be a fuzzy ordered linear space, (Sa)aca, (ta)aca be netsin X, x,y € X andr € R.
Subsequently, the following implications hold.

(1) If(Sa)aeA 2 xand (ta)gEA 2 y, then (Sa + ta)ueA N +.
(2)  If (Sa)aca 2y x, then (7Sa)acA L

Proof. (1) By hypothesis there exist directed to the right subsets D;, D; of X and directed to the left
subsets F;, F; of X such that

(a) VDs = ANFs = xand VD; = AF = g
(b) foreveryds € Ds and every fs € F;, t(ds,sa) > 1/2 and u(sg, fs) > 1/2, eventually; and,
(c) foreveryd: € Dyand every fi € Fy, u(ds, ta) > 1/2and p(ts, fi) > 1/2, eventually.

We consider the following subsets of X:
D={ds+d;:ds € Dsandd; € D;} and F={fs+ fi:fs € Fsand f; € F}.

We will prove that D is directed to the right (similarly, it can be proved that F is directed to the left).
Let E = {ds, +d4,,...,ds, + dy, } be a finite subset of D. We will show that D N U(E) # @. Let the
finite subsets E; = {ds,,...,ds, } and E; = {dy,...,dy } of Ds and Dy, respectively. Since D and Dy
are directed to the right subsets of X, we have that Ds N U(E;) # @ and D; N U(E;) # @. The last
yields that there exist ds € D; and d; € Dy such thatds € U(E;) and d; € U(E;) ie., foralli=1,...,k,

]/l(dsi,ds) >1/2 and ]/l(dtl.,dt) >1/2.
Therefore, by [3] (Remark 4.4), foralli =1,...,k,
}’l(dsi +dti/ds +dt) >1/2.

Thus, ds +d; € U(E) and so DN U(E) # @.
We will prove that VD = x + y. (Similarly, it can be proved that AF = x 4 y.) Indeed, by [3]
(Proposition 4.8),

VD = \/ (ds+dt): \/ ds—|— \/ dtZVDs+VDt:x+y.
ds€Dyg ds€Dy dieDy

thDt
Let now ds +d; € D and f; + fi € F be arbitrary. By condition (b) there exists a1 € A such that,
foralla > aq,
1(ds,sa) >1/2 and  p(sa, fs) > 1/2.
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By condition (c), there exists a; € A such that, for all a > a5,
u(de, ta) >1/2 and  p(te, fr) > 1/2.
Letag € A, such that ag > a1 and a¢ > ap. By [3] (Remark 4.4), for all a > a,
w(ds +di,sa+ta) >1/2 and  p(sq+ta, fs + fr) > 1/2.

Hence, the directed to the right subset D of X and the directed to the left subset F of X satisfy all of the
conditions of the Definition 8 determines the convergence (s; + tq)aea — ¥ + V.

(2) By hypothesis, there exist a directed to the right subset D of X and a directed to the left subset F of
X, such that

(d) VD= AF=xand
(e) foreveryd e Dandevery f € F, u(d,s;) > 1/2and u(sq, f) > 1/2, eventually.

We consider the following subsets of X:
rD={rd:de D} and rF={rf:f¢eF}.

Let # > 0. We will prove that 7D is directed to the right (similarly, it can be proved that rF is directed to
the left). Let rE = {rdy, ..., rdy} be a finite subset of rD, where E = {d;, ..., d;} is a finite subset of D.
We will show that rD N U(rE) # @. Because D is directed to the right subset of X, we have that
DNU(E) # @. The last yields that there exists d € D such thatd € U(E) i.e.,

u(d;,d)>1/2, foralli=1,...,k.
Therefore, by Definition 7 (2),
u(rd;,rd) >1/2, foralli=1,... k.

Thus, rd € U(rE) and so rD N U(rE) # @.
We will prove that VrD = rx (similarly, it can be proved that ArF = rx). Indeed, by [3]
[Proposition 4.10],

vrD = \/ (rd) =r ( \ d) =r(VD) = rx.
deD deD

Letnow rd € rD and rf € rF be arbitrary. By condition (e) there exists a; € A, such that, foralla > a4,
u(d,sg) >1/2 and pu(sq, f) > 1/2.

Thus, for all a > a4,
u(rd,rsg) >1/2 and  wu(rse,rf) > 1/2.

Hence, the directed to the right subset rD of X and the directed to the left subset rF of X satisfy all of
the conditions of the Definition 8 that determine the convergence (7s;),ca — 7X.

Letr < 0. We will prove that D is directed to the left (similarly, it can be proved that rF is directed
to the right). Let rE = {rdy, ..., rdy} be a finite subset of rD, where E = {dy, ..., dy} is a finite subset
of D. We will show that YD N L(rE) # @. Because D is directed to the right subset of X, we have that
DNU(E) # @. The last yields that there exists d € D such thatd € U(E) i.e.,

u(d;,d) >1/2, foralli =1,...,k.
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Therefore, by [3] (Proposition 4.5 (4)),
u(rd,rd;,) >1/2, foralli=1,... k.

Thus, rd € L(rE) and so rD N L(rE) # @.
We will prove that ArD = rx (similarly, it can be proved that V*F = rx). Indeed, by [3]
(Corollary 4.11),

ArD = N (rd) = ( \V d) =r(VD) = rx.
deD deD

Letnow rd € rD and rf € rF be arbitrary. By condition (e), there exists a; € A, such that, forall a > a,
u(d,sg) >1/2 and wu(sq, f) > 1/2.
Thus, by [3] (Proposition 4.5 (4)), for all a > ay,
u(rf,rsg) >1/2 and p(rsqrd) > 1/2.

Hence, the directed to the left subset rD of X and the directed to the right subset rF of X satisfy all of
the conditions of the Definition 8 that determines the convergence (7s;)sc 4 2 rx.
The case r = O is trivial. [

4. Coincidence of the Two Notions of Convergence

In this section, we will show that in the special context of complete F-lattices the notion of
o-convergence can be restated in terms of the notions of limit inferior and limit superior, with respect to
the fuzzy order relation, which will be introduced in the sequel. Apart from the fact that o-convergence
is characterized by another form that may be sometimes more useful and convenient, in this way it
can also be shown that it reduces to op-convergence.

Definition 9. Let (s;),c be a net in a complete F-lattice X. Subsequently, we may define the related nets
(”a)aeA and (Ua)aeA such that

ua:/\sh and va:\/sb.

b>a b>a

The limit inferior and the limit superior (or lower limit and upper limit) of the net (sg),c 4, denoted by liminfs,
and lim sup s,, respectively, are defined by

liminfs, = \/ U = \/ /\sb

acA ac€Ab>a

and

limsups, = A\ va= A V s

acA acAb>a

Proposition 9. Let (s;),ca be a net in a complete F-lattice X. If u, and v, are the nets mentioned in
Definition 9, then

(1) u(ug,sq) >1/2and u(sa,va) >1/2, foralla € A;
(2)  (ua)aea is increasing and (vq) e 4 is decreasing; and,
(3)  u(liminfs,, limsups,) > 1/2.

Proof. (1) Leta € A be arbitrary. Because 1, = A sp, g € L({sp : b > a}). Therefore, y(itq,5,) > 1/2.
b>a
Similarly, we can prove that u(ss, v,) > 1/2, foralla € A.
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(2) Let a1,a, € A be arbitrary and suppose that a; < a;. Since 1y, = A sp, ug, € L({sp : b > a1}).
b}al

Hence, y(1t4,,55) > 1/2, for all b > a;. Therefore, ji(ua,,sp) > 1/2, for all b > ap, which further implies

Ug, € L({sp : b > ap}). Because u,, = bé\ Sp, Ua, € L(ug,) ie., p(tta, us,) > 1/2. Similarly, we can
L)

prove that y(v,,,vs,) > 1/2.

(3) By (2) (u4a)zea is increasing. By Definition 9, liminfs, = \/ u, thus (u#;)zeaTliminfs,.
acA

By Proposition 4 (1), (#s)sca — liminfs,. Similarly, we can prove that (v;),cq — limsups,.

Taking into account (1), transitivity yields u(u,,v,) > 1/2, for all a € A. Therefore, Proposition 5

applies and so, p(liminfs,, limsups,) > 1/2. O

Lemma 1. Let (u4),c4 be a net in a foset X and ay € A. Then (ug)zcatx (resp. (Ua)qeadx) implies
V ug =x(resp. N\ ug = x).

azag azag

Proof. Letay € A. Because x € U({u, :a € A}), u(uq,x) >1/2,foralla € A and thus p(us, x) > 1/2,

foralla > ag. Hence, x € U({us :a > ap}). Lety € U({uq : a > ap}). Fixany a € A. There exists

a1 € Asuch thatay > ag and a; > a. Then, p(ug, ttq,) > 1/2 and p(uq,,y) > 1/2. By transitivity,

#(ua,y) > 1/2. However, a € A was arbitrarily chosen, thus p(u,,y) > 1/2, foralla € Aie,

y € U({ug : a € A}). Because, VA ug; = x,y € U(x). Therefore, \/ u, = x. The proof of the other
ae

azag
implication is analogous. [

Theorem 3. Let (54),c4 be a net in a complete F-lattice X and x € X. Subsequently, the following conditions
are equivalent:

(1) (Su)aeA % x.
(2) liminfs, = limsups,; = x.
3) (Sa)aeA 0—F> X.

Proof. (1) = (2) Let (u3)4c4 and (v;),c 4 be the nets mentioned in Definition 9 with u = \/ u, and
acA
v = /\ v,. Subsequently, By Proposition 9 (2)
acA

(4a)aeaTu and  (va)gealv.

It will suffice to prove that u = v = x. We will prove that # = x (analogously, it can be
proved that v = x). By hypothesis there exist a directed to the right subset D of X and a directed
to the left subset F of X such that

(a) VD = AF =xand
(b) foreveryd e Dandevery f € F, u(d,ss) >1/2and u(ss, f) > 1/2, eventually.

Letd € D be arbitrary. By condition (b), there exists a; € A, such that j(d,s,) > 1/2,foralla > a;
ie,d € L({sq : a > a1}). Taking into account that A s, = ug,, d € L(ugs, ). Thus, u(d, us,) > 1/2.

azaq

Because u = \/ ug, p(ug,u) > 1/2,foralla € A and so p(u,,,u) > 1/2. Consequently, transitivity
acA

yields, p(d, u) > 1/2. The last conclusion does not depend on the choice of d € D, so u(d,u) > 1/2,
foralld € D. Thus, u € U(D), which further implies u € U(x). Therefore, u(x,u) > 1/2.

Now, let f € F be arbitrary. By condition (b), there exists a, € A, such that, u(ss, f) > 1/2,
for all a > a,. Because p(ug,sq,) > 1/2, for all a € A, transitivity yields p(ug, f) > 1/2, for all a > a,.
Thus, f € U({ug:a > ap}). By Lemma 1, u = \/ u, which in turn implies that f € U(u). Hence,

azap
u(u, f) > 1/2. The last conclusion does not depend on the choice of f € F, so u(u,f) > 1/2,
forall f € F. Thus, u € L(F), which further implies u € L(x). Therefore, p(u,x) > 1/2.
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Consequently, p(x, 1) + u(u, x) > 1 and, thus, by antisymmetry, u = x.

(2) = (3) Let (44),e4 and (vg),ec 4 be the nets that are mentioned in Definition 9. By hypothesis,

\Voue= N\ va=x
acA acA

Therefore, (1,),e4 and (vg),e 4 satisfy all of the conditions in the Definition 6, which determines the
convergence (S;)ze 2 .

(3) = (1) See Proposition 3. [
5. Conclusions

In the present paper, o-convergence is inserted as a generalization of op-convergence.
Many of the properties of 0-convergence are proved to be much alike the properties of op-convergence
with the advantage that the notion of 0-convergence is, in our opinion, closer to our initiation to the
concept of "convergence". In addition, the coincidence of the two notions is established in the area
of complete F-lattices. Future research options may investigate the notion of o-convergence and its
applications in the context of fuzzy Riesz spaces (see [18]) and, in a more theoretical perspective,
exploring the topological nature of the two notions of convergence and their correlation, while taking
into account the relevant induced topologies, in different types of fosets.
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