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Abstract: In this paper, the representation formula of maximal surfaces in a 3-dimensional lightlike
cone Q? is obtained by making use of the differential equation theory and complex function theory.
Some particular maximal surfaces under a special induced metric are presented explicitly via the
representation formula.
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1. Introduction

There are very special submanifolds in some event horizons of the compact Cauchy horizons
of Taub-NUT, which are called null submanifolds due to the degenerate induced metrics.
Null submanifolds often seem to be some smooth parts of the achronal boundaries in general relativity.
In fact, the degenerate submanifolds of Lorentzian manifolds may be of great use to explore the
intrinsic structure of manifolds with degenerate metrics.

It is well known that the pseudo Riemannian space forms are non-degenerate and complete
pseudo Riemannian hypersurface with zero, positive, or negative constant sectional curvature,
which are consisted by the pseudo Euclidean space Ef, the pseudo Riemannian sphere S (c, 7) and the
pseudo Riemannian hyperbolic space Hj (¢, 7). Many research works have been done in the pseudo
Riemannian space forms that are similar to those of Riemannian spacetime [1,2]. However, to some
extent, the degenerate hypersurface Q} (c) in Eg“ should be regarded as another kind of pseudo
Riemannian space form or be called degenerate pseudo Riemannian space form. Some geometers and
experts have studied the geometry of submanifolds in degenerate pseudo Riemannian space form [3-6].
Taking the trapped surface as an example, which is a compact, spacelike 2-dimensional submanifold
of spacetime on which the divergence of the outgoing null vector orthogonal to the surface converges.
Meanwhile, a spacelike submanifold is said to be a marginally trapped submanifold in the pseudo
Euclidean space [Ef when its mean curvature vector is lightlike at every point [5]. The notions of trapped
surfaces and marginally trapped surfaces play important roles in general relativity and cosmology,
which are the foundations of the Penrose inequality and the cosmic censorship hypothesis, etc. [7,8].
In 2009, B. Y. Chen tested the cone surface of Q* is marginally trapped in Ef iff it is flat [7], one of the
authors of this paper proved that the surface in Q? is flat if the surface is maximal [3,6].

Based on the authors’ previous works about the submanifolds in lightlike cones, we consider
the maximal surfaces in a 3-dimensional lightlike cone in this work. This paper is organized as
follows. At first, some basic knowledge is recalled including the definition of maximal surface and
the solving method of particular differential equation, etc. Then we give a representation formula for
maximal surfaces and construct some classical examples of maximal surfaces in Q3, which will lay
solid foundation for related future research works.
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2. Preliminaries

Let Ej' be the m dimensional pseudo Euclidean space with respect to the metric

m—q m
L) =Y xyi— Y, xy;
i=1 j=m—q+1

where x = (x1,%2,...,%m), ¥y = (Y1, Y2,---, Ym) € IEZ7

Let p be a fixed point in Ef'. Then Sf/(p,r) = {x € EZ’Z“ : (x —p,x — p) = r?} is called the pseudo
Zill : (x — p,x — p) = —r?} is called the pseudo Riemannian
hyperbolic space and Q}/ (p) = {x € Ef™! : (x — p,x — p) = 0} is said to be the pseudo Riemannian
lightlike cone, respectively.

Where r > 0 is a constant, the point p is said to be the center of S} (p, ), Hy (p,r) and Qf(p).

When p is the origin and g = 1, we denote Qf by Q" and call it the lightlike cone [3].

Riemannian sphere; Hy (p,7) = {x € E

Definition 1 ([6]). Let x : M" — Q"*! be a non-degenerate hypersurface. Then the mean curvature H of x is
defined as
nH = (Ax,y).

Especially, if H = 0, then x is called the maximal hypersurface.

In order to serve the following discussions, we recall some basic knowledge and solving method
of differential equations.

Lemma 1. Let F = F(z), (z € D € C) be a complex differentiable function. When

OF
Img = 0,

the integral [ ReFdz does not depend on the path of the integration, and
0 1
P /ReFdz = EP(Z)'
Proof. Let the complex differentiable function F(z) be decomposed as
F(z) = ReF(z) +iImF(z) = é(z) +in(z),

then
Fdz = (¢du — ndv) + i(ydu + &dv).

The integral [ ReFdz does not depend on the path of the integration if and only if

d(Edu — ndv) = —ZImg—gdu Ndv =0.

And in this case, we have
0 0 .0 .
25 (/ReFdz) = <8u — lav> /(Cdu —ndv) = {+in = F(z).
O

Lemma 2. Given a differential equation, namely

Fit(t) = a(t)F(t) + b(t)Fe(t), ey
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then it has the following solution as

1

cos @
F(t) = cexp (./Lﬁ_gosinﬂ n zb(t)]dt) (c €R),
where ¢(t) = a(t) + 1b%(t) — 3V (t) and 0 satisfies
(p/
0 (t)=+/—¢+ 2 sin 0 cos 6.

Proof. By a transformation as F(t) = f (t)ez 2O then the Equation (1) can be changed to

fir(t) = @(t)f (1), @
where @(t) = a(t) + 1b2(t) — 10/(t).
Putting
psinf = f\/—g, 3)
pcos® = f'(t),
then we have , -
"sin@ + 00’ cos @ = /—qp cosO — ¢__psm }
ooy T Ve W
p' cos® — pf'sin® = gopsmG‘
v—¢

From the above equation system (4), we have

/ in 6 cos 0 sin? 6
0 = /—pocos’l— ¢__psh L
1Y o 2=¢ V-9 4 V=9
/
— p\/_iqpcoszg_kp«/_(psinz()—f—%psin()cos&

/

therefore ¢ = \/—¢ + i

2 sin 6 cos 8. From Equation (3), we get

f(t) = cexp </ \/qucosedt> , (ceR).

sin @
At last, the solution of the Equation (1) can be expressed by

1

F(t) = cexp (/[\/—T,)Z:g + 2b(t)]dt) (c €R),

where 0 satisfies ,
0 =\/—¢+ Z%Sin()cos&
O

3. Main Results

Let x(u,v) : M — Q3 C Ef be an oriented and connected 2-dimensional differential manifold
with isothermal parameters and induced metric as follows

(dx,dx) = 2e“(du? + dv?) = ¢“(dz ® dz + dz ® dz), (5)

where z = u + iv.
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Denoting x, = d,x = 9x/0z, xz = dzx = dx/0z and using the Cauchy-Riemann operators
10 .0 10 .0
%= 35 (au"av)' % =3 (814—’_180)'

(x,x) = (x,x7) = (x,x5) = (x5, x;) = (x5, x5) =0, {(xz,xz) =¢". (6)

we have

After direct calculations by (6), we have easily

(7)
(Xz,Xz2) = eYwz, (X, Xxz) = e"wz, (X, xz) = —€”.

{(xz,xzz> = (xz,%22) = (X2, Xz) = (¥z,%22) = (X, %z2) = (¥, %52) =0,
The Laplace operator A and the Gaussian curvature K can be given by respectively
A =2¢""9,0z, K=—e""wgz. (8)

Defining a new surface by the Laplacian Ax and x(u, v) as follows

1 (Ax, Ax)x, )

y=y(u,v) = —%Ax— 3

which is said to be the associate surface of x(u,v) in [3].
Obviously, we have

(xy)=1 (yy) =0, (yxz)=(y,xz)=0.

In Q3, the vector fields {x, Y, (2eY) 172y (2e™) -1/ zxv} form an asymptotic orthogonal frame of

x(u,v). Based on above information, the structure equations and the integrable conditions of x(u, v)
are obtained as
Xzz = WXz + QX,

Xz = Ax —e¥y, (10)
Yz = —Ae Yx; — pe Vxz
and 1
A= —EewK,
2 a1
Pz = _EewKz
By (10) and (11), we obtain
H=2A"= —EK,
2 (12)
Ax =2H — 2y,

where H = 1(Ax,y) is the mean curvature of x(u,v).

Putting { = ¢(u,v) = §(z,2) =2x, = g—z — ig—i, according to (5), we have
é‘z:xﬁ—x%—ﬂxumvzo (13)
and ) )
— dx ox
i 5 5| =4 (14)
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or

Making use of the frame {5, Z,x, y}, then the structure equations (10) of x(u, v) are rewritten by

a .
F ¢z = wyC +2¢x,
— = _ 5
= & = 2He"x — 2%y, (15)
33/ _ _ _ —wWx
2—az =2y, = —H— ¢e"C.

The integrable conditions (11) can be rewritten by

Wyz = 2He",

¢z = Hze" (16
2H+K =0,

¢z = Hze". 47

It is not difficult to find the following conclusion by (17).

Proposition 1. Let x(u,v) : M — Q* C Ef be a surface. Then it is maximal if and only if it is flat.

Assuming that ¢ = (&1, 82, 83,84), then é% + Q’% + é% — (_",‘i = 0. Choosing complex functions f,

g and p such that
Gi=p(f+g),
G =—ip(f—g), (18)
G3=p(1-fg)
Ga=p(1+fg),
thus, we have
§=2¢(z2) = (p(f+8), —io(f —8),p(1 = f8),p(1 + f8))- (19)
At the same time, we have )
p= %(*Cs +4),
f= le(ffl +1i¢2), (20)
8= zlp(ffl —iG2).
Furthermore, by a direct calculation from (15), we have
Crz = (wzz +¢— (Pz(Pilwz)C + (wz + sz(Pil)gz- (21)
Together with the Equations (19) and (21), we have
82
w = (W2 + ¢ — 929 'w2)o(f + 8) + (w2 + 92907 [p(f + 8],
02 -
W = (Wzz + ¢ — 929 'w2)p(f — ) + (wz + 99 ) [p(f — &)z -
32[.0(1—/[8’)] = (W + ¢ — -1 1— -1 1—
a2 2t @ — @20 w)p(l— fg) + (w2 + 9907 ) [p(1 = f8)]2,
9%[p(1
w = (W2 + ¢ — 929 'w2)p(1+ f8) + (W= + 920 ) [p(1+ f2)]:,
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through simplification, we know p, f and g satisfy the following equation system
P?p -1 -1

552 = Wzt @ — @297 wa)p + (W2 + 9297 )z,

02 - _

% = (Waz + ¢ — 929" 'w2) (0f) + (w2 + @207 ) (0f)z,

2 - -
a(ff) = (Waz + ¢ — 9z 'wz) (pg) + (w2 + 92907 (p3)z,

2
’ E’Zg) = (wzz + ¢ — 99 'w:) (pf Q) + (wz + 9207 (0f3)=

(23)

indeed, p, pf, pg and pfg are the solutions of Equation (21).
Conversely, if we choose the complex function p, f and g which satisfy Equation (21),
then by letting

§=20(z2) = (o(f+g) —ip(f —8),p(1 - fg),p(1 + fg))

we have & = &,. From Lemma 1, we get 2x, = ¢, £ = 0, thus Equation (21) takes a real surface x(u,v)
with isothermal parameter.

Considering the non-degenerate condition of the surface x(u, v), we know |p||f — g| # 0, then the
representation of x(u, v) can be achieved by Lemma 1, easily.

Theorem 1. Let x(u,v) : M — Q3 C Ef be a surface with isothermal parameters. Then x(u,v) can be
expressed locally as

(,0) = ( [ Relpls +)dz], [ Rel-ip(f =)zl [ Relp(1 ~ fe)aal, [ Relp(1 + )] ),
where |p||f —3| # 0and p, pf, pg and pfg are the solutions of (23) for some holomorphic function ¢.
For the maximal surface with isothermal parameters (u,v) in Q3, from Proposition 1, we know

that x(u,v) is flat and ¢z = 0 by (17). Without loss of generality, we can choose (u#,v) such that
ev(u) = 1, Using Theorem 1 and (23), we have

92
E=en+e:97p:,
92
% = (of) + @0~ (0f)=,
*(pg) -1 e
02 = P08) + 9297 (p8)z
9?2
g’;{g) = (pf3) + @=0" (0f3)=-

Therefore, we can obtain the following result for maximal surfaces in the lightlike cone.

Theorem 2. Let x(u,v) : M — Q3 C E} be a maximal surface with isothermal parameters. Then x(u,v) can
be represented locally as

(0,0 = ([ Relo(f + )], [ Rel=ip(f ~ )zl [ Relp(1 - fiz, [ Relp(1+ fg)a] ),
where |p||f —g| # 0and p, pf, pg and pfg are the solutions of (24) for some holomorphic function ¢.

Remark 1. Denoting h;; the quantities of the second fundamental form of x(u, v) defined by

hij = (28w>71 <xltil¢f' y>'
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1 2

where u*t = u, u” = .

From [3], we know that
1 )
¢ = Qew(hn — hpp — 2ihyy).

Obuiously, for prescribed holomorphic function @, it is not difficult to get the solutions of Equation (23) by
Lemma 2.

Corollary 1. Let x(u,v) : M — Q3 C E{ be a surface with induced metric
ds® = du? + dov*.

. When

—iZ _ ;,~0,—iU (25)

the surface x(u, v) can be written as
x(u,v) = (sinu, cosu,sinh v, coshv),

which is a maximal surface with isothermal parameters;

o  When ) )
—1 i = —1
— 76—5(2—2) — 76'0,
P 2
f — _l'e—iZ — _ie—ve—iu’ (26)
g= _l-eiz _ _ie—veiu,

the surface x(u, v) can be written as
x(u,v) = (—sinu, — cosu, sinh v, cosh v),
which is a maximal surface with isothermal parameters.

Proof. Firstly, from (18) and (25), we know

&= p(f +g) = cosu,
& = —ip(f —g) = —sinu,

é3 =p(1— fg) = —icoshv, @)
G4 =p(1+ fg) = —isinho.
Similarly, by (18) and (26), we have
¢1=p(f +8) = —cosu,
& — —ip(f - g) = sinu, o)

&3 =p(1— fg) = —icoshu,
s =p(1+ fg) = —isinho.

According to (27), (28) and Theorem 1, the surface x(u,v) = [ Re¢dz can be expressed. Meanwhile,
they are all maximal surfaces in Q3 with isothermal parameters (u,v). O
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Corollary 2. Let x(u,v) : M — Q3 C Ef be a surface with induced metric

ds? = M2 (dy? + dv?), (A, u € R).

(] When ) _
p= %(/\ — iy — l-)e%(z+2)+#(z—2)e—%(z—2) — %(/\ —iu— l-)e/\u+yvev,
f=ie Z=ie %, (29)
_ _iA_lu—'_leiz — _i/\_l"_’_le—veiu
A—ip—i A —ip—i ’

the surface x(u,v) can be expressed as
x(u,v) = eMutno (sinu, cos u, sinh v, cosh v),

which is a maximal surface with isothermal parameters;

o When |
p = (A —ip)e2 EDTTE2) = () — jp)etutio,

2+ A —ip)z 24 (A —iu)(u+iv)
==y~ 2w (30)
_z_u—iv
§=27 2
the surface x(u,v) can be expressed as
Au+po 1 2 2 1 2 2
x(u,0) = e (u,0,1— Zl(u +07),1+ Z(u +07)),
which is a maximal surface with isothermal parameters.
Proof. By using (18) and (29), we obtain
&1 =p(f+g) =M [(Asinu + cosu) — ipsinu],
& = —ip(f —g) = MM [(Acosu —sinu) — ipcosu], 1)
& =p(1— fg) = M [Asinhv — i(usinh v + coshv)],
& =p(14 fg) = M 1 [Acoshv —i(pcoshv + sinhv)] .
And from (18) and (30), we obtain
G1=p(f +g) =M (1 + (A~ iuu),
G2 = —ip(f —g) = MM (it (A~ ip)o),
= p(1~ fg) =M (A= {0 - )2+ )~ Ju—in)), )
o1 . 1 .
& =p(1+ fg) =eMtm ()\ —ip+ Z(A — i) (u® +0%) + E(u - w)) .

According to (31), (32) and Theorem 1, the surface x(u,v) = f Reddz can be represented.
Meanwhile, they are all maximal surfaces in Q® with isothermal parameters (1, v) by considering the
integrable condition and the Cauchy-Riemann operator for w = Au + pov. O
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Corollary 3. Let x(u,v) : M — Q3 C Ef be a surface with induced metric
ds? = M (du? + dv?), (A €R).

° When

o= %(—i)\z - i)e%m( 2323 = (Av — iAu — i)eM0e?,

NI~

f=ie " =ie P,
_ —Az+1 5, —ilv—Au+ 167%,»

Tiaz—it T Av—iru—i

the surface x(u,v) can be represented as

u

eAuv(

x(u,v) = sinu, cosu, sinh v, coshv),

which is a maximal surface with isothermal parameters;

o When s
p = —idze® FF) = A(v — iu)eM?,
C2—iAz2 24 A(v—iu)(u+iv)
f= —2ilz 2A(v — iu) ’
Z _u—iv
§727 2

the surface x(u,v) can be represented as

1 1
x(u,0) = M (u,0,1 — E(u2 +0%),1+ i(u2 +v%)),

which is a maximal surface with isothermal parameters.
Proof. By (18) and (33), we get

&1 =p(f+8) =M [(Avsinu + cosu) — idusinu],

& = —io(f —g) = eM¥ [(Avcosu — sinu) — iAucosu],
& =p(1— fg) = M’ [Avsinhv — i(Ausinhv 4 coshv)],
& = p(1+ fg) = ¥ [Avcoshv — i(Aucosh v + sinh v)] .

And from (18) and (34) , we have

& = p(f+8) =1+ Mo — ),

&2 = —iplf - §) = =i+ ho(o — iw)),

t = p(1— fg) = (Ao —in) = § 62+ )0~ iw) — 5 (o) )
4 2 ’

& =p(1+ fg) =M (/\(v —iu) + %(u2 + %) (v — iu) + %(u - iv)) )

9o0f 11

(33)

(34)

(35)

(36)

According to (35), (36) and Theorem 1, the surface x(u,v) = | Refdz can be obtained, and they are
all maximal surfaces in Q3 with isothermal parameters (1, v) by using the Cauchy-Riemann operator

and the integrable condition for w = Auv. [
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Remark 2. According to (9), the associated surface y of maximal surface x can be achieved. From Theorem 2.2
of [3], we know that y(u,v) is also maximal in Q3. In fact, the surfaces in Corollary 1 are associated maximal
surfaces. In a similar way, we can get more examples for maximal surfaces in Q3.

4. Example

In this section, we present some maximal surfaces by the conclusion in Proposition 1.

Example 1. For any real number A, u € R, the surface

u A e}l?}
x(u,v) = (tan—)

5 (sinusino,sinu cosv,cosu, 1)

smiu

is flat and maximal in Q3, whose metric is

ds*> = f2e*°(du? + sin® udv?),

here f = f(u) = (tan%)/\sinu.

Example 2. For any real number A, u € R, the surface

et

x(u,v) = (tanh %)A

, (1,sinh u sin v, sinh u cos v, cosh u)
sinh u

is flat and maximal in Q3, whose metric is
ds? = f2e2(du? + sinh® udo?),

1

here f = f(u) = (tanh%)/\m.

Example 3. For any real number A, u € R, the surface

pMarcsin(tanhu) ppo

x(u,v) = (1, sinh 1, cosh u sinh v, cosh u cosh v)

coshu

is flat and maximal in Q3, whose metric is

ds? = 2 (du?® + cosh? udv?),

o/ arcsin(tanh u)

here f = f(u) =

coshu

Remark 3. The parameters in the above examples are not isothermal parameters.
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