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Abstract: The present study aims to develop novel parametric solutions for the Prouhet Tarry Escott
problem of second degree with sizes 3, 4 and 5. During this investigation, new parametric representations
for integers as the sum of three, four and five perfect squares in two distinct ways are identified. Moreover,
a new proof for the non-existence of solutions of ideal Prouhet Tarry Escott problem with degree 3 and
size 2 is derived. The present work also derives a three parametric solution of ideal Prouhet Tarry Escott
problem of degree three and size two. The present study also aimed to discuss the Fibonacci-like pattern
in the solutions and finally obtained an upper bound for this new pattern.
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1. Introduction

The Diophantine problem endeavors a vast area for research in number theory because of its diversity
as well as its characteristic property of having immense ways to find the solutions. Thus, Diophantine
problems attract number theorists all the time. Some recent studies on Diophantine problems especially on
the generalization of Pell equations to higher degrees and the relationship of Diophantine equations with
the ring of algebraic integers can be seen in [1-4]. Another remarkable work in the field of Diophantine
equations is by Shang [5] in which a necessary condition of solvability of Diophantine equation W" +
X"+ Y" = Z" over M(Q) has been derived. The Prouhet Tarry Escott problem of size n and degree
k ((n,k)-PTE problem) focuses on determining two disjoint sets of integers, say, {x;}/ ; and {y;}},
where these two sets satisfy the Diophantine system Y/" ; xK = Y7 5 k = 1,2,.5. If s = n — 1, it is
called the ideal solutions and otherwise called non-ideal. It was Bastein who proved the impossibility
of {x1,x2,- - ,xu} =u {y1,¥2, - ,yn} where x/s do not form a permutation of ys. He applied a result
from the elementary symmetric function which states that the two distinct sets of roots of a polynomial
equation of degree n have the same elementary symmetric functions [6]. Later, Tarry proved that the first
2""(2a + 1) integers can be split up into two equivalent classes each consists of 2"~ !(2a + 1) integers where
the sum of the #" powers in one class will be equal to that of the second class fort = 1,2, - -, n. Itis to be
noted that the system of equations ) f =Y bf ;i, k=1,2,--- ,nisequivalent to the system ) ;a; =} ; b;,
Ymay = Y. biby,---, Y ayax---ay = Y biby---by. Thus, the PTE problem can be reformulated as the
problem of detecting two polynomial equations of same degree such that both the equations have the
same integral roots and the first n coefficients are equal to each other [6].

Several works exists in evaluating the solutions of the PTE problem [7-19]. Choudhary [20,21] studied
PTE problem with the additional condition of equal product of integers and then established the complete
ideal solutions for the fourth degree case. Dickson [22] established a method for finding all integral
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solutions of the (3,2) and (4,2)-PTE problem. Later, Gopalan and Srikanth [23] found a general form of
parametric soluitons of non-ideal (4,2)-PTE problem. The different approaches to the 2nd degree problem
and its related problems over finite field can be seen in [24,25]. Bolker et al. [26] first observed the relation
between the PTE problem and the Prouhet-Thue-Morse (PTM) sequence. Later, Nguyen [27] has derived
the solutions of general PTE problem by using the product generating formula for PTM sequence. Recently,
Srikanth and Veena [28] performed a detailed survey on the PTE problem and addressed the difficulties as
well as future directions of the problem systematically.

The PTE problem is the most general case of easier waring problem which concerns the integral
solutions of the equation n = x§ +x& + - + xk. Ramanujan [29] provided the integral solutions of
the equation n = ax% + bx% + cx% + dxﬁ for the given natural numbers 4, b, c,d. Rabin and Shallit [30]
constructed a randomized polynomial-time algorithm for finding one representation of the given integer n
asn = x? 4+ x3 + x5 + x3. Elia [31] proved that the prime numbers can be proclaimed as the sum of four
squares. Recently, Borkovich and Jagy [32] discovered a new design for intgers as the sum of three squares.

In the present study, the authors aim to develop some new parametric forms of solutions of the (3,2),
(4,2) and (5,2) PTE problems and also to study the Fibonacci like pattern in the solutions of non-ideal PTE
problem. In Section 2, a new proof for the non-existence of solutions of (3,2)-PTE problem is presented.

2. On the Ideal PTE Problem

Theorem 1. The system of Diophantine equations Z?Zl X; = Zl 1Yi and Zl (X2 = Zl 1y} =4°(8b+7) has
no integer solutions.

Proof. Legendre [6] showed that for any positive integer m € N, the set of all positive integers can be
exemplified as m = a® + B? + 72 for some integers («, B, ) if and only if m # 4%(8b + 7) where a € N and
bis any integer. Therefore, the equation x3 + x5 + x3 = 47(8b + 7) has no integral solutions. [J

Lemma 1. A new parametric form of solutions of the (3,2)-PTE problem is given by x| = e, X = €, X3 =
k—e —ey,y1 = e3 Y2 = es, Y3 = k—e3 —eq; where ¢; € Z, the set of all integers fori = 1,--- ,4,

andk = (L) - rig=pa s € Z

Proof. Let Z?:l X = 213:1 yi = k. Take x; = e, xp = e, where ¢; and e; are any integers. Thus x3 =
k —e; — ep. Similarly, if y; = e3 and yp = e4, then y3 = k — e3 — e4. Now, applying these values in second
degree equation it provides

26% + 28% + 2e1ep — 2key — 2ke, = Ze% + 262 + 2e3e4 — 2kes — 2key

2 4
e%—l—e%—i—elez—e%—ei—eg,q = k(Zei—Zel).
i=1 i=3

Therefore,

2 4,2 2 _ 2
el +e5+eep —e3 —ey —esey

() = (Khse)

(e1 +e2)? —erer — [(e3 +e4)? — e3eq)

(Fhier) - (Shae)

(e1+e2)* — (e3 +e4)? erey — e3ey

(Bhie) = (hee) - (Thaie) - (Thoes)
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Now (e +e2)? — (e3 + e4)? is of the form a®> — b? which is equal to (a +b)(a — b). Thus (e; + €)? —
(e3 +e4)? = (e1 +ex +e3+eq)(eq +ex —e3 —ey). Hence

p - latetete)latea—e—ea)  ae—ee
e1+exy—e3—ey e1+exy—e3—ey
(T qie)(er+ex—(e3+es)) 1) — 34

(Thie) - (Ehse)  (Thae) - (Ehse)
4 AN €16y — e3ey
(L) (o) (Tae)

This proves the Lemma 1. [

Lemma 2. All integral solutions of the relation 0 a s

-G € Z satisfy the following conditions

1. y=w+a.
2. z=w-— P+ (1 +a)T,

. . _ t_w . . e . .
where By is an integer, T = =%, ay is any divisor of t — w and t is an integer.

Proof. Consider the form % Let x =z + §1 and y = w + a1 where a1 and 8 are integers.
Then
oz E+p)wta) —mw
(x+y)—(z+w) z+P1+wta —z—w
_zag +whr + a1y
a p1+a
wph1 + way — waq +zB1 + Prag
; B1+a
o w(Br ) g (z —w) + Brag
a ﬁ14—a1
_ oy mzmwt py)
(B1 +a1)

It is clear that —2—"__ € 7 if and only if k = ( xy—zw

(x+y)—(z+w) x+y)—(z+w)
(B1 +a1)T, where T = t;—lw, «1 is any divisor of t — w and B and w are any integers. Now, take z =

€ Zifand only if z = w — 1 +

w — B1 + (B1 + a1)T, where ¢ is any integer, a5 is any divisor of t and T = t;—lw ie.,

(i(z—w+p1) _ w—pit+frra)T—w+p
(B1+a1) B1+ !
= Tﬂl
= t—w
xy—zw

Thus, we obtain Gy —Grw) = b Hence the proof. O

Replacing x by e1, y by 3, z by e3, w by e4 in Lemma 2 and combining the results of both Lemma 1
and Lemma 2, we obtain Theorem 2.
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Theorem 2. The parametric form x1 =e1, xp = ey, x3 =k—e1 —ex, Y1 =e€3, Yo =egand y3 =k —e3 — ey,
where

1. e;i=1,---,4satisfy the relation % cZ

€1 62) (33 €4
k— (E i ]el) - ( €162 —€364

> o) -(Ese)

3. ep=e4+ua

4. eg=es— P14+ (fr+an)T

5 T=15%

6. e =e3+ ,31

7. ay and By are integers such that aq|(t — eq) where t is any interger

provides a new parametric form of the integral solutions of the (3,2)-PTE problem.

Proof. By Lemma 1, the parametric form of all integral solutions of (3,2)-PTE problem x; = e, x = e,
x3 =k—e — €, Y1 = €3, Y2 = e4, Y3 = k —e3 —ey; whereel- €eZ;i=1,---,4and k = (2;1:161) —
% € Z. Thus, the proof completes immediately if we replace x, y, z and w by ey, e, e3 and ey
respectively in Lemma 2. O

Example 1. Let By = 7,t = 5 and eq = 3. Then ay be any divisor of 2. Take a1 = 1. Then we have e; = 19,
ep=4,e3=12andey =33.50,x1 =e1 =19,y =er =4, x3=k—e1—er =10, y1 =e3 =12, yp = e, =3,
and y3 = k — e3 — eq = 18. Thus we obtain solution sets as {19,4,10} and {12,3,18}.

Corollary 1. If we take e; = e3 or ex = e4 in Theorem 2, then the Diophantine system Z?:l X; = 213:1 y; and
Yo, x? = Yo, y? does not posess any integral solutions.

_ : €162 —364 = = i
Proof. Assume e; = e3 in Theorem 2. Then, we get (CEAECE 0 and 51 = 0. Thus the solutions

becomes x1 =t, xp = e4 + a1, X3 =54, Y1 = t, Y2 = €4 and y3 = e4 + a1 where t,e4 and w1 are any integers
with aq|(t — e4). i.e., we obtain solution sets as X = {t,e4 + a1,e4} and Y = {t,e4,e4 + a1} where X and Y
are not distinct as one is a permutation of other. [

Theorems 3 and 4 also provide different forms of parametric solutions of (3,2)-PTE problem in such a
way that Theorem 3 provides two parametric solutions and Theorem 4 provides three parametric solutions.

Theorem 3. A two parametric form of integral solutions of the Diophantine system Y3, x; = Yo, y; and
2?21 xi2 = Z;?’:l ylz isgivenby x1 = t), xp = ty, x3 =2tp —t1 =3, 1 =+ 1,y = 2tp —t; —2 and
Yz =1tr —2.

Proof. Let x; =t1,xp =tp, x3 =2tp —t1 —3,y1 =t1 + 1,y = 2tp —t; —2and y3 = t, — 2. Then,
X1+ xp+x3 =14 +tr,+2tp —t; —3 =3t, — 3.

Similarly,
yi+y+yzs =1t +14+2t) —t1 =24t —2 =3t - 3.

Thus we obtain x1 + x2 + x3 = y1 + y2 + y3. Now, consider

24 xitxd = 24854 (2t —3)?
= 22456 — 12ty +6t; — 4t1t) +9
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and

Vity+ys = (h+1)2+@2h—t —2)P7+ (2 —2)°
= 22455 — 12t + 6t — 4t1ty +9.

Thus, we obtain x7 + x3 4+ x3 = ¥ + y3 + y3. Hence the proof. [

Example 2. Let t; = 5and ty = —3in Theorem 3. Then we have x; =5, xp = —=3,x3 = =14, y; =6,y = —13
and y3 = —5 where these xis and y's satisfy 5 —3 — 14 = —12 = 6 — 13 =5 and 5* + (—3)* + (—14)? =
62 + (—13)2 + (=5)2.

Theorem 4. A three parametric form of integral solutions of the Diophantine system Y3 _ x; = Y3, y; and
Z?zl xi2 = Z?zl ylz is given by x1 = 5tq, xp = 6t3 — ty —4tq, x3 = 2t7 — 3tz — 2tp, y1 = 5t3,yp = 6] —t) —4t3
and y3 = 2t3 — 2ty — 3t provided t; — t3 # 0.

Proof. Let 213:1 X = 21-3:1 y; = p. Take x; = 5t1. Then
Xp + x3 = p — 5H. 1
Let o and B be two constants such that
Ixa—-1xB=1 ()
Then & = 2 and § = 1. Multiply (2) by p — 5¢;. Then, we obtain
2(p —5t1) = (p—5ht) = p —5h. 3)
(1) and (3) gives [x; —2(p — 5t1)] + [x3 + (p — 5t1)] = 0. i.e,,

[XQ — 2(p — 5t1) — 5t2] + [X3 + (P — 5t1) + 5f2] =0.

Thus we have
Xy = 2(]9 — 5t1) + 5t

and
X3 = —(p —5t1) — 5t5.

Similarly take y; +y2 +y3 = p and y; = 5t3. Then as in the previous case we obtain y; = 5¢3,
Y2 = 2(p — 5t3) + 5t4 and y3 = —(p — 5t3) — 5t4. Now, apply these general values in the second degree
equation and simplifying we obtain

150t2 4 50t5 — 50pty + 30pty — 150t t, = 15085 + 50t — 50pt3 + 30pty — 150t3t;.
Put ty = t4. Then we have

150(£2 — £3) —150t5(t; — t3) = 50p(t; —t3)
3(t1 +1t3) —3tp = p;provided tj —t3# 0
p 3(i’1 + 13 — i’z).
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Hence x1 = 5t1, xp = 6t3 —ty —4t, x3 = 2t; —3t3 — 2tp, y1 = 5t3, yo = 6t; — tp — 4t3 and
Y3 =2t3 —2tp —3t;. O

Example 3. Let ty = 5, t3 = 10and t = 0. Then t; — t3 # 0. So we obtain x1 = 25, xy; = 40, x3 = —20,
y1 =50,y = —10, y3 = 5 where 25+ 40 — 20 = 45 = 50 — 10 + 5 and 25 + 40> + (—20)? = 2625 =
502 + (—10)2 + 52.

According to Frolov [10], if {x1,x2,- -+, xn} =¢ {y1,¥2,- - ,yn}, then {Mx; + K, Mxp + K, - - -, Mx, +
K} = {My; + K, My, + K, - - - , My, + K}. Thus by the repeated application of this, infinite number of
solutions can be generated.

T};eorem 5. Let t, By, ey are any integers and a bze any divisor of t — ey. Then, the integer 2e2 + > 4+ a? + B3 +
2 2 2 . .
ai%l(t —ey)? +2e4(ay — B1) + o%l(t2 —e3) + 0%1 (eq — t) can be written as the sum of three perfect squares in

two disparate ways.

Proof. As per the assumptions in Theorem 2, choose the integers t,e;;i = 1,- -+ ,4, a1, f1 and k.
Then, we obtain

2
k:2€4+061—,31+t+%(t—€4).
1
Letx; = e :e4—|—(,81+0c1)(t;f4),x2 =ey=e4+a,y; =e3 :64—,81—1—(,314—&1)“;—164) and yp = ey4.

Consider the equation 21-3:1 X; = Z?:l yi=k
Then, we have

x3 = k—e1—e
_ B1
= eg—P1+ —(t—eq)
a1
and
y3 = k—e3—e
= €4+D(1+&(t764).
X1

We know that x; = e; wheree; =e4 + (B1 + tJé1)M Thus

S

(t — 64)

x1 = ex+(B1+w)
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Now, consider

Pr

a1

B4+ = [+ =(t—e)]+[ea+a] + [64—ﬁ1+ﬁ1(t—€)]2
,52

l

= 25+ 2+ af + BT+ 5 (t —es)? + 2eq(ay — 1) +

Bre g+ 2

6’4—t)

Similarly, we know that y; = e3 where e3 = e4 — B1 + (B1 + a1)— (tzey) 64) . Thus

o= e4—ﬁ1+(ﬁ1+zx1)(t;e4)
= €4—ﬁl+(t_e4)ﬁ +(t;64)06])
1
= 64—ﬁ1+7( ;64)ﬁ1+t—e4
1
g B
and thus
Vityitys = [t-p +ﬁ (t—e4))? +e4+[e’4+oc1+ﬁ (t— ea))?
= 2e4+t2+a1+/31 ﬁl( es)? +2e4(a; — 1) +

&7

2p1 /32
Pre -+ e -0,
Comparing the values of x7 + x3 + x3 and y3 + y3 + 13 we get,

181(

451

2
X4 x5 4+x5 =202+ 2 Fad BT+ t—e4)2+264(zx1—ﬁ1)+a£11( 2 —eq) + ﬁl( es—t) = A+ s+ 13

Hence the proof. O

3. On the Non-Ideal PTE Problem

Some new parametric forms of solutions of the (4,2)-PTE problem and (5, 2)-PTE problem have been
discussed in Section 3.

Lemma 3. A parametric form of integral solutions of the (4,2)-PTE problem is given by x; = e1, X = ey,

6
X3 =e3, X4 =k—e—ey—e3, Y1 = ey Y2 =65 Y3 =€, Ys = k—e4 —e5 —egand k (Zizlei) -
(e1eat+ejestepes) —(eses+eses+eqes)
(e1+ex+e3)—(estes+es)

€ 7, wheree; € Z,i=1,--- ,6.

Proof. Consider the equation Z?Zl X; = Z?Zl yi. Let Zf:l x;i=k= Z?:l yi. Then we have x1 + xp + x3 +
Xa =k=y1+y2+ys+ys Letx; =e, xp =epand x3 = e3. Thenxy = k—e; —ep — 33 Sirnilarly,
if y1 = eq, y» = es5 and y3 = eg, then yy = k — e4 — e5 — e¢. Substituting these values in Zl 1 l Zl 1 yl ,
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we obtain (e 4 €3 + €3 + e1ex + e1e3 + exe3) — (€3 + €2 + €2 + eses + eae + e566) = k {213:1 e — Zf:4 el} .
ie., (e +ex+e3)? — (erex +eres +exe3) — [(eq +e5+ )% — (eqes + egeq + ese6)] = k {213:1 e — 2?24 el} .

From this, k can be written as

i (e1+ex +e3)% — (eq +e5+ep)? _ (e1e2 +ere3 + exez) — (eses + eq6 + ese6)

(£ 1e)— (£hae) (1e) (£hae)

k = (i ei) _ (exex +eres + exes) — (eses + esee + eaeo)

(Thae) — (2heer)

ie.,

Hence the proof. O

Lemma 4. The integral solutions of the relation wlhﬁiﬂﬂg;:gﬁ% b+zcczz)+ n) ¢ g7 satisfy the
following conditions:

() ap=a,+ua
(1) by = by +
(III) ¢c1 = by + B1+uT

where ay is any integer, T = % such that t, by are any integers and B1|(t — by).

Proof. Letay =ap + a1, b1 = by + B1 andc¢; = ¢y — B1- Then, (611 + by + Cl) — (le + by + Cz) = a7 and

(a1b1 +ajc1 + b1C1) — (azbz + bocy + ﬂzCz) = by +cory — b2ﬁ1 + Czﬁl — ﬁ%
= (Cz-i-bz)lx] -I-,Bl(CZ —bz—ﬁl)
So,

(a1by +ajcq + bicy) — (a2ba + byco + azca)
(a1 + by + Cl) — (ﬂz + by +C2)

B

X

Z(bz-i-Cz)-i- (Cz—bz—ﬁl)

Thus, (“lbl723;1[753:5;;%?2)*“262) € Zif and only if £ (c; — by — B1) € Z if and only if c; =
by + B1+ a1 T; where T = %.
Hence,
(a1b1 +ajc1 + b1C1) — (azbz + bycy + QQCZ) ot
(a1+b1+C1)—(a2+b2+C2) 2
O

If the parameters ay, by, c1, a2, by and cp in Lemma 4 are replaced by e; ; i = 1,---,6 and then the
simultaneous applications of Lemmas 3 and 4, we obtain Theorem 6.

Theorem 6. The parametric form x1 =e1, Xp =€y, X3 = €3, X4 =k —e1 —exy —e€3, Y1 = €4, Yo = €5. Y3 = €4
and y4 = k — eq — e5 — eg where

i1 -, (e1e2terestepes) —(egestesegteqs)
o ¢;i=1, , 6 satisfy (e1tertes)—(estestee) ez
o k — 26 e ) — (e1ep+eqe3+epe3)—(eses+eseq+eseq)
i=1"1 (e1+ex+ez)—(eg+es+es)

o ¢ =¢e+m
° er =e5+ B
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o e3=e5+mqT

o e=e5+pP1+uT

° T = %

e 1,y eq, es and By are any integers such that By is any divisor of (t — es)

provide integral solutions of the non-ideal (4,2)-PTE problem.

Proof. By Lemma 3, the parametric form of the integral solutions (4,2)-PTE problem is x; = e1, x; = e,

X3 =e€3, x4 =k—e1—ex—e3, Y1 =eq, Y2 =65 Yys =¢and ys = k—ey —e5 —eg wheree; € Z;i =
. +ee3+epe3) —(eses+eses+

1,2,---,6 withk = (Z?Zl ei> _ (@e (2?62225752?&5$2) ) ¢ 7, If we replace aj by ey, by by es, 1 by e3,

ap by e4, by by es5, c3 by eg in Lemma 4 we will have the theorem. O

Example 4. Lett =501 = —2,e4 =3andes = 2. Thent —e5 = 3. Take p1 = 1. Theneg = —3,¢1 =1,
ep=3e3=—4andk=0.50x1=1x=3x3=—4x=0,y1 =3,y =2,y3 = -3, ys = -2

Theorem 7 also provides another parametric solution of (4,2)-PTE problem.
Theorem 7. A four parametric form of integral solutions of (4,2)-PTE problem is given by x1 = 5t1, xp = to,
x3 = 6t3 —4t] —t5, x4 = 2ty — 3tz — 215, Y1 = 5t3, Yo = to, Y3 = 6t — 4tz — t5 and yy = 2tz — 3t] — 2ts5;
provided t| — t3 # 0.

Proof. Consider the equation

Let x; = 5t1, xp = tp. Then we obtain
X3+ x4 =k —5t; — bo. 4)
Let « and B are two integers such that1 x a =1 x p =1. Thena =2and g = 1. i.e,
1x2-1x1=1.

Multiplying this with k — 5¢; — t,, we obtain

2(k — 5t — tp) — (k — 5ty — tp) = k — 5t — t. (5)
Then, (4) and (5) gives

[x3 —2(k —5t1 —tp)] + [x4 + (k= 5ty — £)] = 0.

This implies
[X3 — Z(k — b5t — tz) — 5t5] + [X4 + (k — b5t — i’z) + 51’5] =0.
Thus, x3 = 2(k — 5t — tp) + 5t5 and x4 = —(k — 5t; — tp) — 5t5. Similarly, we obtain y3 = 2(k — 5t3 —
ty) + 5te and y4 = —(k — 5t3 — t4) — 5te. Applying the values of x/s and y's in the second degree equation,
we obtain

X5+ x5 +x] = 2565415+ [2(k — 5t; — o) 4 5t5)2 4 [(k — 5ty — tp) + 5ts)?,
V1 +1vi+1y3 = 2585 + 15+ [2(k — 5tz — ty) + 5tg)? + [(k — 5tz — ty) + 5te)%.
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After elementary simplification, we obtain
150£2 + 6t3 + 50t2 — 50kt — 10kt + 50t tp + 30kts — 1501 t5 — 30tat5 = 15043 + 613 + 50¢2 — 50kt3 — 10kt +
50t3t4 + 30kts — 150t3ts — 30tsts. Now take t5 = tg and tp = t4 and after simplifying further we obtain

1502 — 50kty + 50t1ty — 150kt = 15043 — 50kt3 + 50tpt3 — 150t3t5
150(£2 — £3) 4+ 50to(t — t3) — 150t5(ty — t3) = 50k(t; — t3)
3(t1 +1t3) +tp —3ts = k; providedt; —t3 # 0
k = 3t +3t3+tp) — 3ts.

So, by substituting the value of k, we obtain x3 = 6t3 —4t; — t5, x4 = 2t; — 3t3 —2t5,y3 = 6t] —4t3 —t5
and y4 = 2t3 — 3t; — 2t5. This proves the theorem. [

Example 5. Let t1 = 1,tp = —3,f3 =2and ts = —1. Thenty —t3 # 0. k =9. Thusxz3 = 9, x4 = -2,
y3 = —landys = 3.

Theorem 8. Any integer of the form 45a* + b + 45¢% + 5d% — 60ac, where a, b, ¢, d€ Z with a — ¢ # 0 can be
disclosed as the sum of four perfect squares in two distinct ways.

Proof. Letx; =5a,x0 =b,x3 =6c—4a—d, x4 =2a—3c—2d,y1 =5¢,y» =b,y3 = 6a —4c —d and
Y4 = 2c — 3a — 2d; provided a — ¢ # 0. Then,

B+x3+xd+x; = 250° +b*+ (6c —4a —d)* + (2a — 3c — 2d)?
= 45a% + b? + 45¢% + 5d% — 60ac.

Similarly,

Y+ +3+y3 = 257+ b7+ (62 —4c —d)* + (2c — 3a — 2d)?
= 454° + 456> + b* + 5d° — 60ac.

Comparing these two we get
20,222 2 2 2 202
N+o+a+g=y1t+tyt+y3+y;
Hence the proof. O

Theorem 9 is a particular case of the result by Nguyen [11] which illustrates a particular solution of
the non-ideal PTE problem Y} ; x/ = Y | yi;r = 1,2 by using PTM sequence.

i=1"i

Theorem 9. The first eight non-negative integers can be partitioned into two sets of equal size such that the elements
in each set satisfy the non-ideal (4,2)-PTE problem.

Proof. Consider the Prouhet-Thue-Morse sequence defined by

d
vp(n) = (Z nj> mod 2,
=0
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where n = 1920 + 112! + - - - + 1424 is the base-2 expansion of the integer 1. Now, consider the first eight
non-negative integers, say {0,1,2,3,4,5,6,7}. We define two disjoint sets Sp and S; in such a way that

ne sz(n)'
Then, we obtain Sy = {0,3,5,6} and S; = {1,2,4,7} such that

0+34+5+6 = 1+2+4+7,
0?+32+574+6% = 12422 +42+72
Hence the proof. O

Remark 1. In Theorem 9, if we consider the generalized Prouhet-Thue-Morse sequence under modulo 3, then
we can partition the first 27 non-negative integers into three distinct sets of equal size satisfying the relations

):?:1 P = 219:1 yi; r=1,2.

Remark 2. Consider the assignment n € S,,, ) as in Theorem 9. Now, define sy(m) = Y, c5, n™; form = 1,2
and k = 0,1. Let A = (ag, ay) be a vector consisting of two arbitrary complex values such that ay + a; = 0. Define
F3(x; A) to be a polynomial of degree 7 whose coefficients belong to A and repeat according to vy(n). i.e.,

7
F3(x; A) = ) g, ("
n=0

So, we obtain F3(x; A) = ag + a1x + a1x> + agx® + ayx* + agx® + agx® + ayx7. Put x = €% and define
G3(6) := F3(e?; A). Then,

G3(0) = ap + a16? + a1e® + ape® + a1e*® + age® + age® + a1e”?.
Let Gém) (0) denotes the m'" derivative of G3(6) for m = 1,2. i.e.,

Gél) (0) = a1¢? 4 2a16% + 3a0e® + 4a1e* + 5a0¢>® + 6a9e®® + 7a,67

and
G§2) (0) = are? + 4a16* + 9age®® + 16a1¢* + 25a0e> + 36a9e®® + 49a;7%.

At 0 = 0, we obtain
G\V0) = 14ap+14
3 = 0 a7y
= 14(ag+m)

= 0; since ag+a1 =0,
and

GP(0) = 70ag+70a
= 7O(ao+a1)

= 0; since ag+a; = 0.
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However, both Gél)(O) and G§2) (0) can also be written as Gél)(O) = apsg(1) + a151(1) and ng)(o) =
a050(2) + a1s1(2). Since Gél)(O) = 0and Géz)(O), we get apso(1) + a1s1(1) = 0 and apsy(2) + a151(2) = 0.
From the choice of ag and aq, we get so(1) = s1(1) and sy(2) = s1(2) where Sy = {0,3,5,6} and S; = {1,2,4,7}.

Theorem 10. The parametric form of all integral solutions of the non-ideal PTE problem

5 5

Yoxi = Y (6)
i=1 i=1

> 2 > 2
Yok = Y )
i=1 i=1

is given by x1 = 5t1, xp = tp, x3 = t3, X4 = 6ty — 4ty —ty, x5 = 2ty — 3ty — 24y, Yy =5ty Yo = tr, Y3 = 13,
Y4 = 6t — 4ty — ty and y5 = 2ty — 3t — 217.

Proof. Consider

Let xq = 5t1, xo = tp, x3 = t3, Y1 = Sty, y2 = t5 and ys = ts.Then we get
X4+ x5 =k—5t] —tr) — I3 (8)
and
Ya+ys =k—5ty —t5 — tg.
Let « and  be two integers such that1 xa =1 x f=1.Thena =2and f=1.S01x2—-1x1=1
Multiplying by k — 5t — t, — t3, we get
2(k—5t1 —i’z—t3) —1(k—5t1 —i’z—t3) =k —5t1 —ty — t3. 9)
(8) and (9) we get
[xg —2(k =5t —ty — t3)] + [x5 + (k — 5t —tp — t3)] = 0. (10)

Adding and subtracting 5ty we obtain
[x4 —2(k —5t; — tp —t3) — Bty] + [x5+ (k — 5ty — tp — t3) + 5t7] = 0. (11)

Thus, x4 = 2(k — 5t; — tp — t3) + 5ty and x5 = —(k — 5ty — t, — t3) — 5t7. Similarly, we get y4 =
2(k — 5ty — t5 — tg) + Stg and y5s = —(k — 5t4 — t5 — t5) — 5tg. Now, substitute the values of x;’s and y;’s in
(7), we get x2 +x3 +x3 +x3 +x2 = 2562 + 3 + 15+ [2(k — 5t — tp — t3) + 5t7]% + [(k — 5t; — tr — t3) + 5t
and y2 + Y3 + y3 + Y3 + y2 = 2565 + 12+ 12 + [2(k — 5ty — t5 — te) + 5tg)? + [(k — 5ty — t5 — tg) + ts]?. Take
t; = tg, tp = t5 and t3 = tg. After performing elementary calculations we obtain

3( — ) + ta(ty — ta) +t3(th —ta) = 3tz(th —ta) = k(1 —ta)
k = 3(ti+ty—ty)+tr+13

provided t; — t4 # 0. Thus, x4 = —4t] + 6ty — t7, x5 = 2t; — 3t4 — 2t7, Ya = 6t — 4ty —ty and y5 =
—3t1 + 2t4 — 2t7. Hence the proof. O
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Example 6. Lett) =1,t4 =2, t7 =—1,tp =landtz3 = —2. Thenk = 11. Thus, x4 =9, x5 = =2,y = —1
and ys = 3. Hence {5,1,-2,9, -2} =, {10,1,-2,-1,3}.

Theorem 11. If ay, ay, a3, ay and as are any integers with ay — ag # 0, then the integer of the form 4543 + a3 +
a3 + 45a% + 5a2 — 60aya4 can be represented as the sum of five perfect squares in two distinct ways.

Proof. Let x; = 5a1, xo = a3, x3 = a3, x4 = 6ay —4a) — as, x5 = 2a1 — 3a4 — 245, y1 = 5ay, Yo = 4y,
Y3 = a3, Y4 = 6ay —4ay — as and ys = 2a4 — 3a; — 2as.Then,

B3+ +x3+x3 = 252 a3+ a} + (6ay — 4ay — as)? + (2a; — 3ay — 2a5)>
= 4543 + a} + a3 + 45a5 + 542 — 60a1a;.
Similarly,
VitVi+yatyitys = 2505+ a5+ a3+ (6a1 —day — a7)® + (205 — 3ay — 205)°
= 4503 + a} + a3 + 45a} + 542 — 60a1a;.
Comparing these two we get
20,2 240022 2 2 2 22
ntotatagtxs=ytytystyitys
Hence the proof. O

4. On Fibonacci Like Pattern in PTE Problem

Because of the uncertainty in nature, the Fibonacci numbers are always become fishy to the
mathematicians. One can expound the Fibonacci sequence of numbers using the looping as

Fl = 1,F2 =1and
F,=F,_1+F, 5, forn > 2.

Some remarkable studies on Fibonacci numbers and their applications can be seen in [33-35].
In Section 4, the Fibonacci like pattern appearing in the solutions of the (4,2)-PTE problem is analyzed by
impossing an additonal condition x; = x;_1 + x;_»,¥; = y;—1 + y;—» for i > 3 to the problem.

Note 1. Consider the Diophantine equation
3 3

Yoxi=)Y v, (12)
i=1

i=1

where x3 = x1 + x and y3 = y1 + ya. If we replace x3 and y3 in (12) by x1 + x2 and y1 + y2, we obtain
2 2
Z Xi = Z Yis
i=1 i=1
which is the (2,1)-PTE problem. Thus, any solution of Y'>_ x; = Y2 y; will provide solution to (12).
Note 2. It does not guarantee that the solutions of ideal PTE problem satisfy the Fibonacci like pattern. This is

because, in the (3,2)-PTE problem, if x3 = x1 + xp and y3 = yy + Yy, then after some algebraic operations the
system will reduce to (2,2)-PTE problem which has no solutions.
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Theorem 12. A two parameter family of infinitely many integral solutions of the system of equations Y+ | x; =
Z?:l y; and Z?:l xiz = Z?Zl ylz where x; = Xj_1+ Xj_p,Y; = Yi_1 + Yi_p for i > 3, is given by x; = 8t
y1 = 8tp, xp = 5ty — t1, yo = St; — tp, x3 = 5ty + 711, y3 = St1 + 7tp, x4 = 10ty 4 6t1 and y4 = 10t; + 617,
provided ty — t1 # 0.

Proof. Consider the following equations

4 4
Yoxi = Y v, (13)
i=1 i=1
4 4
Y o= v (14)
i=1 i=1

Putxzg=x1+x, x4 =x2+x3=x1+2x,y3 =y1 + 12 and Y4 = Y2 + Y3 = y1 + 2y>. Then, we have

X1+ X2+ (X1 +x2) + (x1+2x2) = y1+y2+ Y1 +y2) + (Y1 +2y2),
3x1+4xy = 3y; +4yo.
Similarly
A+ (0 +0)+ (0 +20)° = B+ )+ (v +20)°
3x% + 6x% + 6x1xp, = By% + 6y% + 6y1Y2
M A23+20x0 = Y+ 205 + 21y
(n+x)’+x3 = (1+y)’ +v3

Thus (13) and (14) becomes

3x1 +4xp = 3y +4y
(M+x)+x3 = (n+n)’+yk
Let
3x1 +4xp = 3y1 +4y2 = p.

Take x; = 8t; and y; = 8t,. Then, we have x, = 7’_4& and y, = p_TMtZ. Substituting these values,
we get

—24t,1? — 24412 —24t,7° —24t,12
{8“+p41} %,741} = [8f2+p42] +{p42}
(814 )+ (p—24t)%> = (8ta+p)* + (p — 241)?

p32t —32t] = 64(t2 —13) +24%(3 — 13)

p = 20(tr+1t); ta—t; #0.
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So,
_p— 24t,
]/2 - 4
20t, + 20t — 24t,

4
= bhH—b

and

p— 24[’1
4
20t, + 20t — 24t
4
= b5t — 4.

Xy =

Thus the solutions of the problem is given by x; = 8t1, y1 = 8, xp = 5tp — t1, yo = 51 — 1,
x3 = 5ty + 7t1, y3 = 5t1 + 7tp, x4 = 10t; + 6t1 and y4 = 10t; + 6t provided t, —t; #0. O

Example 7. Let ty = 2and tp = 3. Thenty —ty =1 # 0. x1 =16, xp = 13, x3 = 29, x4 = 42, y; = 24,
Y2 =7,y3 =3land ys = 38.

Corollary 2. The primes 2 and 3 divides [T, (x; — ;).

Proof. Let C = H;lzl (x; —y;). As per the assumptions in Theorem 12, we have x; = 8t1, y; = 8t,
Xo = bty — t1, yp = 5t1 — ty, x3 = Sty + 7, y3 = 5ty + 7tp, x4 = 10t + 6¢1 and y4 = 10t1 + 6t,. Then

4

C = [IGi—w)

i=1
= (8t1 — 8t2) X (6t — 6t1) X (2t1 — 2tp) X (4tp — 41y)
= 8x6x2x4x (] —t)h

So, the primes 2 and 3 divides C. The other prime divisors of C will obtain accordingly as the number
(t1 — tp) since t; and f; can take any integers such thatt; —tp # 0. [

If N(k) denote the least positive integer such that the Diophantine system Y5_; x¥ = Y5, v k =

1,2,--- ,myand x; = x;_1 + xj_p;¥; = Yi_1 + y;_p for i > 3, possess nontrivial integer solutions, then from
Note 1 and Theorem 12 we obtain N(1) = 3 and N(2) = 4. Thus, we arrive at the Theorem 13.

Theorem 13. N (k) < [Lk(k+1)] +2.
Proof. Letn > sks!. Define
A={(x1,x0,-,x5):1<x;<mi=1,2,--+,sandxs = xs_1 + xs_2;5 > 3}.

Then there are (n — 1)! elements in A. Let (a;), (b;) € A. Then we can take (4;), (b;) as (a;) =
(x1,x2,- -+ ,xs)and (b;) = (y1,Y2, - - - ,Ys) for some integers x; and y;; i = 1,2, ...s. We define an equivalence
relation on A by (a;) ~ (b;) if and only if (a;) := (x1,x2,- - - , Xs) is a permutation of (b;) := (y1,y2, -+ , Ys)-
For example, if (a;) = (1,2,3) is an element in A, then all its six permutations like (2,3,1), (3,1,2),- - -
are equivalent to (a;). The reason for defining the equivalence relation like this is that generally in PTE
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problems if (1,2, 3) satisfies the left hand side equality then the right hand side solution should not be the
(n—=1)!
s!

permutation of (1,2, 3). Since (x1, xp, - - - , Xs) has atmost s! distinct permutations, there are distinct

classes in A/ ~. Define , ) .
(Sj(a) = xp +xp 4+

forj=1,2,--- k. Note thats < (S;(a;)) < sn/. So there are atmost [Tj=1 k(snl —s+1) < [Ti— ksnl =

sk ™5™ distinet sets ((S1(ai)), (S2(a;), -+, (Sk(a;)). Choose s = [$k(k + 1)] + 2. Then, we have

k(k+1) _ n . ns—1 n—1)!
skniz — Sksn 2 < =y 2 _ < ( )
s! s! s!

since n > sks!. So the number of possible ((S1(a;)), (Sa(a;),- - -, (Sk(a;)) is less than the number of distinct
(a;). Thus, the two distinct sets {x1,x2,- -+, xs} and {y1,y2,- - - ,ys} form a solution of degree k. [J

5. Conclusions

In the present study, a new parametric solution of the non-ideal PTE problem i xp = i y,r=1,2
with s = 3,4 and 5 has been developed. The main significance of the present solutié)nl is that tlhe method
adopted is very simple and the parametric solutions are new compared to other works in this area. It is
also noteworthy that a new proof of the non-existence of solutions of (3,2)-PTE problem has been derived.
In the present work, a three parametric solution of (3,2)-PTE problem has been obtained which is new
in the study of the solutions of PTE problem. Moreover, a new parametric form of positive integers
that can be expressed as the sum of three, four and five perfect squares in two distinct ways has been
determined. Another significance of this study is that a parametric form of solutions of the PTE problem
in which solutions satisfying Fibonacci like pattern has been formulated and then obtained a bound for
the size of this particular PTE problem. Further, it is observed that the arithmetic function derived from
the PTM sequence is non-multiplicative. The present study has been done for order two with sizes three,
four! and five. It can be further extended for higher degrees and higher sizes. One of the applications
of the (4,2)-PTE problem is in the combinatorics where the PTE partitions are used to pour the same
volume of coffee from a container into a finite number of cups so that each gets almost the same amount of
caffeine, as discussed in [26]. In general, the solutions of the PTE problem play a major role in fields like
combinatorics, the easier waring problems, and in finding the rational points on elliptic curves.
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