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Abstract: In this paper, we study the optimal stopping-time problems related to a class of It6
diffusions, modeling for example an investment gain, for which the terminal value is a priori
known. This could be the case of an insider trading or of the pinning at expiration of stock options.
We give the explicit solution to these optimization problems and in particular we provide a class
of processes whose optimal barrier has the same form as the one of the Brownian bridge. These
processes may be a possible alternative to the Brownian bridge in practice as they could better model
real applications. Moreover, we discuss the existence of a process with a prescribed curve as optimal
barrier, for any given (decreasing) curve. This gives a modeling approach for the optimal liquidation
time, i.e., the optimal time at which the investor should liquidate a position to maximize the gain.
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1. Introduction

In this paper, we study the optimal stopping-time problems related to an Itd diffusion, {X;},
for time s in [t, 1], modeling for example an investment gain, for which the terminal value, say at
time s = 1, is a priori known. This could be the case of an insider trading [1-3] or of the pinning at
expiration of stock options [4-7].

Roughly speaking, the class of stochastic processes subject of our study is defined by bringing
the infinite horizon mean-reverting Ornstein-Uhlenbeck process with constant parameters to a finite
horizon. We solve and provide explicit solutions to the optimal stopping-time problems associated
with this class, which contains as particular case but it is not limited to, the optimal stopping time
associated with the Brownian bridge

X
dX; = —1 Ssds—i—st, s€[t1], withX;=x.

In this case, it is known (see [8,9]) that the optimal stopping time of

sup{E[X|X; = x| : T stopping time in [, 1]} =: V(x,t)
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is the one given by

T, = inf{s € [t,1] : X5 > B«V1 —5s},

for an appropriate constant 8, ~ 0.84. In other words, if the stock price is equal to the optimal
barrier B.1/1 — t at time f then X; = V(X;,t) and thus the stock price is equal to the maximum gain
in expectation.

We also present different processes whose optimal barrier has the same form as the optimal barrier
of the Brownian bridge. They represent a catalogue of possible alternatives to the Brownian bridge
which in practice could offer a better fitting to real applications.

Moreover, we discuss the existence of a process with a prescribed curve as optimal barrier, for any
given (decreasing) curve. This gives a modeling approach for the optimal liquidation time, i.e., the
optimal time at which the investor should liquidate a position to maximize the gain. More precisely,
an investor takes short/long positions in the financial market based on her view about the future
economy; for example, the real estate price is believed to increase in the long term, the inflation is
believed to increase in the short term, the value of a certain company is believed to reduce in the
medium term, etc. If X; is the market price at a time s of a product of the market which is the object
of the investor’s view, the investor’s view can be modeled as a deterministic function y(s) which
represents the “right” expected value at time s, assigned by the investor to the product at the time
t < s when the position needs to be taken. One may think of 7 as the short/medium/long period view.
Of course, if the evolution of the economy induces the investor to distrust her initial view, the position
is liquidated. Otherwise, if the investor maintains her view over time, we are interested in answering
the following question: what is the optimal time at which the investor should liquidate her position to
maximize the gain?

Similar problems have been studied in the recent literature. As mentioned at the beginning,
the optimal stopping time associated with the case in which {X;} evolves like a Brownian bridge
(finite horizon, i.e., s € [0,1]) was originally investigated in [8] and later with a different approach
in [9], and its optimal barrier is equal to B.v/1 —s. In [10], the authors study the double optimal
stopping-time problem, i.e., a pair of stopping times 71 < T such that the expected spread between the
payoffs at 7y and 1, is maximized, still associated with the case in which { X} evolves like a Brownian
bridge. The two optimal barriers which define the two optimal stopping times are found to have the
same shape as in [9], i.e., B1v1 —s, B1 = —0.56, and B2v/1 —5, B2 = B«. In[11], the authors study
the optimal stopping problem when {X;} evolves like a mean-reverting Ornstein-Uhlenbeck process
(infinite horizon, i.e., s € [0,00)), but in the presence of a stop-loss barrier, i.e., a level B < 0 such that
the position is liquidated as X; < B. Furthermore, they study the dependency of the optimal barrier
(which is a level b > 0 in this case) to the parameters of the Ornstein—-Uhlenbeck process and to the
stop-loss level B.

The contribution of this paper consists of giving solutions for optimal stopping problems related
to a class of non-homogeneous diffusion processes. Generally, such solutions are not easy to obtain in
explicit form, and having them is useful in modeling procedures.

The paper is organized as follows. In Section 2, we introduce the class of processes studied in
our work. In Sections 3 and 4, we find the optimal barrier by using the Hamilton—Jacobi-Bellman
equations and prove the optimality. In Section 5, we give a simple application and, in Section 6, we
discuss the results contained in the paper.

2. The Formulation of the Problem

Our problem can be formulated as follows. Let us consider a mean-reverting Ornstein-Uhlenbeck
process with constant coefficients > 0, ¢ > 0:

dZy = —0Z;dt +0dBy, t >0,
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where {B;} is the standard Brownian motion. The mean of Z; converges to 0 and its variance converges
to o2/ (20), as t goes to oo, which is infinite if 6 = 0.

We want to adapt this model, which has infinite time horizon, to a finite time horizon. Without
loss of generality, we assume the final time to be t = 1. We define the function

b(s) :==(s) —(1), se€l01], (1)

that will be used below to make the time-change, where 7 is the function that carries the view of the
future in the model. The function b is assumed to be a non-negative decreasing continuous function,
therefore differentiable almost everywhere. We map s in [0,1] to ¢ in [0, c0] by t = —In[b(s)/b(0)],
we define Xs := b(s)Z_n[(s)/6(0)] + 7(1) and we rewrite the Ornstein—Uhlenbeck process as

q [X_V(l)] = 0% W 1np(s)] + od[B_ iy, s € (0,1

b(s) b(s)
Indeed, one can verify that
Xs — (1
d [b(g()] =d {Z—ln[b(s)/b(o)]} = —0Z_1n[p(s)/b(0))4[— In[b(s) /b(0)]] + 0d[B_1n[p(s) /(0))]
Xs — (1
—0 b(:;( )d[— In b(S) +In b(O)] + (Td[B—lnb(s) — B—lnh(O)]
Xs - 7(1)
= -0 b(S) d[— h’lb(S)] +(Td[B—lnb(s)]'

As, by Lemma 1, X; = 7(1), the quantity Z_ ()50 = [Xs — 7(1)]/b(s) represents the
deviation of the market price to the final value in proportion to the deviation of the “right” value to
the final value, at time s. As

Xs—v(W)] _dXs . b'(s)
R )

and d[B_jp(5)] = +/[—1Inb(s)]'dBs, if we relabel the parameters by 6 := a* and ¢ = /2/p?,

we have that
dX; V'(s) = ,Xs—(1)b(s) 2 | =bl(s)
o)~ KT Wy = ) b@)ds*VCﬂ b(s) P

By multiplying by b(s) the two terms, we then obtain the equation for {X; }:

1% = (14 02) (% = (1) 5 sy |2

dB,, se(t1), X, =x, @)

starting at any time ¢ in (0,1).
Please note that despite there are different ways to map [0, 1] to [0, oo] making use of the function
b, the chosen map is the most natural one. Indeed, with this choice we have the following equation for
the expected value of X; — (1):
dE[X, —1(1)] _  E[dX]
B =1 =B 01 = EX - 101
(4 @)E[X, —2(1) ¥ ()

E[Xs—o(1)]  b(s)

ds = (1-+ 82)dlInb(s)],

i.e., the rate of change in logarithmic scale of E[Xs — (1)] is proportional to the same rate of b(s).
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We are interested in the optimization problem

V(x,t) :=supE[X{|X; = x], (3)

where T € [t,1] is a stopping time. Here we assume that at the final time, which without loss of
generality is normalized to s = 1, the market price coincides with the “right” value, i.e., X; = (1),
as proved in Lemma 1.

Remark 1. Ifa =1, B = B+, v(s) = B«V/1 — s, Equation (2) becomes:

dXs:_ XS dS+st,
1-s5

which is the SDE of a Brownian bridge already treated in [9].

Lemma 1. The process { Xs} defined by (2) is equal to

Xs = b1+ (s) [m n /t , /ﬁz;lzf;gzr)d& Y1), seltl]. @)
Hence, X1 = (1) and for s € [t,1],
E[X,] = 7(1) + (x = 7(1)) [b(s)/b(5)] ", ®)
Var[Xs] = (b(s)/B)? { = [b(sigb(t)]zaz r w70 6)
—In[b(s)/b(H)]?, a=0

Remark 2. Please note that by (5), the function y uniquely determines the average value of the process { X5}
which is generally known as the growth curve of the diffusion process.

Proof. By multiplying the two terms of Equation (2) by [b(t)/b(s)]1***

this can be rewritten as

1+a? (s 142 [ oy YT
BT ax, - 1 )0 90 2] = [B0] [0 g,

, which is not identically zero,

Since the Itd derivative of (X; — y(1))[b(¢) /b(s)]“"‘2 is equal to

d

1442 1442 /
(Xs — (1)) [Z((g] ] - [b((g] (X, — (14 62) (X — 7(1) 2 gy,

we have that

b(t):|1+lxz .
re

ST =20 (r)b(r
Xe=1) [18] = xi-+ [ T[] s

This implies the expression for X; in (4). Moreover, the formulas for the mean and the variance of
X, can be directly derived from this expression and the It6 isometry.

Lastly, as the Var[X;] — 0 when s converges to 1, and since {X;} is continuous, we obtain
X7 = (1). This completes the proof. [I
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Remark 3. The statements of the Lemma 1 on the mean and variance of {Xs} are consistent with the
corresponding quantities for the Ornstein—Uhlenbeck process {Z; } introduced at the beginning of the section,
ie, E[(Xs —v(1))/b(s)] = 0and Var[(Xs — y(1))/b(s)] = 1/(ap)?> = c*/(20) ass — 1.

Moreover, observe that Var([X;| depends continuously on a also when o = 0 since (1 — [b(s) /b(t‘)]z"(z)/o{2
converges to —In [b(s) /b(t)]* as a — 0.

3. The HJB Equation

In this section, we derive the Hamilton—Jacobi—Bellman (H]B) that allows discovery of a candidate
solution for the optimal stopping problem given in (3).

Defining the bivariate Markov process {Y;} := {(s, Xs)}, we have that its generator is given by
the operator

£F(5%) = ufs0) + ()= g s s0) - W onssn) )

acting on any function f € C2. The first differential operator comes from the first component of
the process {Y;s}, while the remaining two differential operators come from the Itd representation
of the {X;} process given in (2). The introduction of the process {Y;} is required just to convert a
non-homogeneous Markov process to a bivariate homogeneous one.

The HJB equation for the function V defined in (3) is given by max{LV(t,x),0} = 0.
Following [12], we can find a continuation set, {(x,t) : x < a(t) + (1)} for an unknown function
a, where the function V is harmonic. The complement of this set is the stopping set, where trivially
V(x,t) = x. Therefore, we have the following PDE system

Vi(x,t) + (1 +a?)(x — (1)) 40, Vi(x,t) — b(t)

N > D V() =0, x < a(t)+7(1)
V(x,t)=x, x>a(t)+7(1) 8
Ve(x,t) =1, x=a(t)+ (1)
Vix, t) = v(1), X — —0

with t € [0,1] and where a : [t,1] — R s the free boundary such that the stopping time
T :=inf{s € [t,1) : Xs > a(s) +v(1)}

is the optimal stopping time for the problem (3), i.e.,, V(x,t) = E[X¢+|X; = x].

The three boundary conditions in (8) are necessary, but not sufficient, conditions for V to be a
candidate solution of the optimal stopping problem. Indeed, the first and second conditions are the
HJB expressions in the continuation and stopping sets, respectively. The third equation is the smooth
fit condition and the last one expresses the fact that minimum possible gain is (1), since the process
{X;} will end up there almost surely when s = 1.

If we assume that given y € R, V(ya(t) + v(1),t) — (1) has a value proportional to a(t)
independently on t, and a(t) = b(t), i.e.,

vixt - = £ (2505 ) oo ©)
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for an appropriate function f, then (8) can be rewritten as

f@»+ﬁw%w—4;ﬂw>—o,y<1

fy) =y, y>1 (10)
fl(1)=1,
fly) —0, y— —oo

where y = (x — (1)) /b(t). Indeed, from (9), it follows that

Ve =5 (S5 v - (S500) v,

(t) () b(t)
Vx(x/t) = f/ <xb(2/)(1)> ’
o (X '7(1) 1
ot =1 (S5 ) st
Therefore, Equation in (8) becomes
b'(1)f (y) — yb' (8)f'(y) + (1 +a®)yb' (£) f' (y) — b:,s(zt)f"(y) =0,

which, after simplifying the term in f’(y) and dividing by b/(t), yields the equation in (10).
The conditions in (10) come directly from the conditions in (8) and from (9).

Lemma 2. Equation (10) admits a unique solution, the function F,, for any « > 0 and for a unique p = p(«)
which depends on . The function Fy is given by

et x=0
Fald) "{ I (~p(@)y) /i (~up(a), >0 -

where the function hy is defined below in (17a).

Proof. If & = 0, the differential equation in (10) becomes
1
B

which admits as general solution f(y) = c1ef¥ + coe™PY, with c1,c, € R. The boundary conditions
in (10) give constraints on the parameters. Indeed, we have that

f(y) f"(y) =0,

lim f(y)=0 = ¢, =0,

Y——00

f1)=1 = ¢;=eP.

Therefore, the solution assumes the form f(y) = ef¥=1). Finally, the boundary condition f/(1) = 1
implies that § = 1 and the solution is

fly)=e".
Therefore, when & = 0 the equation with boundary conditions (10) admits solution if and only if
p=p0):=1.
Assume now a > 0. By substituting f(y) =: h(—pBy), with B > 0, and using x = —By, we can
rewrite the differential equation in (10) without boundary conditions by

h(x) + a®xh' (x) = ' (x), x> —pB. (12)
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This can be rewritten as

% [ef(zxx)z/zhl()o] _ ef(txx)z/Zh(x) )

Finally, with a further substitution h(x) =: u(ax) exp[(ax)?/4] and z = ax, we obtain the so-called
parabolic cylinder differential equation

u"(z) = (242 + 1_ ;) u(z), z>—ap. (13)

a2

Two linear independent solutions of the parabolic cylinder differential equation are

. 1 1 11

1(z) = exp (—4zz> M (M' 5> 222> , (14a)
1 1 11 1

i(z) = zexp <—4zz) M <sz + 35 +1, 222) , (14b)

where M(a,b,z) is the Kummer’s function, see [13] [Chapter 13]. The functions i and 7, are
respectively an even and an odd function. They depend on the parameter « > 0; however, to
keep notation as simple as possible, the dependence on the parameter will be dropped.

For convenience, let us introduce other two independent solutions u; and u, defined by the
following linear combinations of #i; and #iy:

1 i R V2,
u1(z) = 225 | T+ 1/(2a2))”1(2) - 1“(1/(20(2))u2(z)] / (15a)
22 sin(7t/(242)) . cos(7t/(202))
uz(e) = V2 [m (111§%§“2;>u1(z)+ r\/(ii/z E7T1/((220;2)))) “2(7‘)] ‘ (15b)

where I denotes the gamma function. The expressions above are well defined for all « > 0. Please
note that the function 17 converges to 0 and u; diverges as |z| goes to co. Moreover,

Jim 4 (z) =1, (16a)
lim oA iy (z) = V7. (16b)

Using the relation between u and h, we have that

hi(z) := uq(2) exp(zz/4)
_ 1 eid 1
T [r(1/2+1/(2zx2))M(
hy(z) := uy(z) exp(z2/4)
_ %5 [sin(n/(szz))M< 1 ’;’222)+z 2cos(7‘c/(2a2))M< 1 1

T1-1/2a2)" \2a T(1/2—1/(242))
and, by (16), it follows that for |z| — oo

hi(z) ~ z 1/ , (18a)
ha(z) ~ /265 /2 711 (18b)



Mathematics 2020, 8, 123 8 of 14

Going back to the differential equation in (10) without boundary conditions, we can write all its
solutions by

fy) = eima(—apy) + caha(—apy), (19)
with c1, ¢ € R. Applying the boundary conditions in (10), we have that
Jim f) =0 — & =0,

f1)=1 = c1 =1/ (-ap).

Therefore, the solution assumes the form

(—apy)
= ) 20
F) = 5 Cap) (20)
Finally, the boundary condition f’(1) = 1 implies
W (~ap)
—ap——— T =1. 21
'Bhl (—ap) D
For every given & > 0, by Lemma A1 proved in the Appendix A, the equation x4/} (x4) = h1(Xa)
admits a unique negative solution x,. Therefore, if f(«) := —x,/« (see Figure 1), then the differential

equation with boundary conditions (10) admits the unique solution given by (20) with f = B(«). This
completes the proof.

B(a)

S S S S S R S

0 2 4 6 8

a

Figure 1. Plotting B as a function of a. The marked points are f(0) = 1 and (1) ~ 0.839924.
O

Remark 4. Considering again the case of the Brownian bridge treated in [9], i.e., & = 1, we have that

where ®(z) = P|Z < z| with Z a standard Normal distributed and ¢(z) = ®'(z). Equation (21) becomes

p(B(1) _ 1- (1)
o) B

and it admits the unique solution B(1) ~ 0.84 as already shown in [8,9].
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4. The Solution

In this section, we verify that the solution V' to the HJB equation found in Section 3 is indeed
solution to the optimal stopping problem (3). This is a needed verification as we remind that the HJB
equation represents only a necessary condition for the solution to the optimal stopping-time problem,
but it is not a sufficient condition.

Theorem 1. The function

o { 1)+ b () - a), x<a) -

x, x> y(t)

with F, defined in (11), is equal to the value function V(x,t) in (3) and T* = inf{s € [t,1] : X5 > 7(t)} is the
optimal stopping time.

Proof. Consider the process {V*(X;,s)}. By the Ito formula and the definition of V*, it follows that

/
AV (Xo,5) = Vi (Xo,8)ds + Vi (X, 8)dXs — ZOE) o x ods

‘BZ
— (142 (Xe 7<1>>”b'(<31[h<s>,w><xs>ds TV (Xes)

Please note that { [ V;(Xy,7)\/—2V'(r)b(r)/ B?dB,} is a martingale as

—2b'(s)b(s)

o B

Vi (X, 1)\ =26/ (r)b(r) / B2 =V (Xy, 1)/ =26 (r)b(r) / B*T (—cop(r)) (Xr)

+ 4/ =2V (1)b(r) / B L) o) (Xr)
is bounded.

Let T € [t,1] be a stopping time. Since V*(x, t) > x, as shown in Lemma A2 proved in Appendix A,
and the variable (1 + a2)(Xs — Y(A))[B'(5)/b(5)]Ljp(s),00) (Xs) is non-positive, as the function b is
non-negative and decreasing, and since { [ V;(X,,r)\/—2b'(r)b(r)/B?dB,} is a martingale, then,
by the Optional Sampling theorem,

E[X,] < E[V* (X, 0] =V (00 B | [((1+a2) (X~ 7(1) 3 D1y (X017

T
+E [ / VE (X, 1)y 26 (r)b(r) /,82st]
t
b'(r)
b(r)
Hence, since this is true for any stopping time 7, we have that V(x,t) < V*(x,t).

On the other hand, since V* (X, %) = X¢+, then (1 + a?)(Xs — v(1))[b'(s)/b(s)] Lip(s),00) (Xs) =
0, for every sin [t, T*), and thus

—V*(x,t) + E _/:(1+a2)(x,—7(1)) ]l[b(,)loo)(X,)dr_ < VA b).

*

V(x,t) > E[V* (Xer, T4)] = V¥ (x,t) + E [ /t V(X 1)y /=26 ()b (r) /ﬁZst] = V¥ (x,b).

This completes the proof. [
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5. Application

In this section, we show a brief application of the results of the previous sections. The process
{Xs} can model a pair trading process; see [14] for a survey or [15,16] for applications using the
Ornstein—-Uhlenbeck process. For our purposes we assume that we have a predicting model for the
process trend that is given by

b(s)=(1-s)", sel0,1], (23)

with d > 0, which ensures that the function b is non-increasing for s € [0, 1]. For fitting purposes one
could choose a general function b of type b(s) = ¥, c;(1 — s)%, with restrictions on the coefficients to
ensure the decreasing property. We use (23) to simplify the calculations. In addition, we assume (1) =
0 such that y(s) = b(s). X1 = 0 may represent the fact that at time s = 1 some information is publicly
disclosed, such as the earning reports of the underlining stocks, that eliminates the pair difference.
Asb'(s)/b(s) = —d/(1—s) and b/ (s)b(s) = —d(1 — 5)>*~1, by substituting in (2), we obtain that

dx, — wu )X ds 4 /2‘5(1 _s)414B,, se[0,1], Xo—x. (24)

Figure 2 shows the value function V*(x, t) = max {x, Fy (x(l — t)’d) (1— t)d} obtained by (22).

Vix, 6

08 V(08,0 08

06 V(06.1)

04 V(04,0

02 V(02,0

V(.0

(a) (b)
Figure 2. Plots of the value function V*(x, t), computed as in (22), associated with the process {X;} in
(24) for d = 2 and a = 3. The black curves represent the optimal stopping boundary b(t) = (1 — t)2. (a)
V*(x,t) as a funtion of t € [0,1] for fixed values of x € {0,0.2,0.4,0.6,0.8}. (b) V*(x,t) as a funtion of
(x,t) € [0,1]%

It can be interpreted as both the time to sell the underlying pair trading and the price of an
American call option with null strike price derived on the underlying pair trading process.

6. Discussion

The relevance of Theorem 1 is in that it proves the existence of a class of It6 diffusion processes
for any specified (decreasing) optimal stopping boundary function b and gives the explicit expression
of the corresponding value function (3). This provides a flexible model for the optimal liquidation
time, i.e., the optimal time at which the investor should liquidate a position to maximize the gain,
when the investor owns, or decides to include, additional information on the future trend of the
underlining stock.
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As an example, we can find the class of processes that have the same optimal stopping barrier of
the standard Brownian bridge, i.e., with y(t) := B(a)+/1 — t. By choosing d = 1/2 in (23) we get the
following Itd representation, for « > 0,

o (14a%) X
dX; = 2 1-—s

ds+dBs, seltl], Xi=x. (25)

It follows that multiplying by a constant factor (1 + a?)/2 the drift in the It6 representation of
the Brownian bridge the optimal barrier has the same shape as the barrier of the Brownian bridge up
to a factor equal to B(«)/B(1). For & > 0, a # 1, the process {X;} in (25) is not a Brownian bridge as,
by Lemma 1, it is equal to

(1+42)/2
} dB,, se|[t1]. (26)

S —
Xs:x+/ [1 >
t | 1—7

This class of processes is already known in the literature under the name of a-Wiener bridges, see for
example [17], even if technically they are not bridges. Indeed, they cannot be generated, for « # 1,
by conditioning a gaussian It6 diffusion to be equal to 0 at time 1.

By the result above, they can be characterized by the fact that the associated optimal barrier is
identical, modulo a factor, to the one of the Brownian bridge. Figure 3 gives a sample of simulations
for different values of & > 0. This class provides a catalogue of alternative diffusion processes to the
Brownian bridge which in practice could offer a better fitting to the data.
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Figure 3. Four simulations of X, s € [0,1], as defined in (26) with t = 0, x = 0, for six different values

of a. The light grey areas represent one standard deviation of Xs above and below its expected value

(null in the simulations). The black solid curves represent the optimal stopping boundaries.

In the literature, the a-Wiener bridges have already been used in economic settings. They appeared
from the first time in [18] to model the arbitrage profit associated with some future contracts in absence
of transaction costs. Then in [19,20] they were used to describe the fundamental component of an
exchange rate process. For more information we refer the reader to [21] and references therein.
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Appendix A. Technical Lemmas

Lemma A1l. Given a > 0, there exists a unique x, < 0 such that
xoh (x2) = hi(x4), (A1)
where the function hy is defined in (17a).

Proof. The function h;(x) is positive for x < 0 and hj(x)/x — —oo as x — —oo, by (18a). The
condition (A1) implies that x, # 0 and that the function h;(x)/x has a critical point at x,. Indeed,
taking derivatives we have

o () = 5 (6150~ () (42)

X

and equating this expression to 0 is the same as (A1).
Using (12), we have that

B (x4) = hy(xa) + a2x ) (x2) = by (x4) (1 +a2) > 0. (A3)

Computing the second derivative of i (x)/x at x, we have

X
and, using (A3), it follows that x, is a maximum point when x, < 0 (and it would be a minimum point
when x, > 0).
Now considering x < 0, as f(a) = —x,/«, it follows that any critical point of /11 (x)/x is a local
maximum, and therefore there cannot be more than one.
If there were two local maxima, this would imply a local minimum between them (if the function

_ hl{(xrx)
X

(A4)

Xo

is not constant). Since limy_, oo 711 (x)/x = lim,_,o- h11(x)/x = —oo, there is a unique x, < 0 satisfying
(A1). This completes the proof. O

Lemma A2. Any solution f € C?((—c0,1]) to (10), with & > 0, is such that f(y) > max{0,y}, for all
y € (—o0,1].

Proof. Here we show the result without making use of Lemma 2.

If & = 0, then by the equation in (10), f”(y) = B*f(y) and thus f is convex where f is positive,
and concave where f is negative. As f(1) = 1, then f is convex in 1. Thus, f cannot touch the straight
line I(y) = y ina point 7 € [0,1), as otherwise there would be a point 7 € (7, 1) such that f”(§) = 0,
which is impossible as " () = p*f (i) > 0. Hence f(y) >y, forally € [0, 1).

Similarly, if f() is negative, for a 7 < 0, then f is concave in 7. As f(y) — 0, for y — —oo,
then there would be § < § such that f”() = 0, which is impossible as f” () = p2f(7) < 0. Hence,
f(y) >0, forally € (—o0,0].

If « > 0, then by the equation in (10), f"(y) = B*[f(y) + a®yf'(y)]. If f touches the straight
line I(y) = y in a point 7 € [0,1), then it would exist a point 7 € (7, 1) such that f”(7) = 0. Hence,
f() + a?yf'(#) = 0 and so f/(§j) < 0. Therefore, it would exists a local maximum § € (7,7),
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ie, f'(§) = 0, f"(§) < 0, which is impossible as f”(§) = B%f(§) > 0. Hence f(y) > y, for all
y€1[0,1).

Similarly, if f(77) is negative, as f(y) — 0, for y — —oo, there exists a local minimum § < 7,

ie, f(§) = 0, f"(§) > 0, which is impossible as f’(§) = B2f(§) < 0. Hence, f(y) > 0, for all
y € (—00,0]. This completes the proof. [
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