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Abstract: A set S C V(G) in a graph G is a dominating set if S dominates all vertices in G, where we
say a vertex dominates each vertex in its closed neighbourhood. A set is independent if it is pairwise
non-adjacent. The minimum cardinality of an independent dominating set on a graph G is called the
independent domination number i(G). A graph G is ID-stable if the independent domination number of
G is not changed when any vertex is removed. In this paper, we study basic properties of ID-stable
graphs and we characterize all ID-stable trees and unicyclic graphs. In addition, we establish bounds
on the order of ID-stable trees.
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1. Introduction

Throughout this paper, V(G) and edge set E(G) (briefly V, E) are used to denote the vertex set
and edge set of G, respectively. For every vertex v € V(G), the open neighborhood of v is the set Ng(v) =
N(v) = {u € V(G) | uv € E(G)}, and its closed neighborhood is the set Ng[v] = N[v] = N(v) U {v}.
The degree of a vertex v € Visdg(v) = |N(v)|. A leaf of G is a vertex with degree one, and a support
vertex is a vertex adjacent to a leaf. The set of all leaves adjacent to a vertex v is denoted by L(v).
For two vertices u and v, the distance dg(u,v) from u to v is the number of the edges of a shortest
uv-path in G. The diameter diam(G) of a graph G is the greatest distance among a pair of vertices of G.
Assume T is a rooted tree and v € V(T), let C(v) and D(v) denote the set of children and descendants
of v, respectively, and D[v] = D(v) U {v}. The maximal subtree at v, denoted by Ty, is the subgraph of
T induced by D[v], and is denoted by T,. For a graph G, let I(G) be the set of vertices with degree 1.
The path and cycle on n vertices are denote by P, and C;, respectively.

A set S C Vin a graph G is a dominating set if every vertex of G is either in S or adjacent to a
vertex of S. The domination number 7v(G) equals the minimum cardinality of a dominating set in G.
There are many variants of the dominating set which are studied extensively, such as the independent
dominating set [1], total domination [2,3], Roman domination [4,5], semitotal domination [6,7], etc.
For a comprehensive treatment of domination in graphs, see the monographs by Haynes, Hedetniemi,
and Slater [8,9].

A setis independent if it is pairwise non-adjacent. The minimum cardinality among all independent
dominating sets on a graph G is called the independent domination number i(G) of G. An i(G)-set is an
independent dominating set of G of cardinality i(G). This variation of graph domination has been
studied extensively in the literature; see for example the books [8,9], and the readers can consult the
new survey of Goddard and Henning [1].
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The removal of a vertex from a graph can increase the independent domination number,
decrease the independent domination number, or leave it unchanged. A graph G is independent
domination vertex-critical or i-vertex-critical if i(G — v) < i(G) for every v € V(G). The independent
domination vertex-critical graphs have been studied by Ao [10] and Edwards [11] and elsewhere [12-14].
Here we focus on the case where the removal of any vertex leave the independent domination
number unchanged.

A graph G is independent domination stable (ID-stable) if the independent domination number of
G is not changed when any vertex is removed. The domination stable problem consists of characterize
graphs whose domination number (a type of domination number, e.g. total domination number,
Roman domination number) remains unchanged under removal of any vertex or edge, or addition of
any edge [2,15-17].

In this paper, we study basic properties of ID-stable graphs and we characterize all ID-stable trees
and unicyclic graphs. In addition, we establish bounds on the order of ID-stable trees.

We make use of the following results in this paper.

Proposition 1 ([1]). Forn > 3,i(P,) = i(Cy) = [5].
The next result is an immediate consequence of Proposition 1.
Corollary 1. Ifn > 3, then C, is an ID-stable graph if and only if n # 1 (mod 3).

In the next sections, we will use the following notations:
For a graph G, let:

W(G) = {u € V(G) | there exists an i(G)-set containing u }
and:
WYL(G) = {(u,v)|u,v € V(G) and there exists an i(G)-set containing both of u and v}.

2. Basic Properties

In this section, we study the basic properties of the ID-stable graph, and we construct new
ID-stable graphs from an old one.

Proposition 2. If G is an ID-stable graph, then every support vertex in G is adjacent to exactly one leaf.

Proof. Let G be an ID-stable graph. Suppose, to the contrary, that G has a support vertex x with
|IL(x)| > 2, and let y,z € L(x). If G has an i(G)-set S such that x ¢ S, then y,z € S, and clearly,
S — {y} is an independent dominating set of G — y yielding i(G — y) < i(G), which is a contradiction.
Hence, we assume that every i(G)-set contains x. Now, consider the graph G — x, and let D be an
i(G — x)-set. Since each vertex in L(x) is isolated in G — x, D contains all vertices in L(x). Clearly,
D is an independent dominating set of G such that x ¢ D. It follows from the assumption that
i(G —x) = |D| > i(G), a contradiction again. This completes the proof. [J

Proposition 3. If G is an ID-stable graph, then G does not have two adjacent support vertices.

Proof. Let G be an ID-stable graph. Suppose, to the contrary, that there exist two adjacent support
vertices x,y in G. Assume that L(x) = {x’}, L(y) = {y’}, and let S be an i(G)-set. Then, x’ € S or
y' € S. Assume, without loss of generality, that y’ € S. Then, y ¢ S. If (Ng(y) —{y'}) NS # @,
then S — {y'} is an independent dominating set of G — i/, which leads to a contradiction. Hence,
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(Nc(y) —{y'}) NS = @. In particular, x ¢ S, and so, x’ € S. Now, (S — {y,x'}) U{y} is an
independent dominating set of G — x/, which leads to a contradiction. [J

The spider S, is the graph obtained from the star K; ; by subdividing its edges once. Clearly,
i(Sq) = g. Assume that V(S;) = {s} U {a;, b;ili = 1,2,...,q} and E(S;) = {sa;,a;b;|i = 1,2,...,q}.
The vertex s is called the head; the vertices a; are called the knees; and the vertices b; are called the feet of
the spider for 1 <i <gq.

Proposition 4. Let G be a graph and v € V(G). Let G’ be the graph obtained from G by adding a spider
Sy (q > 1) and possibly joining the head s to v. Then, i(G') = i(G) + 4.

Proof. Clearly, any i(G)-set can be extended to an independent dominating set of G’ by adding
ai,...,aq,and so, i(G") < i(G) +g4.

Now, we show that i(G’) > i(G) 4+ ¢. Let S be an i(G’)-set. To dominate b;, we must have
SN {a;,bj}| > 1foreachi. Ifs ¢ Sorsv ¢ E(G'), then the set S — V(S;) is an independent
dominating set of G, and this implies that i(G’) > i(G) + gq. Suppose thats € S and sv € E(G’).
It follows that {by,...,b;} C S and SN Ng[v] = @. Then, the set (S — {s,by,...,b;}) U {v} is an
independent dominating set of G yielding i(G’) > i(G) + g. Thus, i(G') = i(G) + g, and the proof
is complete. O

Proposition 5. Let G be an ID-stable graph. Then:

1. ifu € W(G) and G’ is a graph obtained from G by adding a spider Sy with head s and an edge us, then G’
is an ID-stable graph,

2. ifu € V(G)and G’ is a graph obtained from G by adding a spider S, (q > 2) with head s and an edge us,
then G' is an ID-stable graph.

Proof. Our arguments apply equally well to both parts, so we prove them simultaneously. Let
v € V(G’) be an arbitrary vertex. If v € V(G), then we have i(G — v) = i(G) because G is an ID-stable
graph, and by Proposition 4, we have

i(G'—v) =i(G—v)+q=1i(G) +q=i(G).

Assume that v € V(S;). We consider three cases.

Casel.v =s.

Then, clearly, G’ — v is the union of G with gK; (g > 1), and so, i(G’ — v) = i(G) + 4. It follows
from Proposition 4 that i(G' — v) = i(G').

Case 2. v = g; forsomei € {1,2,...,4}.

Assume, without loss of generality, that v = a,. First, we prove (1). Clearly, we have G’ —v =
(G + us) U K. Obviously, any i(G)-set containing u can be extended to an independent dominating set
of G’ — v by adding by, and so, i(G' —v) <i(G) +1 = i(G’). On the other hand, any i(G" — v)-set is
obviously an independent dominating set of G’, and so, i(G' — v) > i(G’), yielding i(G' — v) = i(G').
Now, we prove (2). Clearly, any i(G)-set can be extended to an independent dominating set of G’ — v
by adding {by, a1,...,a;-1}, and so, i(G' —v) < i(G) +q = i(G'). Furthermore, any i(G' — v)-set is
obviously an independent dominating set of G’, and so, i(G’' — v) > i(G’). Thus, i(G' —v) = i(G').
Case 3. v = b; forsomei € {1,2,...,4}.

Assume, without loss of generality, that v = b;. Obviously, any i(G)-set can be extended to an
independent dominating set of G’ — v by adding {ay,...,4,4}, and so, i(G' —v) < i(G) +q = i(G).
Now, let §' be an i(G’ — v)-set. If a; € S, then S’ is obviously an independent dominating set of
G', and so, i(G' —v) > i(G'). Assume thata; ¢ S'. Then, s € S'. If (Ng/(u) — {s})NS" # @,
then (S’ — {s}) U {a1} is an independent dominating set of G’, and so, i(G’' — v) > i(G’). Suppose that
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(Ng/(u) —{s})NS" = @. Then, S’ — {s, by, ..., by} is an independent dominating set of G — u, and since
G is an ID-stable graph, we deduce that i(G' —v) = (|S'| —q) + g9 > i(G) + g = i(G’). Hence, i(G’ —
v) = i(G'). Therefore, G’ is an ID-stable, and the proof is complete. [

Let k1 and k; be non-negative integers, and let Hy, x, be the graph obtained from the star Ky 3
centered at s with V(Kj3) = {s,a,b,c} by attaching k; pendent paths P, to a and k; pendent paths
P; to b (see, e.g., Figure 1). For each 1 < i < ky, the vertex set of i P, is {r;, t;} with ar; € E(Hp, ky ),
and for each 1 < j < ky, the vertex set of j'™ P, is {p;, ;} with bp; € E(Hy, ,)-

Figure 1. The operations O3, or Oy, or Os.

Proposition 6. Let G be a graph and x,y € V(G) (possibly x = y). Let G’ be the graph obtained from G by
adding a graph Hy, x, and adding possibly the edges xa or yb. Then, i(G") = i(G) 4+ ki +ky + 1.

Proof. Clearly, any i(G)-set can be extended to an independent dominating set of G’ by adding
S, -1k Pls- -+ Py and s0,i(G") <i(G) + ki + kp + 1.

Now, we show that i(G’) > i(G) + k; + k» + 1. Let S be an i(G’)-set such that |S N {a,b}| is as
small as possible. To dominate ¢, f; (1 < i < k1) and g; (1 < j < ko), we must have [SN {s,c}| > 1,
SO {ri,ti}| > 1 (1 <i<k)and [SN{p;,q;}| > 1 (1 <j < ka). We claim that [S N {a,b}| = 0.
Suppose, on the contrary, that |S N {a,b}| > 1. We consider the following cases.

Case4. [SN{a,b}| =1.

Assume without loss of generality thata € S and b ¢ S. Then, we must have ¢ € S and
t,..., iy € Sifky > 1. If xa ¢ E(G') or SN Ng(x) # @, then the set (S — {a,c}) U {s} is an
independent dominating set of G’ of size less that i(G’), which is a contradiction. Hence, xa € E(G')
or SN Ng(x) = @, but then the set (S — {a}) U {x} is an i(G’)-set, which contradicts the choice of S.
Case 5. [SN{a,b}| =2.

Then, we must have c € S, {t1,...,t5,} € Sifky > 1and {q1,...,q5,} € Sifky > 1. If SN
Ng[x] # @ and SN Ngly] # @, then (S — {a,b,c}) U {s} is an independent dominating set of G’ of
size i(G’) — 2, which is a contradiction. Assume without loss of generality that SN Ng[x] = @. If x =y,
then (S — {a,b,c}) U{x,s} is an independent dominating set of G’ of size i(G’) — 1, a contradiction
again. Hence, x # y. Now, to dominate x, we must have xa € E(G’), but then the set (S — {a}) U {x}
is an i(G)’-set, contradicting the choice of S.

Therefore a,b ¢ S. Now, the set SN V(G) is an independent dominating set of G, and this implies
thati(G') > i(G) + k1 + ko + 1. Thus, i(G') = i(G) + k1 + k + 1, and the proof is complete. [

Proposition 7. Let G be an ID-stable graph. Then:

(@) if (x,y) € WYY(G) and G’ is a graph obtained from G by adding Ho and adding the edges xa, yb, then
G’ is an ID-stable graph,
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(b) ifx e W(G),y € V(G), and G' is a graph obtained from G by adding Hy, (kp > 1) and adding the
edges xa, yb, then G' is an ID-stable graph,

(c) ifx,y € V(G)and G’ is a graph obtained from G by adding Hy, , (k1,ko > 1) and adding the edges
xa,yb, then G' is an ID-stable graph.

Proof. Let vbeavertexin G'. If v € V(G), then by Proposition 6, we have i(G' —v) = i(G —v) + k1 +
ky + 1. Since G is an ID-stable graph, we have i(G — v) = i(G), and so, i(G' —v) = i(G) + k1 +ky+1 =
i(G'). Assume that v € V(G). We consider the following cases.

Case 6. v = s.

Clearly, any i(G’ — v)-set is an independent dominating set of G, and so, i(G' — v) > i(G’). In the
case (a), any i(G)-set containing x,y can be extended to an independent dominating set of G’ — v
by adding ¢, and so, i(G' —v) < i(G) +1 = i(G’). In the case (b), any i(G)-set containing x can be
extended to an independent dominating set of G’ — v by adding c, py, ..., px,, and so, i(G' —v) <
i(G) + ko +1 = i(G’). In the case (c), any i(G)-set can be extended to an independent dominating
setof G’ —vbyadding ¢, p1, ..., Py 11, - - -, Tk, and so, i(G' —v) < i(G) +ky +ky +1 =i(G). Thus,
i(G'—v) =i(G).

Case 7. v = a (the case v = b is similar).

It is easy to see that there exists an i(G’ — v)-set containing s. On the other hand, any i(G’' — v)-set
containing s is an independent dominating set of G/, and so, i(G' — v) > i(G’). Using an argument
similar to that described in Case 6, we obtain i(G' — v) = i(G').

Case 8. v =c.

Obviously, any i(G)-set can be extended to an independent dominating set of G’ — v by adding the
vertices s, r1,..., 1, if ki > 1and py, ..., py, if kp > 1,and so, i(G' —v) <i(G) + k1 + kp +1 = i(G').
Now, let S be an i(G" — v)-set. To dominate s, t; (1 < i < k) and g; (1 < j < k2), we must have
ISN{a,b,s}| >1,|SN{r;,t;}| > 1forl <i < ky and |Sﬂ{p]-,qj}| >1forl <j<ky Ifses,
then S is obviously an independent dominating set of G’, and so, i(G' — v) > i(G’). Assume thats ¢ S.
Then, a € Sor b € S. Assume, without loss of generality, thata € S. If b ¢ S, then S — V(Hy, x,) is an
independent dominating set of G — x, and since G is an independent domination stable graph, we have
i(G—v)=(|S|—k1—ka—1)+ k1 +ka+1>i(G)+ k1 +ky+1=1i(G). Let b € S. This implies
that {q1,...,qx,} € Sifko > 1. If (N(y) — {b}) NS # @, then the set S — {b} if k, = 0, and the
set (S—{b,q1,...,q9,}) U{p1,.-., pr, } if ko > 1is an independent dominating set of G’ — v, which
leads to a contradiction. Hence, (N(y) — {b}) NS = @, and similarly, (N(x) — {a}) NS = @. Then,
(S — V(Hg, ,)) U{y} is an independent dominating set of G — x, and since G is an ID-stable graph,
we deduce that i(G' —v) = (|S| —k; —ka —1) + k1 + ko +1 > i(G) + k1 + ko +1 = i(G’). Therefore,
i(G'—v) =i(G).

Case9.v =r; forsomei € {1,2,...,kj}orv = p;j for some j € {1,2,...,k2}.

Assume, without loss of generality, that v = r{. Obviously, any i(G)-set can be extended
to an independent dominating set of G —v by adding s,t1,72,...,1%, and py,...,pr, if ko > 1,
and so, i(G' —v) <i(G) +ky + ky +1 =i(G’). On the other hand, any i(G" — v)-set is obviously an
independent dominating set of G’, and so, i(G’' — v) > i(G’). Therefore, i(G' — v) = i(G').

Case 10. v = t; for some i € {1,2,...,k } orv = qj forsomej € {1,2,...,ky}.

Assume, without loss of generality that v = t;. Clearly, any i(G)-set can be extended to an
independent dominating set of G —v by adding the vertices s,7q,...,7,, and py, ..., pr, if ko > 1,
and so,i(G' —v) <i(G) + ki +ky+1=i(G'). To prove the inverse inequality, let S be an i(G’ — v)-set.
To dominate ¢, t; (2 < i < k) and g; (1 <j < ko), we must have [SN{c,s}[ > 1, [SN{r;,t;}] > 1
for2 <i <kjand [SN{p;,q;}| > 1for1 <j < ky. Ifr; €S, then S is obviously an independent
dominating set of G, and so, i(G' — v) > i(G'). Assume thatr; ¢ S'. It follows that a € S yielding
c,t; € Sfor2 < i < ky Ifb ¢ S, then we may assume that pi,---, Pk, € S, and clearly, the set
S — V(Hg, k,) is an independent dominating set of G — x. Since G is an ID-stable graph, we obtain
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i(G'—v) =(IS| ki —ky—1) + ki +ka+1>i(G) + k1 + ko +1 =i(G’). Letb € S. Then, gy, ..., qx, €
Sif ky > 1. Itis easy to see that (N(y) — {b}) NS =D. If (N(x) —{a}) NS # @, then (S — {a}) U {r1}
is an independent dominating set of G/, and so, i(G’ — v) > i(G’). Suppose that (N(x) — {a}) NS = @.
Then, (S — V(Hi, k,)) U {y} is an independent dominating set of G — x, and since G is an ID-stable
graph, we have i(G' —v) = (|S| —k1 —ko — 1) +ky + ko +1 > i(G) + ky + kp +1 = i(G’). Hence,
i(G' —v) = i(G’). Thus, G’ is an ID-stable graph, and the proof is complete. []

Let N be the set of non-negative integers, n > 3and Q € N" with Q = (41,92,.-.,4»).- Let D(Q) =
{i | gi > 0}. For any i with q; > Oand q;;; = 0,if g = Oforj = i+1,i+2,...,i +k and
Jirk+1 > 0 where the subscript is taken modulo 1, we define H(Q,i) = k. For example, if Q =
(0,2,0,1,3,0,1,2,0,0), then H(Q,2) = 1, H(Q,5) = 1 and H(Q, 8) = 3.

The graph C(n,Q) (resp. P(n,Q)) is the graph obtained from C, = (v103...0y)
(resp. P, =v1v5...0,) by attaching g; disjoint pendent paths P, to v;. If q; > 0, then let
Hy, = {vit1,.-, 01 H(Q,)}, and assume for any 1 < j < g;, the vertex set of jM P, attached to v;
is {0; 4, 0i,p} with leaf v; ; |, (see Figure 2).

U72b U724
@, QO

04300 QU424

OY4,1,b

(a) (b)

Figure 2. (a) The graph C(6,(1,0,0,0,0,0)); (b) the graph C(9, (2,0,1,3,0,1,2,0,0)).

Proposition 8. Let G be a graph, and x,y € V(G) (possibly x = y). If G' is a graph obtained from G by
adding H = P(n,(0,0,kq,0,...,0,k,0,0)), where n = 0 (mod 6), k1 > 0,k, > 0, and adding possibly the
edges xv3 and yv,_o, then i(G') = i(G) +ky +ko + §.

Proof. Clearly, any i(G)-set can be extended to an independent dominating set of G’ by adding
v3i-1 (1 << %),03,, (1 <j<ki)and v, 5, (1 <j<ks) andso,i(G') <i(G)+ki+k+ 5.
Now, we show that i(G") > i(G) + ki + k2 + %§. Let S be an i(G’)-set. To dominate the vertices
01,0n,03-1 (2 <i< 5 —1),03,5 (1 <j<ki)andv, ;5 (1 <j<ka), wemusthave[SN {v,02}] > 1,
1SN {op-—1,0n}] > 1, [SN{v3i 2,031 1,03} 21 (2<i<5-1),[SN{v3503,p} >1(1 <)<
ki), and [S NV {0y 24, Vn—2,p}| = 1 (1 < j < ko). We may assume without loss of generality that
{vsi1 [2<i< 5 -1} CS. Ifvz,v,2 € S, then the set SN V(G) is an independent dominating
set of G, and this implies that i(G’) > i(G) + k1 + ko + §. Assume without loss of generality that
v3 € S. Then, we must have {v31y,...,03k,5} € S and SN Ng(v3) = @. If v3 is not adjacent
to x or Ng(x) NS # @, then the set S" = (S — {v1,v2,03,031p,---, V34,p}) U {02,031,/ V3, 0}
is an independent dominating set of G’ of size i(G') — 1, a contradiction. Hence, v3x € E(G'),
Ng(x)NS # @, and so, x ¢ S. If v,_» & S, then the set (S — V(H)) U {x} is an independent
dominating set of G, yielding i(G’) > i(G) + ki +k, + 4. Assume that v,_, € S. Then, we have
{vn—21pbs---1Vn—2k,p} € Sand SN Ng(v,—2) = @. Using the above arguments, we have v, _y €
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E(G'),y ¢ S,and Ng(y) NS = @. If x = y or x and y are adjacent in G, then the set (S — V(H)) U
{x,v2,05,...,00-2,031,8, -, U3 ky,0r Un—-2,1,0s - - - » Un—2k,a} i an independent dominating set of G’ of
size i(G’) — 1, which is a contradiction. Hence, x # y and x and y are not adjacent in G. Now, the set
(S = V(H)) U{x,y} is an independent dominating set of G, implying that i(G") > i(G) + ki + ko + 5.
Therefore, i(G') = i(G) + ki + k2 + 5, and the proof is complete. [J

Proposition 9. Let G be an ID-stable graph. If x,y € V(G) and G' is a graph obtained from G by adding
P(6,(0,0,k1,ko,0,0)) and adding the edges xvs, yvy, then G' is an ID-stable graph.

Proof. Let v be a vertex in G'. If v € V(G), then by Proposition 8 and the fact that G is an ID-stable
graph, we obtain:

i(G'—v)=i(G—0v)+k +ka+2=1i(G) + k1 +ka+2=1i(G).

Letv ¢ V(G). We consider the following cases.

Case 11. v € {v, vs, U3,j,0: Va ko |1<j<kiand1 <k <k}

As in Case 9 in Proposition 7, we have i(G' — v) = i(G').
Case 12. v € {v1,vs, U3,j,bs Va kb |1<j<kiand1 <k <k

As in Case 10 in Proposition 7, we have i(G' — v) = i(G').
Case 13. v € {v3,v4}.

We may assume, without loss of generality, that v = v3. Clearly, any i(G’ — v)-set containing v
is an independent dominating set of G/, and so, i(G' — v) > i(G’). On the other hand, any i(G)-set
can be extended to an independent dominating set of G’ — v by adding {v2,v5, 034,041, | 1 < j <
ki and 1 <1 < kp}, and Proposition 8 yields i(G' —v) <i(G) + ki +k, +2 =i(G'). O

Proposition 10. Let Q = (41,42, ---,q9n) € N" such that |D(Q)| > 2and H(Q, i) > 1 for each i € D(Q).
If H(Q,i) = 1(mod3) for some i € D(Q) or H(i,Q) = 2 (mod 3) for each i € D(Q), or H(Q,i) =
0 (mod 3) and H(Q, j) = 0 (mod 3) for some i,j € D(Q), then the graph C(n, Q) is not an ID-stable graph.

Proof. Suppose, to the contrary, that G = C(n,Q) is an ID-stable graph. If G has an i(G)-set S
containing v; for some i € D(Q), then S — {v;1 5} is an independent dominating stable set for G — v; 1 ;,,
which leads to a contradiction. Hence, for any i(G)-set S and any i € D(Q), we have v; ¢ S. Assume
that D(Q) = {iy,12,...,ir}. Now, we show that:

i(G) = ]; ai; +]Zr‘{ [H(I\Z‘;QW .

For 1 <j <r,let P be the path v;, 11045 .. Vi H(Qji) and let S; be an i(Pij)—set. Clearly, the set
I = U_ (S U{vixa | 1 <k < g;}) is an independent dominating set of G, and we conclude
JEINTY jKs i

from Proposition 1 that i(G) < Z]r':1 qi; + Z]’-:l [H(ng)—‘ . To prove the inverse inequality, let S be

an i(G)-set. To dominate the vertices Vi b forl <j<randl <k < qi;, we must have |SN

{Uij,k,a/vii,k,bH > 1, and since SN {v;,,...,v;, } = @, we must have |SN Hz,ij| > [w—‘ for each j,

by Proposition 1. This implies that i(G) = |S| > Z]r-:l(d(;(vi],) -2)+ ¥, [H(ié’Q)—‘ . Hence, i(G) =

H(i;,Q
Z}:lqij)JrE;:l[ (é :

If H(Q,i;) = 1 (mod 3) for some i; € D(Q), say j = 1, then the set (I — (S;; U{vj x4 | 1 <

k< g ) U{oiep | 1<k < g} Uf{oiga | 0<s <[] —1}) wheng;, =0 (mod 3), the
qi

set (I — (Si USi U{vipa [ 1 <k < g3y })) U({vipp | 1<k < i} U{vj455 [ 0 < s < [F U

{vit3s+1 | 0<s < [%1 —1}) when g;, = 2 (mod 3), and the set (I — (S;; US;, U{vj ks | 1 <k <
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g ) U ({0 xp | 1 <k < qi 3 U{oi43 |0 < s < [H]}U {Vitq, —1,Vip43s41 | 0 < s <[] —2})
when g;, =1 (mod 3) is an i(G)-set, which is a contradiction. Thus, H(Q,i;) # 1 (mod 3) for each

Suppose H(i, Q) = 2 (mod 3) for each i € D(Q). Then, clearly, n = i 4 [H(E'Q)—‘, and the set
{vi43 |0 <i <[] -1} U {Ui/-,k,b |1<k< l]ij}) is an independent dominating set of G, which leads
to a contradiction again.

Finally let, without loss of generality, H(Q,7;) = 0 (mod 3) and H(Q, iy) = 0 (mod 3) for some
i1,ig € D(Q) and H(Q,i;) = 2 (mod 3) for each i; € D(Q) — {ij, i¢}. If [D(Q)| = 2, then it is not
hard to see that i(G — v, ;) > i(G), which is a contradiction. Assume that [D(Q)| > 3. By symmetry,
we may assume that £ > 3. Let G’ = G — v;,45, and let S’ be an i(G’)-set such that [S' N {v;,...,v; }|
is as large as possible. Since G is an independent domination stable graph, we have i(G) = i(G'). It is
not hard to see that the set:

j=2

(-1 ij -
N (e i)

is a subset of S'. It follows that D, = U][:;zl{v,»jlk,b | 1 <k <g;} CS" Wemay also assume that
{vi43s-1 11 <s < {MJ} C S LetD; = Ufzz{vij,k,a [1<k< qi].}. Clearly, the set:

14 . B
(8' = (D1 U D) U{o;, }UD3 U | [ {i 43001 | 0 <k < V?W?)QHJ}
j=2

is an independent dominating set of G of cardinality |S'| = i(G) containing v;,, which is a contradiction.
This completes the proof. [

3. Independent Domination Stable Trees

In this section, we give a constructive characterization of all ID-stable trees.

In order to present our constructive characterization, we define a family of trees as follows. Let 7
be the family of trees T that can be obtained from a sequence Ty, 15, ..., Ty of trees for some k > 1,
where Ty is P, and T = Ti. If k > 2, T; 1 can be obtained from T; by one of the following operations.

Operation 77: If u € W(T;), then 77 adds a spider S; with head s and an edge us to obtain T; 1 (see
Figure 3).

Operation 75: If u € V(T;), then 7, adds a spider S; (7 > 2) with head s and an edge us to obtain T; 4
(see Figure 3).

Theorem 1. If T € T, then T is an ID-stable tree.

Proof. If T is P,, then obviously T is an ID-stable tree. Suppose now that T € 7. Then there exists a
sequence of trees Ty, Ty, ..., Ty (k > 1) such that T; is P, and if k > 2, then T;,1 can be obtained from
T; by one of the Operations 77 or 7;. We proceed by induction on the number of operations used to
construct T. If k = 1, the result is trivial. Assume the result holds for each tree T € 7 which can be
obtained from a sequence of operations of length k — 1 and let T’ = Tj_4. By the induction hypothesis,
T’ is an ID-stable tree. Since T = T} is obtained by one of the Operations 7; or 75 from T’, we conclude
from the Proposition 5 that T is an ID-stable tree. []

Next, we characterize all ID-stable trees.

Theorem 2. Let T be a tree of order n > 2. Then, T is an ID-stable tree if and only if T € T.
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T; (OI‘ Gl) 5,7

Figure 3. The operations: 77 or 75.

Proof. According to Theorem 1, we need only to prove necessity. Let T be an ID-stable tree of
order n > 2. The proof is by inductionon n. If n = 2, then T = P, € 7. Let n > 3, and let the
statement hold for all ID-stable trees of order less than n. Assume that T is an ID-stable tree of order .
By Propositions 2 and 3, we deduce that diam(T) > 4. Let v1v; ... v (k > 5) be a diametrical path in
T and root T at v;. By Proposition 2, any support vertex adjacent to v3 has degree two. In particular
dr(vy) = 2. By Proposition 3, v3 is not a support vertex, and so, Ty, = Sir(vs)-1- Let T'=T— Ty,
Since T is an ID-stable tree, we deduce from Proposition 4 that for any vertex v € V(T’),

i(T' —v) +dr(v3) —1=i(T—v) =i(T) =i(T') +dr(vs3) — 1

and this implies that i(T" — v) = i(T"). Hence, T’ is an ID-stable tree. It follows from the induction
hypothesis that T" € T. If dr(v3) > 3, then T € T since T can be obtained from T’ by operation 7.

Assume that d7(v3) = 2. By Proposition 4, we have i(T') + 1 = i(T). Since T is an ID-stable tree,
we have i(T —vp) = i(T). Let S be an i(T — vp)-set. Clearly, v; € S. If v3 € S, then S — {v1} is an
independent dominating set of T — v, which is a contradiction. Hence, v3 ¢ S, and this implies that
vy € S. Now, S — {v1 } is an independent dominating set of T’, and we deduce from i(T’) + 1 = i(T)
that S — {v1} isan i(T’)-set. Thus, v4 € W(T’). Now, T can be obtained from T’ by operation 77, and
so, T € T. This completes the proof. [

4. Independent Domination Stable Unicyclic Graphs

In this section, we give a constructive characterization of all ID-stable unicyclic graphs. We start
with introducing the following families of graphs.

e J1 ={Cyln >3and n Z 1 (mod three)}.

o 7o ={C(8k+1,(41,0,0,...,0))|k > 1and g1 > 2}.

e 73 is the family of graphs C(n, Q) where Q = (41, ...,q,) € N" satisfies (i) D(Q) > 2, (ii) H(Q, i) #
1 (mod 3) for each i € D(Q), and (iii) H(Q, i) = 0 (mod 3) for exactly one i € D(Q).

e 7, is the family of graphs obtained from P(6, (0,0,k1,k;,0,0)) (k1 > 0,k > 0) by adding a new
vertex w, joining w to v3, v4, and adding a pendant edge at w (see, e.g., the graph of the second

column and the fifth row in Figure A2 (Appendix A)).
o I =NUDhUTUJUT.

Next, we show that each graph in J is an ID-stable graph. By Corollary 1 and Theorem 1,
any graph in the family 7 U J; is an independent domination stable graph.

Proposition 11. If G € [J,, then G is an ID-stable graph.

Proof. Let G € J. First, we show that i(G) = k + q;. Clearly, the set {v3; | 1 <i <k} U{vy, |1 <
j < g1} is an independent dominating set of G yielding i(G) < k + q1. To prove the inverse inequality,
let S be an i(G)-set. To dominate vy ;;,, we must have [S N {vy,,01j,}| > 1foreachj € {1,...,q1}.
On the other hand, to dominate the vertices v3; (1 < i < k), we must have |S N {v3;_1,v3;,v3i11}| > 1
foreachi € {1,...,k}, and this implies that i(G) > k + g1. Hence, i(G) = k + q;.
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Next we show that G is an ID-stable graph. Let v € G. If v = vy, then G = P3; U 1Ky, and by
Proposition 1, we have i(G — v) = i(P3) +i(q1K2) = k+ g1 = i(G). If v = vy j,, forsome 1 < j < gy,
then G = K3 UC(3k+1, (91 —1,0,0,...,0)), and as above, we have i(G — v) = k+ g7 = i(G). Suppose
that v = vy for some 1 < j < ¢y, say j = 1. Clearly, the set {v3; |1 <i<k}U {Ull]‘/u |1<j<q}is
an independent dominating set of G yielding i(G — v) < k+gq; = i(G). To prove i(G — v) > k+q3,
let S’ be an i(G — v)-set. To dominate vy;,, we must have SN {vy;,,01}| > 1, and to dominate
the vertex vy ;;,, we must have |[S' N {01,015 }| > 1foreachj € {2,...,41}. On the other hand, to
dominate the vertices in V(C,) — {v1,v2,v3}, S’ must contain at least k — 1 vertices in {vy,...,v,},
and so, i(G —v) > k+g;. Hence, i(G —v) = i(G) in this case. Let now v = v; (i # 1). Clearly,
any i(Ps;)-set of P3y = v;_1...010y...0;41 can be extended to an independent dominating set of
G — v by adding vy ;, for j = 1,2,...,41, and so, i(G —v) < i(Pyx) +q1 = k+4q1 = i(G). On the
other hand, if S is an i(G — v)-set, then to dominate the vertices in {vy;; | 1 < j < g1}, we must
have [S N {v1j4,v156 | 1 < j < g1}[ > g1, and to dominate the vertices in V(Cy) — {v;,v1}, we
must have [SN (V(Cy) — {v;})| > k. Thus, i(G—v) = |S| > k+ g1 = i(G), and hence, G is an
ID-stable graph. O

Theorem 3. Let G = C(n,Q) where n > 3 and D(Q) = 1. Then, G is an ID-stable graph if and only
if G € Ja.

Proof. According to Proposition 11, we only need to prove necessity. Let G be an independent
domination stable graph. Assume, without loss of generality, that Q = (g1,0...,0) where q; > 1.
As Proposition 11, we can see that i(G) = [251] + ;. If n # 1 (mod 3), then the set {v3;11 | 0 <
i< [ -1}u {v1ja |2 <j < g1} is an independent dominating set of G — vy of size i(G) — 1,
which is a contradiction. Assume that n = 1 (mod 3). If g1 = 1, then clearly G — v 1, = K; U Cy,, and
by Proposition 1, we have i(G) = i(Cy) + 1 = [%51] + 2, which is a contradiction. Therefore, g1 > 2,
andso, G € Jp. O

Proposition 12. If G € [J3, then G is an independent domination stable graph.

— v ro [HQF) s .
Proof. Let G = C(n,Q) € J3,and let w = Yi14i+ X { 3 —‘ Assume that D(Q) = {i1,...,ir},
and suppose, without loss of generality, that H(Q,i;) = 0 (mod 3). Let S’ = U {0isa | 1 <5 <4qy},

H(Q/; .
S’ = U]r'zz{vij,s,b |1 <s < g}, S]P = {0i43k4p [ 0 <k < [#] —1} forj € {1,...,r} and

p e {1,2,3}.

First, we show that i(G) = w. Clearly, the set S = (U]’.:l 5]2) US’isani(G)-set, and so, i(G) < w.
To prove the inverse inequality, let T be an i(G)-set. To dominate the vertices Uiy b, We must have
TN {v,-j/slﬂ, vi].,s,b}| >1foreachl <j<randl<s < qi;- Now, to dominate the vertices v; | 3¢+2,

H(Q/ij .
we must have |T N {v;, 3541, iy +3k+2, Uiy +3k+3 )| > 1for0 <k < [@—‘ —1, and to dominate the

vertices vj 42, ..., vj;, 1, we must have [T N {Ui]-+1;0i]-+2, Vi1, Vi } > 1foreachje {2,...,r}
yielding i(G) > w. Thus, i(G) = w as desired.

Now, we show that G is an independent domination stable graph. Let v € V(G). Consider the
following cases.

Case14.v € §'.

Clearly, any i(G — v)-set is an independent dominating set of G, and so, i(G — v) > i(G). On the
other hand, (u]les}) US"U{vjsp | 1 <s < g} is an independent dominating set of G — v, and
hence, i(G) > i(G — v). Thus, i(G) = i(G — v) in this case.

Case15.v € {v;,...,v; }.

Suppose, without loss of generality, that v = v; . Obviously, S is an independent dominating set

of G — v, and hence, i(G) > i(G —v). Let D be an i(G — v)-set such that [D N {v; ;4 | 1 < j < g1} is
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as large as possible. Then, {v;, j, | 1 <j < g1} C D. As above, we can see that |D| = i(G — v) > i(G).
Therefore, i(G) = i(G — v) in this case.
Case16.v € S".

Assume, without loss of generality, that v = v;, ;. Clearly, S is an independent dominating
set of G — v, and hence, i(G) > i(G — v). To prove the inverse inequality, let T be a i(G — v)-set.
As above, we have |T N {0, 54,0, sp}| > 1for2 < s < g;,and [TN {Uij,s,ufvij,s,b}‘ > 1 for each

2<j<rand1<s< qij- Furthermore, we must have |T N {vil,vil 12}| > 1. Now, to dominate the
vertices v, 1,...,0;,_1, we must have TN {Uil+], V1) > Q H(Qdh) , and to dominate the vertices
Vi +1,-- -, Viy—2, we must have |T N {v;,v; 11,...,0i-2,0;-1}] > M

(Q") foreach 2 < j < r — 1. It follows that

. Repeating this process,
we must have [T N {vl-j,v,-jﬂ,. Vi 2 v,-].H,l}\ >
|T| > i(G), and so, i(G) = i(G — v).
Case17.v € S% (the case v € S? is similar).

Assume that v = v; | 3141. Clearly, the set (UJV-ZZS?) Ui 43t42 |0 <t <k —13U{vj 43 | k+1 <
< [w-‘ } is an independent dominating set of G — v of size i(G), and so, i(G) > i(G — v).
To prove the inverse inequality, let T be an i(G — v)-set. As above, we have TN {vj, 54,0, sp}| = 1

' H(Qij) .

foreachl1<j<rand1<s< qi],,and TN {vi],H,...,vij+1,1,vij+1}| > —5Zfor2 <j<r. Nowto
dominate the vertices v;, ,; (1 < j < 3k), we must have |T N {v; 11,...,7; 43¢ }| > k, and to dominate
the vertices v;, 342, . - ., vi,—1, we must have |T N {v;, 1 3k40, - -+, Viy—1, Vi) }| > M
that |T| > i(G), and so, i(G) = i(G — v).
Case 18. v € S?. Assume that v = ©v; 3 2. Clearly, the set (U]’ 2S7) UAviq3e43 | 0 < 8 <

— k. This implies

k=1 U{vj 431 | k+1 <t < [Mw } is an independent dommatmg setof G — v of size i(G),
and so, i(G) > i(G — v). To prove the inverse inequality, let T be an i(G — v)-set. As above, we have
TN {Uij,s,alvij,s,hH >1lforeachl < j<rand1l <s < i and |TN {Uij+2,-~-/Uij+1—1rvi]-+1}‘ >
w for2 < j < r. Ifk = 0, then to dominate the vertices v;, y3,...,v;,_1, we must have
TNV {viy43, -, Vip—1, 03y }| > H(Q”) yielding |T| > i(G). If k > 1, then to dominate the vertices
Vi1, -+, Uiy +3k+1, We must have |T N {vi,42,---,%i,43k+1}| > k and to dominate the vertices
Vi, 3k+2/ - - - » Vi—1, we must have | T N {0,y 3x12, ..., Viy—1, Vi, }| > M —k,s0|T| > i(G). Therefore,
i(G) =i(G —0).
Case19.v € Ur st (the case v € Ur ) S3 is similar).

Suppose, w1thout loss of generality, that 0 = v}, 4 3¢+1. Clearly, the set S7 U U (Y ) U {viy43t42 |

0 <t <k—-1}U{vj, 0543 | k+1 <t < [M—‘} is an 1ndependent dommatmg set of
G — v of size i(G), and so, i(G) > i(G — v). Now, we show that i(G —v) > i(G). Let T be a
i(G — v)-set. As above, we have |T N {vj,50,0;sp}| > 1foreachl < j < rand1 < s < g;,

and [T N {0, 41,0442, -+, Vip—1}| > @ Furthermore, to dominate the vertices Vii42s- -+ Vi g1

w for 3 < j < r. Now, to dominate the

we must have [T N {v,«jJrz,...,vij+1,1,vij+1}|
vertices vy, 11, ...,0j, 13, we must have |T N {v;,41,...,%;,43c}| > k, and to dominate the vertices
Viy43k+2 - - -+ Vig—1, we must have |T N {v;, 3642, .-+, 0i3—1,0i5 }| > M — k. This implies that
|T| > i(G), yielding i(G) = i(G — v).
Case 20. v € U/, SJZ.

Suppose, without loss of generality, that v = v;,,34,. Clearly, the set ST U (U]T:SS]Z) U {vi,43¢ |
0 <t < kK U{oppags | k+1 <t < [HQi)-0k2
of G — v of size i(G), and so, i(G) > i(G —v). To prove the inverse inequality, let T be an
i(G — v)-set. As above, we have |T N {vij,s,arvij,s,b}l > 1foreachl < j<rand1<s <g;, and
Q11)

1} is an independent dominating set

T N {04, 41,0442, Viy—1 }| > . Furthermore, to dominate the vertices Uiy, -, O we

j+1—1
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H(Q/i; . : .
must have |T N {vi].+z,...,vim,l,v,»m}\ > @ for 3 < j < r. Now, to dominate the vertices

Viy41,- -+ Viy43k+1, We must have |T N {vj,,..., 0, 3541} > k+1, and to dominate the vertices
Viy43k+3/ - - -, Viy—1, we must have |T N {0, 3643,...,Vis—1}| > M —k — 1. This implies that
|T| > i(G), and so, i(G) = i(G —v).

Thus, G is an independent domination stable graph, and the proof is complete. O

The proof of the next result is straightforward and therefore omitted.
Proposition 13. If G € Jy, then G is an independent domination stable graph.

In order to present our constructive characterization of independent domination stable unicyclic
graphs, we define a family of graphs as follows. Let G be the family of graphs G that can be obtained
from a sequence Gy, Gy, ..., G of graphs for some k > 1, where Gy € J — T ifk =1and G; € J if
k>2,and G = Gy. If k > 2, G;11 can be obtained from G; by one of the following operations.

Operation O;: If u € W(G;), then O; adds a spider S; with head s and an edge us to obtain G;,1 (see
Figure 3).

Operation O,: If u € V(G;), then O, adds a spider S; (g > 2) with head s and an edge us to obtain
Gij1 (see Figure 3).

Operation Oj3: If G; is a tree and (x,y) € WV(G;), then O3 adds a graph Hy, k, (ki = k2 = 0) and
edges ax, by to obtain G;; (see Figure 1).

Operation Oy: If G; is a tree, x € W(G;) and y € V(G;), then Oy adds a graph Hy, x, (ki = 0,k2 > 1)
and edges ax, by to obtain G; 1 (see Figure 1).

Operation Os: If G; is a tree, x,y € V(G;), then Os adds a graph Hy, , (k1 > 1,ko > 1) and edges ax,
by to obtain G; 1 (see Figure 1).

Operation Og: If G; is a tree, x,y € V(G;), then Og adds a graph P(6, (0,0,kq,k2,0,0)) (k1 > 0,k > 0)
and edges v3x, v4y to obtain G; 1 (see Figure 4).

Theorem 4. Let G € G be a graph of order n > 3. Then, G is an independent domination stable graph.

Proof. Suppose that G € G. Then, there exists a sequence of graphs Gy, Gy, ..., G¢ (k > 1) such that
GieJ—-Tifk=1and G € Jifk > 2,and if k > 2, then G, 1 can be obtained from G; by one of the
operations 01, Oy, - - - , Og. We proceed by induction on the number of operations used to construct G.
If k = 1, the result holds by Propositions 11, 12, and 13. Assume that the result holds for each graph
G € G, which can be obtained from a sequence of operations of length k — 1, and let G’ = G;_;. By the
induction hypothesis, G’ is an independent domination stable graph. Since G = G is obtained by
one of the operations O1, Oy, - - - , O from G’, we conclude from Propositions 5, 7, and 9 that G is an
independent domination stable unicyclic graph. O

Theorem 5. Let G be a unicyclic graph of order n > 3. Then, G is an ID-stable graph if and only if G € G.

Proof. According to Theorem 4, we need only to prove necessity. Let G be an ID-stable unicyclic
graph of order n > 3. The proof is by induction on n. Let n > 11, and let the statement hold for all
ID-stable unicyclic graphs of order less than n. Assume that G is an ID-stable unicyclic graph of order
n. Let C = (v10;...vp) be the unique cycle of G. If G is a cycle, then p = n, and Proposition 1 implies
that G € J3 C G. Now, we consider the case p < n. Choose a vertex u € V(G) — V(C) such that the
distance between the vertex u and the set V(C) is as large as possible. Assume that vjuquy - - - ugu is
the shortest (u, V(C))-path. If £ > 2, then similar to the proof of Theorem 2, G can be obtained from
Gy_1 by one of the operations O; or Oy, and so, G € G. Assume that ¢ < 1.

First, assume v; is not a support vertex for each i € {1, .., p}. Then, G = C(n, Q) for some
Q e N".If D(Q) = 0, then it follows from Corollary 1 that G € J;. If D(Q) = 1, then it follows from
Theorem 3 that G € J. If D(Q) > 2, then we conclude from Propositions 10 and 12 that G € 5.
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Now, suppose that v; is a support vertex for some i € {1,...,p}, say i = 2. Assume c is a leaf
adjacent to v,. We conclude from Propositions 2 and 3 that v; is not a strong support vertex and is not
adjacent to a support vertex. It follows that dg(v,) = 3 and that v, v3 are not support vertices. Let kq
be the number of pendant paths of length two beginning at v1 and k; be the number of pendant paths
of length two beginning at v3. Let G’ be the graph obtained from G by removing v1, v, v3 and the
vertices of all pendant paths at v, v3. By Proposition 6, we have i(G) = i(G') + k; + kp + 1. If G’ is not
an ID-stable graph, then i(G' — v) # i(G’) for some vertex v € V(G'), and it follows from Proposition 6
thati(G —v) =i(G' —v) + ki + ko +1 #i(G') + k1 + ko + 1 = i(G), which is a contradiction. Hence,
G’ is an ID-stable graph, and by the induction hypothesis, we have G’ € G. If k; > 1,k > 1, then T
can be obtained from G’ by operation Os, and so, G € G. Assume that k; = k; = 0. Then, we have
dg(v1) = dg(vs) = 2. Let Sbe ai(G — v;)-set. Since G is an ID-stable graph, we have i(G) = i(G — vy).
To dominate the vertices c,v1,v3, we must have ¢ € S,|s N {vy,v,}| > 1 and |s N {v3,v4}| > 1.
Suppose, without loss of generality, that v4, v, € S. Then, S — {c} is an i(G’)-set containing v4, v, and
so, (v3,vy) € W1, Now, T can be obtained from G’ by operation O3, and so, G € G. Finally, letk; =0
and kp > 1. As above, we can see that vy € W(G'), and since T can be obtained from G’ by operation
Oy, wehave T € G. This completes the proof. [

Figure 4. The operation Og.

5. Bounds

In this section, we provide sharp bounds on ID-stable trees. First, we present a lower bound and
characterize all extremal trees. Let T be the family of trees T that can be obtained from a sequence Tj,
T, ..., Ty of trees for some k > 1, where T; is P, and T = Tj. If k > 2, then all but at most one of T; 4
can be obtained from T; by operation 77, and that one (if any) can be obtained from T; by operation 7
forg =2.

Theorem 6. Let T be an ID-stable tree of order n > 2. Then:
n
(> [
i(T) 2 [5]
with equality if and only if T € %7.
Proof. By Theorem 2, we have T € 7. Thus, there exists a sequence of trees Ty, Tp, ..., Ty (k > 1)

such that Tq is P, and if k > 2, then T;;1 can be obtained from T; by one of the operations 77 or 75.
We proceed by induction on the number of operations used to construct T. If k = 1, the result is trivial.
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Assume the result holds for each tree T € T, which can be obtained from a sequence of operations of
length k — 1, and let T = Ty_1. By Proposition 4 and the induction hypothesis, we obtain:

i(T) = i(T') +i(S;) > [“‘2‘7‘1] T [2”’“} > [4]. M

3 3 3

The equality holds if and only if i(T") = [%—‘ and i(S;) = [@—‘ It follows from the

induction hypothesis that T’ € ¥;. Furthermore, we deduce from i(Sq) = [2‘73—“—‘ that g < 3. First,
let g = 3. It follows from Equation (1) that:

Bl
3 3 3

yielding n = 1(mod 3). This implies that 3|n(T’), which is a contradiction by construction of
trees in ¥y. Hence, g < 2. If T;;; is obtained from T; by operation 77 for each 2 < i < k—1,
then clearly, T € 7;. Assume that one of the T;;4’s is obtained from T; by operation 7; for g = 2.
Then, clearly, n(T') =n—29—1=3(k—1)+ 1. If ¢ = 2, then n(T) = 3(k — 1) + 6, and we have
[%-‘ + [@-‘ =k+2>k+1= ["g) -‘ , which is a contradiction. Thus, g = 1, and this implies
that T € §;. O

Let F7 be the family of all spiders S; for g > 2, /5 be the family of trees obtained from two spiders
Sp and S, by joining their heads, F3 be the family of trees obtained from two spiders S, and S, by
joining the head of S, to a knee of S;, and F be the family of trees obtained from two spiders S, and
S; by joining the head of S, to a foot of S; where p > g = 2 or p,q > 3. For example, the trees obtained
by F,, F3, and F4 when p = q = 3 are illustrated in Figure 5.

M Arh dvb

(@) (b) (©)
Figure 5. (a) Tree J>; (b) tree F3; (c) tree Fy.
The next result is an immediate consequence of Proposition 4.
Observation 1. If T € Ut | F;, then i(T) = ["52].

Theorem 7. Let T be an ID-stable tree of order n > 5. Then:

i(T) < {n;f‘

with equality if and only if T € U | F.

Proof. The proof is by induction on n. If n = 5, then by Propositions 2 and 3, we have T = Ps,
and the result holds. Let n > 6, and let the statement hold for all ID-stable trees of order less
than n. Assume that T is an ID-stable tree of order n. By Propositions 2 and 3, we deduce that
diam(T) > 4. If diam(T) = 4, then by Propositions 2 and 3, T is the healthy spider Spider(dr(vs)),
and so, i(T) = dr(v3) = WW and T € Fj. Suppose that diam(T) > 5. Let v1v;...v; (k > 5)
be a diametrical path in T such that d7(v3) is as large as possible and root T at v;. By Propositions 2
and 3, we have d7(v2) = 2 and that v3 is not a support vertex. Hence, Ty, = Sy, (,)—1- Assume that
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p =dr(v3) — 1. Let T = T — Ty,. Since T is an ID-stable tree, we deduce from Proposition 4 that for
any vertex v € V(T’),
(T —v)+p=i(T—0)=i(T)=i(T")+p

and this implies that i(T" — v) = i(T"). Hence, T’ is an ID-stable tree. It follows from the induction

hypothesis that i(T") < ["72270 73-‘ , and hence,

i(T) <i(T')+i(Sp)

(n—2p—3
< PR —
<[22 -‘er
_[n=3
- 2
< n—ZW
- 2

The equality holds if and only if diam(T) = 4 or diam(T) > 5and i(T') = [%—‘ = [%-‘
and 7 is even, and this if and only if T € F; or diam(T) > 5and T” € Fj by the induction hypothesis.
Thus, the equality holds if and only if T € U}_; F;, and the proof is complete. [

6. Conclusions

In this note, we studied the ID-stable graphs. Some basic properties of ID-stable graphs were
presented and new independent domination stable graphs constructed from an old one. We also
characterized all independent domination stable trees and unicyclic graphs. In addition, we proved
that for any tree T of order n > 5, [5] < i(T) < (”z;zw, and we characterized all trees attaining
the lower and upper bound. An interesting problem is to find sharp lower and upper bounds on
the independent domination number of ID-stable graphs. The other problem is to characterize all
ID-stable bicyclic graphs. Another problem is to study algorithm running times to decide independent
domination graphs.
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Appendix A

Appendix A.1. Trees

By applying the constructive method as above, we obtain all ID-stable trees with order up to 12,
and the statistics of the number of trees with different orders is presented in Table Al.
We list all the independent domination stable trees with orders from 5 to 12 in Figure Al.

Appendix A.2. Unicyclic Graphs

By applying the constructive method as above, we obtain all independent domination stable
unicyclic graphs with order from 3 to 10, and the statistics of the number of unicyclic graphs with
different orders is presented in Table A2.
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We here list all the independent domination stable unicyclic graphs with orders from 3 to 10 in

Figure A2.
e U B2
e
—e—1 N

1 2 3 1 2
TlO TlO TlO Tll Tll
3 4 5 6
Tl 1 Tl 1 Tl 1 Tl 1 T112

==

4 5
TlZ TlZ

%
>
R
[

Figure A2. All independent domination stable unicyclic graphs of orders from 3 to 10.



Mathematics 2019, 7, 820 17 of 17

Table A1l. The number of independent domination stable trees with different orders.

Order 2 3 4 5 6 7 8 9 10 11 12
Number 1 0 0 1 0 1 2 1 3 4 5

Table A2. The number of independent domination stable unicyclic graphs with different orders.

Order 3 4 5 6 7 8 9 10
Number 1 0 1 3 0 8 10 9
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