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Abstract: This paper analyzes the nonlocal elliptic system involving the p(x)-biharmonic operator.
We give the corresponding variational structure of the problem, and then by means of Ricceri’s
Variational theorem and the definition of general Lebesgue-Sobolev space, we obtain sufficient
conditions for the infinite solutions to this problem.
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1. Introduction

This article analyzes the system

Pl M

(x) .
A;(x)u(x) —M(fQ lv”(f)l)p dx)Ap(x)u(x) + ()P 2u(x) = Af(x,u) inQ,
u=Au=0 ondQ,

where ) ¢ RN(N > 2) with a smooth boundary. p(x) € C(Q), A > 0,p(x) € L“(Q),Ai(x)(u) is

the operator defined as A([Aul’™)2Au). N < p = essinfreqp(x) < pt = esssup, qp(x) < oo.
The continuous function M : [0,00) — R satisfies 0 < mg < M(t) < my foreveryt >0. f: QxR - R
has certain conditions.

The biharmonic equation have many applications, such as describing the theorem of beam
vibration, image processing, and so on. In [1], under appropriate conditions and Ricceri’s three critical
point theory, Li &Tang researched a class of p-biharmonic problems, and three solutions were obtained
under the navier boundary value. In [2], Wang & An studied the problem:

o )
u=Au=0 ondQ.

{ A%u(x) —M(fQ |Vu|2dx)Au(x) =Af(x,u) inQ,
In [3], when the nonlinear term f(x, u) satisfying the (AR) condition, using the mountain pass
theorem and local minimum theorem, two non-trivial solutions of the p-biharmonic system have
been obtained. The authors in [4] researched the same problem in [3] and obtained multiple solutions
according to Ricceri’s variational Principle.
The p(x)-biharmonic problem is the general form of the p-biharmonic problem. The operator is
no longer a satisfied homogeneous and pointwise identity. The p(x)-biharmonic problem

®)

A(IAulp(x)_zAu) = f(x,u)inQ),
u=~Au=0 0dQO,
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has also been studied a lot, see [5-10]. When f(x,u) = AulP®)=2yin problem (3), Ayoujil & EI Amross [5]
used Ljusternik-Schnirelmann critical point theorem and found that there are multiple eigenvalues to
this problem. When f(x,u) = AV(x)[u"™*)=21 in problem (3), 1 < g(x) < p(x) < ¥ <s(x), V(x) € L*%¥),
there are multiple eigenvalues to this problem in the neighborhood of the origin in [7]. In [9], Kong
studied the p(x)-Biharmonic equation with the Mountain pass theorem. In [11], Miao obtained the
many solutions to the (p1(x), - -+, pn(x))-biharmonic problem.

The nonlocal problems that arise in elasticity and population models and have attracted much
attention in recent years, see [12-19]. In [14], Dai & Hao considered the nonlocal system

[V ()P ) B
_M[L p(—x)dx]Ap(x)u(x) = f(x,u), 4)

with a Dirichlet boundary condition. When the nonlinear term f(x,u) satisfying the (Ambrosetti
-Rabinowitz condition, there are multiple solutions to the problem (4) using the Fountain theorem.
In [20], multiple solutions for the (p(x), g(x)) problems with the Kirchhoff type were obtained using
Ricceri’s critical point theorem. Based on the Ricceri’s variational principle, Miao [18] studied the
(p1(x),--- ,pn(x)) problems with a Kirchhoff operator.

Although there have been many important results for biharmonic and nonlocal equations in recent
years, the corresponding results have also been applied in practice. However, there is little research
about the nonlocal elliptic systems involving p(x)-Biharmonic operators. At present, the problem of
the variable index has important applications in many disciplines and fields. The chief aim of this
article is to research the system (1) under appropriate conditions using Ricceri’s variational principle.

2. Preliminaries

This section we introduce important theorems on LF() (Q)), W2#() (Q)) which we will use in
this paper.

LP™)(Q) = {u|u is measurable, f u(x)PWdx < oo
Q

p(x)
Iulp(x) = inf{T >0 f dx < 1}.
Q

WP () = (u e LPY(Q) | DYu e PY(Q), | <m,m e Z)

has the norm

u(x)

has the norm
Netll,p () = Zpyt<m! DY el )
v is the multi-index and |y| is the order.
The closure of C*(Q2) in WP (1) is the WSW(X) (Q). From [21], LP™) (Q)), W™P(¥) (Q)) are Banach
space and have reflexivity, uniform convexity and separability.

Proposition 1. ([21]) Suppose ﬁ + po%x) =1, then L") (Q)) and LP™) (Q)) are conjugate space, and satisfy
the Holder inequality:

f uvdx

(@)

= (l% i (#’%)'”'P(x)'”'p%)f ue'®(Q),ve " ®(Q).

We denote X := Wé’p (=) (Q)NW2PX) (Q)) and has the norm

||u||—inf{7\>0|f0(

Au(x) px

p(x)
3 +

Vu(x)

A

)
u(x)
S

p(x)
]dx < 1},
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X is separable and reflexive Banach spaces. By [22], |- ||, ]| - ||2/p(,) and | A ulp(,) are equivalent norms of X.

Proposition 2. ([21,23]) For every Yu € L) (Q)), let ] (u f |ulP ) dx, we have:
(1) ulyy <U(=L>1) e Ju) <l(=1>1);

@)y 21l < J) <l

(3) iy <1l < J) <l

4 |ulyy 20 ]—0.

According to the Proposition 2, for u € X, we can deduce the following conclusions:

MstMWWHWWHMMWMMQMfﬁWML (5)
Q

MWSLMWwHWWHMMWMMﬂMfﬁMKL ©)

The inequality of (5) and (6) play an important role in the deduction of main conclusions.
Proposition 3. ([10]) Whenp~ > §, Q ¢ RY is a bounded region, the X +> C(Q) is a compact embedding.
According to the Proposition 3, Yu € X, there exists a constant K > 0 that depends on p(-), N, Q:

llulloo = suplu(x)] < Klfull. @)

xeQ)

Define the function I : X - R

In(u) = O(u) =AY (u),

|Au|p(x) ,\( |Vu|p(x) ) p(x)|u|}7(x)
= d i)+ [ B, 8
D(u) 0 0 x + M e X +‘f0 e X )
Y(u) = f F(x,u)dx. )
Q

whereM fo s)ds, F(x,u) fo (x, t)dt.
The functlonal CD Y:X—> R are Gateaux differentiable functions, Yv € X, we have:

p(x)
(@’(u),v)_f|Au|P(x)—2AuAvdx+M( Vil dx)f |Vu|P(X)‘2Vqudx+fp(x)|u|ﬁ(x)—2uvdx,
Q a pl) O o)

(‘P’(u),v):Lf(x,u)vdx,

Furthermore, we can deduce that in order to find the weak solution of Problem (1), we can turn to
find the critical point of I. Yu € X, ||u]| > 1, according to (5), we can get

() 1 fQ [AulP@ dx + mg fQ 'Vulz dx+ fQ (x) PO dx
> o M ™,

where M~ = min{1, mp}. Clearly ® is coercive.
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3. Main Results

The following results are due to Ricceri’s [24].

Theorem 1. ([24]) Suppose Banach space X is reflexive; ¥, ® : X — R are Gateaux differential equations,
Y satisfies sequentially weakly upper semicontinuity, ® satisfies coercive and sequentially weakly lower
semicontinuity. When r > iQfCD, denote

sup  Y(v)-¥(u)
ve®1((—00,r))

r—o(u)

@(r) := i fyeq-1((~c0 )

and
v = liminf, , 0@ (r), § := liminfr_)(infq))+(p(r).
X

Hence, one has

(a) Vr > ir}}ffb and A € (0, ﬁ), the functional I, = ® — AY has a global minimum in ®=1((—co,r)), which is
a critical point (local minimum) of I in X.

(b) If v < 400, then, YA € (0, %), one of the following two conclusions holds: either

(b1) I has a global minimum, or

(b2) I has a sequence local minimum (critical points) denoted by {uy}, lil’JIrl D(uy) = +o0.
n—-00

(c) If 5 < +oo, then, YA € (0, %), one of the following two conclusions holds: either

(c1) ® has a global minimum which is a local minimum of I, or

(c2) I has a sequence of pairwise distinct local minimum (critical points) which weakly converges to a
global minimum of ®.

According Theorem 1, we can receive the following conclusions

Theorem 2. Suppose
(A1) ¥(x,t) € A% [0,+),F(x,t) > 0.
(A2) Denote S(x, 1) as a ball with center at x and radius of I,x € Q0,0 < 1y < ,.5(x, 1) € Q If we put

fQ supF(x, t)dx

.. t<o
o = liminfs_, | oo——,
o?

= F(x, t)dx
B:= limsupt_uroofs(’ll)—.

e
One has
x<Lp,
where o
L= pM
pTKP™ (01 4 m102 + |p(x)]e003)
N pt
-2
= )
ra+$H\5-5
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Then, for every

M- (1 1
AEA = - =
) i)

there exists a series of unbounded weak solutions to the problem (1).

Proof. Based on previous results, ®, ¥ meet Theorem 1. Since ®(0) = 0,%¥(0) > 0, then, when r > 0,

we have:

sup fQF(x,U)dx
o)< (10)

From (A2), there exists a sequence {&,} and &, — 400 as n — +oo, the following conclusion

is valid:
fQ sup F(x,t)dx
lim —1<  _ § < e (11)
n—+-c0 EZ

From Proposition 2, Yu € X, we have:

S 17
q)(bl) ZM mln{p—+,p—+}.

Putr, = %—(%)pi for alln € N. When u € ®~!(—c0,7,,), we have ®(u) < r,.

1

- +\pF

If |Jull <1, we can deduce %Ilulll"+ < 1y, then [Ju]| < (%)p .
T\

If ||u|| = 1, we can deduce %Ilullp_ <1y, then |Ju|| < (rﬁ’, )p )

Hence for n large enough (r,, > M7),

1
rapt\r”
Jul < ( La )
From (7),
a1
r P
u() < K(Mi) =&,
Then the inclusion of sets is valid
D7 (=00, 1,) C{|u(x)] < &y u € X). (12)

From (10)—(12), we have

sup [, F(x,0)dx Jry sup pTKP"F(x, t)dx
P(v)<ry |tl<&,,
@(rn) < < - ) (13)
n M—gjr’l

Combination condition (A2), We can get the following conclusion

wd
Y < limJirnf(p(rn) <P — =
11—+ 00

< oo. (14)
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Hence, A C (0, 3—/)
Next step, we want to check that I does not have global minimum for A € A. Indeed, since

_PKLB
M_ 7

> =

we consider a positive real sequence {1,,} = +00 as n = +oco0 and 6 > 0 such that

L P KL Jsry PO 15
A M- pt ' (15)
M
For n large enough, denote u,, € X by
0, x € O\S(x, 1),
Mn(X) = T]n/ ~x € S(:-{/ ll)/ (16)
7 12( —lx=xP), xeS(x hL)\SX ).
2
Then _ —
8un(x) . (;/ X € Q\S(x/ 12) U S(x/ ll)/
8xi - 13312 (;C;_xi)/ X € 5(35,12)\5(3{,[1),
1
iy (x) 0, xeQ\S(x,L)US(x,h),
= ) — —
2 ZZTT};, x € S(x,1)\S(x, Ih).
1 21
We see that
"
[ 1anpax = [ |81, P O < 011, 17)
Q S(xhL)\S(xh)
f Vit = f Vi PO < O (1)
Q SER\S(h)
b= [ s [ e ol (19)
Q S(xl) S(x)\S(x.h)
therefore,
1 +
() < 2= (O 4 m102 + Ip(x) ooB3), (20)
At the same time, from (A1), we can get
Y(u,) = f F(x,up)dx > f F(x,m,)dx. (21)
Q S(x.11)
from (15), (20) and (21). When 7 is sufficiently large, we can deduce that
IN(un) = D(un) =AY (un)
< L(01 4 m0; +1p(x) Iooes 7\f5xl (x,m)d -
M~ Pt
< p*K”_Ln —7\9}/]++Kp Lnn
< pﬂ(p L(l A)mh
SO
In(uy) = —o0, asn — +oo.

According to Theorem 1 (b), Theorem 2 is proved. O
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Theorem 3. Suppose (A1) holds and:
(A3)Vx € Q,F(x,0) =0;
(A4) Let x € O),0 < I <1y,
fQ supF(x, t)dx
o := liminf—1<" < ,
o—0+ of
f —  F(x, t)dx
Y := limsup 5Zh) = ,
t—0t tP
such that
(XO < L1[3 ,
where
pM
1= ’ ’ AN
PP (0] + 1m0 +1p(x)103)
N P
g T [ 2N ] (B~ M)
1 Nyl72_2 2 v
r1+5)\5-54
~ i +N “+N
g2t 2 VBT
2orhle-e PN
N [N Pl
2n2 | ( 1 ] fz 2 _ 2P N-1
05 = =+ (I5—=1°)" v dr
3 7
rH|N (2-2) Jy 2
Hence, for every
A€ A] = M—JF(LO/ iO)/
pTKPTAL BT o
the problem (1) has infinity solutions which converges to 0.
Proof. According to (A3), we have minx® = 0.
{&n) is a real sequence, &, — 01 as n — +oo and
fQ sup F(x, t)dx
. [t<&n 0
Jim e = e @
n
Putr, = ];% for all n € N. Hence, by assumption (A4), we can get
f sup F(x, t)dx
A0 GO pTKP o
e T @
n

It is clear that Ay C (0, 1).

We now show that I, does not take the local minimum at 0. For A € A7, we have

ptKP LiBo

1<
A M-
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{n.} is a positive sequences 1, > 07 as n — +oco. 0 > 0 satisfies

1 o - P+KP+L1 ' fs(xO’Rl)F(x,nn)dx

X M- n’ (25)
Let {u,(x)} defined by (16), we have:
1 ’ ’ ’ B
D (uy) < F(el + m105 + [p(x)] 031, (26)
Combining (25) and (26), we have:
1-2A0)M™),
In (1) = D(1t) = N¥ (1) < - )+ T~ = 1,(0). 27)

According to Theorem 1 (c), Theorem 3 is proved. {u,} is the solution satisfying the condition and
u, » 0.0

Example 1. Let Q = ((=1,1))%, M(t) = a+ bt (a,b > 0) forall t > 0, then mg = a. p(x) defined on Q by
p(x1,x2) = x12 4+ x22 + 3. {a,,) is an increasing sequence given by:

4 = 2,a,41 = n(ay)* +2(n>1).

Define the function f : OXR — R by

1 2 2
(an+1)661_1_(t_””“>2 TR (a4 -t) -,
f(xl/ X2, t) = [1_(t_’1”+1)2]

0, otherwise,

lf (x1/x2/ t) € (1X Unle(an+l/1)/

where S(a,,11,1) denotes a unit ball with center at 4, 1. Then we can calculate
6 Imr—a it
F(x1,x0,) = (ap41)%  Ue1) ,if (v1,x2,t) € QX Up»1S(an11, 1),
0, otherwise,

F is nonnegative and F(x1,x,0) = 0 for (x1,x2) € Q. The maximum of F on Q) X S(a,41,1) is:

2..2
P(xerZIanJrl) = (”n+1)6ex1 T,

Therefore:
F(xll X2, a'rl+1)

5 = +oo.

limsup, _,
An+1

Then we can then get

fs(f,ll) F(x1, x9, t)dxqdx;
t5

F(xl,xz, t)
P

B= ]imsupt_>+oo = |S(’9?, ll)llimsupt_,+oo = 409,

where |S(x, 11)| is the measure of S(x, ;). On the other hand, by choosing 0, = 4,11 — 1, then we have

2142
SUpyy<q, F(x1,22,1) = ()55,

Hence
) Supy<q, F(x1, 22, 1)
limy, o0 3 =0
(any1-1)
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and: F( )
su X1,%X2,t
Himinf ., ; e =0 = 0
Therefore:
su F(x1,x, t)dx1dxy su F(x1,xp,t
o= liminfo Pii<ot( ) — Ofliminfo_ ; o —2M< ( ) _ 0<LB = +oo,

o— 400 0—3

o3

Then from Theorem 2, for every A > 0, the problem

2.,2
X2 4a2+1 _ Vu(x)[T 7212 ; x24x2+1 2+x2+1 _ ;
A(IAuI 174 Au) (a + be pom e dx dzv(quI 1% Vu) + p()u 2 u(x) = Af(x,u) inQ),

u=Au=0 ondQ),

exists as a series of unbounded weak solutions.

4. Discussion

When p(x) = p in problem (1), the corresponding conclusions were given in [4]. The study of a

nonlocal type problem involving p-biharmonic operator has been extended to the p(x)-biharmonic
operator and reached more general conclusions. The results obtained in this paper can provide a
theoretical basis for future research on such problems.
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