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Abstract: In this paper, new refinements and improvements of Jordan’s and Kober’s inequalities
are presented. We give new polynomial bounds for the sinc(x) and cos(x) functions based on the
interpolation and approximation method. The results show that our bounds are tighter than the

previous methods.
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1. Introduction
Jordan’s inequality:

sin(x)

2
- < sinc(x) = <1, =x€(0,7m/2],

)

has been studied in a large number of literature works, and many refinements have

been presented [1-6].
Zhang et al. [7] gave the polynomial bounds of degree one:
2 m-2 sin(x)

d ~2x) <
7T+ 772 (m—2x) < X

2 2
< - +?(7c—2x), x € (0,7/2).

Zhang and Ma [8] gave the improvement of Inequality (2):

4—27rxS sin(x) < 8\/§—ﬁn+2ﬁ—8ﬁxl

1+ 772 x 27T 772

x € (0,71/2).

Qi et al. [9] presented the polynomial bounds of degree two:

<

2 1 (% — 422 < sin(x)

2 m—2
™o X T

+ - (m® —4x?), x€(0,7/2].

Zhang and Ma [8] gave the improvement of Inequality (4):

12 -4 47T — 16 i 8§—14
nx+ T ¥ < sin(x) 1+ nxz, x € (0,7t/2].
2 3 x 3

1+

IN

Deng [10] obtained the polynomial bounds of degree three:

i 2(713 —8x%), xe(0,m/2],

4

@

®)

(4)

©)

(6)
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and Jiang and Yun [11] gave the polynomial bounds of degree four:

T—2

2 1 sin(x) _ 2 4 1.4
<S4+ (rt-1ext),  xe(0,7/2) 7)

4 4
—+2n5(7r —16x%) < p»

Debnath et al. [12] gave the improvements of Inequality (4) and Inequality (7):

sin(x)

gi,Dl(x) < . <gim(x), x€(0,m/2], 8)

and:
sin(x) "

Sapp(x) < p <gim(x), x€(0,m/2], )
where
351,D1(x) =24 %(”2 —4x?) 4+ (1-2) — (3 - %)le
84,0 (%) 2+ %(”2 — )+ (1-2)- (3 - %)xZ + %%,
8o (X) = 2 4+ s (mt —16xt) + (1 — %) — ¢42,
8ipp(¥) = 24+ T2 (m* —16x%) + (1 — %) — 52 + (55 + m)x*.

Agarwal et al. [13] and Chen et al. [14] presented the further improvements of the polynomials
bounds of degree three and four:

ghalx) < == <gha(x),  xe(0,m/2, (10)
l sin(x) _
$5,c(x) < . = g5c(x),  x€(0,m/2], (11)
z sin(x) _ .
8a,0(x) < . = 8ic(x), x€(0,7/2], (12)
where
gé,A(x) — 14 4(66—473T;r+7n2)x _ 4(124—87?;;I+147t2)x2 _ 4(127;471) 3,
_ 2 _ 2 _
g, (x) =1+ 4(75 479Tn+87r )y _ 4102 975T;r+167r )52 _ 4(12n44n) 3,
gé,C(x) —1_ 4(37r 8) X2+ l6(7r 3) 3/
85‘,c(x> —1_ 2(57r 2— 12;/+2ﬁ7r) 4 8(4m—4— 17igf+3fn) _32(m—2— i{Jrﬁr[) )
I _ 4(—48v2— 2+17n+4ﬁn) 32(—28v2-2+97+3v2 2m) 3 _ 64— 161/2—2-+5742+/27) o
8ac(x) =1- pre 2+ e n5 ,
&lf,c(x) — 1 _ A=8v2- 7:237r+2ﬁ7r) x4+ A= 32v2— 68:3137T+16\fn) _32(—4v2- 276T4+3n+5fn) T
64(—12+71+2v27) 4
o x
Zhang and Ma [8] gave the polynomial bounds of degree five:
sin(x
g5(x) < % < 85(x), (13)

where

I —14 2= 2048+/2+2187+/3—(113+128V2) 7t —448+26,6241/2—27,702+/3+(1255+1536/2) T
gS(x) =1+ 272 X+ 2773
4 1168—62,464+/2+64,152+/3— (2825+33921/2 )73 | Z2688+125 ,9521/2—128,3041/3+ (5664+6528+/2) T )7

t p
4 2304-92,160v/24+93,3121/3— (4176+4608\/§)7rx5
6
T

7
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_ 64-+2561/2—(92432v/2)r .2 | —624—15361/2+(528+4256v/2)7 3
g5(x) =1+ 3 x°+ pe: X
+ 1920+3072ﬁ—(1088+640ﬁ)nx4 + —1792—2048ﬁ+(768+512ﬁ)nx5

o 76

Zeng and Wu [15] obtained the polynomial bounds of degree m(m > 2) for sinc(x):

2 2 sin(x) 2 mwm—2
7t U 2 s == S ok Tam (P =20, xe (02 (Y
Another famous inequality,
2
cos(x) >1-— X xe [0,7/2], (15)

is called Kober’s inequality. Some improvements for Kober’s inequality have been proven [16,17].
Sandor [18] presented the polynomial bounds of degree one and two for cos(x):

2 2 2
1-— X < cos(x) <1-— gx+ ﬁx(n —2x), «x€l0,m/2], (16)
2 4 2
1- % <cos(x) <1-— % x € 0,7/2). (17)

Zhang et al. [7] gave the refinement of Kober’s inequality:

1_4—7tx_2(7t—2)

4
2 _ 2
p- 2 x*<cos(x)<1——=x°, x€][0,mr/2]. (18)

T2

Bhayo and Sandor [19] further proved that:

x%/2 24x%/ (57%)

S <1
T3 a2/12 = o)

It is very obvious that the right sides of Inequality (16), Inequality (17), and Inequality (18)
are the same. Recently, Bercu [20] provided a Padé-approximant-based method and obtained the
following inequalities:

—7x% 460 - sin(x) - 11x* — 3607 + 2520
3x2 + 60 x 60x2 42520 '

x € (0,7t/2). (20)

17x* — 480x% 4+ 1080 3x* — 562 + 120
0s(x) < —————,
2x4 + 60x2 4 1080 4x2 4120

xe[0,7/2]. (21)

Zhang et al. [21] gave the improvements of Inequality (20) and Inequality (21):

60,480 — 9240x% + 364x* — 5x°  sin(x) _ 166,320 — 22,260x% + 551x*

0,7/2. (22
840(72 + x?) S Tx T T15(11,088 1 36422 + 5x1) x€On/2 @

20,160 — 9720x2 + 660x* — 13x° os(x) < 15,120 — 6900x2 + 313x*
360(x2 +56) 15,120 + 660x2 + 13x% ’

x € [0,7/2]. (23)

In this paper, we present new refinements and improvements for Jordan’s and Kober s inequalities
based on the interpolation and approximation method. New two-sided polynomial bounds of both
inequalities are given. The results show that our bounds are tighter than the previous conclusions.
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2. Main Results

Firstly, we introduce a theorem of interpolation and approximation, which is very useful for
our proof [22].

Theorem 1. Let wg, wy, - - - ,w, be v + 1 distinct points in [a,b] and ng,ny,- - - n, be r + 1 integers > 0.
Let N = ng + - - - + n, +r. Suppose that g(t) is a polynomial of degree N such that:

g(i)(w]-) - f(i)(w]-), i=0,,mj,j=0-,r
Then, there exists {(t) € [a, b] such that:

(N+1) (& (x r .
o) -3 = T S T - et

Next, we give new polynomial bounds of sinc(x) and cos(x) based on the above theorem of
interpolation and approximation.

Theorem 2. For x € (0, 7t/2], we have that:

14 x® +dix® +epxt + A0 + gx® + iy’ < sine(x) (24)
< 14 byx 4 cox? 4+ dox® + epxt + fox® + gox® + hpa?,
where
o = 448— 8192\f+8748\/3 (1111/2+512ﬁ)n,
4y = —7104+122,880+/2 7555 879\{5/2—1—(14,691/2-&-7168\@)71,
e = 44,352—712,704ﬁ+730,4i857\r/§—(40,256+39,424ﬁ)7'(,
f= —136,000+2,007,040v/2—2,033 910\/+(110 550-+106,496v/2) T ,
a1 = 204,288—2,752,5121/2+2,764, 3678f (150,192+141,312+/2) 7t )
Iy = f119,808+1,474,560ﬁ7146ir,§64\/§+(80,352+73,728ﬁ)71/
by = —33984-20481/2+3159/3 /22 (137/24256+/2+162+/3) )
0= 80,572—45,0561/2—39 123f +(2683/2+6144f +35641/3 )7'[
dy = —762,398-+395,264+/2+393, 174[ > (12,389+59,648+/2 +31,914\/§)7r,
ey = 3,712,68071,769,472\@72,048,004\/5;(62,154+299,520ﬁ+149,040\@)71/
f= —9,854,424+4,276,224\/§+5,820,3367:/§é—(173,844+820,224\/§+382,968\/§)7I’
@ = 13,545,792—5,308,416\/5—8,538,048\/%4;(254,016+1,161,216ﬁ+513,216\/§)n’
hy = 77,537,536+2,654,208\/§+5,O38,848\/%7(150,336+663,552\/§+279,936\/§)7r

8

Proof. Let ey, (x) = sinc(x) — 1 —c1x? —dyx® — epxt — f1x° — g1x° — hyx7, egine(x) = sinc(x) —
1 — byx — cox? — dpx® — epx* — fox° — g2x® — hpx”, then we have eggzc [(x) = egc LX) = sinc®) (x).
It is very obvious that:

x® — 56x0 + 1680x* — 20,160x> 4 40,320) sin(x) + (8x7 — 336x° + 6720x° — 40,320x) cos(x)

sinc® (x) = ( 9

Let h(x) = (x8 — 56x% + 1680x* — 20,160x2 + 40,320) sin(x) + (8x” — 336x> + 6720x3 —
40,320x) cos(x); we have:
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W (x) = x8cos(x) > 0,x € (0,7/2).

Therefore, h(x) is an incremental function in (0, 77/2), and we have h(x) > h(0) = 0; and then,
sinc®) (x) > 0, for x € (0,7/2).
By the definition of e, ;(x) and egjpc, (x), we have:

7T 7T 7T 7T 7T 7T
esinc,l(o) = esinc,l(z) = esinc,l(g) = esinc,l(z) = eginc,l(o) = eginc,l Z) = e;inc,l(g) = e;inc,l(z) =0,
7T 7T 7T T 7T 7T 7T
Esinc,u (0) = esinc,u(g) = esinc,u(Z) = esinc,u(g) = esinc,u(i) = e;inc,u(g) = e;inc,u(Z) = e;inc,u(g) =0.
By Theorem 1, there exit {;(x) € (0,71/2),j = 1,2, such that:

D (G)

. _ Moy T, TTyp
Esinc,1 (X) = Tx (x Z) (x 5) (x 2) 20,
t)
Caimen(02(X)) T T T T
sinc,u 2 2 2
esi X)= ————x(x— =) (x——)(x—%)(x—%) <0
Sl'rlC,u() 8' ( 6)( 4)( 3)( 2)— 4
which means the conclusion is valid.
The proof of Theorem 2 is completed. [
Theorem 3. For x € [0, 7t/2], we have that:
149162 +012% + Ext +px® + Ax® + 0107 < cos(x) (25)
< 1+ Box 4+ 7ax® 4 623 + Eoxt + px + A28 + 0,7,

where

_ 4721/2—2560\/§+(8+128ﬁ+243\/§/2)n

7,[ 4

5 = —35,301+37,888v/2— (128+1792f 243645\/3/2)1
& = 203,230—217,6001/2 +(808+9856f +10,692v/3)71)

= I ,
= —567,420+608,256+/2— (2512+26,6241/2+30,618+/3) T

= 5 ’
A = 771,264—829,440+/2+(3840+-35,328+/2+42,768+/3 )

= =
6, — —409,536-+442,368+/2— (2304-+18,4321/2+23,328+/3) )

= — ,

By = 4584-2561/2-729+/3 +(27+64f 2+427\/3/2)

—23,399/2—5120v/2 +17010\f (594+1536f +675/3 /2)

Y2 =

5y = 118,6694-39,168+/2—159 165f 3+(5319+14 ,9121/243429+/3) )

& = —62,0514—142,848+/2+ 768, 85§f4(24 840+74,8801/2+18, 090\f) )
= 1,766,268+-248,832+/2—2,028 564f —5&-(63 ,8284-205,0561/2+52,164v/3) 0

Ay = —2,592,000—165,888+/2 +2,776,0327;[/; (85,5364-290,304v/24+-77,760v/3 )7'[,
0, = 1,529,280—1,539,648+/3+ (46, 656+167T5 ,8881/2+46,6561/3 3

7

Proof. Let eys)(x) = cos(x) — g — 7122 — 812 — &at — ipx® — Ax® — 01x7, ecosu(x) = cos(x) —
ay — Box — 12x% — 62x3 — Epxt — 172x5 — Apx® — 0,x7; then, we have egfg (x) = e§§3 W(x) = cos(s)(x).

It is easy to see that cos(®) (x) = cos(x) and cos®) (x) > 0, for x € (0, 71/2).
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By the definition of e, ;(x) and ecos . (x), we have:

7T 7T 7T 7T 7T T
ecos,l(()) = ecos,l(Z) = ecos,l(g) = ecos,l(a) = eéos,l(o) = ¢, 1 : :

T T T 7T
ecos,u(0) = ecos,u(g) = ecos,u(z) = ecos,u(g) = ecos,u(E) = eéos,u(g) = eéos,u(z) = eéos,u(g) =0.

By Theorem 1, there exist éj(x) € (0,71/2),j = 3,4, such that

(8)
Ceos, (¥) = ’(f”)% - D=2 -1 20,
_ 6£§2,u(§4(x)) UsY: T2 T2 T <0
ecos,u(x) = Tx(x— g) (x— Z) (x— g) (x— E) =V,

which means the conclusion is valid.
The proof of Theorem 3 is completed. O

3. Conclusions and Analysis

In this paper, we presented new refinements and improvements of Jordan’s and Kober’s
inequalities based on the interpolation and approximation method. Theorems 2 and 3 gave new
polynomial bounds of the sinc(x) and cos(x) functions. Table 1 gives the comparison of the maximum
errors between sinc(x) and the bounds for different methods. MaxErrorj,. 1o, and MaxErrotsine_upp
denote the maximum errors between sinc(x) and the lower and upper bounds. It is obvious that
our results are superior to the previous conclusions. Similarly, MaxError s 1o, and MaxErrorcos_upp
denote the maximum errors between cos(x) and the lower and upper bounds. Table 2 gives the
comparison of the maximum errors of cos(x). The maximum errors of Inequality (25) in Theorem 3 are
less than those of the previous methods.

Table 1. Comparison of the maximum errors between sinc(x) and the bounds for different methods.

Error
Method
MaxErrotsinc_jow MAaxErrotsine_upp
Zhang [7] (Inequality (2)) 8.2396 x 1072 2.7320 x 1071
Zhang [8] (Inequality (3)) 8.2396 x 1072 9.3440 x 1072
Qi [9] (Inequality (4)) 45070 x 10~2 1.1612 x 1072
Zhang [8] (Inequality (5)) 1.5412 x 1072 1.1612 x 102
Deng [10] (Inequality (6)) 15117 x 1071 6.5359 x 102
Jiang [11] (Inequality (7)) 2.0423 x 1071 1.0245 x 101
Debnath [12] (Inequality (8)) 47771 x 1072 2.8730 x 1073
Debnath [12] (Inequality (9)) 2.0664 x 1071 2.0423 x 1071
Agarwal [13] (Inequality (10)) 2.6315 x 1073 9.8638 x 10~4
Chen [14] (Inequality (11)) 24322 x 1073 6.5652 x 10~*
Chen [14] (Inequality (12)) 1.0492 x 10~4 1.1278 x 10~4
Zeng [15] (Inequality (14) (m = 5)) 2.3606 x 1071 1.2987 x 101
Zeng [15] (Inequality (14) (m = 10)) 2.9972 x 1071 2.0465 x 1071
Zeng [15] (Inequality (14) (m = 15)) 3.2094 x 1071 2.4001 x 107!
Bercu [20] (Inequality (20)) 2.6834 x 1073 6.5239 x 107°
Zhang [8] (Inequality (13)) 1.0600 x 10~ 5.4563 x 10~°
Zhang [21] (Inequality (22)) 1.1234 x 106 1.9032 x 10~
Results of this paper (Inequality (24)) 4.1030 x 108 2.4379 x 1078
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Table 2. Comparison of the maximum errors between cos(x) and the bounds for different methods.

Error
Method
MaxErroreos jow  MaxErrotcos upp
Séndor [18] (Inequality (16)) 2.1051 x 1071 5.6010 x 10~2
Séndor [18] (Inequality (17)) 2.3325 x 107! 5.6010 x 1072
Zhang [7] (Inequality (18)) 7.2818 x 1072 5.6010 x 102
Bhayo [19] (Inequality (19)) 2.3230 x 1072 1.0599 x 102
Zhang [21] (Inequality (23)) 1.3987 x 1075 2.9435 x 107°

Results of this paper (Inequality (25)) 3.4330 x 10—’ 2.0736 x 1077

The same conclusions can be found in Figures 1 and 2. We can see that Inequality (13), Inequality (22),
and Inequality (24) have similar results in Table 1. In order to better compare three results, Figure 1
presents the error curves of three methods. Here, the error of the bound is equal to the value of the
bound minus the value of the function. Therefore, the error curve of the lower bound is below the x-axis.
The error of Inequality (24) is obviously less than the errors of Inequality (13) and Inequality (22). For the
same reason, Figure 2 shows the comparison of the errors of Inequality (23) and Inequality (25). It is easy
to find that the errors of Inequality (25) are less than those of Inequality (23).

-6

x 10

6

4 - .

2F ]

R
"’

OF = » == o o s m romm s T -'_P’-‘-:-‘:E‘.':— ------ -
i 1
o
u‘]

4t |

-6} inequality(13) |4
inequality(13)

8+ = inequality(22) |
----- inequality(22)

10 >~ > == inequality(24) |
‘‘‘‘‘ inequality(24)

_12 Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

X

Figure 1. Error plots between sinc(x) and the bounds of Inequality (13), Inequality (22),
and Inequality (24).
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x 10
3
inequality(23)
250 inequality(23) i
‘‘‘‘‘ inequality(25)
3 inequality(25) i
1.5¢ R
. 1f 1
o
W
0.5 1
O [ i e = = TR T m e — T L
-0.5r R
1t i
_1 -5 Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

X

Figure 2. Error plots between cos(x) and the bounds of Inequality (23) and Inequality (25).
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