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Abstract: In this paper, we study differential equations arising from the generating function of the
(r, B)-Bell polynomials. We give explicit identities for the (r, )-Bell polynomials. Finally, we find the
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1. Introduction

The moments of the Poisson distribution are a well-known connecting tool between Bell numbers
and Stirling numbers. As we know, the Bell numbers B, are those using generating function

e =y g, o
o Tl
n=0

The Bell polynomials B, (A) are this formula using the generating function

_ d "
Met=1) Z Bn()\)ﬁz (1)
n=0 '

(see [1,2]).
Observe that

Bu(A) = éAiSZ(n, i),

1 _. o
where Sy (n,i) = a Yi_o(—1)I71())I" denotes the second kind Stirling number.
The generalized Bell polynomials By (x, A) are these formula using the generating function:

00 n
Y- Bl )y = e, (see 2D
n=0 :

In particular, the generalized Bell polynomials B, (x, —A) = Ep[(Z+x — A)"],A,x € R,n € N,
where Z is a Poission random variable with parameter A > 0 (see [1-3]). The (7, f)-Bell polynomials
Gn(x,r, B) are this formula using the generating function:
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F(t,x,r ﬁ 2 Gn x 7, ‘B L' = ei’H-(e/Sf_l)%, (2)

(see [3]), where, B and r are real or complex numbers and (r, 8) # (0,0). Note that B, (x +r, —x) =
Gn(x,7,1) and B, (x) = G,(x,0,1). The first few examples of (r, )-Bell polynomials G, (x, r, B) are

Go(x,r,B) =
Gi(x,1B) =7 +7,
Ga(x,1,B) = r* + Bx + 2rx + 12,
Gs(x,1,B) = r* + B*x + 3prx 4 3r%x + 3Bx% + 3rx® + 1,
Gy(x,7,B) = r* + B3x + 4B%rx + 6Br*x + 4r’x + 7B%x* + 12prx*
+ 6r°x% 4+ 6Bx% + 4rx® 4 x#,

Gs(x,7,B) = r° + B*x + 58%rx + 108%r*x + 108r3x + 5r*x + 1582 x% + 358%rx?

+ 30Br2x% 4+ 10r3x2 + 258%x% 4 30Brx + 10r2x> + 10B8x* + 5rat 4 x°.

From (1) and (2), we see that

5 Gularnply = Ve
0 k 00 m
= (I;)Bk(x/ﬁ)ﬁk;d) (Z_:Ormt,> (3)
= 3 - (" B (x/B)Bkr"k ﬁ
;)(kzo (}) B/ +) &

Compare the coefficients in Formula (3). We can get

Gotrp) = 3 () BBuCa/ B, (2 0)

k=0
Similarly we also have

n

Gu(x+y,1,B) =), (Z) Gi(x, 7, B)Bu_i(y/B)B" .

k=0

Recently, many mathematicians have studied the differential equations arising from the generating
functions of special polynomials (see [4-8]). Inspired by their work, we give a differential equations by
generation of (r, §)-Bell polynomials G, (x,r, B) as follows. Let D denote differentiation with respect
to t, D? denote differentiation twice with respect to ¢, and so on; that is, for positive integer N,

DNF = (aat)NF(t,x,r,ﬁ).

We find differential equations with coefficients a;(N, x, r, B), which are satisfied by

<aat>NF(t,x,7”,ﬁ) —aog(N,x,r,B)F(t,x,r,B) — - -+ —aN(N,X,I”,ﬁ)eﬁtNF(t,x,r,ﬁ) —0

Using the coefficients of this differential equation, we give explicit identities for the
(r, B)-Bell polynomials. In addition, we investigate the zeros of the (r,)-Bell equations with
numerical methods. Finally, we observe an interesting phenomena of ‘scattering’ of the zeros of
(r, B)-Bell equations. Conjectures are also presented through numerical experiments.



Mathematics 2019, 7, 736 3of11

2. Differential Equations Related to (R, B)-Bell Polynomials

Differential equations arising from the generating functions of special polynomials are studied by
many authors to give explicit identities for special polynomials (see [4-8]). In this section, we study
differential equations arising from the generating functions of (7, )-Bell polynomials.

Let

F=F(tx,rB) =Y Gulxr, ﬁ)t—, e Y o) (4)
n=0

Then, by (4), we have

d 0 rt+(e/5t71)§
DF = BtF(t x,7,B) = 3 (e

= IR (4 et (5)

_ rert+(e/3’—1)% I xe(r+/5)t+(e/5f—1)§

= rF(t,x,r,,B) + xF(t,X,T+‘B,ﬁ)/

D2F = rDF(t,x,r,B) + xDF(t,x,r+ B, B)
= rZF(t, x,1,B) +x(2r + B)F(t,x,vr + B, B) + sz(t, x,r+2B,B),

and
D3F = r*DF(t,x,r, B) + x(2r + B)DE(t,x,r + B, B) + x*DF(t,x,7 + 2B, B)

= 3F(t,x,1,B) + x <r2 +2r+p)(r+ ,B)) F(t,x,r+B,B)
+x2(3r +3B)F(t,x,r +2B,B) + x°F(t, x, 7 + 3B, B).
We prove this process by induction. Suppose that

DNF = Z (N,x,r,B)E(t,x,r +iB,B),(N=0,1,2,...). (7)
is true for N. From (7), we get

DNFLF a;(N,x,r,B)DF(t,x,r +iB, B)

|
™=

Il
o

I
™=

i
o

a;(N,x,r,B){(r +iB)F(t,x,r +iB, B) + xF(t,x,r+ (i+1)B,B) }

I
™=

Il
o

a;(N,x,r,B)(r +iB)F(t,x,r +iB, B)

+x Y a;(N,x,r,B)F(t,x,r+ (i+1)B,B)

‘[\12

i=0

(r+iB)a;(N,x,r,B)F(t,x,r+iB, B)

N+1

+x Y ai_1(N,x,r,B)F(t,x,r +iB,B).

i=1

|
™M=

I
<}

From (8), we get
N+1
DNHF = Y a;(N+1,x,r,B)F(t,x,r +ip, B). (9)
i=0
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We prove that
k+1
DME =Y a;(k+1,x,1,B)F(t,x, 7 +iB, B).
i=0

If we compare the coefficients on both sides of (8) and (9), then we get
ay(N+1,x,1,8) =rag(N,x,7,8), ani1(N+1,x,7,B) =xan(N,x,r,B), (10)
and
a;i(N+1,x,7,8) = (r+ip)a;_1(N,x,r,B) + xa;_1(N, x,r,B),(1 <i < N). (11)

In addition, we get
F(t,x,r,B) = aop(0,x,r,B)F(t, x,1,B). (12)

Now, by (10), (11) and (12), we can obtain the coefficients a;(j, x, r, ﬁ)ogi,jg N1 as follows. By (12),
we get
a9(0,x,7,B) = 1. (13)

It is not difficult to show that
rE(t, x,r,B) + xF(t,x,v + B, B)

= DF(t,x,1,B)

iﬂi(lf x,1,B)F(t,x,1+ B, B) (14)

i=0
=ao(1,x,7,B)F(t,x,7,B) +a1(1,x,1,B)F(t,x, v+ B, B).

Thus, by (14), we also get

ao(Lx,r,B)=r, a1(l,x,71pB)=nx. (15)
From (10), we have that
ao(N +1,x,7,B) = rag(N, x,7,B) = - -- = rNag(1,x,7, ) = rNT1, (16)
and
an+1(N+1,x,7,8) = xan(N,x,7,8) = --- = xNay (1, x,7, B) = xNTL. (17)

Fori=1,2,3in (11), we have

N

s (N+1,x,7,B8) =x Y (r+B)*a(N —kx,r,pB), (18)

k=0

N-1
a(N+1Lx,rp)=x)_ (r+ 2B)¥ai (N —k,x,r,B), (19)

k=0

and N2
ai3(N+1,x,7,8) =x Y (r+3p) a(N -k x,r,B). (20)

k=0

By induction on i, we can easily prove that, for 1 <i < N,

a;(N+1,x,7,B) = xN_Zi:H(r +iB)a;_1 (N —k,x,1,B). (21)
k=0
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Here, we note that the matrix a;(j, x, 7, B)o<i j<n+1 is given by

1 r 2 3 oo pNAH
0 x x(2r+p) x(3r*+3rp+B?)

00 x? x2(3r +3B)

0 0 0 x3

0 0 0 0 oo xNH

Now, we give explicit expressions for a;(N + 1, x,r, 8). By (18), (19), and (20), we get

N
ai(N+1,x,7,8) =x ) (r+p)1ag(N —ki,x,7,B)

k=0
N
= ) (r+p)arth,
k=0
N-1
ap(N+1,x,1,B) =x Z (r+2ﬁ)k2a1(N — ko, x,7,B)
ka=0
_1N-1-ky
_xZE 2 T+ﬁkl r+2ﬁ)k2rN k2 k] 1
ka=0 ky—
and
a3(N+1,x,7,B)
N-2
=x Z (r +3,8)k3a2(N — ks, x,1,B)
k3=0

N—2 N—2—k3 N—2—kz—ky

=2 Z Z Z (r+ 3,8)"3(r + zﬁ)kz(r 4 ﬁ)ker—kS—kz—kl—Z'

=0 k=0 k1=0

By induction on i, we have

N i1 N—it1—k;  N—itl—k—-—k ; ,
Zl Z . Z ’ (Il—[(r + Z‘B)lﬂ) PN—HI=E 1k (22)

=0 ki_1=0 k1=0 =1

Finally, by (22), we can derive a differential equations with coefficients a;(N, x, 7, ), which is
satisfied by

N
(;) F(t,x,r,B) —aog(N,x,r,B)F(t,x,1,B) — - — aN(N,x,r,ﬁ)eﬁtNF(t,x,r,ﬁ) =0.
Theorem 1. For same as below N = 0,1,2, ..., the differential equation
DNF = Z (N, x,7,B)eP'F(t,x,1,B)

has a solution "
F=F(t,x,1,B) = e _1)3,
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where
ao(N, x,r,B) =1V,

an(N, x,r,B) = N,

N—i N—i—k; N—i—ki—-n—kz i ,
PP EED oS St vl s (R Rl

ki=0 k;_1=0 k=0 1=1
(1<i<N).

From (4), we have this

o\ N o tk
DNF = F(t,x,r,B) =Y G 7, B)—. 23
(5) Fexnp =L Gentorpg (23)

By using Theorem 1 and (23), we can get this equation:

ZGk+NX7’ﬁ) =

I
™M=
B

Z

kel
‘m

i
o

k k
Z lﬁ G (x, 7, B) — )

[e9)

= ( ( z,Bk g erﬁ)Gm(xrﬁ)> &
i=0m=0

[l
[\12
Z
><
‘m
\_/ TN o
MS

Compeare coefficients in (24). We get the below theorem.

Theorem 2. Fork,N =0,1,2,..., we have

N k
Geen(x,r,B) =) ), ( > k=ma.(N,x,7,B)Gu(x,7,B), (25)

i=0m=0

where
ag(N,x,r,B) = N,

an(N, x,7,B) = xN,

By using the coefficients of this differential equation, we give explicit identities for the
(r, B)-Bell polynomials. That is, in (25) if k = 0, we have corollary.

Corollary 1. For N =0,1,2, ..., we have

Gn(x,7,B) = 2 a;(N,x,r,B).
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For N =0,1,2,..., it follows that equation

N .
DNF— Y a;(N,x,r,B)eP'F(t,x,7,8) =0
i=0

has a solution
rt+(ePt -5

F=F(t,x,r,B)=e

In Figure 1, we have a sketch of the surface about the solution F of this differential equation. On
the left of Figure 1, we give —3 < x < 3,-1 <t < 1,andr = 2,8 = 5. On the right of Figure 1, we

give -3<x<3,-1<t<l,andr=-3,=2.

el
NN
l,."',""
y

e

q

Figure 1. The surface for the solution F(t, x,7, B).

Making N-times derivative for (4) with respect to ¢, we obtain

a\" INY e & tm
<8t> F(t,x,1,B) = <8t> AR X G (51, B) (26)
m
By multiplying the exponential series ¢¥f = Y"°°_ xmt— in both sides of (26) and Cauchy product,
y plying p m=0X"" yPp
we derive
(Y © m © p
e n <at> F(t,x,?’,ﬁ) = Z (—n)m% Z Gm_t'_N(x,r,ﬁ)%
m=0 . m=0 :
m _
= mZ;O kg%) <k> (—n)™ kGN+k(x/T/,3) -
By using the Leibniz rule and inverse relation, we obtain
N N k
e "t (i) F(t,x,y) =) (Il\cj)nl\]_k <8at) (e7™F(t,x,1,B))
k=0
~ [N /N . (28)
= 20 kZE) <k>nNka+k(x —n,r1,B) ot
m= =
m
So using (27) and (28), and using the coefficients of L ives the below theorem.
g g 8
Theorem 3. Let m,n, N be nonnegative integers. Then
" (m _ N _
Yo (3 ) G By = 1 () )nN T Gk (e =, B). (29)
k = \k

k=0
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When we give m = 0 in (29), then we get corollary.

Corollary 2. For N =0,1,2, ..., we have

N

GN(xr r, ,B) = Z (II\(]) nN_ka(X - n,r, ‘B)

k=0
3. Distribution of Zeros of the (R, f)-Bell Equations

This section aims to demonstrate the benefit of using numerical investigation to support
theoretical prediction and to discover new interesting patterns of the zeros of the (7, §)-Bell equations
Gn(x,r,B) = 0. We investigate the zeros of the (r, )-Bell equations G, (x,r, ) = 0 with numerical
experiments. We plot the zeros of the B,(x,A) = 0 forn = 16,r = —5,-3,3,5, =2,3and x € C
(Figure 2).

In top-left of Figure 2, we choose n = 16 and r = =5, = 2. In top-right of Figure 2, we
choose n = 16 and r = —3, = 3. In bottom-left of Figure 2, we choose n = 16 andr = 3,5 = 2.
In bottom-right of Figure 2, we choosen = 16 andr = 5,8 = 3.

Prove that G,(x,r,B),x € C, has Im(x) = 0 reflection symmetry analytic complex functions
(see Figure 3). Stacks of zeros of the (r, §)-Bell equations G, (x,7,8) = 0 for 1 < n < 20 from a 3-D
structure are presented (Figure 3).

On the left of Figure 3, we choose r = —5 and = 2. On the right of Figure 3, we choose r = 5
and B = 2. In Figure 3, the same color has the same degree n of (r, )-Bell polynomials G, (x,, 8). For
example, if n = 20, zeros of the (7, B)-Bell equations G, (x,, ) = 0 is red.

2 ' 2
1.5 1.5
°
1 1
0.5 ° Y 0.5} 1
mE o @0 0 000 — mx o — 0 0 0 0 0ol
(] 1
-0.5 [ ] -0.5
-1 -1
°
1.5 -1.5
-60 -40 -20 0 -60 -40 -20 0
Re (x) Re (x)
2 2

-60 -40 -20 0 -60 -40 -20 0
Re (x) Re (x)

Figure 2. Zeros of G, (x,7,B) = 0.



Mathematics 2019, 7, 736 9of 11

Figure 3. Stacks of zeros of G, (x,7,8) =0,1 < n < 20.

Our numerical results for approximate solutions of real zeros of the (r,p)-Bell equations
Gn(x,r,B) = 0 are displayed (Tables 1 and 2).

Table 1. Numbers of real and complex zeros of G, (x,7,8) =0

Degree 1 r=-—5p=2 r=5p=2
Real Zeros Complex Zeros Real Zeros Xomplex Zeros
1 1 0 1 0
2 0 2 2 0
3 1 2 3 0
4 0 4 4 0
5 1 4 5 0
6 0 6 6 0
7 1 6 7 0
8 0 8 8 0
9 1 8 9 0
10 2 8 10 0

Table 2. Approximate solutions of G, (x,r, ) =0,x € R.

Degree n X

1 —5.000

2 -9.317, —2.683

3 —-13.72, —-5.68, —1.605

4 -18.21, -9.01, -3.77, -1.010
5 —-228, -—-126, —6.4, -2.61, —0.655
6
7

—-274, -163, -93, —47, -1.85 —0.434
-32.0, -20.0, -120, -71, =35, —-134, -0.291

Plot of real zeros of G, (x,7, ) = 0 for 1 < n < 20 structure are presented (Figure 4).

In Figure 4 (left), we choose r = 5 and B = —2. In Figure 4 (right), we choose ¥ = 5and 8 = 2.
In Figure 4, the same color has the same degree n of (7, §)-Bell polynomials G, (x,r, ). For example,
if n = 20, real zeros of the (7, B)-Bell equations G, (x,r, B) = 0 is blue.

Next, we calculated an approximate solution satisfying G,(x,7,f) = 0,r = 5, = 2,x € R.
The results are given in Table 2.
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Re(x) Re(x)

0 20 40 60 -75 -50 -25
00000 o o 0 0 0120 . 0 O 0 0 6 00 00eem

]
¢ 00 0 o . (] 15 0 (] o 0 0 00005

o0 10n (] o 0 o ooeemi(n

0 0

Figure 4. Stacks of zeros of G, (x,7,8) = 0,1 < n < 20.

4. Conclusions

We constructed differential equations arising from the generating function of the (r, f)-Bell
polynomials. This study obtained the some explicit identities for (r, 8)-Bell polynomials G, (x,r, B)
using the coefficients of this differential equation. The distribution and symmetry of the roots of the
(r, B)-Bell equations G, (x, 7, B) = 0 were investigated. We investigated the symmetry of the zeros of
the (7, B)-Bell equations G, (x,r, B) = 0 for various variables r and B, but, unfortunately, we could not
find a regular pattern. We make the following series of conjectures with numerical experiments:

Let us use the following notations. Rg, () denotes the number of real zeros of G, (x,r, ) = 0
lying on the real plane Im(x) = 0and Cg, (4, ) denotes the number of complex zeros of G (x, 7, B) = 0.
Since n is the degree of the polynomial G, (x,r, ), we have RG, (xr,p) = 1 — Cg,(x,p)(see Table 1).

We can see a good regular pattern of the complex roots of the (7, B)-Bell equations G, (x,7, ) =0
forr > 0 and B > 0. Therefore, the following conjecture is possible.

Conjecture 1. For r > 0 and B > 0, prove or disprove that

CHn (x’y) - 0

As a result of investigating more v > 0 and B > 0 variables, it is still unknown whether the conjecture 1 is
true or false for all variables v > 0 and B > 0 (see Figure 1 and Table 1).

We observe that solutions of (7, 8)-Bell equations G,(x,7,8) = 0 has Im(x) = 0, reflecting
symmetry analytic complex functions. It is expected that solutions of (r, §)-Bell equations
Gn(x,r,B) = 0,hasnot Re(x) = a reflection symmetry for a € R (see Figures 2—4).

Conjecture 2. Prove or disprove that solutions of (r, B)-Bell equations G,(x,r, p) = 0, has not Re(x) = a
reflection symmetry for a € R.

Finally, how many zeros do G, (x,r, B) = 0 have? We are not able to decide if G,(x,7, ) = 0 has
n distinct solutions (see Tables 1 and 2). We would like to know the number of complex zeros Cg, (»,p)
of Gu(x,7,8) =0,Im(x) # 0.

Conjecture 3. Prove or disprove that G, (x, 1, 8) = 0 has n distinct solutions.

As a result of investigating more n variables, it is still unknown whether the conjecture is true
or false for all variables 7 (see Tables 1 and 2). We expect that research in these directions will make
a new approach using the numerical method related to the research of the (r, )-Bell numbers and
polynomials which appear in mathematics, applied mathematics, statistics, and mathematical physics.
The reader may refer to [5-10] for the details.
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