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Abstract: Based on the new approach to Lindelof hypothesis recently introduced by one of the
authors, we first derive a novel integral equation for the square of the absolute value of the Riemann
zeta function. Then, we introduce the machinery needed to obtain an estimate for the solution of
this equation. This approach suggests a substantial improvement of the current large f-asymptotics

estimate for (% +it).
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1. Introduction

It is well known that the leading asymptotics for large t of {(s) can be expressed in terms of a
transcendental sum,

0
~ Yy = =0 +it 1, ¢ 1
g(s) m;lmS, s=o+it, 0<o<1, t— o0 (1)

where throughout this paper [A] denotes the integer part of the positive number A. Lindeltf’s
hypothesis, one of the most important open problems in the history of mathematics, states that
for o = 1/2, this sum is of order O(#%) for any ¢ > 0.

The sum of the rhs of (1) is a particular case of an exponential sum. Pioneering results for the
estimation of such sums were obtained in 1916 using methods developed by Weyl [1], and Hardy
and Littlewood [2], when it was shown that {(1/2 + it) = O(t}/6+¢). In the last 100 years some slight
progress was made using the ingenious techniques of Vinogradov [3]. Currently, the best result is due
to Bourgain [4] who has been able to reduce the exponent factor to 13/84 ~ 0.155.

It is interesting that, in contrast to the usual situation in asymptotics where higher order terms in
an asymptotic expansion are more complicated, the higher order terms of the asymptotic expansion of
(s) can be computed explicitly. Siegel, in his classical paper [5] presented the asymptotic expansion
of {(s) to all orders in the important case of x = y = \/t/27. In [6], analogous results are presented
for any x and y valid to all orders. A similar result for the Hurwitz zeta function is presented in [7].
Some of the results of [6] are used in [8] and the latter results are useful for the estimates presented in
this paper.

A major obstacle in trying to prove Lindelof’s hypothesis via the estimation of relevant exponential
sums is that in estimates one “loses” something (the more powerful the technique, the less the loss).
Here we follow the new formalism for analysing the large t-asymptotics of the Riemann zeta function,
introduced in [9]. For the sake of clarity of presentation we restrict our attention to the case o = 1/2.
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We start with the following integral equation derived in Equation (1.6) of [9]:

Lt (it —iTt) , o
7%91 { T(1/2+it) (1/2+1Tt)}|€(1/2+”t)| dr+G(1/2,t)

+0 (efmom) —0, t =5 oo, (2)
61>0,04 >0, 014 = min(51,54),

where I'(z) denotes the usual gamma function, the principal value integral is defined with respect to
T =1and G(1/2,t) satisfies the estimate

G(1/2,t) =Int+0(1), t — oo. 3)

In [9] the computation of the large t asymptotics of (2) is obtained by first splitting the interval
[—t171,1 + t%~ 1] into the following four subintervals:

Ll = [_tél_l/t_l]/ LZ - [t_1/t§2_1]/
Ly=[t271,1 =571, Ly=[1 3711457, @)

with é; € (0,1), j = 1,2,3,4. We employ the same splitting in (2) and hence the asymptotic evaluation
of (2) reduces to the analysis of the four integrals,

i | |
() :tﬁj %{Mra/um)} 10(1/2 +itt)|?dt, >0, ®)

where Iy, I, I, 14 also depend on &1, &, (02, 63), (93,04), respectively, Ly, Ly, L3, Ly are defined in (4),
and the principal value integral is needed only for I4.

Organisation of the Paper

In Section 2 we derive a linear integral equation for |{(s)|?
Sf and SED are defined by (18) and (19), respectively.

In Section 3 we present the methodology for deriving the main result of this paper, namely the
linear Volterra-type integral equation for |{(s)|*> given by Equation (8) below. In this connection,
we first estimate the double sum S} appearing in the linear integral Equation (23):

. This equation is given by (23) where

o
%{Sf(t,53)}=o<tz31nt), t — oo. (6)
Then, we present heuristic arguments regarding the estimation of Si D, which suggest that
s i
3P =0 (t%—zs(lntY) +0 (t‘? lnt> , t— oo @)

Replacing in (23) S¥ and S3P by (6) and (7), for 0 < 8, < 1/2 and 63 = 1/3, we find the main

result of the paper:
2 _/3 2
1 it 1 .
=7 ) K(pt) ‘@ <2 ‘HP)

c(3+1)

where the kernel K(p, t) is given by

dp+0 (t% (1nt)2) .t oo, ®)

K(o,t) = %{mnl/Z—Hp)}. ©)
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For the rigorous derivation of (7) we make crucial use of some of the results of [10].
For completeness of presentation, the relevant results of [10] are reviewed in Section 3.

In Section 4 we derive (7). This derivation is based on the following: first, on a lemma for partial
summation in two dimensions, which is crucial for the analysis of some parts of the sum SiD . Second,

on the asymptotic estimates of the function E{P(t,6) appearing in the definition of S;° which are

given in [11]. Third, on the splitting of S;P into three cases involving certain sums denoted by S,
s(i), s(iil) Relatively straightforward estimates yield that both $(%) and $(7) are O (t% In t) , t— oo

The estimation of $) is quite complicated; details are given in Section 4.3.
Section 5 summarizes the basic results in this paper and discusses future directions.

2. Derivation of a Linear Integral Equation for |{(s)|?

The main result of this section is the linear integral Equation (23) which is obtained from (2)
by computing the contribution of the integrals {I j}‘ll. In this direction, we first recall the estimates
for I; and I, and then we introduce a methodology that computes explicitly the leading asymptotic
behaviour of I4. In addition, this methodology avoids the need to compute the asymptotics of I3.

2.1. The Contribution of I and I
Using Lemma 4.1 of [9], it can be shown that for J; sufficiently small, I; satisfies the estimate

I(t,6) = O (t—1/2+%51) .t oo (10)

Furthermore, by employing the classical estimates of Atkinson, and following the steps of
Lemma 4.2 of [9], it can be shown that that [, satisfies the estimate

b(té&) =0 (1 2Int), 0<&H <1,  to oo (11)
Thus, for sufficiently small ; and J, Equations (10) and (11) yield
L =o0(1) and L =o0(1), t—oo. (12)

2.2. The Contribution of the Leading Order Term of 14

Let I; denote the contribution of the leading order term of I;. This term is defined by replacing
{(s) with the leading term of its large t-asymptotics in (5) for j = 4. Using the change of variables
T =1- %, I becomes

- 1 [t 1/2 + it
I4(t,63,04) = ;?{m %{F(zx)%/—;:_} 10(1/2+ it —ix) | dx, (13)

where the principal value integral is with respect to x = 0, and

[t] [t] ix
Ifa/2+it—ix) =Y ) <m2> , s=%+it. (14)

my=1my= 1m mZ

Thus, we obtain the following expression for the leading behaviour of I;:

(t (53,54 { Z Z — 1 (0’ t,d,, 63, 2)}, S:%-l—if, (15)

my= 171’!2 1
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where J4 is defined by
m 1 ]{t% T(1/2+it—ix) (m ix
t,03,04,— | = = Iix) ———+—=|(— ) d
Ja < ,03,04, m2) ) (ix) T/2 4 o X,
t>0, 0<d3<1, 0<ds<1, mj:1,2,...,[t}, (16)

with the principal value integral defined with respect to x = 0.
Theorem 6.1 of [9] gives the estimate

~ L 1
Ii(t,05,6) =¢— Y. ¥ - +2R {S}f} + R {SED} [1 + O(tz‘ssrl)} , t— 00
mi=1my—1 M1 (17)
1 1
=5 +it, 0 < 3 < , 0 <y < , 034 = max{ds, o4},
where Sf and S iD are defined as follows:
SE(0s) = LY —ae i (18)
mymaeMy 1M
with
My := My(d3,t) {mj =1,...,[t,j=12 — (% t)}
and
[t [
i’ (t,83) = Z Z S 5 i’ (t,33); (19)
my=1my=1 M1
EfD satisfies the asymptotic estimate

2 5 5 1 m i
ESD ~ —y/Ze z t*f —itBgi(e-ns - (7 , t— oo, (20)
V In (mtl—zsg) o
my

my 41—6
when m—it 3 £ 1.

Remark 1. According to the analysis of [9], the derivation of (17) involves the computation of the contribution
of an integral along the so-called Hankel contour. The function S} is related with the contribution of the pole
wp = —i %tl_‘53 and S3P is related with the contribution of the Hankel contour after deforming it so that it

passes through the point of steepest descent wsp = —i. Hence, we call S} and S3P as the Pole and Steepest
Descent contribution, respectively.

2.3. The Contribution of I3
Let I3 be defined by (5), with j = 3. By making the change of variables p = 7, we obtain

1t T(it —ip) . 2
I3(t,62,03) = po ./té‘z %{WF(1/2+1P)} IC(1/2+ip)|" dp. (21)

2.4. A Volterra-Type Integral Equation

It is shown in Appendix A that the first term of the rhs of (17) is the leading asymptotic term of
|Z|2. Hence, (17) becomes
1

Lu(t, 63, 84) ~ —|C(s )|2+zm{s4}+3fe{s } s=o+il, oo (22)
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By replacing in (2), I; and I by (12), I3 by (21) and I; by (22) we obtain the following Volterra-type
integral equation:

o 1ot (it —ip) . 2
|C(1/2+it)] —;/téz gce{1~(1/2+1-1})1"(1/24‘19)}§(1/2+1P)| dp

+2R {s}+R{s{P}+mt+0(1), to o,

(23)

where Sf and SED are given in (18) and (19), respectively.

3. The Methodology for Deriving the Integral Equation (8)

In this section we derive Equation (6) and we also provide heuristic arguments for supporting
the validity of Equation (7). The employment of the estimates (6) and (7), evaluated at d3 = 1/3,
in Equation (23) yields (8).
3.1. An Estimate for S}

In order to estimate the sum S%, we use (1.30) of [9], namely (See Appendix B)

S5(t,85) = SE(t,53) [1 +0 (t”rl)] .t oo (24)
with 1 ,
S5(t,83) = . s= it (25)
(ml,ZmZ)ZGMg mé(ml + 1’}12)5 2
and M3 is defined by
._ e — _19 ™ 1
Ms := Ms(5,1) = {m] =1 [ =12 2 <y _1}. (26)

Using results of [6], it is shown in Theorem 5.1 of [8] that
o
S3(t,83) = O <t23 In t) .t . 27)

Thus, (6) follows.

3.2. An Estimate for S3P

The definition of S i b, given in (19), implies

SD 1 % U] 1 1
t2 | mamt ml%ﬂ(tft&s)mz%fz(t—toa) In (%i’l*‘%)

In order to estimate the sum S3°, we employ the classical techniques of [10,12-14]. These

techniques can be used for the estimation of the sums of the form

1

1<m<n<[t] M

In this connection we recall the following well known result (see, for example, Theorem 5.12
of [13]):
[t 1 1
Yy — :O(télnt), t — co. (29)
n—1 n§+lt
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The above result can be further improved, see, for example, Theorem 5.18 of [13]:

2

1 -0 (t%), t — oco. (30)

[1]
L +it

n=1n2

Using similar arguments, it is straightforward to show that

i 1 ’ 1

1
na

It turns out that the techniques of [10] can be directly applied to estimating sums involving the
lhs of (31). In this way it can be shown that

[ 1 1 )
Y L %+i(t7t53)m%fi(t7t§3) =0 (t3 (Inf) ) ! fr oo
2

m1:1 m2:1 ml

The sum in the rhs of (28), in comparison to the above sum contains the extra term W
n( 22
nll
Fortunately, this term satisfies the properties needed for the partial summation procedure. Actually,
a slight modification of the partial summation technique used in [10] suggests the estimate (7).
We note that the second term of the rhs of (7) is identical with the estimate of (6). This is due to
the fact that the estimation of S37 involves the splitting of the relevant set of the summation of in three

parts, and in one of these parts the summand has the form of the summand of (18).

3.3. Review of Techniques for Estimating Euler-Zagier Double Sums

We summarise some of the techniques used in [10] that will be needed in the estimation of the
sum SiD . In what follows we use the terminology of [10].

In [10] estimates of the Euler-Zagier double sums are obtained by employing techniques
from [12,14]. Indeed, letting s; = oj +it;, with 0 < 0; < 1, j = 1,2 and |tj| ~ cjt, for some
positive constants c;, estimates as t — oo are derived for sums of the form

1 1
L

1<m<n
A special case of Theorem 1.1 in [10] yields

1 1

1, 1,
1<m<n mi-i—lt nZ""lt

@I=

=0 (t (1nt)2) :

The above result, as well as the estimates of Theorem 1.1 therein, provide a ‘sharp’ generalisation
for double sums of the classical result for the single sum of Theorem 5.12 in [13]. In this sense,
the results of [10] improve significantly the analogous results of [15].

Here we are interested only on the part of the analysis of [10] concerning the sums of the form

1 1
51 = Z ﬁﬁl

1<m<n<t
and in particular for the case that 07 = 0 = 1/2. The above sum is estimated by splitting it into two
classes of sums:

[Rz]

si= Y [T(27)+u(277t)],

j=1
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where
TM)= ), L. and  UM)= )

S1 pS2 s1 s2”
M<m<n<am 17 1<m<M ™" Mcn<om P

1 1

The estimation of the sum U (M) is straightforward since it can be reduced to the estimation of a
single sum; this is given by employing the Theorem 5.12 of [13], namely

1<m<M W =0 <t% In t) and M<mZ§2M ﬁ =0 (t%) ’
Thus, 1
o
= u(2t)=o(B5mn?), t-ew,

The estimation of the sum T(M) is more elaborate and is based on Lemmas 3.1-3.5, therein.
Lemma 3.1 appears in [14], Lemmas 3.2-3.4 appear in [12], and Lemma 3.5 is a variation of the classical
and widely used partial summation technique (see for example [13,14]).

Since the latter Lemma plays an important role in our analysis we find it helpful to restate it:

Lemma 1 (Lemma 3.5 in [10]). Let M and N be positive integers such that M < N, f(x,y) be a C>-function
on [M, N| x [M, N|, g(m,n) be an arithmetical function on the same domain, and

Glx,y)= Y.). g(mn).

x<m<n<y

Suppose that
Gy <G, fe(xy)l <x, fy(xy)l <y [fy(xy) <xs,

for some positive constants G, x1, k2, k3, and forany M < x, y < N. Then, we have

Y.Y. flmn)g(mn)

< G[f(M,N) + (1 +K2)(N—M)+K3(N—M)2] (32)
M<m<n<N

In order to estimate the sum T (M) the set of summation is divided in three regions corresponding
to the following three cases:

@ M<t
(b) 5 < M < t3
(c) 5 <M<t

For case (a) it is sufficient to observe that T(M) = O (M), which yields
[ In2t ]

w2

N

g

T(Z’jt) :O(t%lnt), t — oo

(S 1S

i={

For case (c) Lemma 3.4 is used to treat the oscillatory part of the sum, i.e., it is shown that

)3

M<m<n<2M
that T(M) = O (ﬁtln t), it follows that

i i O(tInt). Then, applying partial summation using Lemma 3.5 which shows
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Case (b) is conceptually the same with case (c) but involves more technicalities: Lemmas 3.1-3.3 are

L1 _o (Mt (int)?).

used to treat the oscillatory part of the sum, i.e., to show that Z —
m'i n
M

M<m<n<2
Then, applying partial summation by using Lemma 3.5 in order to obtain that T(M) = O (t% (Int) 2 ) ,

it follows that
1
In

2 T(z—ft) :o( %(lnt)%), F— co.
=[31s]

=1
=S

Z
3

N

Summarising the above results it follows that

$5= Y% %%:o(%(lm)) t s 0. (33)
1<m<n<t

Remark 2. From the above analysis it follows that it is much more complicated to estimate the sums of the form
T(M) in comparison to those of the form U(M); the latter ones correspond to set of summations which can
be decoupled, whereas the set of summations corresponding to the former ones cannot be decoupled. The latter
observation necessitates the use of the Lemma 3.5 in [10], which is related with the partial summation technique.
The sets of summation in our work are more complicated, requiring more general forms of that Lemma. In this
connection, in Section 4.1 we state a general form of Abel’s summation formula for double sums; its proof is

presented in [11].

4. Derivation of the Estimate (7)

In what follows we let J3 = ¢, and throughout the rest of the paper we have s = 1/2 + it.
In order to derive (7), we split the sum SED in three different sums S (i), S(ii), S (iii), in accordance
with the analysis of Section 4.2, below. We analyse these three sums in Section 4.3:

e The estimation of S(#) is straightforward.

e The estimation of $() involves the use of partial summation technique described in [14].

e The estimation of S() is based on the the analysis of [10], but some of the parts of the sum require
the use of a partial summation which is more general than the one derived in [10]. In this direction,
we will use a lemma on Abel’s summation in two dimensions stated below.

4.1. A Lemma for Partial Summation in Two Dimensions

Lemma 3.5 of [10] is a two-dimensional form of the so-called Abel’s summation formula,
see Appendix C. The difficulty appearing in the proof of Lemma 3.5 of [10] is due to the fact that the
set of summation is given by an expression which does not allow the double sum to be decoupled in
two single sums. In the separable case the simple form of the Abel’s summation formula for double
sums is given in Lemma A1, and is straightforward to derive it by applying twice (A1). However,
for our analysis we need to generalise Lemma 3.5 of [10]. This generalisation is given by Lemma 2
below, whose proof is given in [11]. It is this form of Abel’s summation formula for double sums that
is needed for the analysis of the sums (3b) and (4b) appearing in the sum Sg), which is analysed in
Section 4.3.

Lemma 2. Let 0(-) be a linear function and ¢(-) be its inverse. Particular such functions are 6(x) = t°~lx,
¢(x) = t17%x. Let M < N be positive integers and f(x,y) be a C>~function on [8(M),0(N)] x [M, N}
¢(m, n) be an arithmetical function on the same domain, and

G(x,y) = EZ g(m,n).

x<¢p(m)<n<y



Mathematics 2019, 7, 650 9of 18

Suppose that
Gl <G, |fs(xy)l <wx, |fy(xy)l <wx  [folny)] <xs,

for some positive constants G, k1, ko, k3, and for any (x,y) € [0(M),0(N)] x [M, N].
Then, we have

Y)Y, flmm)g(m,n)

M<¢p(m)<n<N

<G [f(e(M),N) + K1 (B(N) = 8(M)) +12(N — M) + K3 (8(N) — 6(M)) (N — M)] (34)

Remark 3. The above formulation is adapted to the subregion (4b) of the splitting presented in Section 4.3,
but the choice of function 8 (respectively ¢) is wider than the particular forms chosen in Lemma 2. The result and

the proof is the same if we substitute in the above formulation ) _ Z with Y Y, thus this result
x<p(m)<n<y x<n<p(m)<y
can be adapted to the subregion (3b).

4.2. The Different forms of E3P

Equation (19) with 63 = 6 becomes

LI

=Yy ¥ S_SDt(S) (35)

S
my=1my=1 M1

Leta = %tlf‘s. It is shown in [11] that the term E;f D is given by the expression below.

(i)  |a—1| > c > 0, with the constant ¢ independent of ¢:
2 in w11 i
ESP ~ —\/;efefltéf—altj, t — oo. (36)

The condition |« — 1| > ¢ > 0 yields that ﬁ =0 (%) is bounded.

i 1>a—-1> T't=%, for some constant T > 0 independent of t:

ESD _y /2 ﬂe—”‘s 1 L e (37)
7T

The condition 1 > |a — 1| > I't" 2, ylelds that - = O(1 )t2 thus the term - 1 is bounded.

0 Ina
Furthermore, this condition restricts the set of summation in a sufficiently small set, so that we
will use a different technique to estimate the relevant sum compared to the case (i).
(i) a=149t"2, A> [y v € R, for any constant y independent of #:

The leading contribution is equal to the pole contribution multiplied by some constant c depending
only on 7, with |¢(y)| < 2 and ¢(0F) = £1.

IfA = g, then, using the analysis in [11], we obtain

imy 2 1 i _je1
ESP ~c(y)e 'miemi T + ehe
4 ™) V27 t5

t — oo. (38)

IfA > g, then, similarly to the above derivation and using the Plemelj’s formulae we obtain

m2

2 . )
EED ~ sjgn(r)/) e oy te %té 2 (1 +0 (i’%iA)) , t— oo, (39)
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The sets of summation corresponding to cases (ii) and (iii) are bounded by the two red lines in
Figure 1.

m 1
t
(2b)
//'(2a)
(1b) i
l-c
4b .
( )'\ {
t
1+c
—{ »(9)
1 / >
1 v J £ t n

(la) (4a) (3b)
Figure 1. The subregions of the set of summation.

Remark 4. In Equation (39) one observes that for A > g the dominant contribution of E3P is given by “plus”
or “minus” half of the pole contribution (depending on the sign of <y), where the pole contribution is given in (18).
Noting that v < 0 < mq,my € My, with My defined in (18), one observes that the dominant contribution of
the expression 2SE + S3P appearing in (17), is equal to S for all v € Rand A > %.

The analysis of the case A = % is included in (ii). Equation (38) elucidates the mechanism responsible for
switching the contribution of E3P from the form (37) to the form (39).

4.3. The Estimation of the Three Parts of S3°

In what follows we will estimate the three sums corresponding to the above three forms of the S3°.

4.3.1. The Estimate of Case (iii)

Recalling Remark 4, we treat the sum associated with the case (iii) similarly to the derivation

of (6), but for a smaller set of summation; hence, it yields the estimate O (t% In t) .

4.3.2. The Estimate of Case (ii)

We treat the sum associated with the case (ii) similarly to Lemma 5.1 in [8], but for a smaller set of

summation. Hence, it also yields the estimate O (t% In t) .
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It is sufficient to estimate the following sum
# compt! ¢
glif) — 1 Y 1 1 1 40
o0 Z s+itd  5—itd my 1—s\ (40)
t2 my=11my—cymyr1—¢ My my; " In (ﬂTlt )

where ¢q and ¢, are two positive constants with ¢, < 2¢;.
Remark 5. The constraint c; < 2cy is satisfied by taking a sufficiently small positive constant c in case (i).
Indeed, if c < % then the condition |x — 1| < 1, yields
Tmgt ™0 < my < Smptt O,
e 1< 5
Thus, the condition 1> |« — 1| > Tt 3 gives rise to two sums of the form (40) with 3 < ¢ < ca < 3, thus
2 < 2¢y. In particular, we obtain 3 < c1 < ca < 1 for the first sum and 1 < ¢ < ca < 3 for the second sum
1 ) = O(1), we will first estimate the sum
1-6
£ 11

ﬂt],g

Recalling that -
t2 In ( iy
0 comyp
1S 11,57
1M

Sa= ).
m2=1my=cymyt1—9

where ¢1 and ¢; are two positive constants with ¢, < 2¢;. Thus, by using partial summation we will

estimate the sum S(7).

Observing that m; takes relatively “small" values in the set of summation of S4, we use the
following inequality without losing crucial information:
C2m2t1_5 1

]

1

1S4l < X —i7 P
m1:01m2t1*‘5 1

my=1 My

Then, we estimate the m-sum using Theorem 5.9 of [13], namely
Y. nt=0 (t%) +0 (at_%) )

a<n<b<2a
Following the partial summation technique appearing in the proof of Theorem 5.12 of [13] and

19 we obtain
1
> , I — oo.

using the fact that a > cymy

ettt o 1
mlzclzmzﬂ*& mffi -
Thus,
Si= ¥ Lo()—0(dm), 1o @
my=1 M2
- (%tl_‘5> appearing in (40),

Using the estimate (41), the monotonicity properties of the term

1
my 41-6
In mlt

yields

) = O(1), the partial summation technique, as described in [14] and the
t — oo.

and the fact that -
t2
1 )
s =0 (t2nt),

Appendix B of [8
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Remark 6. The above approaches do not fully exploit the smallness of the set of summation, thus we expect that
the above estimates can be sharpened (we recall that the sets of summation corresponding to cases (ii) and (iii)
are bounded by the two red lines in Figure 1). In order to exploit the smallness of the set of summation one could
follow the techniques presented in [8], which make use of the results of [6]. However, the estimates provided here
for S and Sare sufficient for the purpose of this paper, since they are the same as (and not weaker than) (6).

4.3.3. The Estimate of Case (i)

In order to estimate this sum we will use techniques similar to the ones used in [10] for the
estimation of the double zeta function, but with two main differences: first, we will split the set of
summation in more regions, and second, for some of these regions, we will use Lemma 2 needed for
the partial summation for double sums, which is a more general form of the Lemma 3.5 in [10].

The term involved in the partial summation is now of the form

1 1 1
mi,my) = ,
f( ) 7l 1 (%tPJ)
1
instead of the term 1 1
f(my, 0 1,
f(ml mz) ml m2 <o <

appearing in [10]. However, f shares the same properties with f needed for the application of the
partial summation technique, provided that the quantity mz t179 is not arbitrarily close to 1; this is
ensured by the condition [« — 1| > ¢ > 0, with the constant ¢ independent of ¢. Furthermore, {;}}
remain the same as in the [10], with the exception of the occasional appearance of a logarithmic term,

due to W However, this term does not affect the relevant estimates; in fact it is slightly helpful
7711

since now {x; }3 are divided by Int.
The term involving the exponential sum now has the form

gl ms) = —
1,M2) = : 5 - NG
i(t—t0)  —i(t—19)
1y 2
instead of the corresponding term of [10]
- 1 1
My~ 1y

Remark 7. The formalism t1 < tp in [10] means that t1 = O(tp) and ty = O(t1). This is compatible with the
selection of our t, and to. Furthermore, the fact that t — t° ~ t implies that all relevant estimates are the same.
It should be noted that the condition |t; + to| > 1 in [10] is imposed because the double Riemann zeta function
considered in [10] gives rise to sums which for t; = —t, are not defined. In our work we deal only with sums

where the set of summation is [1,t] x [1,t]. In analogy, the single Riemann zeta function {(s) and the relevant
t
1
single sum are not defined at s = 1, however, the sum Z — can be estimated to be O(In t).
- M
In summary, the analysis in [10] can be applied to the sums appearing to our work.

The Estimate of Sgi)

First, we treat the part of the sum where my > mj: in this case, it is sufficient to estimate the sum

1 L m 1 1 1
S( H_ 1 : ) 42
) Y. 2:1 sritd mifzt‘s In (%tlftS) 42

nmy
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First observe that since t > m, > my > 1, we obtain that !~ < %tl"s < #2779, thus the quantity

is bounded both from above and below by ﬁ multiplied by some positive constant that
W]

depends only on d. For our purpose it is sufficient to work for 0 < 6 < 1/2, thus we obtain that

1.1 1 2

2t < m(’”ﬁztlﬂs) < It

ml

1
ln(m—2t1—5>

The sum SY) is estimated through the analysis provided in [10] with my = m, my = n. Indeed, we
follow the methodology presented in Section 3.3 above by splitting the set of summation in subsets
corresponding to the forms U(M) and T(M). For the former case we follow step-by-step the analysis
of [10]. Then, we incorporate the contribution of the term m through the analysis used for the
sum S{%) above. This involves the use of partial summation as described in [14] and the Appendix B

of [8]. For the latter case we use f(m,n) = ﬁ 7,11T m and apply the analysis appearing in [10]

and described in Section 3.3 above, with the only difference occurring in the application of Lemma 3.5
of [10], where now the bounds will be multiplied by the term lr{—t Thus, we obtain the estimate

A | 1

ito  5—itd _
1112:1 H’ll:l mi-’rl m; ! ln (%tl 5)

:o(t%lnt), t— oo, (43)

which yields _
sl =0 (t%’% In t) .t oo, (44)

Furthermore, the part of the sum where m, = m; becomes the following single sum

1\ &1 1 )
o(5) & mimas =0 ().

m=1

The Estimate of Séi)

Next, we will treat the sum in the domain m, < m;; this sum presents more difficulties. We first
have to split this domain in several subdomains. In each of these subdomains we use the techniques
of [10]. Furthermore, in some cases the partial summation requires more general forms of the Lemma
involving the partial summation in double sums; for this reason we employ Lemma 2.

Our splitting is motivated by the following observation in the analogue approach of [10]: if the
double sum can be decoupled, namely if the domain of summation (in two dimensions) is a rectangle,
then estimating this double sum can be reduced to estimating two single sums; this occurs for sums
of the form U(M) appearing in [10] (see Section 3.3 above). If the double sum cannot be decoupled,
namely if the domain of summation (in two dimensions) is bounded by at least one curve which
depends on both the horizontal and the vertical coordinates, then a more sophisticated approach is
required, both for the treatment of the double exponential sum and the partial summation technique;
this occurs for sums of the form T (M) appearing in [10] (see Section 3.3 above).

Let us use the notation my = n, mp = m. Furthermore, let us denote by D, the remaining set of
summation, i.e., for (n,m) € [1,t] x [1,¢],let (n,m) € D, iff

m<n and n<mt'=%(1—c),
or (45)
m<n and mt' 0 (14-¢) <n,

for some sufficiently small constant ¢ > 0 (independent of t); these restrictions are induced by the
condition |& — 1| > ¢ > 0, withw = 2179,

In D, there are two types of regions that correspond to sums of the form T(M) in [10]. The first
type is bounded by the line n = m and the second type is bounded by the lines n = (1 & ¢)mt' ¢,
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for some sufficiently small ¢ > 0. For both cases the treatment of the exponential sum follows the
arguments presented in [10] (which first appeared in [12,14]). Considering the partial summation,
the Lemma 3.5 in [10] is sufficient for the treatment of the first case, however, Lemma 2 is required for
the second case.

Thus, in order to estimate the sum

1 1 1 1

(i) _
52 T 2 nsFit p5—itd In <%t1,5) !

s (46)
£2 (n,m)eD,

we split D, into four different regions, where, in addition to conditions (45), the following
conditions hold:

1. Forl<M< %tl_é, two subregions:

(lay m<Mand M <n < 2M.
(Ib) M<m<n<2M.

2. For 3#17% < M < 1t, two subregions:

(2a) t* <m< Mand M < n <2M.
2b) M<m<n<2M.

3. Fortl™9 <« M <t two subregions:

(Ba) M<mt 9 <2Mand % <n< M.
(Bb) M<n<mtl=® <2M.

4. For 7% < M < t, two subregions:

(4a) M<mt'=% <2Mand2M < n < t.
(4b) M <mt'=® <n<2M.

The first subregion of each of the above regions, namely (1a), (2a), (3a) and (4a), are of rectangular
shape, see Figure 1. The corresponding sums are treated similarly to the U(M) sums in [10]. It is
straightforward to modify the relevant techniques therein according to the discussion of the case S§l)

and obtain the essential bound of the rhs of (44). In fact, observing that in these regions m =

O(1), one obtains the estimate O (t%_% (lnt)2> , F— oo

The subregions (1b) and (2b) are of triangular shape, see Figure 1, thus the corresponding sums
are treated similarly to the T(M) sums in [10]. The sums in these regions are treated in [10], via Lemma
3.5. It is straightforward to modify accordingly this approach and obtain the same bound as the rhs
of (44).

The subregions (3b) and (4b) are also of triangular shape, see Figure 1. In order to analyse these
sums we have to modify the approach of estimating the sums T(M) in [10]. It is straightforward to
modify the analysis of the oscillatory part of the sum, namely the part which uses the Lemmas 3.1-3.3
therein. For the analogue of the partial summation we need to use Lemma 2 instead of Lemma 3.5
in [10]. Then, we obtain the essential bound of the rhs of (44). In fact, observing that in these regions

m = O(1), one obtains the estimate O (t%_% (In t)z) , t— oo,
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4.4. An Alternative Way to Estimate ng‘)
It is possible to estimate Sg)
D, = {(n,m) €Lt x[1,¢t, m< n}. Then, we rewrite

using a different and less technical approach. Let us use the notation

Cq o 1
Eir 10 p—it? , 47
2 e, o me i In (14170) (47)

as

1) 1 1 1 1 1
t% (Zmez ns+zt" ms— Ty (n,m) t% (n,n?eDﬁDV ns+itd gy5—it® ( ) (48)
where the functions F and H are C? and are defined as follows
1
————, (x,y) € D,
Fey) =m0 €D (49)
H(x,y), (xy) € D2\ Dy,

with D, defined by the conditions (45). Furthermore, the function P(x,y) : D, — R, which is defined

F(x,y)

by P(x,y) := 1/273/1/2’ belongs to C? and has the following properties:

1 1

P(xy) :O<x1/2y1/2)’ Px(x,y) :O(x3/2y1/2>'
1 1

Py(x,y) =0 <x1/2y3/2> , Pylry)=0 <x3/2y3/2> :

From (49) the set where we have to assure that P(x,y) € C?(D,) is given by the constraint
44170 = 1 + ¢, for some sufficiently small positive constant c. Hence, it is sufficient to determine the
function H(x,y) = d (£+179) , with the following six properties:

(50)

__ 1 "(14c) = 1
dte) = arg 40+ [In(1+0))*(1+0) (51)
d//(1:|:C) = ZRALLESS

[In(1+¢)]°(1 £ )2

for some fixed and sufficiently small ¢ > 0.

Furthermore, the conditions (50) are satisfied if the functions d(r),d’(r),d" (r) are bounded in the
intervalr € (1—¢,1+¢).

Thus, it is sufficient for d(r) to be a fifth order polynomial which satisfies the conditions (51).

Now, the sum Sg)
two arguments:

has the appropriate form, so it can be analysed through the following

e  The first term of the rhs of (48) can be analysed in the same way as the sum Sgi), with the only
difference that in the current analysis we find it more convenient to employ the simpler version of
partial summation technique described in Lemma Al.

e Thesecond term of the rhs of (48) can be embedded in the analysis of the sum S%). In this case it is
more convenient to employ a combination of partial summation techniques, as they are described

in Lemmas 2 and A1, respectively.

The resulting estimate remains invariant.
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5. Conclusions

The main result of this paper is the derivation of the Volterra-type linear integral Equation (8).
In order to derive this equation starting from (1.6) of [9] it is necessary to:

(i) replace I by I, defined by (22).
(if) replace Sf by (6).
(iii) replace SED by (7).

The derivation of (i) is based on replacing in the definition of I, the term|{(s)|? by its leading
asymptotics. The proof that the error term is indeed small is presented in [11].

The derivation of (ii) is given in Section 3.

The derivation of (iii) is given in Section 4 under the assumption that the function EP appearing

n S3P is given by Equations (36)(38); the latter proof is given in [11].

The importance of the derivation of (8) is a consequence of the following considerations: taking
into account that the variable p appearing in the I functions in the integral of (8) satisfies p > 2 and
t —p > t1/3, it follows that these I functions can be simplified as t — co. Indeed, Equations (4.4), (5.7)
and (5.8) on [9] yield

I'(it —ip) Ly [2m _in
x [1 +o<rﬁzs)] , t— oo,
with (523 = min{&z, (53}
Hence, for the specific choice of J; = 3 = %, replacing in Equation (8) the combination of the
Gamma functions by the rhs of the above equation, we find

(b)) =2 { pi)[meft[(l¢>1n<1¢>+¢1n<¢>1}‘g<;+ip)

x[14+0(FV3)] + o(rne?), e,

2
dp

(52)

It is straightforward to show that the ansatz |{ (1/2 + it)|* = O (tl/ é(In t)z) provides a solution
of (52). The rigorous proof that the above ansatz provides the unique solution of the linear Volterra
integral equation will be presented in [11]. This estimate implies that { (1/2 +it) = O (tl/ 121n t),
which is a dramatic improvement of the current best estimate of the large ¢ behaviour of ¢ (1/2 + it).
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Appendix A. Asymptotics of |{(s)|?
Equation (1.3) of [6] for s = % +itand = 2rtt, yields

(s) = %};+O<t—%).

n=1
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Multiplying the above equation with its complex conjugate and using the classical estimate from
Theorem 5.12 of [13], which states that

i(s) =0 (t% In t) )

we obtain
[t 1 1

CEOP= Y Y

S
my=1my=1 M1

+0 (t_% lnt) .

Appendix B. Derivation of (24)

Using the constraint % < %71 <« 1, we rewrite S3 as follows:

5= LY = ¥¥ !

S s _ s
my,my)EMs mz(ml + mz) mq,mp)EMj mems (1 + T2
271 mq

1 1 )1/2e—itln(1+fﬁf)

S 1148
(my,my)EM3 Moty (1 + %
1

= Yy ﬁ (1 +0 (t‘%*l)) it o (P 2)]

q
(mymp)eMz 271
1

= L)L

(my,mz)EM3

it 25,-1\) _ P 2651
3 (10 (@) =st o (@ )], e
Appendix C. Abel’s Summation
The so-called Abel’s summation formula for a single sum is given as follows: let ()5, be a

sequence of real or complex numbers. Define the partial sum function

A(y)= Y ay forany real number y.
0<n<y

Fix a real number x, and let p be a continuously differentiable function on [0, x]. Then,

X

Y awpln) = A()p(x) — [ Alw)p (w) du. (A1)

0<n<x 0
The simple form of the Abel’s summation formula for double sums is given in Lemma A1 below,

and is straightforward to derive it by applying twice (A1).

Lemma A1l. Let A, B,C, D be positive integers such that A < B, C < D and f(x,y) be a C>-function on
[A, B] x [C, D], g(m, n) be an arithmetical function on the same domain, and

Y

Gy =Y Y glmn).

m=An=C

Suppose that
Gy <G eyl <r, fy(xy)l <xa |fry(xy)| <3,

for some positive constants G, k1, ko, k3, and for any (x,y) € [A, B] x [C, D].
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Then, we have

D

B
Y. ) fOmn)g(m,n)

m=An=C

(A2)
< G[f(B,D)JrKl(B —A)+#(D—C)+x3(B— A)(D— C)].
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