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Abstract: In this paper, we establish some new results on the left-hand side of the
g-Hermite-Hadamard inequality for differentiable convex functions with a critical point. Our work
extends the results of Alp et. al (g-Hermite Hadamard inequalities and quantum estimates for
midpoint type inequalities via convex and quasi-convex functions, J. King Saud Univ. Sci., 2018, 30,
193-203), by considering the critical point-type inequalities.
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1. Introduction

Quantum calculus (also known as g-calculus) is the study of calculus without limits,
where classical mathematical formulas are obtained as g — 1. Firstly introduced by Euler (1707-1783)
in the tracks of Newton’s infinite series, the study of g-calculus was established in the early Twentieth
Century after the work of Jackson (1910) on defining an integral later known as the g-Jackson integral;
see [1-4]. In g-calculus, the classical derivative is replaced by the g-difference operator in order to deal
with non-differentiable functions; see [5,6] for more details. Applications of g-calculus can be found in
various fields of mathematics and physics, and the interested readers are referred to [7-10].

The theory of convex functions has been widely studied and applied to various fields of science.
Due to its close relation to the theory of inequalities, a rich literature on inequalities can be found in the
study of convex functions; see [11-18]. This includes the Hermite-Hadamard inequality, introduced by
Hermite and Hadamard independently, which has been studied extensively in recent years.

Let ] C Rbe an interval and f : | — R be a function from | to R. Recall that f is said to be a
convex function if it satisfies the inequality:

fAx+ (1 =A)y) <Af(x)+ (1 -A)f(y), 1)

forall x,y € Jand A € [0,1]. In addition, if an equality holds for all x,y € J and A € [0,1], then f is
said to be affine.
It is also well known that f is convex if and only if it satisfies the Hermite-Hadamard inequality,

which is defined by:
b
F(57) <yt [ rin < HOLIEL @
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foralla,b € ] and a < b. One can estimate by the right-hand side of (2) by using Iyengar’s inequality,
which is defined by:

0210 L [ pan) < MEZ0 (00 - s,

’f f(y x#y}

This fundamental result of Hermite and Hadamard has attracted many mathematicians,

where M denotes the Lipschitz constant, that is M = sup {

and consequently, this inequality has been generalized and extended in many directions; see [19-31]
and the references cited therein.
In 2018, Alp et al. [32] studied the g-analogue of Hermite-Hadamard'’s inequality for increasing

functions, that is, ,
gatby _ 1 / < 9f(a) + f(b)
f(1+q)_b—w A ©)

where g is a constant with 0 < g < 1. Moreover, they studied the generalized g-Hermite-Hadamard
inequality for differentiable convex functions, that is,

af (a) + £(0) W

1 b
max{I;, L, I3} < m/ﬂ f(x) adgx < P

where:

h:f(?:;)'
:f(a+qb)+ (1—‘1)(b—‘1)f/(a+qb),

1+4q I+gq 1+¢
wer () i (42

This paper aims to establish the generalized g-Hermite-Hadamard inequality for differentiable
convex functions with a critical point.

The paper is organized as follows. Some basic concepts are recalled in Section 2. Section 3 contain
the main results, while conclusions are given in Section 4.

2. Preliminaries

In this section, some basic results are mentioned. Throughout this section, we let | = [a, b] C Rbe
an interval and g be a constant with 0 < g < 1.

Definition 1. [33] The g-derivative of a continuous function f : ] — R at x is defined as:

Dy () = LI LDD), for 26, ®

For x = a, we define ,D, f(a) = liin aDgf(x).
X—a

If ;Dy f (x) exists for all x € J, then f is g-differentiable on J. Moreover, if a = 0, then (5) reduces
tooD,f = D, f, where D, is the g-derivative of f, which is defined by:

For more details, see [4].
The higher-order g-derivatives of functions on | are also defined.
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Definition 2. [33] For a continuous function f : | — R, the second-order q-derivative of f on |, if ;Dyf is
g-differentiable on |, denoted by aD% f and defined by:

Dif = aDg(aDy).

Similarly, provided that aDg’l f is the q-derivative on ] for some integer n > 2, the n'"-order q-derivative
of f on | is the function from | — R defined by:

D f = aDg(aD} ' £).
Example 1. Let f : ] — Rwith f(x) = x> + 1. Let q be a constant with 0 < q < 1. Then, for x # a, we have:

(x2+1)—[(gx+(1—q)a)>+1
Dyl +1) = gl

_ (1+g)x*—2qax—(1—q)a* (6)
(x—a)

=1+g)x+(1—g)a.

For x = a, ;Dyf(a) = }CIE}Z aDgf(x) = 2a.

Definition 3. [33] The g-integral of a continuous function f : | — R is defined as:

[ A0t == —a) (e (1= 7)), @)

forx e].
Note that if a = 0, then (7) becomes the classical g-integral of f, that is,

[ #e oyt = =) L 4"

n=0

for x € [0, 00); see [4] for more details.

Example 2. Let f : [a,b] — Rwith f(x) = 2x. Let q be a constant with 0 < q < 1. Then, we have:

/abf(x) adgx = /ab 2x qdgx

—2(1-q)(b—a) i}q”(qw (1-q")a)
_ 2(b—a)(b+qa)
- 144 '

Note that if g — 1, we obtain the classical integration:

b b
/ f(x)dx = / 2xdx = b* — a°.
a a
Theorem 1. Assume that the function f : | — R is continuous. Then, we have the following:

(i) quq fax f(t) adgt = f(x) — f(a);
(i) [T aDgf(t) adgt = f(x) — f(c) for c € (a, x).

Theorem 2. Assume that the functions f,g : | — R are continuous and a € R. Then, we have the following:

(1) fax [f(t) + g(t)] adgt = faxf(t) adgt + fax g(t) adyt;
(i) [ (af)(t) adgt = & [ f(t) adgt;
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(i) [ F(t) aDag(t) adgt = (FQ)I — [ g(gt + (1 — g)a)aDyf (t) adgt for c € (3, ).
For the proofs of the properties in Theorems 1 and 2, see [34].

3. Main Results

In this section, we present our main results on the left-hand side of the g-Hermite-Hadamard
inequality for differentiable convex functions with a critical point.

Theorem 3. Suppose that f : [a,b] — R is a differentiable convex function on (a,b) such that f'(c) = 0 for
c € (a,b), and let q be a constant with 0 < q < 1. Then, we have:

f (q(a+c%i;l—q)b) T f/ (q(u—l—ciigl—q)b) (q(ﬁ:c))

q

hlfa fﬂbf(x)adqx 8)
qf(a)+£(b)
g -

IN N

Proof. Since the function f is differentiable on (a,b), there exists a tangent line at the point

—q)b .
W € (a,b), given by:

hx) = f (q(a—kci——::l(]l—q)b) L <q(a+cij—_l(71—q)b> (x— q(u—i—ci;}:l(]l—q)b). 9

Since f is a convex function on [a,b], it follows that h(x) < f(x) for all x € [a,b].
After g-integrating of (9) on [a, b], we have:

fb h(x) adgx

a

fgb f<q(a+c)+q1 qb) _|_f/( a+c +(1- q)b)
q(a+c)+(1=q)b

X (x— e } adgx
a —q)b
= (b—a)f (Mo

+f (7“’“ HIZY) ([ x gdgx — (b — a) 1LoepIZ00)

( )f q a+c%iql q)b

/ ﬂ+c +(1—-q)b (qa+b) qglatec)+(1—q)b
+f (et 0l - > —

i
— (b—a) [f(q(““liél 1) | g (tessfoan) (s )
< [P F(x) ady

On the other hand, since f is a convex function, we obtain:

b
ﬁ fu f(x)”dqx

IA I
N N N~

ey (L= ) (b= a) T 4" F(q"b + (1 = q")a))]
1—q) 509" f(q"0+ (1 —q")a)
L—q) X 0q"[q"f(b) + (1
1_q)[1f(q)z+f() {(‘;)z]
_ qfa)+f(b)

1+q :

—q")f(a)]

The proof is complete. [
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Remark 1. In Theorem 3, if q € (0, 2], then w € [c,b). We can reduce the left-hand side of

Theorem 3 as:
gla+c)+(1—q)b 1 b qf(a) + f(b)
f( 1+4 )S(b—a)/,,lf(x)“dqxS 1+q

since f' (q(u“ii(ql_q)b) (q(lb;;)) > 0.

Remark 2. In Remark 1, if c — a*, then Z%lb’ — 17. Since q € (0,1), we have w € (a,b).
We can reduce the left-hand side of Theorem 3 as:

b
Flga+ Q=) < oy [ 10 aty < LY,
since f' (q(a“iigl*q)b) (q(lb;qc)) > 0.

Corollary 1. Assume that f : [a,b] — R is a differentiable convex function on (a, b) such that f' (#) =0,
for 0 < g < 1. Then, we have:

q(a+32)+(1—q)b qa+4L)+(1—q)b b—a

f (21+q> +f/( 21+'7 ) Zglwg

L f X)adqx (19
+

Corollary 2. Assume that f : [a,b] — R is a differentiable convex function on (a,b) such that f' (0) =0,
for0 € (a,b) and 0 < q < 1. Then, we have:

ga+(1—q)b ga+(1—q)b gb
f ( 1+q ) +f ( 1+q ) (I+q) F@4F0)
a
—Tafaf ”dqxgq 1+q

(11)

Theorem 4. Let f : [a,b] — R be a differentiable convex function on (a,b) such that f'(c) = 0 for ¢ € (a,b)
and 0 < q < 1. Then, we have:

1- b 1- b 2a—b—c)+b—
f (( q)ﬁg(w )) +f (( q)ﬁg(@r )) (q( a 1+Cq)+ a)
i o F(X)adgx (12

Proof. Since the function f is differentiable on (a,b), there exists a tangent line at the point
(1—q)a+q(c+b)
T+q

k(x) _f<(1—q)ﬁg(6+b)> L ((1—q)iiz(6+b)) (x_ (1—q)iiz(6+b))_ (13)

€ (a,b), which is given by:
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Since f is convex on [a, b], it follows that k(x) < f(x) for all x € [a,b]. After g-integrating (13),

we obtain:
f”k adlgx
—f {f( (1— q?ig(c—i-h )
+f/<1 q;zicher)( (1— q?igc+b))} adqx

( )f (1—q)a+g(c+b)
1+q
1— b) b 1-— b
+f’( = “11‘{7” ) ( U adgx — (b—a)! q)ﬂg(w )) )

( —a)f ((1 ﬂ)ﬂJrq(CJr )

((1 (=gletg(est) i ) [(b—a) ((%) _ %W)]

[f ((1—q)ﬂg(6+b)

+f/ Z(l q)ﬁrz(wrb)) (q(Zqui:rcq)erfa)}
(x
O

< [P f(x) dyx.

The proof is complete.

Remark 3. In Theorem 4, if q € (3, 2], then f' <%) < 0and ‘m% < 0. We can
reduce the left-hand side of Theorem 4 as:

f<(1—b7)ﬁ;7(c )§ — /f < f(?jqf(b)'

since f' (“*q)mmb)) (q(Za—bllcq)wfa) S

Remark 4. In Remark 3, if c — b~ then ¢ — 17. Since q € (1,1), we have
We can reduce the left-hand side of Theorem 4 as:

fla-0® 0 v) < o [ 5w e < LI,

oalontio) ¢ (420, p)

since f' ((1—q)iig(c+b)> (q(Zu—li;cq)—&-b—a) > 0.
Theorem 5. [Generalized q-Hermite-Hadamard inequality for convex differentiable functions]. Let f : [a, b] —
R be a differentiable convex function on (a,b) such that f'(c) = 0 forc¢ € (a,b) and 0 < g < 1.
Then, we have:

max{I, L, } < / f(x) adgx < w, (15)
where
L =f q(a+c%i{(11—q)b +f/ q(u+c)+£ilfq)b q(le:qC))’
L _f (1—q iig (c+b) +f (1—q Tig(cH)) q(Zafl;_cq)H:fa)'

Proof. A combination of (8) and (12) yields (15). Thus, the proof is complete. [
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Example 3. Define the function f(x) = x* on [—1,3], and let q € (0,1). Applying Theorem 3 witha = —1,
b =3, and c = 0, the left-hand side becomes:

f<q(a+ci—4|:l(]1—q)b>+f,(q(a+ci—|—;t(71—q)b> q(lb;q B _a/ F(*)adyx

(32 (359 (32 -3 [4(1 ~a) L e - (1 q”))]

~ —9g* —9¢° — 94> — 16q
1+q*(A+q+49*) —

For the right-hand side, we have:

L/%zdef(—le(i“): 6 8 ., 9t+4_,
3—(—1) /4" "1 1+gq 1+g+4¢> 1+9q 1+qg =

Example 4. Define function f(x) = x* on [—1,1], and let q € (0,1). Applying Corollary 2 with a,b = —
and ¢ = 0, the left hand-side becomes:

() () e e
() () (117)<1q>’§)q"f<2q"1>

4 —4q9+1  29(1-2q9) 1+29-2¢*+4°
(1+9)? (1+9?% (A+q+¢*)A+q) —

For the right-hand side, we have:

1 ! af(=1)+f(1)
1- (-1 /_1xz”dqx_ 1+g
_1 - n n n 1+q
=5 2)};}‘7f(5l—(1—‘7)) T 1tg

4 4

= - +1-1<0.
T+q+q*> 149 -

Example 5. Define functions f(x) = x* on [=3,1], and let q € (0,1). Applying Theorem 4 with a = —3,
b =1, and c = 0, the left-hand side becomes:

f<(1—q)a+q(c+b)> +f,<(1—q)a+q(c+b)> <q(2a—b—c)+b—a)

1+¢g 1+¢g 1+¢g
1 b
_a/f(x)adqx
49 -3 , 4q—3) (4—7q> 1 > "
—— 14(1— 49" — 3
() +r (32) () -5 [pa -0 £ a'ras 3)
16> —249+9 5647 +74q — 24 16 24

— —9<0.
(1+¢9)? (1+¢9)? 1+q+q2+1+q -
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For the right-hand side, we have:

15, af (=3) + £(1) 16 24 97 +1
S dox — - - 9 <
) /_1x”x 1+gq Trgr@ 1+q 1+q

3 B

4. Conclusions

In this paper, we considered and investigated the class of differentiable convex functions,

which has a critical point in the setting of g-calculus. We used the approach of g-calculus to derive
some new results on the left-hand side of g-Hermite-Hadamard inequalities. It is expected that the
ideas and techniques presented in this paper will stimulate further research in this field.
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