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Abstract: The numerical method for solving the fuzzy linear programming problems with fuzzy
decision variables is proposed in this paper. The difficulty for solving this kind of problem is that
the decision variables are assumed to be nonnegative fuzzy numbers instead of nonnegative real
numbers. In other words, the decision variables are assumed to be membership functions. One of the
purposes of this paper is to derive the analytic formula of error estimation regarding the approximate
optimal solution. On the other hand, the existence of optimal solutions is also studied in this paper.
Finally we present two numerical examples to demonstrate the usefulness of the numerical method.
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strong duality theorem; weak duality theorem

1. Introduction

Solving the fuzzy linear programming problem has received considerable attention for a long
time. Bellman and Zadeh [1] first studied the fuzzy optimization problems by using the aggregation
operators to combine the fuzzy goals and fuzzy decision space. Tanaka et al. [2], Zimmermann [3,4]
and Herrera et al. [5] considered the aspiration level approach to study the fuzzy linear programming
problems. Verdegay [6] studied the fuzzy primal and dual problems. Buckley [7], Julien [8] and
Luhandjula et al. [9] solved the mathematical programming problems based on the possibility.
Inuiguchi [10] studied the so-called modality constrained programming problems based on the
possibility and necessity measures.

Considering the fuzzy coefficients in optimization problems is also an important issue, where the
decision variables are still assumed to be nonnegative real numbers. Wu [11-14] used the so-called
Hukuhara derivative to study the duality theorems and optimality conditions for fuzzy optimization
problems. Li et al. [15] used the generalized convexity to study the optimality conditions. The Newton
method was proposed by Chalco—Cano et al. [16] and Pirzada and Pathak [17] to solve the fuzzy
optimization problems. In this paper, we are going to solve the fuzzy linear programming problems in
which the decision variables are assumed to be nonnegative fuzzy numbers. This consideration will
complicate the problem. The existing articles for studying the fuzzy linear programming problems
with fuzzy decision variables always assume the fuzzy decision variables to be the triangular fuzzy
numbers or trapezoidal fuzzy numbers by means of their simple forms. In this paper, the fuzzy
decision variables are assumed to be the general bell-shaped fuzzy numbers. This is the first attempt
to solve this kind of difficult problem.

Buckley and Feuring [7] used the evolutionary algorithm to solve the so-called fully fuzzified
linear programming problems in which the coefficients and decision variables were assumed to be
triangular fuzzy numbers. Ezzati et al. [18] studied the fully fuzzy linear programming problems in
which the coefficients and decision variables were also assumed to be triangular fuzzy numbers
by converting the original fuzzy problem into a multiobjective linear programming problems.
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Ahmad et al. [19], Jayalakshmi and Pandian [20], Khan et al. [21], Kumar et al. [22], Lotfi et al. [23],
Najafi et al. [24] and Nasseri et al. [25] also studied the fully fuzzy linear programming problems
based on triangular fuzzy numbers. Kaur and Kumar [26] studied the fully fuzzy linear programming
problems based on trapezoidal fuzzy numbers. Baykasoglu and Gocken [27] used the particle swarm
optimization method to solve the fuzzy mathematical programs with fuzzy decision variables in which
only triangular fuzzy numbers were taken into account. The main reason for considering the triangular
fuzzy numbers and trapezoidal fuzzy numbers is that they can be parametrically represented and
formulated. In other words, the above methods will be invalid when the fuzzy quantities are not taken
to be triangular fuzzy numbers or trapezoidal fuzzy numbers. This drawback will be overcome in
this paper.

The fuzzy transportation problems are frequently formulated as fuzzy linear programming
problems with fuzzy decision variables. However, the fuzzy quantities are still assumed to be triangular
fuzzy numbers or trapezoidal fuzzy numbers for avoiding the complication. Chakraborty et al. [28]
and Jaikumar [29] solved the fully fuzzy transportation problems using triangular fuzzy numbers.
Baykasoglu and Subulan [30] studied the fuzzy transportation problems with fuzzy decision variables
in which the fuzzy quantities are also taken to be triangular fuzzy numbers. They used the so-called
constrained fuzzy arithmetic (ref. Klir and Pan [31]) to transform the fuzzy transportation problems
with fuzzy decision variables into a-level problems for a € [0, 1], where the a-level problems are the
crisp mathematical programming problems. Ebrahimnejad [32] and Kaur and Kumar [33] solved the
fuzzy transportation problems using the so-called generalized trapezoidal fuzzy numbers. Kaur and
Kumar [26] also studied the unbalanced fully fuzzy minimal cost flow problems in which the fuzzy
quantities are taken to LR fuzzy numbers. The above existing methods did not consider the error
between the optimal solution and numerical optimal solution. One of the contribution of this paper is
to obtain the error bound between the optimal solution and numerical optimal solution.

The fuzzy linear programming problem with fuzzy decision variables is a difficult problem
because of solving this kind of problem is that the decision variables are taken to be membership
functions. In this paper, we shall use the basic properties of fuzzy numbers to transform the original
fuzzy linear programming problem into a scalar optimization problem in which the decision variables
are monotonic functions defined on the unit interval [0, 1]. In order to solve this transformed scalar
optimization problem, we shall consider its discretization by equally dividing the unit interval [0, 1]
into subintervals, which can be formulated as a linear programming problem. One of the purposes
of this paper is to derive the analytic formula of error estimation regarding the approximate optimal
solution. Therefore, we need to study the dual problem of the discretized linear programming problem.
The existence of optimal solutions is also studied in this paper. Some slight sufficient conditions are
needed to guarantee the existence of optimal solutions.

This paper is organized as follows. In Section 2, the fuzzy linear programming problems with
fuzzy decision variables are formulated. In order to solve this original problem, it is transformed into
a scalar optimization problem. The solution concepts and some related properties will be established.
In Section 3, we shall introduce a discretized problem of the transformed scalar optimization problem
by equally dividing the unit interval [0, 1] into subintervals with equal lengths. The dual problem
of this discretized problem will also be formulated in order to design the computational procedure.
In Section 4, we shall derive an analytic formula of the error bound. The concept of asymptotic no
duality gap and the related results will be established. In Section 5, we shall study the existence
of optimal solutions by providing some slight sufficient conditions. In Section 6, we shall derive
a tighter bound of error estimation for nonnegative case. In Sections 7 and 8, the computational
procedures are proposed, and two numerical example are provided to demonstrate the usefulness of
this practical algorithm.
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2. Formulation

The fuzzy subset A of R is defined by a membership function ¢ ; : R — [0, 1]. The a-level set of A,
denoted by A,, is defined by
Ay ={xeR:{5(x) > a},
for all « € (0,1]. The O-level set Ay is defined as the closure of the set {x e R:&5(x) > 0}. Ttis clear
to see that A, C Aﬁ fora > B.

Let A and B be two fuzzy subsets of R. According to the extension principle, the addition and
multiplication between A and B are defined by

$iep(z) = sup min{G;(x),55(y)},

{(oy):z=x+y}

and

$ing(z) = sup  min{¢;(x),¢z(y)}-

{(xy)z=xxy}

Let @ be a fuzzy subset of R. We say that @ is a fuzzy number if and only if the following conditions
are satisfied:

e Jisnormal, ie., 3(x) =1 forsome x € R;

e 1isconve, i.e., the membership function ¢;(x) is quasi-concave;
e  the membership function {j is upper semicontinuous;

e the 0-level set ay is a closed and bounded subset of R.

It is well-known that each a-level sets 4, of a fuzzy number 4 is a bounded closed interval in R,

which is also denoted by

a = [ak,a4).

Remark 1. Let d be a fuzzy number. Then we have the following properties:

e ab<alforallacl0,1);

e 4L is increasing with respect to a on [0,1];

e aY isdecreasing with respect to a on [0,1].
We say that 7 is a nonnegative fuzzy number if and only if Ek > 0foralla € [0,1]; thatis, ifr <0
then &(r) = 0. Similarly, we say that 7 is a nonpositive fuzzy number if and only if 2 < 0 for all

a € [0,1]; thatis, if ¥ > 0 then &z (r) = 0.
Let @ and b be two fuzzy numbers. Then

(a@ﬁ)a = G+ by = [ak,ad] + [BE,BY] = [ak +BL,al + 5| fora € [0,1], )
and
(ﬁ@ﬁ)“ — Hy % by = [ﬁ,ﬁ,aﬂ * [Eg,@gf}
= |min {abg, agby, by, B | max {akby, akby, albl, allbl! | fora € [0,1)
In particular, if b is a nonnegative fuzzy number, then
(ﬁ@?)a = [mm {agz;g,aggg} , max {ag@g,aﬁg}} for a € [0, 1].

Therefore we can also consider the following two cases.
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e  Suppose that 7 and bare nonnegative fuzzy numbers. Then
(a ® E) - [a,,%,,%, adpu ] for a € [0,1]. )
0
e  Suppose that 4 is a nonpositive fuzzy number and bisa nonnegative fuzzy numbers. Then

(m'z?)a = [ag'z}y,aﬁﬂ for & € [0,1]. 3)

Let ﬁj, E-]- and ¢; be fuzzy numbers fori =1,--- ,pandj =1, -- -, 4. For convenience, we write
the a-level sets of them as

@)y =y, (@) =a%, by =bh, (G =bll, (@) =k and (&) = .
Now we consider the following fuzzy linear programming problem with fuzzy decision variables
X1, , Xgt
(FLP)  max (@1 ®%)® (0m0X%)d- - & (1, ®%,)
subject to (Ej] ®f1) @ (E‘z@fz) S D <Eiq ®5qu) <¢cfori=1,---,p;
each X; is a nonnegative fuzzy number forj =1,--- g,

where the partial ordering < appeared in the constraints will be interpreted below by considering their
«-level sets. Let
f@AX)=(010%)8(@Hme%) & & (1;®X)

and
5 (b:,%) = (bnom) e (hoon) e o (o) fori=1,,p.

Then, by considering the lower and upper bounds of a-level sets of constraints, the fuzzy linear
programming (FLP) problem is interpreted as follows:

(FLP) max f(@,%)

~ L

subject to (§Z (bi,i)) <ct fori=1,---,panda € [0,1];
0
~ u

(371- (bi,i)> <Mfori=1,---,panda € [0,1];
24

each ¥; is a nonnegative fuzzy number forj =1,--- 4.

We assume that each Eij is a nonnegative or nonpositive fuzzy number. Foreachi=1,---,p, we
define the sets of indices as follows:

b = { j: E’j is a nonnegative fuzzy number} , 4)

and
N; = { j : bij is a nonpositive fuzzy number} . &)

It is clear to see that P, UN; = {1,2,--- ,q} fori=1,---,p.
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Using (1)—(3), the problem FLP can be written as follows:

(FLP) max f(ax)
subject to Z Eﬁa -fﬁﬁ— Z Efj“~fu < E%Xfori =1,---,panda € [0,1];

jx
{j:jepi} {j:ieN;}
) E}f“-a?]La+ ) EiL]la'J?]LiSE}iforizl,---,pandzxe[0,1];
{jjeN;} {:jeP;}

each ¥; is a nonnegative fuzzy number forj=1,--- ,q.

Since the decision variables 37]- forj=1,---,q are assumed to be nonnegative fuzzy numbers,
according to Remark 1, the problem FLP can also be written as follows:

(FLP) max f(a,x)
subjectto ) EZ-L]-[X'Y-L + ) E{}afli <ch fori=1,---,panda € [0,1];

£ e K ]
{j:jiep;} {j:jeNi}

Z Effa~27]L“+ Z Eﬁa~%i§difori:1,---,pandoce[0,1];
{jijEN:} {j:jePi}

J?]li zy?jLa >0forj=1,---,gand « € [0,1];
each 55]-La is an increasing function with respect toa on [0,1] forj=1,--- ,g;

each f]LoI( is a decreasing function with respecttoa on [0,1] forj=1,--- ,g.
Given any two vectors u = (u1,us) and v = (v1,v;) in R?. we define

u < vifand onlyif u; < vy and uy < vy,

and
u < vifand onlyifu < vandu # v.

It is clear to see that (uy, uy) < (v1,v2) if and only if

up <o up <o up <o
! 13 or 1="1% or ! LN (6)
Uy < vy Uy < Up Uy < 0y
Given a fuzzy number 4, we can consider the following vector
1 1
( / alda, / a}fm) € R2.
0 0

Now, given any two fuzzy numbers @ and b, we define
~ 1 1 1. 1.
i < bif and only if ( / ikda, / zzﬁ,{m) < < / bLda, / byda) .
0 0 0 0
Equivalently, it means that

~ 1 1. 1 1_
i < bif and only if / dlbda < / bLda and / da < / Uda.
0 0 0 0

We also define

~ 1 1 1. 1_
i < bif and only if ( / akda, / ziﬁ,{da) < < / bLda, / b}}da). @)
0 0 0 0
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It is clear to see that @ < b if and only if one of the following conditions is satisfied:

1 1 1 1
~I, 7L ~U Tu
ad(x</bdzx d/adzxg/bdoc
/0 & o et ana ji fa o
or
/1~Ld </15Ld d/1~ud </1ia'ud
a 14 & and a 14 14
0 0 — 0 4 O 14 0 4

or

1 -1 1 -1

oL 7L ~u Tu

adoc</bdzx d/adoc</bd1x.
/o & o efrand ji o

Definition 1. We say that X* = (X}, ,X;) is a nondominated optimal solution of fuzzy optimization
problem FLP if and only if there does not exists another feasible solution X such that

fEx) < f@ax),
where f(a,X) denotes the fuzzy objective function of FLP.

From (7), we see that X* is a nondominated optimal solution of problem FLP if and only if there
does not exists another feasible solution X such that

</01 (f('i,i*))ida,/ol (f(a,;*))fm) < (/01 (f(a,i))zcm,/ol (f(ﬁ,i));lda). ®)

We define
u

' (f(a, i)) du

14

fFEx) = /01 (f(ﬁ,i)):da and fY (3,%) = /

0

and consider the following biobjective optimization problem

(BOP)  max ( fLa,%), Y@, z))
subjectto ) b ~97]-La—0— Y EiLja-fU <éet fori=1,---,panda € [0,1];

iju ja
{j:jepi} {j:jeN;i}
Z Ez‘Lan'ija"’ Z Effa-%%§Eﬁfori:1,---,pandoc€[0,1];
{j:j€N;} {j:jePi}

0< JYJL,X gf}j( forj=1,--- ,gand a € [0,1];
each JTJLa is an increasing function with respect toa on [0,1] forj=1,--- ,g;

each 37]% is a decreasing function with respecttoa on [0,1] forj=1,--- ,q.

Recall that X* = (X7, - - -, X;) is a Pareto optimal solution of the biobjective optimization problem

BOP if and only if there does not exists another feasible solution x such that
(frax. f1ax) < (fFax) faEx)). ©)

It is clear to see that the expressions (8) and (9) are equivalent. Therefore we have the following
useful result.

Proposition 1. X* is a nondominated optimal solution of FLP problem if and only if X* is a Pareto optimal
solution of BOP.
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Now we consider the following scalar optimization problem corresponding to the BOP:

(SOP)  max  fL(3,x)+ fY(3,%)
subject to Z Efja-f}a+ Z LU < E%Xfori =1,---,panda € [0,1];

ijo " jn
{Usiebi} {j:ieNi}
Y b}}&@ﬁ;ﬁ ) bga.fh{gggifori:L...,pandae[011],.
{j:jEN;} {j:jen;}

OSEJI-;X §3?].Liforj:1,--- ,gand « € [0,1];
each f]La is an increasing function with respecttow on [0,1] forj=1,--- ,g;

each fJLﬂ{ is a decreasing function with respecttoa on [0,1] forj=1,--- 4.
Then we have the following interesting result.

Proposition 2. If X* is an optimal solution of scalar optimization problem (SOP), then X* is also a Pareto
optimal solution of BOP.

Proof. Suppose that X* is not a Pareto optimal solution of the BOP problem. Then there exists X°
such that

(frax) 1 ax) < (ffax) MEx).
Using (6), we see that
fFax)+ 1 @x) < ffax)+f1ax),
which contradicts the optimality of X* for the SOP problem. This completes the proof. [

Theorem 1. If X is an optimal solution of SOP, then X is also a nondominated optimal solution of FOP problem.

Proof. The result follows immediately from Propositions 1 and 2. O

From Theorem 1, in order to obtain the nondominated optimal solution of the original FOP, it
suffices to find the optimal solution of SOP. In the sequel, we are going to numerically solve the SOP
by presenting the error estimation.

We assume that each 4; is a nonnegative or nonpositive fuzzy number for j =1, - - , g, and define
the sets of indices as follows:

P = {j : aj is a nonnegative fuzzy number }
and
N = {j : @j is a nonpositive fuzzy number} .

It is clear to see that PUN = {1,2,---,q}. Let us recall that we also have the sets of indices P
and N; defined in (4) and (5), respectively, fori =1, .-, p.
Using (1)—(3), we have

~ L
~\\" oL oL L L L oL _ N\ L oL ~L U
(f(a/x)>a _ala'x1a+a2a'x2a+"'+ath'xqrx - Zajuc'xja+ Zaja'xjtx
jeP jeEN

and u
Frxw) U U U U U U _ VAU L U ~U
(f(alx))lx =1 Xqp H gy Xgg t 0 +aq4x “Xga = Z B * X + Zajoc X
jEN jepr
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Then the SOP can be rewritten as follows:
RS T o Yo Lo
(SOP) max ). (/0 jy, - Xjpdo + /0 jy - xjadtx) + Z (/O @y -x]-lxdlx+/0 i - x].adtx>

jepr

subjectto ) E{}afﬁx—f— ) EZ-L]-“-JTUgElLaforizl,u-,pandoce[0,1];

]lX
{j:jep} {jjeN;}
Z Ega-JYJLa+ Z Ega-f%SE%fori=1,~~~,pandaE[0,1];
{j:jeN;} {j:jep}

0< J?]'La < %%forj: 1,---,gand « € [0,1];
each J?]L"x is an increasing function with respect tow on [0,1] forj =1, - ,g;

each 97]%[‘ is a decreasing function with respecttoa on [0,1] forj=1,--- ,q.

Forj=1,---,q, we define the real-valued functions ajL, uju, x]-L and x]l.l on [0,1] as follows:

L =1 =~
aj(t) = a;; and aju(t) = a}t[

and
ij(t) = J?]Lt and x]u(t) = JTJL[
Fori=1,---,p, we define the real-valued functions cl-L and ciu on [0, 1] as follows:
k(1) = T and cf! (1) = 2.
Fori =1,---,pandj = 1,---,q, we define the real-valued functions biLj and biL]-[ on [0,1] as
follows:

bl-L]-(t) = E}jt and b}} (t) = E}}t.

Then the SOP can be written as follows:

(SOP) max ) (/Ol a]-L(t) -x]-L(t)dt + /01 a]«u(t) .x]«u(t)dt>

jeP
+ Y (/01 ak (1) -x]-u(t)dH—/ol al (1) ~ij(t)dt>

jEN
subjectto ) biLj(t) 'x]-L(t) + Z biLj(t) ~x]~u(t) < ck(t)

{j:ier} {j:jeN;}

fort€[0,1]]andi=1,---,p; (10)

Y. bt -xp()+ Y b - () < ()

{j:ieNi} {jjier}

fort€[0,1]]andi=1,---,p; (11)
0<xf(t) <xff(t)forj=1,--- ,qand t € [0,1]; (12)
each x]L(t) is an increasing function on [0,1] forj =1,--- ,g; (13)
each x].u(t) is a decreasing function on [0,1] forj=1,--- ,q. (14)

We note that the “decision variables” in problem SOP are monotonic real-valued functions defined
on [0, 1], which can be regarded as the decision functions of problem SOP.
In order to design the computational procedure, we assume that the following two conditions

are satisfied:

e each ¢ is assumed to be a nonnegative fuzzy number fori =1, -, p;
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e we assume that

oPN = min inf bL(t) + inf bY(8) $ >0, (15)
j=1,- {{l]%)}te[ou 7() {l];\]}te[ou ”()}
and
oNP = min inf bk(t) + inf b > 0. (16)
=1, {{l]g\,}te[oﬂ i) {lgj}te[m] ()}

Since bL is increasing and bu is decreasing on [0, 1], if biLj and biLjI are also continuous on [0, 1], then

{i:jeP) {i:jEN)

PN = mm { ) bL + ) blL]I(l)} , (17)
=
and
NP = mln ). bL + ) biLjI(l) . (18)
= {ijEN;} {izj€Pi}
Given any fixed é with 0 < § < 1, we define the following auxiliary problem of the SOP by

considering the monotonic properties of decision functions x]-L

(SOPy) max ) (/0 H)da +/ dzx>

jepP
1
+ Z </ a dzx+/ dﬂé)
jEN 0
subjectto ) biLj(t) -x + ), bL ) < ch(t)
{j:jier} {j:ieNi}
fort€[0,1]andi=1,---,p;
¥ B0+ Y B <
{i:jeN;} {i:jepi}
forte[0,1]andi=1,---,p;
L( t) < U( t)yforj=1,---,gandt € [0,1];
() (t+5)fort€[017]andj:l,---,q,‘

( J) < -()fortG[O,l—]andj:1,~~~,q.

andxjuforjzl,--o,q:

Remark 2. It is clear to see that each feasible solution of problem SOP is also a feasible solution of
problem (SOPy).

In order to investigate the error estimation, we need to consider the dual problem of of problem
(SOP;s), which is defined as follows:

(DSOPs)  min 2 / yl(pdt+ Z / )t

subjectto ) b + ) b )+y]”’( )+y}v(t) 2 “]'L(t) (19)
{i:jep;} {i:jeN;}

fort € [0,0) and j € P;
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Zb}j(t +Zb

{i:jeP;} {i;jeN;}
fort € [0,6)andj € N;

Y, bR -yi(t)+ Y bH(

{ijeN;} {ijePi}
fort € [0,6)andj € N;

)IRAORHG

{i:jGNi} {I]EPI}
fort € [0,6)and j € P;

Y, vyl + Y b
{i;jeP;} {i;jeN;}
—yjV(t -
Y by + ) by
{i;jep;} {i:jeN;}
—y (t=¢6) >
Y, bit) -yl + ) by
{i;jeN;} {i;jep;}

—yf () +y] (t=6) >

Y b + 3 by
{i;jeN;} {i;jeP;}
—y{ () +y/ (t-0) >
Y, b -yi(H+ Y by
{i;jeP;} {i;jeN;}

fort € [1—-9,1]and j € P;

Y, bh) -yl + Y by
{i;jeP;} {i;jeN;}
fort € [1—4,1]andj € N;

Y b))

{i:jeN;} {i:jep;}

forte[1—4,1]andj € N;

+ Y by

) 4y )+ (1) > all (1)
g () — () — Y (1) 2 ak(1)
i)~y () -

v/ (1) > all(t)

T+ +y o)

8) > af(t)fort € [6,1—6)andj € P;

)+ + iV (1)

a]-u(t) fort € [6,1—¢)andj € N;

() -y

ajL(t) fort €[6,1—-0)andj € N;

yi () =y ()

aju(t) fort € [6,1—0)andj € P;

) 4yl () - 6) > ak(t)

yiV(t—
T+l -

vV (t—6) = al (1)

() =y (8) +y (t = 8) > ap (1)

10 of 105

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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Y by + ) by ) =yl () +y) (t=0) > afl (1) (30)

{ijeN;} {izjepi}
forte[1—4,1]andj € P;

yi(D),yi'(t) > Ofort € [0,1]andi=1,---,p;

yi(6), vV (8),y/ (t) > 0fort € [0,1]and j =1,--- ,q.

The primal and dual pair of problems (SOPs) and (DSOP;) are really helpful for further
discussion. The reason for naming them as the primal and dual pair of problems is that we can
establish the weak duality theorem shown in Theorem 2 and the asymptotic no duality gap shown in
Theorem 3 below.

Given an optimization problem (P), if problem (P) is a maximization problem, then V(P) denotes
the supremum of its objective function, and if problem (P) is a minimization problem, then V(P)
denotes the infimum of its objective function. We have to mention that the supremum or infimum is
attained when the optimal solution of problem (P) exists. In other words, V(P) denotes the optimal
objective value of problem (P) when there exists a feasible solution x* of problem (P) such that the
supremum or infimum is equal to the objective value of x*.

We first prove the weak duality theorem V (SOP;) < V(DSOP;). The asymptotic strong duality
theorem can also be obtained in the subsequent discussion by showing that

lim sup V(SOP; /,,) = limsup V(DSOP; ,,,),

n—oo n—o0

where ¢ is taken to be 1/n for n € N. The weak duality theorem is also useful for investigating the
error estimation.

Theorem 2. (Weak Duality Theorem) Considering the primal and dual pair of problems (SOPs) and
(DSOP(g) respectively, for any feasible solution (x,x") of primal problem SOP and any feasible solution
(yLy'",y",y!V,yV) of dual problem (DSOP;), we have

)y (/O dzx+/ dtx) Y (/01 ak () .xju(t)doc+./0‘l all(t) .x]-L(t)dtx)

jep jEN
< 2/ Syt dt+2/ t)dt. (31)

Moreover, we also have
V(SOP) < V(SOP;s) < V(DSOPy).

Proof. We first note that (x’,x!) is also a feasible solution of problem (SOP;) by Remark 2. Since all
the decision functions of problems (SOP;) and (DSOPj) are nonnegative, we have

¥ [ o) = ¥

]
jep jep 1-6

[/O dt+/l 6 Lyde + 1 g.L(t)-ij(t)dt
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<y /[ [ Fr oW >+y;"<>+y,w<t>] ko
jep {i: JGP} {ijeN;}
1-0
bE(E) -yl (t
+]E2P/§ L:j;i} HOBH0
+ ) b )+y]m()+}/}V(t)—}/fv(f—5)} - xF(t)dt
{ijeN;}

Z/1 J L b IR I AOR A ORS /R Oh y}%—é)]-x}(t)dt

jep {i;jeP;} {ijeN;}
(using the constraints (19), (23) and (27) of dual problem (DSOPy))

P 1
=ZA( > by(t)x ()ylw+2/< ?@m%ﬁyﬂ%t
i=1 {j:jePNP}

{j:;jeN;NP}

+Z/1y}”(t).x}(t)dt+ 2/015% dt—Z/ y L(t)dt

jepr

14
—X{( Y. bh(t)-x ()ylﬂ+z/< W@mﬂﬂyﬂ%t

i=1 {j:jeP,nP} {j:jieN;inP}
+ Z/ yI(8) - xh(£)dt + Z/ L(t) _x}(t+§)} dt, 32)
jepP jep
and
! 4 1-5
]gl/o aj(t) - xj (t)dt jgj [/0 af(t) - x; (t)dt+/5 ab(t) - dt+/ dt}

< /0‘5[ Y bk )+ Y bl -yt -y - yf(t)]-x]“(t)dt
N

{i;jeN;} {i;jep;}

+ X by (D) -y - y}'(t)+y}/(f—5)] g (H)dt

vx [ [ TR y}ff<>+yy<t—5>]-x;f<t>dt
{i:jGN}

jEN {:jep;}
(using the constraints (21), (25) and (29) of dual problem (DSOPj))
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|4
:Z/l( Lo ()yl(tdt+2/( bﬁ(f)'x]'u(t))yfl(t)dt

i=1 {jjEN;,AN} {j:iePNN}
1
— e t)dt — tydt + Vit —6) -2 (t)dt
]EZN/y ];;V/ O+ 1 [y (e=0)- ')
P ! L u u 11
=X [T shosfo) v dt+2 [ ORI ON RHOL!
i=1" {j:;ieN;NN} {]JGPFW}
_ Z/ ym t)dt + Z/ y] (t+(5)—xju(t)} dt, (33)
JEN jEN
and
Z/la-u(t)-x-u(t)dt: Y U dt+/1 - at+ [ aU(t)-x.U(t)dt]
ieplo J jep Lo 1-5 J
J
< / { Y. bk )+ Y by ) —y/() - ij(t>]-x}I(t)dt
jeP’0 | {izjeN;} {ieP}
1-6
+ bE(1) - yi ()
jeP/5 [{i:f;vi} ]
AR ORI O y,-v(t)+y]-v(t—5)] (1)t
{ijep;}
+2/ )+ ). b )=y () +y) (£ =0) | -« (1)at
jep {l]EN} {i:jeP;}
(using the constraints (22), (26) and (30) of dual problem (DSOPy))
z ! L LI u I
=D A I SN ORI BV dt+2/ b (6) - (1) | -yl ()t
i=179 \ {j;jeN:nP} {]JEPWP}
— by t)dt — o t)dt + (t—o t)dt
];’/0 y] ( ];3/ y] ];’/ y] ()
4 1
=50 Al SN O RO B dt+2 / 1) 21 (6) | -y (1)
i=179 \ {j;jeN:np} {]]erP}
— e t)dt + t+6) —xH ()| dt, (34)
b [y by Lo s o)
and
é 1-06 1
Z/ =) [/O 0 'ij(i')dt—i-/(; a]U(t)-x}(t)dt+/1_5aju(t)-x}(t)dt}

jEN jeEN
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5
<Y [ | L oo+ T o-vlm+yto sy )| - xkoa
jen’0 | (ijepy {i:jeN;}
1-6
L [ IORID
jeN {i;jeP;}

+ Y b -y +y )+ () -y (= 6) | - xF(p)at
{&:jeNi}

Z/l 5[ L b R I AOR A ORS 7 Oh y}%—é)]‘x}(t)dt

jeEN {i;jep;} {i;jeN;}
(using the constraints (20), (24) and (28) of dual problem (DSOPy))

P
IZA( Y b()x ()ylw+2/< Wmmwoyﬂwt

i=1" {j;jePNN} {j:jeN;NN}
1
+’ /Oy]m dt+2/ Vit) - x t)dt — Z/ y L(t)dt
JEN JEN jEN

{j:jePNN}

+ Z/ yHH(E) - xE ()t + Z/ k) — xb+0)] a (35)

JEN jEN

P 1
—ZA( Y b(t)x ()ylw+2/( W@w%ﬁyﬂ%t
A {j:;jeN;NN}

Therefore, using (32)—(35), we obtain

1 1
5/ mig/ m+g%aWy#mm+gA¢%y$mm
4
Sk ( I CRICEES b5<t>-xy<t>)-yz<f>dt
i=1 {j:iepi} {j:iieNi}
P
2 ( N CIGEHORD D OB >) vl
i=1 {j:ieNi} {j:iepi}
w3 [ [ -]
=1
9 1-s 9 -0
+21/ vV (1) [x]L(t)—x]L(t—i—J)}—l—Z/ y! (1) [ (t+6) — ! (t)} dt
j= =
< Z / yl t)dt + Z / t)dt (by the constraint of (SOPy)),

which also says that V(SOP;) < V(DSOP;). From Remark 2, we see that V(SOP) < V(SOP;). This
completes the proof. [
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For convenient discussion, we adopt the following notations:
tf = max sup ab(t)and ¥ = max sup aju(t), (36)
=LA k0,1 =1 A 0,1
and
L

‘max sup cF(t)and p¥ = max sup cH(t). (37)
=Lp o) =1P te0,1)

It is clear to see that the primal problem (SOPj) is feasible, since the zero functions form a feasible
solution. The following result presents the feasibility of dual problem (DSOP;).

Proposition 3. Fori=1,---,p, we define the constant functions on [0, 1] as follows

L u L u
I I T T T T
) =it =max{ o, T, S S f sort € o)

Forj=1,---,q, we define

yit(t) = yiV(t) =y (t) = 0 for t € [0,1].

Theny = (y!,y'L,y'"!,y!'V,yV) is a feasible solution of problem (DSOP;). Moreover we have

T Ly U
PN’ PN’ ;NP O-NP} ' (V T )
forany 6 with0 < 6 < 1.

L u L u
0 < V(DSOP;) < p~max{ A (38)

Proof. It is clear to see that y is nonnegative. Let

(I L -0
= max .
" PN’ gPN’ zNP oNP [ =

By substituting y into the constraints of (DSOPs), we have, for! =1,--- ,nandj=1,--- g,

AGEHAGESY bb’(t%yf’(t)—n-( TORSSY b};(t))
{i:jep} {i:jeN;} {ijep}

{i:jGNi}
>y-oPN (using (15))
max{t", ™"} py L .U thzap(t) ijEP
> PN o' = max{t", "} > U,

]U(t) ifje N (using (36)),
and

Y ) i+ Y bf}(t)-yfl(t)=n-(
{ijeN;} i

{i:jeN;}

Y, i+ ) b}}(t))

{i:jep;}
>p-oNP (using (16))
maX{TL, Tu} NP L U TL > aL(t) lf] eN A
I = > / .
SND o max{t", T} > s a].u(t) ificp (using (36))
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This shows that y is a feasible solution of problem (DSOPs) with objective value
p 1 P
Y RIORTIOLE o A CRU G
i=170 i=170
P Por1
< 21/0 P‘L'%!(t)d“rzi/o eyl (Bat=pey- (w4 pt).
1= 1=

The inequality (38) is obvious, since the dual problem (DSOPj) is a minimization problem. This
completes the proof. O

3. Discretization

In order to solve problem SOP, we need to consider the discretization of problem SOP by equally
dividing the unit interval [0, 1] into n subintervals. In this case, the discretized problem will turn into a
conventional linear programming problem.

We assume that the closed interval [0, 1] is equally divided into n closed subintervals such that
the length of subinterval is 1/n. Let P,, = {e(()”), egn), cee, e,(qn) } be a partition of [0, 1], where e(()n) =0
and % =I/nforl =1,---,n. The n closed subintervals are denoted by

El(n): [l—l,l} forl=1,---,n.
n’'n

0= (1) ana = 1211,
n n n n

u
i

We also write

We assume that the real-valued functions ajL, a
i=1,---,pandj=1,---,9. Now we define

, cl-L, C,u, biLj and b}f are all continuous on [0, 1] for

al(].L’”) = inf ajL(t) and al(.u’n) = inf a(t) (39)
teEl(”) teE}")

cl(l.L’n) = 1r_1(fn) ck(t) and cl(l.u’n) = ir_l(fn) ci' (t) (40)
tek, tek;

bl(i?n) = sup biL]-(t) and bl%[’n) = sup bzl]l(t) (41)
teE"I(") teEl(”)

Since the functions ak, ciL and biLj are increasing on [0,1] and the functions a¥, cfl and bl{f are

]
decreasing on [0,1] fori=1,--- ,pandj=1,---,4, we have

n -1 n !
al(jL’ ) = a]«L (n) and al(]u’ ) = a]-u (n) (42)
cl(l.L’") =ct (l — 1) and cl(l.u’”) =cH (i) (43)

n
b(F’n) = pk <}i) and b(y’n) =p4 <l — 1) . (44)
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Now we are in a position to discretize the problem SOP as follows. For eachn € Nand | =
1,---,n, we define the following linear programming problem:

(Pn) max Z(Xn:i “l] ' 11+27 al] ZIJ)

jeP \I=1

Ln
+z(z U+2g )

]EN
subjectto ) b zl]+ Y blz] , ( " fori=1,- pandl =1,
{j:jep} {j:jeN;}
Z b Zl + Z blz] leSCl(lu’n) fori=1,---,pandl=1,-- ,n;
{i:7eN;} {i:jePi}

zljgzl]- forj=1,---,gand! =1,---,n;
zlegzlLH,jforj:l,---,qandlzl,---,n—l;
z,lilljgzlbjlforjzl,---,qandlzl,---,n—l;
z,szOandzleIEOforjzl,---,qandlzl,---,n,

where zleand zlL].l are nonnegative decision variables forj =1,--- ,gand [ =1,--- ,n. We write
z) = (zlL,zlu> = (zlLl,~ . ,Zqu,le/ll,' . ,z%) andz = (z1,- -+ ,Zn)
to denote the feasible solution of problem (P;,).

In order to formulate the dual problem of (P,), we need to write it as a compact form in terms of
matrices. For/ =1, -+ ,n, we consider the following vector

") = (B, ) = (b, el i), U and ) — (o).

Forl =1,---,n, we define the following vectors:

o al(PN’n) isavector for [ =1, - - - ,n such that its j-th entry is al( ") forj € Pand al( ) forj € N.
° al(NP’n) isavector for/ =1,--- ,n such that its j-th entry is al(]. ") forj € N and al(j ") forje P.

We also write

al(") = (al(PN’”),al(NP’n)) and a(® = (aﬁ"), e ,a,(qn)) )
We define the following matrices:

o BI(PL’”) isa p X g matrix for [ = 1,--- ,n such that its ij-th entry is bl%’n) forj € P; # @ and 0 for

JEN.IfP =0, thenb(L")*Ofor]—l .

° BZ(NL OF isa p x gmatrix for/ =1, ---,n such that its ij-th entry is bl%’n) forj € N; # @ and 0 for

j € Pi. If N; = @, then b(Ln)

o BZ(Pu " is a p X g matrix for / =1, - - - ,n such that its ij-th entry is pdm forj € P; # @ and 0 for

lij
. L,
j €N IEP =@, then b ") = 0forj =1, ,q.
. BZ(NU'”) isa p x g matrix for/ =1, -- -, n such that its ij-th entry is bl(l.ljl’n) forj € N; # @ and 0 for

jEP.IEN; = @,thenb,%’") —O0forj=1,--,q.

_Ofor]:1 .
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We also define the following 2p x 2 matrices

]

(PL,n) (NL,n)
B" = B(NU n) Bl(pu n)
B B

forl=1,---,n. Let Iqxq denote a g x g identity matrix, i.e., the entries in the diagonal are all 1’s and
the remaining entries are all 0’s. We also define a g x 2g matrix A and a 2q x 2q matrix C by

A = [Iyxg, —Ijxg) and C = lyxq Ogxq ] .

gxq —Iqxq

Then the linear programming problem (P;,) can be rewritten as follows:
S L YT, s LN\ T Ly 1 ove T u
(P,)  max ;E(al > z,—lga-(al ) z,+£;-(al ) z]
subject to Bl(n)z, < cl(n) forl=1,---,n;
Az; < 0144 fori=1,---,n;
Cz; —Czj11 < Opppforl=1,--- ,n—1;

V4 E]szforlzl,--- M.
We also write it as the following standard form:

(Py) max b'z
subjectto Mz < bandz >0,

where
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and
B o 0 o0 0 0 ]
1 2pXx2q 2pXx2q 2px2q 2pXx2q 2pX2q
n
02p><2q Bé ) 02;7><2q T 02p><2q 02p><2q 02p><2q
n
02p><2q 02p><2q B;E, ) 02p><2q 02px2q 02p><2q
0 0 0 o B, o 0
2px2q 2px2q 2px2g n—2 2px2g 2px2g
n
02p><2q 02p><2q 02p><2q o 02p><2q B,(l,)1 02p><2q
n
02p><2q 02p><2q 02p><2q T 02p><2q 02p><2q Bi(1 )
A Oq><2q 0q><2q T 0q><2q 0q><2q 0q><2q
0q><2q A 0q><2q T 0q><2q 0q><2q 0q><2q
M = 0q><2q Oq><2q A T 0q><2q 0q><2q 0q><2q
0q><2q Oq><2q 0q><2q A Oq><2q 0q><2q
0q><2q Oq><2q 0q><2q T 0q><2q A 0q><2q
0q><2q 0q><2q 0q><2q T 0q><2q 0q><2q A
C -C 02q><2q T 02q x2q 02q><2q 02q><2q
02q><2q C -C o 02qx2q 02q><2q 02q><2q
02q><2q 02q x2q C T OZq x2q 02q><2q 02q><2q
02q><2q 02q x2q 02q><2q T C -C 02q><2q
L 02q><2q 02q><2q 02q><2q T 02q><2q C -C |

Then the dual problem of (P,) is given by

o
4|
b))

(Dy) min
subject to MW >bandw >0,

where - .
W= (AB/WA/AC) _ (AI,AII/AIH,AIV,AV)
with
wB = (vAvI, Au) CowA=wlll @/C= (AIV, AV)
and
T _
MT=[BlA|cC]
with -~ _
(Bgn))T 02q><2p 02q><2p T 02q><2p 02q><2p
02x2p (Bé”))T O2gx2p -+ Ogx2p  O2gx2p
B— 02q><2p 02q><2p (Bén))T T 02q><2p 02q><2p
02q><2p 02q><2p 02q><2p e (Bﬁln_)l)T 02q><2p
02q><2p 02q><2p 02q><2p e 02q><2p (Bi(i”))T |
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[ AT O O2qxq -+ Oagxq Ogxq |
02q><q AT 02q><q T 02q><q 02q><q
Oogxq O2xq AT o+ O2gxq O2qx
A= . . . : . .
Oagxq O2xq O2qxq -+ AT D2
L 02q><q 02q><q 02q><q T 02q><q AT J
[ CT 02q><2q 02q><2q 02q><2q 02q><2q 02qx2q ]
—CT CT 02q><2q o 02q><2q O2q><2q 02q><2q
02q><2q -C’ c’ T 02q><2q 02q><2q 02q><2q
C = . : : . . .
02q><2q 02q><2q 02q><2q e =CT c’ 02q><2q
02q><2q 02q><2q 02q><2q T 02q><2q _CT CT
L 02q><2q 02q><2q 02q><2q T 02q><2q 02q><2q _CT J

The dual problem (D,,) is written by

(") =

T _ o1
BI) W AW 4 CTRE > -l

)
™=

(Dy) min

1

subject to

/N

—_

-
Bl(n)> @ ATat +CTaC —CTwl > Eagn) forl =2 e m—1;

/N

.
B") Wi+ ATw; - CTWE c >1m,

/N

N

>

leRpand Rz_forlzl,---,n,
wCeR forl =1, ,n—1.

Now, let

wil=n-wt, wl=n wPandwf =n. Wt

By multiplying n on both sides of the constraints, the dual problem (D) can be equivalently
written by

™=

:\:M—\

(Dy) min

() w

B, ( ) wy +Awa +CTW1C > agn);

—

=1

/N

subject to
(Bn) wlB+ATw +CTwl CTwl 1>al< ")
forl=2,--- ,n-1;
( ) Wy + Awal‘ —Clwy ;> ai”;
wh ERf and wit E]RZ_ forl=1,---,n;

CG]Riqforlzl,---,n—l.

More precisely, we have the following form

p 4 1
(DVI) min 2 2 E . Cl(iLln) . wlIi + 2 2 E . Cl(z-u'n) wlIlI
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subject to

Z blz]

{i;jep;}

wll + Z blz]
{i:jeN;}

Y b(L") wii+ Y bu") wll+wﬁl+w1]

{i:jep;} {ijeN;}

2 blz]

{ijeN;}

11+ 2 bll]

{ijep;}

11+ Z bUn)
{i:jep;}

Ln
Z b%l] )

{i:jeN;}

Z blu

{i;jel;}

lz+ Z blz]

{i:jeN;}

forje Pand!=2,---

u,
lz+ Z bh]n
{izjeN;}

Z blz]

{ijeP;}

forje Nand!=2,--- ,n

Z bll]

{ijeN;}

wlz+ Z blz]
{izjePi}

forje Nand! =2,--- ,n

2 bll]

{i:jeN;}

wlz+ 2 blz]
{ijepi}t

forje Pand!=2,---,n

Z bm]

nij
{i:jeP;} {i:jeN;}
Z bm] wnz + Z bm]
{i:jep} {i:jeN;}

U,n)
wm+ Z br(u]

Z bmJ

{i:jeN;} {izjeP}
2 bnz] wm + Z bm]
{i;jeN;} {i;jep;}

- wi] +wﬁl + w1] > agj ") forj e P;
> u(u”) forj € N;
1I 111 (Ln) ;
“Wy; — Wy —w1]>a1] forje N
11 111 (Un)
wy; — Wy —w1]>a1] forje P
-w I wl! !V — w! >a( ")
li lj lj I— 1] lj
N — 1/
11 (U,n)
'wll+wl] +wl] _wl 1]>al
—1;
sl — !l —wY + w) >11( ")
li lj lj -1, lj
—1;
111 v 1% (Un)
wll —w) — Wy + Wr_1,j > alj

cwh 4+ Y p{tm) wlh 4+ wll — !V 1]>a( n)forJGP

”]

-wl —|—wm £V1]>a( )forjeN;
”—wm—l-wn 1i>a ( )fOI']EN

=

w111+wn 1]>a( )forjeP;

wlI,wl € Rp and WIH € ]Rq forl=1,-

21 of 105

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

(56)
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wlIV,wl ]Rq forl=1,- -1,
where
I I 11 11
wi = (wy, -, wf,) and wj' = (wj], - ,w]})
and
I _ ¢, 11 111 vV _ (. IV v vV _ .V 1%
wp = (g, T W ), wpt = (wy,- - r Wiy ) and wy' = (wyy, - - ’wlq)'
Then
wh = (whwfl), wi = wfl and wf = (wfY, ),
We write
B B B A A A
wh=wl, ... wh), wiA=(wi, .., wil)and w" = (w§,--- ,wS).
The feasible solution of problem (D) is denoted by w = (w?, w4, w®).
Since cl(lL ") and cl(l.u’”) are nonnegative fori =1,---pand ! =1, .- ,n, itis clear to see that the

zero vector z = 0 is a feasible solution of problem (P,), i.e., V(P,) > 0. The following result presents
the feasibility and the bound of optimal objective value for dual problem (D), which will be used to
design the computational procedure.

Proposition 4. Forl =1,--- ,n, we adopt the following notations:

TI(L’") = max al(.L " and Tl(u’") = max al(u ) (57)
=1 Y =1 Y
PN, . (L,
1/1( " E{11n Z b ") + Z blz] (58)
= {isjer) {i:jeN;}

VZ(NP,H):]I{HH { Z b —|— Z bll] } (59)

{ijeN;} {izjep;}
Forl=1,--- ,nandi=1,---,p, we define

T(L,n) T(Lrn) T(U,n) T(U,n)
wdM — pULm) oy 1 ! 1 !
i 7 - V(PN,n)’ U(NP,n) ’ v(PN,n) ’ U(NP,n) ’

l l l l

Forl=1,--- ,nandj=1,---,q, we define

Q1) g

Forl=1,--- ,n—1landj=1,--- ,q, we define

IV,n V.n
wl(j )—wl(] ) =0
Then w() = (w(B), w(mA) w(nC)y with
wl(n,B) _ (WI(I,n),Wl(II,n)), wl(n,A) _ wl(III,n) and Wl(n,C) _ (wl(IV,n),wl(V,n))
and
W) = (W) W) ) = (Wl ) and w0 = (wlO), - wl)).
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is a feasible solution of problem (Dy,). In other words, the dual problem (Dy,) is feasible for each n € N. Moreover

we have L L u u
w(ln) w(H ") < max i i i i
li li oPN’ GNP’ PN’ ;NP (-

forl=1,--- ,nandi=1,---,p. Wealso have

TL TL Tu Tu L u
OSV(DH)Sp-maX{O_PN,O_NP,apN,O_NP}'(,14 +]’l ) (60)

Proof. From (15), (16) and (41), we see that vl(PN’") > 0PN > 0and UZ(NP’") >oNP > 0forl=1,---,n

It means that w(") is well-defined and nonnegative. For[ =1,--- ,n, we define

{TZ(L,”) TZ(L,H) TZ(U,H) TZ(UM)}

PNn)’ (NPmn)” (PNmn)’ (NP,
V(PN (NP (PN (NP

By substituting w() into the constraints of (Dy,) and using (57)-(59), we have, forl =1, -- ,n,

Z blz?n) I” + Z bh/ ’ H" = ( Z b + Z bll] >>ml'vl(PN,n)

{i:jeP;} {i;jeN;} {i;jeP;} {i;jeN;}
(Ln)
T PN,n Ln Ln .
I/(ZPN,*VZ) ’ l( ) = Tl( ) > al(j ) forje P
- 7t PN u u '
(lPN,n) 'Vl( - TI< > al(]. ) forje N
]
and
Hn NPn
Z blt] + Z blz] ’ = Z b + Z blz] 2 1y - 1/l( )
{ijeN;} {i;jePi} {ijeN;} {ijep}
(Ln)
T NP, (Ln
(INP,n) P = ) > a forjeN
B (NPa) _ (U)o (Un)
W'Vl ! :Tl ! Zﬂl]" fOI‘]EP

This shows that w(") is indeed a feasible solution of problem (D). From (57), (36) and (39), we

also see that
b L U U
mlémax U’PN’(TNP’O'PN/UNP fOI‘lZl,---,n

Using (37) and (40), the objective value of w") is given by

1=

P n p
Y el )+
=1 i=1

1 u
1 wn i
=1 i n

1

—

1

IN
g
g

2|

=
—
g
B

+
M=
M:

o P (U)LY
W —n(uw)l;m

I
—

1

Il
—_

i=11=1 i

The inequality (60) is obvious, since the dual problem (D)) is a minimization problem.
This completes the proof. [
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The following result presents the uniform boundedness of optimal solutions of primal and dual
problems (P,) and (D, ), which can be used to discuss the existence of optimal solution of problem SOP.

Proposition 5. The following statements hold true.

(i) Letz(™) = (zg*”), e ,z,(f")) with zl(*n) (zl(*L’n), (xtm) )forl =1,---,n bean optimal solution of

primal problem (P,,). Suppose that “l( " and al(u”) are nonnegativefor j =1,--- ,gand =1,--- ,n
Then z and z are uniformly bounded, that is to say, there exists a constant K1 that is independent
hen z{ and 2|1 iformly bounded: that is to say, there exi K1 that is independ,
onsuctatz < Kiandz; 7" < Kqiforallj=1,--- ,gandl=1,--- ,n
h that 27" < Ky and 2" < Ky for all j qand 1
(ii) Let w1 — (w(*n,B),w(*n,A)lw(*n,C)) with wl(*n,B) _ (wl(*l,n)’wl(*ll,n)), wl(*n,A) _ wl(*III,n),
wl(*n,C) — (wl(*IV/"),wl(*V/")), wlnB) — (wg*”IB)’. . ,w,(f”’B)), wlmA) — (wg*"/A)’. . ,wﬁ,*”’A))
and winC) = (wg*n’c),. . ,w,(q*n’c)) be an optimal solution of dual problem (D,,). Then wl(l*l " and
wl(*H’") are uniformly bounded; that is to say, there exists a constant KCy that is independent of n such that
wl(l*ln) < Ky andwl( ) < Kyforalli=1,--- ,pandl =1,--- ,n

Proof. According to the strong duality theorem for linear programming problems, we first have
V(P,) = V(D). Since z = 0 is a feasible solution of primal problem (P,), i.e., V(P,) > 0, using (60),
we obtain

LT SR L LU
0< V(Pn) = V(DH) < p .maX{O-PN’ oNP’ PN’ U'NP} : (V +]4 ) . (61)

Since the objective values of z*") and w(*") are V(P,) and V(Dj,), respectively, using (61) and

the nonnegativity, it is clear to see that zl( “L) and zl(j*u’")

that wl(*l ") and wl(*H ") must be bounded by some constant K, where the constants K; and K, are

independent of n. This completes the proof. O

must be bounded by some constant X1, and

Let z(") = (zgn),- .- ,z,(f)) with zl(") = (zl(L n),zl( )) for! = 1,---,n be a feasible solution of

problem (P,). Forj =1, - ,q, we define the following real-valued functions:

(L}’l) (n) _ B
(L) oy _ ) Zj ift € F [ = ,n> forl =1,-
Y= , 62
] () { Zgl?n) fr=1 ( )
and o " { )
n n -1 1
(U,n) _ Zl] lftEF =\ ru forl=1,---,n
Y= 63
A {z,g;f”> =1 ©

Then the feasibility is shown below.

Proposition 6. The vector-valued function x") = (xL), x(Um)) with component functions defined in (62)
and (63) is a feasible solution of problem SOP.

Proof. Since z(") is a feasible solution of problem (P,,), it follows that

) bll] le ) 4 ) bh] zl] )Scl(lp’")forl: ,ooo,mandi=1,---,p; (64)
{j:jeP} {j:jeN;}

Z blz] Zl] )—i- Z b Zl] )<cl(un)forl—1 ,nandi=1,---,p; (65)
{j:ieN;} {j:jepi}

zl(] )>zl( )forjzl,---,qandl:l,---,n; (66)
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Zl(]L”) < Zl(i’;l,; fO].'j: 1, ’qandl = 1, ,nil; (67)
(U”)>Z(U,n)f0rj:1,...’qandlzll...’n_l‘ (68)

2)j I+1,j

We consider the following cases.

e Suppose thatt Fl(”) for/ =1,---,n. Then we have

RO RES (O RS SN O RE (5
{j:jep} {j:jeN;}
Un
Z biLj(t Zl] + Z b Zl(] )
{j:jePi} {j:jEN;}
< ¥ obem e x oo ey @)
{JJGP} {j:jeN;}

< !l (by (64))
< ck(t) (by (40)),

and, using (65), we also have

O RES SRl O RS S L ORES ()

{j:jeN;} {j:jep}
Un
— Z bf-f( zl] ) 4 Y bu Zz(] )
{j:jEN;} {j:jepi}
< Z bll] ’ L” + Z blzl]ln) Zl]un) < cl(iu’n) < Czu(t)'
{j:jEN;} {j:jepi}

Suppose that t = 1. Then

Y bk )+ Y Bk ()

{j:jeP:} {j:iEN:}
(L Un)
DR TCO REI v D 1
{:jebi} {j:ieN;}
< Yo e Y bﬁlf]”- (n) < L) < Ly,
{j:jeP;} {j:j€N;}

and

Y bia + ¥ aH) -

{j:jEN:} {j:jeP;}

s o g oo
{j:jEN;} {j:j€eP;}

< XA b < < ),
{j:EN;} {j:j€P;}

e Suppose thatt € Fl(n) for! =1,---,n. Then, using (66), we have

xb(t) = 2" <2 = 2l ().
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Suppose that ¢t = 1. Then we also have

xb(1) =2 < =2l ().

This shows that x}l(t) > x]-L(t) forj=1,---,qand t € [0,1].
e Suppose thatt; € Fl(n) and t, € Fl(ﬂ forl=1,---,n—1,ie.,t; < tp. Using (67), we have

Suppose that t; € F:i)l and t = 1. Then

xb(t) =2 <20 = <k (1) = xH (1),

Suppose that tq,t, € Fl(") forl =1,--- ,nwith#; < tp, or thatt; € P,g") and t, = 1. Then it is
clear that

L Ln L
xh(t) = 7" = <k ().
This shows that x]-L is an increasing function on [0, 1].

e  Suppose that t] € Fl( ") and th € Fl( ") for | = 1,---,n—1,ie, t; < tp. Using (68), we have

xfl(t) = Zl(]u "> Zz(un) x{ (t).

Suppose thatt; € F, (n )1 and tp = 1. Then

xfl(h) = 2] 2 27 = (1) = (1),

Suppose that t1,t, € Fl(n) forl =1,--- ,nwith t; < tp, or thatt; € F,S”) and t, = 1. Then it is
clear that

u,
x]-u(tl) = zl(j ") = x]-u(tz).
This shows that x]u is a decreasing function on [0, 1].

Therefore we conclude that x(") = (x(I), x(U)) is indeed a feasible solution of problem SOP.
This completes the proof. [

4. Error Estimation

In the sequel, we consider 6 = 1/# in problems (SOP;) and (DSOPy). In this case, we also
write (SOP;) = (SOP,,) and (DSOPs) = (DSOP,,). By rewriting problem (DSOP,,), we first note that
[0,6) =[0,1/n),

n—1
6,1=8)=[1/n,1—1/n) = |J Fand[1—4,1] = [1 —1/n,1] = F{" u{1} = E{".
1=2

Then the dual problem (DSOP,) has the following form:

(DSOP,)  min 2 / -yl dt+z / F)dt
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subject to Z biLj(t )+ ) b )+y}”( )+3/]I'V(t) > a]L(t)
{i:jeP;} {i:jeN;}

fort € Fl(") =1[0,6) =[0,1/n)and j € P;

Y, b -yl + Y b -yl +yT ) + V() > e (1)

{i:jeP;} {i;jeN;}
fort € Fl(n) =10,6)=1[0,1/n)and j € N;

{i‘jEZN.}biLj(t) i (1) +{i:j§p}b§f(f) i () =y () =y (D) > af (1)

fort € Fl(n) andj € N;

Yo by + Y by () —yit () — ] (1) > e ()
(N} {ier}

fort € Fl(n) andj € P;

Y bk + Y bl -yl +y"e)

{i;jep;} {i;jeN;}

+y]lv(t)—y]w (ti) Za]»L(t) fort € Fl(”),l:2,~~~,n—1andj€P;

Y ouk -yl + Y v -vl )+

{i;jep;} {i;jeN;}

+ylV(t) —yl¥ (t—i) >all(t) fort € B, 1=2,--- ,n—1andj € N;

Y. i)yl + Y i)yl -y

{izjeN;} {i;jep;}

—y]‘-/(t)—l—y]‘-/ (t—i) za]-L(t) forteFl(n),l:2,~~-,n—1andj€N;

Yo by + Y by () -yt

{i;jeN;} {izjeP;}

—yf(t)—i—y}l (t_rlz) za]-u(t)fortEFl("),l:Z---,n—landjeP;

Lo v+ T ooyt -g (1) 2 oo

{izjep;} {i;jeN;}
fortEF U{l}— [1-6,1=[1—-1/n1]andj€ P;
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Lt w0+ T o0yt - (- 7) 2

{ijeP} {ijeN;}

forteP U{l}—[l—(S 1]=[1-1/n1]andj € N;

1
Y, bit)-yiH+ Y by " -y +yy (t— ) > ak(t)
{ijEN} {i: ]eP} n
forteF U{l}— ndjeN;
Y, bit) -yl + Y by " -y +yf (t— 1) > afl (1)
{iEN;} {ijeP} n

forteF U{l}*E )andeP;
yi(t),y!(t) >0fort € [0,1]andi=1,---,p;
y]f”( ),y}V(t),y]V(t) >0forte[0,1]andj=1,---,q.

Let z(*") be an optimal solution of problem (P,). Then, according to Proposition 6, we see that
x(" constructed from z*) is a feasible solution of problem SOP Therefore we obtain

s L Lo, u, iy
V(SOP) > /21/0 a]( " (¢) .x]( n)(ﬂdwg/o a]( ") (¢) .x]( ")(#)dt (by Proposition 6)
q n .
L, L u, u,
=) Z/(n) a](- n)(t) x| ")(t)dt+ )3 Z/(n) ”](‘ n)(t) -x]( n)(t)dt
j=11=1"F j=11=1"Fk
- i i/ albm) b gy i 2/ a(Um)  tm) gy
f | P](n) Ij lj f | P](n) Ij lj
.11 L L .11 u u
=) ) o ‘al(j " 'Zl(j* " Y ) o '“l(j " 'Zz(; " = V(Py).
j=11=1 j=11=1
Using Theorem 2, it follows that
V(DSOP,) > V(SOP,) > V(SOP) > V(P,) = V(Dy). (69)
We plan to show that
limsup V(D;,) = limsup V(DSOP,,).
n—oo n—oo
We first define some notations. Let w(*”") be an optimal solution of problem (D). Forj=1,---,q,
we define the real-valued functions hl(]PN’n) and hl(]NP'n) on Fl(”) forl=1,--- ,n—1and h(PN n) and
P on FY U {1} = E{") by
PN, L *1 u *I1,
O S [ O] L D O R (70)
{i:jep;} {i:;jeN;}
and
NP, L (+I u +I1,
e = % [l = ohm)] ™ T b e @] el . (71)

{i;jeN;} {i;jeP;}
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It is clear to see that the real-valued functions hl(]PN’") and hl(].NP’") are nonnegative for/ =1,--- ,n
andj=1,---,q.
Forl =1, ---,n,we define

(PN,n) L (Ln) .
max sup (b () +ap(t) —ap |, P FO
7_L_I(PNL,M) _ jepP e F( ) |: lj ] :| 72)
0, ifP=0Q
 (PNn) u unl .
maxsup () +ap(t)—ay |, EN#AO
g _ [ 7 28 " .
0, ifN=®
(NP,n) L (Ln) .
max sup |h;; () +aj(t)—ay""|, fN#O
nl(NPL,n) _ jEN e F( ) [ lj ] } (74)
0, ifN=0O
(NP,n) u unl .
max sup |h;; ()—i—aj()—al ifP#Q
7Tl(NPu,n) _ jep tep( ) [ lj ] ] ' (75)
0, iftP=0Q
We also define
n_l(PN,n) — max {n_l(PNL,n)’n_l(PNU,n)} and n_l(NP,n) ~ max {n_l(NPL,n)/n’l(NPU,n)}' 76)
It is also clear to see that nl(PN’n) > 0 and nl(NP’n) >0for!/=1,---,n We want to prove
lim nl(PN’n) =0= lim nl(NP’n).
n—oo n—oo
We first provide some useful lemmas.
Lemmal. Fori=1,---,p,j=1,--- ,gandl =1,--- ,n, we have
sup [a]-L(t) - al(]l“ n)} — Oand sup {a]-u(t) - al(]u n)} —0asn — o
teFl(") teFl(")
sup |ck(t) — cl(lL n)} — Oand sup [clu(t) - cl(lu n)} —0asn — oo
teFl(") teFl(")
sup [bl%n) - bL( )} — O0and sup [bl(lsl m bu( )} — 0asn — oo.
teF™ ter"
Proof. We see that a]L is continuous on F, () ==l = n) Let {0y} _, bea decreasing sequence such
that it converges to zero and 6, > 0 for all m, where §; is taken to satisfy 6; < . — == L. Therefore we

can define the compact interval
E(”)

Im

=),
n n

Then we have -
U El(; and E ) C EI(Z)Z for my > my (77)
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(n)

1n » Which also means

Since El(:1) - Pl("), it follows that ajL is continuous on each compact interval E

(n)

that a} is uniformly continuous on each compact interval E;,

8 > 0 such that |t; — t| < 6 implies

. Therefore, given any € > 0, there exists

€
)ajL(tl) — ajL(tz)’ < 5 for any t1,t, € EI(Z). (78)

Since the length of each Fl(n) is 1/n, we can consider a sufficiently large np € Nsuch that1/ny < 4.
In this case, each length of Fl(n) forl =1,--- ,nisless than ¢ for n > ng. In other words, if n > ng, then

(78) is satisfied for any t1,t, € El(::l). We consider the following cases.

(L) _ al (+0™)). From (77), there

lj ]
Now, given any t € Fl(n), we see that t € E,(:%

e  Suppose that the infimum al(jL’n) is attained at t("*) € Fl(n), ie.,a

exists m* such that +("*) El(;?*

m = max{mg, m*}. From (77), it follows that ¢, tnx) ¢ EZ(Z). Then we have

for some my. Let

Ln
ak(t) — al(j )

= lap )~y ()] < 5

(n)

since the length of E;, ' is less than J, where € is independent of ¢ because of the uniform continuity.
e  Suppose that the infimum a l( jL’") is not attained at any point in Fl("). It means thata l(jL’n) is increasing

or decreasing on Fl(n). Since at is continuous on Fl(n), it follows that the infimum ”l( ]L’n) is either

the righthand limit or lefthand limit given by
al(].L'n) = lim ab(t)or al(].L'n) = lim ak(t). (79)

(50 + b (L)-

Therefore, for sufficiently large 7, i.e., the interval Fl(n) is sufficiently small such that its length 1/n

is less than J, using (79), we have

ak(t) - <

forallt € Fl(n).

From the above two cases, since a]If(t) > al(].L'n) forall t € Fl(n), we conclude that
0 S Sup |:ﬂ]L(t) — a;jL’n):| S g < Eforl = 1’. <, .

The other cases can be similarly obtained. This completes the proof. O

Lemma?2. Foreachl =1,--- ,n, we have

. P . P
lim 711( Nm) 0= lim nl(N ’n).
n—oo n—o0

Proof. We want to prove

sup [17™")0) + (1) = o] - 0and sup [157™ 1) + 1) = ] - Oasn e
tEFl " teFln
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Now we have

0< sup [h(.PN’n)(t)nLaL(t) al(]L”)}

teF™
*, L (*I1, u,
< Y wl(i " sup [bl(l] ”)—bL }4— Y wl " sup [bl(z] ")—bu( )}
{i:jep} ter™ {i:jeN;} ter™
+ sup [a]-L(t) al(L”)}
) !
teF
and
0< sup [hl(fN’n)(t)+aju(t)—al(]u")}
tePl(")
(*I,n) (L) L (*I1,n) (U,n) u
< Y w" sup [bh] — byj(t )} + Y w; - sup [bli]. M- bjj (t)}
{i:jepi} teF™ {i:jeN;} tep™
+ sup {a]u(t) —al(u’")}
) !
teF,

Since the sequences {wl(l.*l’n)} >, and {wl*Hn) >, are uniformly bounded by part (ii) of
Proposition 5, using Lemma 1, we obtain nl(PN ) — 0 asn — oco. We can similarly show that
nl(NP'") — 0as n — oo. This completes the proof. [

Forl =1, ---,n,we define

PN, .
bl( "):j_r{unq{ Y mf)bL]() ) 1nf)bl]l()}
r {z]GP}tEE {1]€N}t6E
and
NP, .
bl( n):jjrgun { Z 1nf)b[}()—|— Z lnf)bl]l()}.
{IJEN}I-‘EE {IJEP}tGE
From (15) and (16), we see that
PN > ¢PN > 0and 6P > NP > 0forl = 1,--- ,n. (80)
Since bL is increasing on [0, 1] and bu is decreasing on [0, 1], it follows that, for I =1, -- ,n,
in bi(t) = Y bL(l_l)
{izjep,) teE”  (ieh)
and
inf ()= ), b < )
{ieN;} teEy” {z jEN;}
which says that

p{ PN = min 3 % bL< > y bu( ) (81)
J=be | (ijeps " {i/EN;)
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We can similarly obtain

bl(NP’n) mm Z b ( >+ Z bu( ) (82)
J=1e A | (ijeny " {i:jeP;)

We also define the real-valued functions v(PN"") and v(NP) on [0,1] by

U(pN/n)(t) _ bl(PN’"), ift € Fl(") forl=1,---,n
"N, ifr=1
and
oNP) () — oNPifre FM forl =1,
oM if = 1.
From (80), it is clear to see that
o PN (1) > ¢PN > 0and oNP) (1) > NP > 0 for t € [0,1]. (83)
Now we define the real numbers
(PN,n) _ (PN,n) L _(Ln) (PN,n) u (U n)
kPN — max {r?eapx{hnj (1) +a;(1) —a,; }'I]-Ig}j({hnj (1) +a; (1) —a,; }
and

c(NPn) — nas {m?\;( {hil]}fp,n)(l) T a]-L(l) _ a(L-’")},max {h(NP,n)(l) +at(1) - a(u,n)}} )
i€

where we assume

max {th’")(l) + a]L(l) - a(Lf”)} = 0 = max {h(NP’n)(l) +a(1) - a(?’")} forP =@

jep nj jep UM ] n
and
(PN,n) u Um\ _qo_ (NP,n) Liqy _ ,(Ln) _
I}é%({hnj (1) +a; (1) —a nj } —O—IJIéeI\\;( {hn]. (1) +a;(1) a,; } for N = Q.

We also define the real-valued functions p("N) and p(NP*) on [0,1] by

(PN,H)(t) . n—(PN,ﬂ), lft c Pl(n) forl = 1’ e, (84)
F ) kPNm) =1
and
(NP ) = NP et e B forl =1, -
P | kNP =1,
Using part (ii) of Proposition 5 and Lemma 1, we see that the sequences {h (PN1) 300 >, and
{hl ]NP ) yeo >, of functions are uniformly bounded, which also say that the sequences {7Tl N M) oo > 1

{nl (NP, n)}ff:l, {x(PNmye and {x(NP11%  of real numbers are bounded. Therefore there exist two

constants ¢N and ¢N? such that nl(PN’n) < ¢PN and nl(NP’") < NMPforalln e Nand!=1,---,n. Then

pPNM (1) < PN and p(NPM) (1) < NP foralln € Nand t € [0,1]. (86)
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We also define the real-valued functions §("N*) and §(NP) on [0,1] by

(PN,T[) (NP,H)
(PNn) (4 _ P (t) (NP) gy _ P (t)
A0 = S gy 20 = g 57)
It is clear to see that the real-valued functions (PN and f(NP) are nonnegative. The following

lemma will be used for further discussion.

Lemma3. Forl=1,---,n,j=1,--- ,gandt € Fl(”),wehave

nN (8) + ak(t) — ol forj eP
gPN ”)(t) +at(t) — al for] €N

fPNn (ZbL +Zb

{ijep} {i;jeN;} l]

and

{i;jeN;} {izjeP;} l] (t) + {1]- (t) l]' f01’] ep

Fort=1andj=1,--- ,q, wealso have

(NP,n)
FNP) (4 ( Y bL Y b )2{ h(NPn(t)+a]Z(t)—al fOT’]GN }

h(l?N’n)(l) + aL(l for] ep
f(PN’n)(l) ' Z biLj(l) Z ?I]’N,n) {Un
{izjeP;} {z]eN} hn]‘ (1) +all(1) for] €N
and
NP (1) +ak(1) — a(L’n)for '
n) n j nj IS N
R CO RN D DA TC VR S - CO I IR G u (), :
{l]EN} {ZZjEPi} hn] (1) + aj (]') - anj for] € P
The sequences {f (PNn } 1 and {f (NP;n) >, of real-valued functions are uniformly bounded.

Proof. It suffices to consider the function f(PN'”). Forl=1,---,n,j=1,---,gand t € Pl(n), using
(76), we have

{ijep} {i:jeN;}

PNL,n PN,n
_ p(PN,n)(t) — (PN,n) > { 71'1( ) > hl<] )(t) + a]L( ) al(] ") fOI‘] ecP } .

7T
1 n_l(PNU,'rl) > hl(]PN,‘VZ) (t) +El]u(t> al(]u 1) fOI'] €N

f (PN n) < Z bL + Z bzl}l(t)) > f(PN,n) (t) . bl(PN,n) — f(PN,n) (t) . U(PN'n)(t)

For t = 1, we also have

fPNn ( Z bL )+ Z b,‘f(l)) > f(PN,n)(l) ) bi(qu’") _ f(PN,n)(l) ) n(PN'”)(l)
{i:jeP;} {i;jeN;}
PNn Ln .
— o(PN) (1) — ((PNn) > h'gzj )(1)+ﬂjL(1)—”;(1' )for] S
=) = kPN > 8 e
hyj (1) +4; (1) — a,;" forjeN.

From (83) and (86), it is obvious that the sequences {{("N")}*_ and {f(NP"")}%_ of real-valued
functions are uniformly bounded. This completes the proof. [
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Let w(*) be an optimal solution of problem (D). Fori=1,--- ,pandj=1,---,q, we define
the following real-valued functions:

xI,n
o _{ i

} 1ft€F forl:1,---,n 89)
Y; = w(*l”)+max f(PNn NPn) } ift=1 ’
Hn wll*H” + max f(PN” f), NP" t} 1ft€F forlzl,'--,n . (89)
(*Hn + max f(PN” 1), NP” } ift=1 ’
mn *IIIn, ift € " forl=1,---,n . o)
*IIIn, fr—1 ;
(IVn (*IVn, iftEFl(n)fOI'l:L"'/n_l . on
W, it e EY U (1) = B ’
(Vn *Vn, 1ft€F(n)forl—1 n—1 o)
*Vn if F 1 E(n
W, 177 e U{ }

Then we have the following feasibility.
Proposition 7. The vector-valued function
y " (1) = (y0 ),y 10 (1), y 10 (1), y IV (1), y V1 (1))
with component functions defined in (88)—(92) is a feasible solution of problem (DSOP},).

Proof. We are going to show that y(") satisfies all the constraints of problem (DSOP,,). Forj =1,-- - ,q,
we define the real-valued functions g,(ju’n) on F,(”) forl=1,---,n—1and gr(ls-l’”) on E,S") = F,g") U{1} by

s = % (o5 —b) w2 (el - o)

{i;jeN;} {i;jep;}

4 §(NPm) () ( ACEEDY biLjI(t)). (93)

{ijEN;} {i:jepi}

Using Lemma 3, we have

{i:jeN;} {&:jep;}
ak(t) — (L " forje N
>¢ ( (94)
at(t) —ay; " forj € P

Since 1/n is the length of each interval Fl("), fort € Fl(n) and! =2,---,n,weseethatt — % S Fl(ﬂ.
We consider the following cases.

gl(JNP'n)(t) _ _hl(jNPn ( )-i—fNPn . ( 2 bL _|_ 2 blL]I(t))
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e Forl=2,.--,n—1landt e Fl("), ie. t— % € Pl(f%, we obtain

n M M M 1
o0+ T o0 -0 -y 0+ (- 1)

{i;jeN;} {i;jeP;}

SO R ELRSS o OB

{i;jeN;} {isjeP}
S GG RO} S W W IO Wi 10
{i:jeN;} {ijep;}
_wl(j*IU,n) _w(]*Vn)_'_wl(*Xl/]n (by (88)—(90) and (92))
s T 0 T e
{i:jeN;} {i;jeP;}

{ijeN;} {ijep}

(by the nonnegativity from (16))

+fNPn ( 2 bL + 2 b ) (]*Illn) wl(]*Vn)+wl(*\1/]rl)

= Z blz] ’ " + Z bll] ’ ( "
{i:jeN;} {i:jep;}
. wl(;lll,n) (*V n) +w

S glN (1) oy (93)

< { ( " 4 gl(NPn (t) forj € N (using the feasibility (51) for problem (Dj,)) }

)y glven)

Ij (t) forj € P (using the feasibility (52) for problem (Dj,))

al]

- a]-L(t) forje N by (04
= a]u(t) forjeP (by O4)).

e Forli=1landte F(") we obtain

1 7
ORI O S O R e OES  OR I O
(ieN;} {ien)
_ Z blL](t *In)+ Z b (*Hn)
{i;jeN;} {i;jeP;}
+ma><{f(PN'”)(f),f(NP'”)(t)}-( BIRTIORSDS b%}(t))
{i:jeN;} {i:jep;}
(*III,n) (*Vn

e — (by (88)~(90) and (92))
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> Z blL](f *In + Z b *IIn)

{i;jeEN;} {i;jep;}

{ijeNi} {i:jep}

+f NPn ( Z bL Z b ) . (;kHI PO wg;V,n)

(L *I u *II
= Z blz] ”) & + Z blz] Vl) "
{i;jeN;} {izjeP;}

—wy M gy (1) oy 93)

1(NP n)

ag f " 4 g(NP ) (t) for j € N (using the feasibility (47) for problem (D,))
ag j "+ 81 (t) for j € P (using the feasibility (48) for problem (D))

- ajL(t)forjEN b (04
- a}l(t)for]’GP (by ©4))

° Forl:nandteP,g ),1e t—fEF}E )1,weobtain
n n n 1
ORI CRN DTG I DR ORR A (k)
{i;jeN;} {i;jeP;}
= ¥ bkl Y o) -wl
{i:jeN:} {i:jeP}
+max PN (1), {8 () B+ ¥ bl
{i;jeN;} {i:jep;}
— w1 w7 (by (88)-(90) and (92))
S D OB S (R
{i;jeN;} {i;jeP;}
_|_fNPn ( Z bL )+ Z biLjI(t)) —W£;Ill’n)+w,(q*_v1,7)
{i;jeN;} {i;jeP;}
L *1 u *11
= 2 br(”]n) "+ 2 bm] " ( &
{i;jeN;} {i;jeP;}
— ol a5 4 gl (1) by (93)

Y

{ all™ 4 gEZNP’n) (t) forj € N  (using the feasibility (55) for problem (Dj)

" ) )
ai&l’") + gni-vp’") (t) forj € P (using the feasibility (56) for problem (Dj,))
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S ajL(t) forje N by (94
- a].u(t) forjeP (by O4))

e Forl=mnandt =1,itisclear to see that 1 — % € F,g"). We obtain

u Hn) . (ILn) wmy (; 1
{”g]}b » +{”§3}b (1) — " (1) + (1 )
— Z sz]( (*In)+ 2 bu (*Hn)
{i;jeN;} {izjeP;}
-+rnax{f““ﬂm(le““*”(1)}- ( Y, i)+ Y bg(l))
{I]EN} {i:jEPi}
— @l 4wl (by (89)-(90) and (92)
> Y s el Y sl
{i;jeN;} {i:jeP;}
+HNPA) Y sk + Y e ) | - w4l
{itjENi} {l]GPI}
= ¥ ool e Bt
{i:jeN;} {i:jeP;}
— w1 ) 4 gl (1) by (93)

- { ail? " 4 g(NP ) (1) forj € N  (using the feasibility (55) for problem (Dj,)) }

(L) ggNP "(1)forj € P (using the feasibility (56) for problem (D))

- a].L(l)forjeN by (04
a]-u(l) forje P (by ©4))

On the other hand, for j = 1,---,q, we define the real-valued functions gl(jL’n) on Fl(") for

1=1,- n—landg(L)onE"ﬁln)by

g 0= T (o5 -by") w0 X (el ) - )

{i;jeP;} {i;jeN;}

{ijep) {i:jeN}

+ §PNm) (¢ ( Y, vi+ Y bﬁ(r)) . (95)
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Using Lemma 3, we have

gl(]PNn)()i h(PNn()+fPNn (Z bL )+ Y biL].l(t))

{i:jeP;} {i;jeN;}
. a].L(t)—al( " forj € P
N aU(t)—al(] )forjeN
We consider the following cases.

e Forl=2,---,n—1andt € Fl("), ie., t— % € Fl(ﬂ, we obtain
n P n n 1
L oo™ T o "0y 0 e - (- 1)

{i€P;} {z jEN;) "

*[ *11
Y obh)wi™ Y b))

{i:jep;} {i:jEN;}
(PN,n) (NPn) ) L u
+max {fPN (1), {NPI (L (Y bh+ Y b ()
{i:jep;} {izjeN;}
4 wl(]*III ) + wl(]kaV,n) . wl(*ll\/] M (by (88)=(91))

Z biLj(t *In+ 2 b *Iln)

{i;jep;} {i:jeN;}

_|_fPNn ( 2 bL Z bll}l(t)) +wl(]*llln)+ (*IVn)_wl(ill\’/j,n)
{i:jen} {&:jeNi}

(by the nonnegativity from (15))

Z bh] ) " + Z bll] "

= {iEN:}
+ wl(]?knl’n) + wl(]kaV,n) - w(*IV ") + gl(]PNn () (by 95))

- ( " 4 g(PN ) (t) forj e P (using the feasibility (49) for problem (D,))
B al] " 4 g
Lit)forjeP

lj
(t) forj € N (using the feasibility (50) for problem (D))
>4 by (96
- a]-u(t) forje N (by (96))-

(PN,n)
lj
e Forl=1landte Fl(”), we obtain

II 111, 1V,

(96)
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Z blL](t *In + Z b *Hn)

{i:jeP} {ijeN;}
4 max {f(PN,n)(t)’f(NP,n)(t)} . Z bl-L]-(t) + Z biL]«I(t)
{i:jeP;} {ijeN;}

by (88)-(91))

(*II1n) (xIV,n)
+w1] + w1

Z biLj(t *In+ Z b *Iln)

{i;jep;} {i;jeN;}
n *I11,
+ PN ( ( IOREDY b}}(t)) + a1
{i:jepi} {i:jeN;}
Z blz] wljln + Z blz] ’ *U”)
{1]€P} {i:jeN;}
oy g (6 (by 95)

(tm) PN.m) (t) for j € N (using the feasibility (46) for problem (Dj))

( ay " g§PN ) (t) for j € P (using the feasibility (45) for problem (D))
a4y + 81j

- F(t) forje P

a
- { aju(t) forje N } (by (96)).

e Forl=nandte F,Sn),i.e., t— 6 F( ") we obtain

n—17/

RO NI B (1) g )+y](111,n)(t)_y](lv,n) (t_:,>

{i;jep;} {i:jeN;}

Z b,l](t *In + Z b *Hn)

{i;jeP;} {i:;jeN;}
+rna><{f(PN’”)(f),f(NP'”)(t)}-( ITORSDY b%}(ﬂ)
{izjePi} {ijEN;}
" w1 by (88)-01)

Z biLj(t *In + Z b *Hn)

{i;jep;} {i;jeN;}

(1) ( IO b5<t>)+w£§11"")—w£“¥,]”’

{i:jepi} {i:jeN;}
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Ln *I n) (Un *II n
Z b’(“] Z bm] . )
{1 jEP;} {i;jeN;}
™ — MV 4 g (1) (by (95))

(PN n)

AL
> ’(’]
1’1

+gn] (t)forje N
ak(t) forje P
> .
- { a]l.l(t) forje N (by (96)

e Forl=mnandt=1,itisclear to see that 1 —

Y bk -y™a) Y opla
{izjeP;} {ZJGN}
Z biL]'(l) *In 2 bu
{i:jep;} {i:jeN;}

+ max {f(PN,n) (1)’ f(NP,n) (

(*IIIn) *IVn
+wnj o n 1,j

Y, b)) -w

{i:jep)

*In)+ Z l’J

{ijeN;}

+f PNn ( Z bL
{ijep}
2 b(Ln . *In Z bm
 (ijeny {ijeny
N w(*m " _

n n n 1
II )( )+y](111, )(1> _y}(jV, ) (1_ )

(*IV,n)
n—1,j

"y g(PN ) (t) forj € P (using the feasibility (53) for problem (D))

(using the feasibility (54) for problem (Dj))

% € F,g"). We obtain

n

*H )

D[ T o+ ¥ e
{i:jepi} {i:jeN;}

) (by (38)-(91)

*II )
*111, *IV,
)+ X bffﬂ)) +w£1j & _wfd—l,jn)
{iijGNi}
*II )

+3845" (1) (by (95))

40 of 105

}

v

af”
Y

Vl

L

as:

> ]
‘{ %

This completes the proof.

") + g(PN ) (1) forje P (using the feasibility (53) for problem (Dj,))
" 4 g{PN "(1)forj € N (using the feasibility (54) for problem (D))

(1)forjeP

(1)forje N } (by (96))-

O



Mathematics 2019, 7, 569 41 of 105

Fori=1,---,pandj=1,---,q, we define the real-valued functions:

(Ln) (n) _
_(Ln)(t)_{ c); ifte '/ forl=1,---,n 9@7)
i - Ln .
! c}(ﬂ. ) ifr=1
(Un) . (n)
(Un), ) < ifte "/ forl=1,---,n
C; t) = 98
Y {cﬁff”) ift=1 ©8)
(#In) . (n) _
_(xIn w;: ifte i/ forl=1,---,n
@ (1) = { Sy ey (99)
(+ILn) . (n) -
_(*Il,n)(t) - { Ii lftEFl foril=1,---,n (100)
i - *I1,n .
! 1(11» ) ifr=1
Lemmad4. Fori=1,--- ,pandj=1,---,q, we have
1
/0 [clL(t) - ‘EL’")(t)] ~YIJZ-(*I'n)(t)dl‘ —0asn — oo, (101)
and
1
/O [ty " ()] - @l ()t — 0as n — oo, (102)

Proof. Itis clear to see that the following functions
(L, _ (%1, _(U, — (*11,
[kt =™ (0] @™ty and [cf!(t) — " (1)) - (1)

are continuous a.e. on [0, 1], i.e., they are Riemann-integrable on [0, 1]. In other words, their Riemann

integral and Lebesgue integral are identical. From Lemma 1, fori =1,-- ,p,I =1,--- ,nandt € Fl("),
we see that

0< ch(t) — el (1) = k(1) — " < sup [ch(t) =[] —0asn — o0 (103)
teFf")
and
0 < () — " (1) = cll(t) — i < sup [c(t) — "] 5 0asn s (109
tePl(")

Therefore we obtain

ck(t) =B (1) = 0and U (f) — &M (£) — 0as n — coae. on [0,1].

Since the sequences {ZD§*I’")}Z°=1 and {wi(*H’")}z"zl are uniformly bounded by part (ii) of
Proposition 5, using (104), (103) and the Lebesgue bounded convergence theorem for integrals by
referring to Royden [34], we can obtain (101) and (102). This completes the proof. [

Theorem 3. Given an optimal solution z*") of primal problem (P,) and an optimal solution w*") of dual
problem (Dy,), we define the vector-valued functions

XM — (X(L,n),x(u,n)> and y(n) _ (Y(I,n),y(ll,n),y(HI,n),y(IV,n)/y(V,n))

according to (62) and (63) and (88)—(92), respectively. Then the following statements hold true.



Mathematics 2019, 7, 569

42 of 105
(i)  We have
limsup V(DSOP,,) = limsup V(D) (105)
n—oo n—oo
and
0 < V(DSOP,) — V(Dy) < g,
where
nop (PN,n) (NP,n)
*] T 7T
en=—-V(Du)+) ) le(l ") +max{ éPN,n) W}) '/E“” ciL(t)dt]
I=1i=1 b, b, 7E
nop (PN,n) (NP,n)
(*I1n) T T) u
+IZ1,Z1 (wli +max{ (PN L (NEA] }) ./E,(”) it (t)dt (106)
== 1 1

satisfying e, — 0 as n — co. Moreover, there exist two convergent subsequences {V(DSOPy, ) }2 , and
{V(Dy,)}22q of {V(DSOPy,) }5> ; and {V(Dy)}5_,, respectively, such that

lim V(DSOP,, ) = lim V(D).
k—ro0 k—co

(107)
(ii)  (Asymptotic No Duality Gap). We have
(SOP) = limsup V(DSOP,,) = limsup V(SOP,) = limsup V(D,) = limsup V(P,)
n—oo n—00 n—00 n—00
and
V(SOP) = klim V(DSOPy, ) = klim V(SOP;, ) = lim V(Dy, ) = lim V(Py,)
—00 —00
and
0 < V(SOP) — V(Py) < ¢y.
Proof. To prove part (i), we have
0 < V(DSOP,) — V(D,) (by (69))
4 w ]- * *
V(DSOP,) ~ Y 3 Lol - 3Ll
i=11=1 i=1l=
n p
DSOPn Z Z/ (L n) l(i*l,n)dt Z Z/ CZZLI ) *II M)
== E —1i=1
St gy ) Ly
<Y [ ar+ ORI
i=1 i
A L - 11
- ZZ/_W cl(l )l g — ZZ/ clZ T (by Proposition 7)
I=1i=1"F =1i=1
P n
(xI,
=), Z/E(n) (CzL(t) Cl(z )) wll at + Z/ max fPNI (1), f(NP’")(f)} e (t)dt
i=11=1"5
P n
5 L (0 ) s 5 [ (150050800}l
i=11=1"F i=170
(using (88) and (89))
= ¢y, (108)
which implies

V(Dy) < V(DSOP,) < V(Dy) + ¢, (109)
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Now we have

05 £ o (O~ it [ (0

= /O l [ciL(t) - EEL'”)(t)} @M ()dt — 0as n — oo (using (97), (99) and (101))

and
0< 2/ —cllu”)) wl(l*”n)dt—>0asn—>oo

by using (98), (100) and (102).

By applying Lemma 2 to (84) and (85), it follows that p("N") — 0 and p(NP/) — 0asn — oo ace.
on [0,1]. By applying (83) to (87), we see that fPN") — 0 and fNP") — 0 asn — oo a.e. on [0,1]. Using
the Lebesgue bounded convergence theorem for integrals (ref. Royden [34]), we obtain

0< /01 max {f(PN’”)(t),f(NP’”)(t)} ck(t)dt — 0asn — oo (110)

and
1
0< /0 max { PN (£), (NP2 (1) - cH ()t — 0as n — . (111)

Therefore we conclude that ¢, — 0 as n — oo. From (109), we obtain

limsup V(D;,) < limsup V(DSOP,) < limsup (V(D,) + &)

n—o0 n—co n—oo
<limsup V(D) + limsupe, = limsup V(D,),
n—o0 n—oo n—o0

which proves (105). From the inequality (38), we see that {V(DSOP,)}?_; is a bounded sequence,
which says that there exists a convergent subsequence {V(DSOP,, )}?> ; of {V(DSOP,)}> ;. From
the inequality (60), we also see that {V (D, ) };> ; is a bounded sequence, which also says that there
exists a convergent subsequence {V(Dy, ) }72; of {V(Dy,)}i2 ;. In other words, the two subsequences
{V(DSOPy, )} and {V(Dp, )};2, are convergent. Using (109) again, we obtain

lim V(DSOP,, ) = YILHJO V(D ),

r—r00

which is equivalent to (107).
Moreover the error ¢, can be rewritten as

V(D) +22/" ' wll*lndtJrZZ/ ) *Iln)dt

=li=l =1i=1
n p N(PN,W) nl(NP,n) , .
+l 1lzmax PN’”) ! W ’ /;l(n) Ci (t)dt + /El(n) Ci (t)dt ,
- I

which implies the expression (106). This proves part (i).

To prove part (ii), since V(D,) = V(P,) for each n € N, using part (i) and inequality (69),
we obtain

0 < V(SOP) — V(P,) < V(DSOP,) — V(D,) < ¢,

and

limsup V(DSOP,,) > limsup V(SOP,) > V(SOP) > limsup V(D,) = limsup V(DSOP,,).

n—o0 n—oo n—o0 n—o0
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Using V(D,,) = V(P,), we also have

lim sup V(DSOP,,) = limsup V(SOP,) = V(SOP) = limsup V(D,,) = limsup V(Py).

n—oo n—oo n—o0 n—o00
This completes the proof. [

The following result presents the error estimation by simply solving the conventional linear
programming problem (Py,).

Theorem 4. Given an optimal solution z*") of problem (P,,), let x\") = (x(I1), x(U)) be defined in (62) and

(63). Then the error between V (SOP) and the objective value of x\") is less than or equal to e, defined in (106).
In other words, we have

0 < V(SOP) (Z/ .L” dt+2/ ()dt>§en,

where e, — 0asn — oo.

Proof. Proposition 6 says that x(") is a feasible solution of problem SOP with the objective value
given by

q
Zi/ola}( dt+£/ ) (1) dt
F
g n
o ab (@) dt+zz/ ) (1)

j=11=1

I
gt
1=

-
I
—
—
Il
—_

vV
VM*“
M:

-
I
—
—
Il
—_

(Lm) (<L, - (Un) _(+Un)
_/E](n) a ! "2y ! dt+]zllzl/ r " Z,] "dt (by (39))

n
LA Eha

|
M=
™=
S
[
=g
=
N
=%
&
2
+
]
]
=

I

< T
~ =
L

=

~— =
I

=

)

=

(112)

It follows that

0 < V(SOP) (2/ ) -2t dt+2/ ()dt)

< V(DSOP,) — V(Dy,) (by (112) and (69))
< & (by (109)).

This completes the proof. [

Recall that V(SOP) denotes the supremum of the objective function of problem SOP. However,
the supremum V (SOP) may not be attained. In other words, there may not exist a feasible solution x*
such that its objective value is equal to the supremum V (SOP). In the next section, we shall provide the
sufficient conditions to guarantee the existence of optimal solutions. From the computational viewpoint,
it suffices to consider the concept of so-called e-optimal solution that is formally defined below.
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Definition 2. Given any sufficiently small € > 0, we say that the feasible solution x'€) = (x(1€), x(Ue)) of
problem SOP is an e-optimal solution if and only if the difference between V (SOP) and the ob]ectlve value of
x(€) is less than €. More precisely, the feasible solution x(€) is an e-optimal solution if and only if

0 < V(SOP) (Z/ ) - x( dt+z/ : ()dt>

Now we have the following interesting result.

Theorem 5. Given any sufficiently small € > 0, the e-optimal solution of problem SOP always exists in the
following sense: there exists n € N such that we can take x(¢) = x(") that is obtained from Theorem 4 satisfying
gy < €.

Proof. Theorem 4 says that ¢, — 0 as n — oco. Therefore, given any sufficiently small € > 0, there
exists a sufficiently large n € N such that ¢, < €. Then the result follows immediately. []

5. Existence of Optimal Solution

We shall present the convergent properties of the sequences {x ”)}‘>o and {y(” >, that are
constructed from the optimal solutions z*") of primal problem (P,) and the optimal solut1on w(*) of
dual problem (D, ) according to (62) and (63) and (88)-(92), respectively. In this case, we shall provide
the sufficient conditions to guarantee the existence of optimal solutions of problem SOP.

Theorem 6. Given an optimal solution z*") of primal problem (P,) and an optimal solution w*") of dual
problem (Dy,), we define

x(m) — (x(L,n),x(U,n)) and y(n)(t) _ (y(l,n)(t)’y(ll,n) (t),y(HI’n)(t>, y(IV,n)(t), y(V,n)(t))

according to (62) and (63) and (88)—(92), respectively. Considering the component functions x](L’”) and x](u’”) of
x(L) and xUm) | respectively, for j =1,- - -, q, we define the real-valued functions x](L’O) and x](u,o) on [0,1] by

(LO) i 1o e (L) U0) /iy oo (Un)
X; (1) —lggg}fx]. (t) and X; (1) —hrrlgglij (1),
which can form the vector-valued functions x(©) = (x(L:0), x(U0)Y o5 [0,1]. Suppose that the objective value of
x(0) with respect to the primal problem (Py,) is greater than or equal to the objective value of y™) with respect to

the dual problem (D,,); that is,

)3 (/01 ab() - " (t)da + /01 a (1) .x](””)(t)da)

jeP
LU0) 1 (L0)
+]§V</ X (t)doc+/0 atl(t) - x; (t)duc)
Pty . In _ Hn
> 1;/0 i (t) -y dt+2/ (t)at. (113)

Then x©) is an optimal solution of problem SOP.
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Proof. Since x(") is a feasible solution of problem SOP by Proposition 6, fori =1,---,p,j=1,--- ,q
and t € [0,1], we have

Y bk )+ X b)) < ks (114)
(7P} {j:7E€Ni}
IO + X b < (115)
(/€N {j:j€Pi}
(1) > x}“”(t) > 0; (116)
each x](L’n) (t) is an increasing function on [0, 1]; (117)
each x](-u’") (t) is a decreasing function on [0, 1]. (118)

Fori=1,---,pandt € [0,1], we obtain

RO RE S ORI D TR Sl

{jebi} {j:eN;}
Y bh(t) - hmmfx Ln) + Y b liminfx(u’n)(t)
(ijeP} ] ( n—co ) (jeNi) ( n—oo |/ )
=) hr?lg}f (b (t) - x]{L’")(t) + ) hmmf (b]( )-x](u’")(t))
{i:jepi} {i:jeN:i}
< hmmf [ Z b - )+ Z bl“ ’n)( )] < cf‘(t) (using (114)). (119)
{i:jepi} {i:jeNi}

Using (115), fori=1,--- ,pand t € [0, 1], we can similarly obtain

TGRS ORI DN ORE el ()

{j:jEN;} {j:jeP;}
<liminf | Y b + Y -] <t (120)
{jjeN;} {j:jePi}
Using (116), forj =1,--- ,qgand t € [0,1], we also have
(u,0) e (Un) .. (Ln) (L)
X; (1) = llﬂlor.}fx]. (t) > hr{glor.}fx]. (t) = X; (t) > 0. (121)

For t; < tp, using (117) and (118), we have

(1) < 2fF () and 111 (1) > U (1),

which imply
L0 e (L, e (L, L0
]( )(tl) = h,{&%,{,‘fx](‘ ”)(tl) < llﬂlol;lfx]( n)(tz) = x]( )(tz)
and
90 (1) = liminf ") (1) > liminf x4 (1) = x40 (1),

Therefore x](-L’O)

j=1,---,q. This shows that x(?) = (x(1:0),x(U0)) js indeed a feasible solution of problem SOP.

(U0

is an increasing function on [0,1] and x ;" is a decreasing function on [0,1] for
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Given any feasible solution (x',x"!) of problem SOP, we have

)3 ( /0 ' ak() 2" (t)da + /0 1 a (1) ~x](u’0)(t)doc>

jepP
aLn) . 1 U0) YUy (LO) )
—i—jEN (/0 a; (t) X; (t)dtx—i—/o aj (t) X; (t)da
=z i/cl ch(t) -y (tyde + Z/O cH(t) -y (#)dt (using (113))
>y ([ oo stwdas [ a0 i)

+ </1 ab(t) - xH () da + /1 at(t) -xL(t)da> (using (31))
S\ Y j 0 Y j ’

which says that x(0) = (x(10),x(U0)) js an optimal solution of problem SOP. This completes
the proof. O

In the sequel, we shall consider the uniform boundedness of the sequences {x@'”)}o",1 and
{ U }oo_, obtained from (62) and (63). Recall that part (i) of Proposition 5 has provided the sufficient
(Ln) yeo u, n)

condltlons to guarantee the uniform boundedness of {x ; and {x 1- In order to obtain

the desired results, we also provide the different suff1c1ent conditions below.

Proposition 8. Let z(") = (z§n>, e ,ZEZ”)) with zl(n) = (z I(L ) l(u’n))forl =1,---,nbea feasible solution
of primal problem (P,). Suppose that bl(g'n) and bl(iljl’n) are nonnegative fori =1,--- ,p,j=1,---,qand
I =1, ,nsuch that the following conditions are satisfied:

o foreachj=1,---,qandl =1,--- ,n,the following strict inequalities are satisfied:

(L, (Un)
me” > 0and th]"

° thereexistconstantsa > 0and oY >Osuchthatforeachi:1,~-,p,j:1,~--,qandl:1,~~~,n,

7é 0 implies b( ) > ot and 'Y 7é 0 implies UM > U

ll] lij =

Then

lz]
u

un) - p
S u/

forallj=1,---,qand1 =1,--- ,n. In other words, the feasible set of primal problem (P,) is uniformly
bounded in the sense of saying that each feasible solution is bounded by some constant that is independent of n.

Proof. The assumptions say that, for each j and [, there exists ilj € {1,2,---,p} such that bl(z i "> >

oL > 0. Then we have

0<ot Z(JL " < bl(lf]]n " Z); E bl%,:l . l(kL'n) (by the nonnegativity)

< c,Z ") (by the feasibility ofz( >)
< pt (using (37))
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which implies
0< Z(L’”) < M—L
— l] — .
We can similarly obtain

(Un)

<k
lj —

0<z
This completes the proof. [

Fori=1,---,pandj=1,---,g, we define the real-valued functions:

(L) it p e F™ fori =1, -
am (1) = ”l&n) ! potorE= L (122)
/ ay™ift=1
and () (n)
Sifre Y forl =1, -,
a U (1) = “lum Hre s o " (123)
/ ay ™ ift = 1.

Lemma 5. Suppose that the sequences {x](L’") ® jand {x](u’")

bounded. Fori=1,--- ,pandj=1,---,q, we have

o, obtained from (62) and (63) are uniformly

1 -

/0 af (1) = al" ()] - x{" ()t - 0as n — oo (124)
1 .

| [ =at )] - xU0@dt — 0asn — oo (125)
1.

/0 all (1) —a™" ()] - ") ()dt — 0as 1 — oo (126)
1 -

/O all(t) =" (6)] " ()t — 0as n — o0 (127)

Proof. It suffices to prove the case of (124). It is clear to see that the following function

[ajL(t) —at" (t)} (1)
is continuous a.e. on [0, 1], i.e., it is Riemann-integrable on [0, 1]. In other words, its Riemann integral

and Lebesgue integral are identical. From Lemma 1, forj = 1,---,4,1 = 1,--- ,nand t € Fl("),
we see that

0 <ak(t)—al"" (t) = ak(t) — af/" < sup [aL(t) - a,g?'”)} 5 0asn — co. (128)

j
tgFf")
Therefore we obtain
11]~L(t) - ﬁ](L’")(t) — 0asn — o0 a.e. on [0,1].

Since the sequence {x](L’") =, is uniformly bounded, using (128) and the Lebesgue bounded
convergence theorem for integrals by referring to Royden [34], we can obtain (124). This completes

the proof. O

We remark that the uniform boundedness of the sequences {x}L’")};":l and {x](u’")};":l in
Lemma 5 can be guaranteed by applying Proposition 8 and part (i) of Proposition 5.
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Lemma 6. (Fatou's Lemma) (Royden [34]) Let { fi};2_, be a sequence of Lebesgue measurable functions defined
on the same Lebesgue measurable set E, and let v be a Lebesgue measure on E.

(i)  If there exists a Lebesgue integrable function ¢ on E such that fi > ¢ a.e. on E for all k, then

liminf f, ) dv < Ii 'f/ dv.
J; (omizise ) v < i | s

(ii)  If there exists a Lebesgue integrable function ¢ on E such that fi < ¢ a.e. on E for all k, then

/ <lim supfk> dv > lim sup/ frdv.
E k—o0 E

k—o0

Theorem 7. Given an optimal solution z*") of primal problem (P,) and an optimal solution w*") of dual
problem (Dy,), we define

X0 = (xE,xU ) and g () = (y ) (1), y I (1), y U1 (1), y V) (1), y V0 1))
according to (62) and (63) and (88)—(92), respectively. Considering the component functions x}L’") and x](.u’")

of xUE) and x(Un), vespectively, for j = 1,- - - ,q, we assume that the sequences {x](.L’") }oo , and {x](u’") bt

n=1
are uniformly bounded and satisfy the following inequalities
Z bIL](t) (hmj:jp x](L’")(t)> + Z blL](t) (limjoljp x}u’”)(t))
{jiepi} " {j:ieNi} "
< limsup [ TGRS ORI D10 -x}”f”>(t)] (129)
nee | {jent {i:jeNi}
and
) bll]l(t) (limsup x](L’n)(t)) + ) b}]l(t) : (limsup x](-u’")(t)>
{i:jeNi} e {i:jepit nree
. Uy . o (Ln) U/py . (Un)
<limsup | ) bij (t) X; B+ ) bij (t) X; (1) (130)
nee | {eNi} {i:jePit
fori=1,---,p. Now we define
x](.L’O)(t) = limsup x](.L’n)(t) and x](u’o)(t) = limsup x](u’”) (1) (131)

n—o00 n—o00

forj=1,--- ,qandt € [0,1]. Then x© = (x(19), x(W0) with the component functions x}L’O) and x](u’o) of

x(LO) and x(U0), yespectively, for j = 1,- - -, q, is an optimal solution of problem SOP.
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Proof. Fori=1,--- ,pand t € [0,1], we have

Y k() -« +Zb-”°)()

{i:jepi} {i:jeN;}
) blL]( (hmsup xibm) ) + ) b (hmsup x! ’")(t)>
{i:jePi} e {iieNi} e
< limsup { Z b 4 Z b . (t)] (using (129))
nee | {jjer} {j:/€N;}

< ck(t) (using (114)).

Fori=1,---,pandt € [0,1], using (115) and (130), we can similarly obtain

Y. b )+ ¥ b 210 <),

{j:jeN;} {j:j€P;}

Applying the limit superior to the argument in the proof of Theorem 6, we can also show that
x(0) = (x(L0) x(U0)) is a feasible solution of problem SOP.
We remain to prove the optimality. We first have

jeP 0
_ Lepy o (Ln) ] ‘,)
LY fy (0 =) -5 d”é;/ (b
_ - Legy _ (L)) (+Ln) (Ln_ *Ln)
_]'EPIZ%/E[M) (aj (1) a ) dt+];,lzn .
—qPLw 4y i 1 @my («Ln) (132)
jepim " 7 Ve
where .
(PLn) _ / L(f) — ALY L L) g
a o la z
25 fo (0 -
and similarly have
1
Eq/ﬂ ab(t) - x{0") (1)dt = aNU) +J§WZ alf "zt (133)
1
(L, n) U ) *L )
]g,/o ail(t) - x; " (t)dt = alNE +J§IIZH " " (134)
1
Z/O all(t) - U ()t = alPU) +sz a2, (135)
jep jePI=1

where

n
NUn) _ Lepy _ (L)) (xUn)
a(NUn) — | ) /EZW (”j (t) —a; ) zy; T dt

) Z (Umn) (xLn)
a(NLn) _ | Z/El(") (a].u(t) —aj ) Z); dt
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0<alPtw) =y 3 /M (ak(t) —aif™) 2 ae

=) /0 1 [a}(t) - a(L'")(t)} ~xl (#)dt — 0 as n — o (using (122) and (124))

0< aNUn) | Z/F(n) (a]L(t) _u](lL,n)) 'Zl(;u'n)dt

<Y /01 [ak(t) —al"" (1)] - " ($)dt — 0as n — oo (using (122) and (125))

n
0<a =3 Y /gn) (”]‘u(f) - a]([ll,n)) -z,(;‘L'”)dt

Un «Un
) (a-u(t) —a](.l )) .zl(]. )t

<y /01 [u}’(t) - aﬁu'”)(t)} : x](u’”)(t)dt — 0as n — oo. (using (123) and (127)).

By adding (132)—(135) together, we also obtain
1 1
L) -2 (1d Ut-(.u'”>td>
];3(/0 b (1) O+ [l (1) <1 (1
1 1
L (Un) u (Ln)
+). (/0 a; (t) Xj (t)dlx—i—/o a;j (t) X (t)dzx)

jeN
— a(PL) 4 q(NUn) 4 q(NLn) o o(PUm) 4y (p,).
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On the other hand, we have

i=1
P P n
= Z Z /—(n) (ClL(t) Cl(iL’n)> yl(lln)(t)dt‘i‘ Z Z ‘/_(n) CI(IL n) yl(l n)(t)dt
i—11=1"F i=11=1""
P & n *I,n P 1 N xIn
=% Lo (F@O = cff) w4 Yo el
i=11=1"E i=1
P n
F 103 [ che) max {JPN (1), {ONP 1) i
i=11=1"E
n P 1 Ln *In
SRS A
and )
1 n 1 n * n
Z%/O ey -y (1)ar c<U”>+Z%E-c§l” Vol
1 1=
where
p
c(L 71) — Z Z /‘—(n) (ClL(t) — Cl(l'L,n)) l(l*l T’l)dt
i=11=1 El
P n
+Y ) / ek (t) - max { PN (1), NP (1)}
i=11=1 El(n)
and
WUn _ y ¥ Uppy_ UmY (L)
H :i—211_21-/751("> (ci (t) —c); )«wli dt
P n
T LY [ el (0) - max {fN0 1), NP (1) .
i=11=1"E
We obtain
P n
L (Ln) (xIn)
OSEI;/EI(”) (cl (t)—cll ) o dt
P 1 L (Ln) (xI,n)
- 2/ [cl (t) —¢; (t)} w; " (t)dt — 0as n — oo (using (97), (99) and (101))
i=17/0
and

0= Z 2 /El(n) (Clu(t) - Cl(iu,n)) 'wl(i*ll'n)dt

From (143) and (144), using (145), (146), (110) and (111), it follows that

C(L,?l) — 0and c(u'n) — 0asn — oo.

{c-u(t) - c‘(u’n)(t)] ~wi(*H’n)(t)dt — 0 as n — oo (using (98), (100) and (102)).
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By adding (141) and (142) together, we obtain

r 1

Z/O ck(t) -yt dt+2/ I (#de = (B Un) Ly (D,).
i=1

Since V(P,) = V(D,), from (140) and (148), we have

)3 ( /O l ab() - 2" (H)da + /0 1 al(t) -x](u’")(t)doc)

jeP
—i—‘z </OlajL( doc+/ (Ln) )duc)

JEN

:i/ol L(t) (In) dt—i—Z/ _ Hn(t)dt

i=1
+ a(PL,n) + cl(Nl,I,n) + a(NL,n) + cl(Pl,I,n) _ c(L,n) o C(U,n)‘

Given any feasible solution (x",x!!) of problem SOP, using (31) and (149), we have

jeP
1
+j§] (/0 ay (t) xju(t)dvc+/ ai! (1) x]l“(t)doc)
+a (PL,n) + a(NU n) + aNL, n) + a(PU n) _ c(L,n) _ C(U,n)'

Using the Fatou’s Lemma 6, we have

1 1
/0 a]L(t) . (11?_?::}) x](L’M(t)) dt = A hrnn_;c,::p { (1) -x](L’M(t)} dt
1
> lim sup L(t) . x}L’n) (t)dt (by Fatou’s lemma)

n—oo J0O

and

1 1
k0 (simsup) 1)) de > timsup [ of(0) -+ 0

n—»00 n—o0 0

1 1
/0 al(t)- (limsup x](L’")( )) dt > limsup LI(if) -x(L’”)(t)dt

J n—00 n—oo J0

1 1
[ttt (timsp x40 ) 2 imsup [0+

n—00 n—00 0

Then we obtain

ng(/o al(t) dzx+/ )dzx)
+Z</ U0 da—l—/ X0 )duc)

jEN
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= 2/ <hmsupx( ) >dt+ 2/ <hmsupx](U )(t)) dt

]GP n—oo ]GN n—oo
1 (L) )dt / (1 (Uom) t)dt
FE A0 (im0 2 [Tl ) (im0

jer

. 1 L (Ln) . ! L (Un)
> Y (limsup ag (t) S X; (H)dt ) + Y (limsup ai (t) X (t)dt
jep

n—oo  JO jEN n—oo  J0

+ % (timsup [ ot 0t + ¥ (timsup ("ot )

jeEN \ n—e jEP \ n—oo -

(using (151)—(154))

> limsup LZ </01 ajL(t) (Ln dzx—i—/ (Un t)da)

n—eo | jep
S8 ([ oo e+ /01 ”ju(f)'x]@’n)(t)daﬂ

jEN

ZI:) (/ t)du +/ doc>
~x( /O ()2 (1) + /0 L .x]L(t)da)

jEN
+ lim sup (a(PL’”) + aNUm) o q(NLn)  q(PUnR) _ (L) _ c(u'”)> (using (150))

n—o0

_];U doc+/ dtx)
+Z(/ doc+/ )

jEN
(using (136)—(139) and (147))

Since (xL,x!) can be any feasible solution of problem SOP, it shows that (x(-0),x(U0)) is an

optimal solution of problem SOP. This completes the proof. [

In the sequel, we shall present the existence of optimal solutions by considering the subsequences.
We first provide some useful lemmas.

Lemma 7. (Riesz and Sz.—Nagy ([35] p. 64)) Let {f;}3>, be a sequence in L2[0, 1]. If the sequence { f }3°
is uniformly bounded with respect to || - ||o, then exists a subsequence { fk]. ;";1 which weakly converges to

f € L?[0,1]. In other words, for any ¢ € L?[0,1], we have

lim fk £t = / [0

]—)OO

We remark that if the sequences {x](L’n) o, and {x](u’n) o, are uniformly bounded, then they
are also uniformly bounded with respect to || - [|2.



Mathematics 2019, 7, 569 55 of 105

Lemma 8. (Levinson [36]) If the sequence { fi };°_; is uniformly bounded on [0, 1] with respect to || - || and
weakly converges to f € L2[0,1], then

f(t) <limsup fi(t) and f(t) > h]?_l)inffk(f) a.e. on [0,1].

k—o0

Lemma 9. Let {fi}$>, and {gi}$>, be two sequences in L?[0,1] that weakly converge to fo and go in L*[0,1],
respectively.

(i) If the function n defined on [0, 1] is bounded, then the sequence {1 - fi}°_, weakly converges to 1 - fo.
(ii) The sequence { fi + i } v, weakly converges to fy + go.

Proof. To prove part (i), for any h € L2[0,1], we see that h - € L2[0,1]. Therefore the weak
convergence says that

T

tim [U- (e = tim [ ) fudt = [ vy ot = [ G- foy

which says that the sequence {7 - fy}{2_; weakly converges to 77 - fo.
To prove part (ii), for any h € 12 [0,1], we have

lim [ (fo(t) + ge(8)) - h(E)dt = lim (/ Al dt+/0Tgk(t)'h(t)dt)

k—00.J0 k—o0

T
:/0 fo(t)~h(t)dt—|—/o 8o(t) - h(t)dt

(by the weak convergence for the sequences { f; }7° ; and {gx}7> )
T
= | (hot) +go(t)) - n(tt.
This completes the proof. [

Theorem 8. Given an optimal solution z*") of primal problem (P,) and an optimal solution w*") of dual
problem (Dy,), we define

x(m) — (X(L,n)lx(ll,n)> and y( )( ) (y(l n)( )’y(II,n) (t),y(HI’n)(t), y(IV’”)(t), y(V,n)(t)>

according to (62) and (63) and (88)—(92), respectively. Considering the component functions x](.L’") and x](.u’”)

of x(L1) and x(tn), respectively, for j =1, - -, q, we assume that the sequences {x](L’n) o, and {x](u’”) by
are uniformly bounded with respect to || - ||, and satisfy the following inequalities:
liminfx(u’")( t) > limsup x( ) (t) fort € [0,1] (155)
n—oo J 1300
lim inf x!™ )(tz) > limsup x( ” (tl)for t1,tp € [0, 1] with t; < tp (156)
n—oo |/ H—s00
liminfxgu’n)(tl) > limsup x(u’n)(tz)for t1,tp € [0, witht; < tp (157)
n—oo J nooo

for j = 1,---,q. Then there is a subsequence {x") Yeoq of {x(m}e  such that {x\") Yooy is weakly
convergent to an optimal solution x* = (x*L), x(:U)) of problem SOP.
Proof. Since the sequence {x%L’n) }oo ) is uniformly bounded with respect to || - ||z, using Lemma 7,
n—=
1yy ® 0
there exists a subsequence {xiL'nk ) } of {x%L’”) } ’ that weakly converges to some ng’O) € L2[0,1].
k=1 =
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@51 My *®
. . . L, L,
Using Lemma 7 again, there exists a subsequence {xé K )} of {xg K )} that weakly
k=1 k=1

()
. . . L,
converges to some ng’O) € L?0,1]. By induction, there exists a subsequence { xj( e )} of
k=1

-1y *°
{x;L'nk )} that weakly converges to some x](L’O) € 12[0,1] forj=1,--- ,q. The above argument
k=1

[e9)

can also apply to the sequences { x](u,n)} ) forj = 1,---,q. Therefore we can construct two
n=

subsequences {x(L")}% and {x(Y)}  that weakly converges to x("?) and x(U0), respectively.

Since x(L%) and x(U)

j=1,---,gand t € [0,1], we have

are feasible solutions of problem SOP by Proposition 6, fori = 1,---,p,

TGN ORI DO R e ORCHOF (158)
{j:j€hi} {j:7€N;}
L e+ B b5 0 <o) (159)
(7N} {:j€Pi}
A0 2 0 20, (160)
each x](L’nk ) (t) is an increasing function on [0, 1]; (161)
each x](-u’"") (t) is a decreasing function on [0, 1]. (162)

Using Lemma 9, we see that the sequences

{ Z b 'L”k 2 bL U"k)()}

{j:jePi} {j:jEN;}

and -~
): b ) L ”k )+ Z bu U k) ()
{j:jeNi} {j:iePi} k=1

weakly converge to

TR RO MU O

{j:jeP:} {j:jeN;}

and
> o IR I ORI OF
{j:jeN;} {j:jeP;}

respectively, which imply, by using (158), (159) and Lemma 8,

Z b LO) + Z bL (UO)()

{j:jeP:} {jijEN}

<limsup | ) b : Ln" )+ ) b u"k)() < ck(t) a.e. on [0,1] (163)
koo | {jijep} {j:jeN:}
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and

GRS R (O R DI T O REI ()
{j:jeN;} {j:jep;}

<limsup | ) biL]-I(t) -x](.L’”")(t) + ) biLj[(t) ~x](u’nk)(t) < cH(t)a.e. on[0,1]. (164)
k—eo | {j;jEN;} {i:jebi}

Using (160), (155) and Lemma 8, we have

x](u’o)(t) > li;ninfx](u'"")(t) > lim sup x](L’"")(t) > x}L’O)(t) a.e.on [0,1]. (165)
—®© k— 00
From Lemma 8, we also have

0< lilgn inf x}L’"")(t) < x](L’O)(t) < limsup x](L’"k)(t) a.e.on [0,1] (166)

—oo k—o0

and

0< lilgglfx](,u'n")(t) < x](u'o)(t) < lirkn sup x](u’nk)(t) a.e.on [0,1] (167)

— 00

Let N be a subset of [0, 1] such that the inequalities (163)-(167) are violated. Then A/ has measure

zero. In other words, if t € [0,1] \ NV, then all the inequalities (163)-(167) are satisfied. Now, for

(+L) (+U)

j=1,---,q, we define the real-valued functions x j and x i on [0, 1] as follows

0 ift € [0,1] \ N

N 1igglfx]@'”k)(t) ifte N
I (1) ift €[0,1]\ NV
and
(<l1) { liminfx](u’"k)(t) ifte N
x: U (F) = 00

Since the set A has measure zero, it is clear to see that

x(*L)(t) = x](L’O)(t) and x](*u)(t) = x](u’o)(t) a.e. on [0,1]. (168)

We are going to show that x*(¢) = (x*L),x(*!)) formed from (168) is a feasible solution of
problem SOP.

Fort € [0,1] \ V, from (163)—(165), we see that x*(t) satisfies the inequalities (10)—(12). For t € N,
by referring to (119)-(121), we also see that x*(¢) satisfies the inequalities (10)—(12). We remain to show
that x\*) is an increasing function on [0, 1] and x](*u>
For t| < tp, from (161) and (162), we have

is a decreasing function on [0,1] forj=1,--- ,q.

xE) (1) < 2 (1) and 189 (1) > 1) (1), (169)

Now we consider the following cases.
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e Suppose thatt;,t; € [0,1] \ V. Then we have

x](*L)(tl) = x](L’O)(tl) < limsup x(L’"k)(tl) (by (166))

k—o0 4

< liminf x{"™ (t,) by (156))
k—oo
<" (1) (by (166))

= X](*L) (fz).

We also have
W) = U0 (1) > liminf 1 (1) (by (167))
] ] k—oo

> lim sup x](”'”“ (t2) (by (157))

k—c0

> (" (1y) (by (167))

=" (ty).

e Suppose thatt; € N and t; € [0,1] \ V. Then we have

B (1) = liminf M (1) < liminf x5 (1) (by (169))
j koo koo

< 21" (1) (by (166))

=" (hy).

We also have

(t1) > limsup x(u’nk)(tz) (by (157))

W () = lim inf 2™ -
/ k—eo k—ro0 4

]
> 29 (1) (by (166))

=" (t2).

e Suppose that t; € [0,1] \ NV and t, € V. Then we have

x](*L)(tl) = x](L’O)(tl) < limsup x}L’nk)(tl) (by (166))

k—o0

< liminf ;") (1) (by (156)

=" (1),

We also have

W) = U0 (1) > liminf 1 (1) (by (167))
] ] k—oo

> liminf ") (1) (by (169))

= x](*u) (tz).

58 of 105
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e  Suppose that t1,t, € N. Then we have

al* )( t) = lim inf x'" ’”k)(tl) < liminfx(L’"")(tz) (by (169))
] ] k—oo

k—o0

=" (1),

We also have

1 (1) = timinf x(17) (1) > lim inf x[*") () (by (169))

] k—00 k—o0

Therefore we conclude that (x(*1), x(*)) satisfies (13) and (14). This shows that x* = (x(*1), x(*t))
is indeed a feasible solution of problem SOP.

Next we want to prove the optimality. Given any feasible solution (x*,x!!) of problem SOP, by
referring to (150), we can also obtain

Y ( /0 ' ab(t) - M ()da + /0 1 all(t) - {1 (t)dzx)

jepP
1 1
+ (/0 a]L(t) -x](u’ ")(t)dvc—l-/o a]'-’l(t) -x](.L’ ")(t)da>

JEN
1
> / ab(t) - xb(t)da+ [ atl(p) - 2¥ (t)duc)
jep \J0 0
! L u ! u L
+ Y ( [af(t) - (t)dzx+/ all () - x! (t)dzx)
= A .
1 aPLme) 4 q(NUm) 4 o(NLmg) o o (PUn) o (Ling) _ ((Ung) (170)
where
alPlm) 50, aNUm) 0, q(NLm) —y 0 and aPU) — 0 as k — oco. (171)
and

L) 5 0and ¢(U) — 0 ask — 0. (172)

by referring to (136)—(139) and (147), respectively. Since the subsequences { x](-L’"" ) } ey and {x}u’nk) o

are weakly convergent to x](-L’O) and x](u,o), respectively, forj =1,---,g, we have
klim ) / . Lnk tydt =) / ](L’O)(t)dt (using the weak convergence)
—» 00
jep jep
= X [ a0 P )t oy (169) (173)
jepP
1
lim 3 [ ab () x"" (dt = 2/ X9 ()t = 2/ AW 74y
—®jen 0 jEN jEN
1
lim Y [ all(6) - x{"" (dt = Z/ F)dt = Z/ (. 7s)
—%®jen /0 jEN jEN
1
lim - [ a2 (at = / A (tydt = ¥ / J(Bdt.  (176)
jeP jeP jeP
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By taking limit on both sides of (170) and using (171)—(176), we obtain

)3 (/01 ak(t) - (t)da + /0'1 al (1) .x}*m(t)da)
1

jeP

Since (xt,x!) can be any feasible solution of problem SOP, it shows that (x*1), x(*U)) is an

optimal solution of problem SOP. This completes the proof. O

6. Tighter Bound of Error Estimation for Nonnegative Constraints

Although the error estimation ¢, presented in (106) can be used to solve the fuzzy linear
programming problem FLP in which all of the fuzzy numbers in the constraints are assumed to
be nonnegative, in this section, we shall plan to derive the tighter bound of error estimation when all of
the fuzzy numbers in the constraints are taken to be nonnegative. The key issue is that the real-valued
functions yfI’"), yl(H’"), y(.m’n), y(IV’”) and y](.v’") fori=1,---,pandj =1, ---,q donot need to be
defined in the forms of (88)—(92). More simple forms can be used for the nonnegative problem. We
need to remark that these simple forms will not be the special case of the forms presented in (88)—(92).
Therefore we need to separately study the nonnegative problem FLP in this section.

We first note that, for the nonnegative case, the index sets N; = @ foralli =1, - -, p. Therefore,
all of the expressions involving the index sets N; for i = 1,-- -, p can be re-written as the simple
forms. Since the real-valued functions presented in (88)—(92) do not involve the index sets N;. It means
that those real-valued functions cannot be re-written as the simple forms. Therefore we are going to
present the different forms for the problem FLP with nonnegative constraints, which means that, as we
mentioned above, the problem FLP with nonnegative constraints should be separately studied.

Now the problem FLP with nonnegative constraints, denoted by (NFLP), can be re-written from
FLP by taking N; = @ foralli =1, - -, p, which is shown below:

(NFLP)  max (ﬁ1®f1)@(a2®552)@ -ea(ziq@i@,)

subjectto b, - ¥r, +bh, - ¥ 4+ bIan : ~§,x <¢yfori=1,---,panda € [0,1];
bzla'xla+b121x XL+ —}—bféMN <¢,fori=1,---,panda € [0,1];
Zx >0forj=1,---,gand a € [0,1];

each x- is an increasing function with respecttoa on [0,1] forj=1,--- ,g;

each f is a decreasing function with respecttoa on [0,1] forj=1,--- ,q.
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Also its corresponding scalar optimization problem NSOP can be written as follows:

(NSOP)  max Y ( /O Fda + / doc)

+]§v (/ dtx—l—/ dzx)

q
subject to ZblL](t) xb(t) < ck(t) forallt € [0,1]andi=1,---,p;
=1

q
ZbiLjI(t) -x]u(t) <cH(t)forallt € [0,1]andi=1,---,p;
=1

x]-u(t) > x]-L(t) >0forj=1,---,gand t € [0,1];
each ij(t) is an increasing function on [0,1] forj=1,--- ,g;

each x}l(t) is a decreasing functionon [0,1] forj=1,--- 4.

In this case, given any fixed § with 0 < é < 1, the auxiliary problem is given by

(NSOPy) max ) (/0 t)da —i—/ doc)

+]62N (/ dzx—i—/ doc)

q
subjectto ) biLj(t) xb(t) < ck(t) forallt € [0,1]and i =1, - -, p;
j=1

9
Zbil}-l(t) ~x]-u(t) <cHU(t)forallt € [0,1]andi=1,---,p;
j=1

x]-u(t)> (t) >0forj=1,---,gand t € [0,1];

oL
i

xp(t) < ]L(t+§)forallt€[01—}and]':L...,q;
2 X; Ut 4 o) forallt € [0,1—6]andj=1,---,q.

For § = 1/n, the dual problem of (NSOP,,) is also given by

(DNSOP,) min 2 / L (£)dt + 2 / pdt

P
subject to ) bf(t) - yf (1) +y}" (1) +y]" () = af(¢)
i=1

forallt € ) = [0,6) = [0,1/n) and j € P;

Zb (t) +y(6) +y!V (1) > aH(¢) forall t € K" and j € N;

Yo )~y () -y (1) > ak(t) forallt € FV and j € N;
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Zb )=y} () —y/ (1) = al (1) forall t € B and j € P;

i=1

forallt € Fl("),l =2,

14
Y BEE) )+ y () 4y () — g (t

_ i) > a]-L(t)

,n—1landj € P;

38040+ 0 ) =y (1= 1) = )

foralltEFl(n),l:2,~-

i=1

forall t € F\" U{l}—[l—(S 1] =

,n—landj € N;

Y00yl (0 — (1) —y] () +y] (fi)Z%'L(f)

foralltEFl("),l:2,~~~,n—landjEN;

HORHORSOE y}/(t)+y}/<t—111>2a]u(t)

forallt € F™,1=2,---,n—1andj € P;

4
e () -0+ ) =l (15 ) = af0)

[1—-1/n,1]andj € P;

111 % u
Zb t+y; () —y; (t— > a; (1)
forallt € B U{1} =E{” andj € N;
11 v 1 L
Zb -y () +y; (tn > a; (t)

forall t € E." U{l}andjEN

i=1

P 1
S BH () -yl (r) — y i) + Y (t— R0

forall t € F." U{l}andJGP

yl(t),y!(t) > 0forallt € [0,1]andi=1,---,p;

y]m( ), }V(t),y]‘/(t) >0forallte€[0,1]andj=1,---,q.
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Regarding the discretization problem, the primal linear programming problem is given below

(NPy)

Ui
max Z 2; al]

subject to

jer \I=1

11+2* ”ljun) ZILJI>
. (2

jEN 1

(Ln)
Zl]+ 27 al] Zl])

ibfﬁ”)z}jgc#/”) fori=1,---,pandl=1,---,n;
j=1

ibl(ll]l”)z}][ <cl(l.u'”) fori=1,---,pandl=1,---,n;
=1

L]IZZl]for]—l ~,gandl=1,---,m;
Zﬁgzl+1]for] 1,---,gandl=1,---,n—1;
zlL]Izle]for]_l c,gandl=1,--- ,n—1;
L]Z andzl]>0for]_1 -,qandl=1,---,n,

and the dual linear programming problem is given below

P
. L u
(ND;) min ZZ ("' 11+ZZ ( !
i=11= i=11=

subject to 2 bll] “wi; + wifl +wif > ag " for j € P; (177)
=1
. (L,n) 111 v (U,n) )
th] cwi; +wifl +wif > ay; " forj € N; (178)

i=1

D W) 11 v (Ln)
Zbll] SWy — Wy — W 2> ay; forj € N; (179)
i=1
- 111 v (U n) ;
th] cwif —with —wy; > ay;. " forj € P; (180)
i=1
) 11 (L)
Z blz] wlz + Wy + wl] - wl 1, = aj (181)

I\
—

forje Pandl=2,--- ,n—-1;

r
111 v (Um)
Z blz] wll + wl] + wl] —w_ 1 = > al] (182)
i=1

forje Nand! =2,--- ,n—1;
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p
u, 11 111
zﬁfﬂwh—%]—wu+%1]>% " (183)
1=
forje Nand! =2,--- ,n—1;
Lo w 111 4 1% (U,n)
121 bh] wll Wy — Wy + Wy_q,j > a (184)
forje Pand!=2,---,n—1;
3 (Ln Wl — (L n)
Z bm] ’ m Wy n 1,j £ >a,” forjeP; (185)
i=1
E ) 111 wlV (Un) ;
me‘j w ;tw, Wy=1,j > @y forj e N; (186)
: (Un) II HI ( n)
me] —wltl +w) 1 =4 forj € N; (187)
1=
) I 111 ( n)
E@W cwyt —wi +w, ;> a, " forj e P; (188)
1=

wl, wil € RE and wi!l € RY forl=1,-

wlIV,wl Rq fori=1,--- ,n—1.

For further discussion, we first define some notations. Let w(*") be an optimal solution of

problem (ND,). Forj =1,---,q, we define the real-valued functions h[( ]L’") and hl(;’l’n) on F,(") for
=1, ,n—1and h{;" and "™ on B U {1} = E{") by
p p
(Ln) gy — (Lin) _ 4L (xLn) (u, (u, U (*ILn)
hﬁ”u)_z%@m"—m())z% ") and hi;"" z%(mn“b »-wh "),
1= 1=

Forl=1,---,n, we define
(L n) Ly (L n) .
iy _ [ e sup [0+ ap0 -af] P20
I teF,
0, P =@

max sup {hl(]Ln)( )—I—a (t )—al(].u'")}, ifN#AQ

& = ter"
0 ifN=0
(Un) Ly Lm)] .
(ULn) gho tZ‘;g) [hlj (£) +aj(t) —ay } if N £Q
! o 1

0, ifN=®
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(Un) . (Un) .
L _ [ s [0 a0 - o] itp 20
1 tek

0, itP=0Q

We also define

nl(L,n) — max {nl(LL,n)’ n_l(LU,n)} and nl(u,n) — max {N(UL n), l(lll,l,n)}
From Lemma 2, it follows that
lim 7" =0 = lim 7" (189)
n—oo ! n—oo |

Forl =1, ---,n,we define

b(L'”) — min {i inf bL( )} and b(u " — mm {i inf bu(t)}
LT i ! =1 ! '

i=1teE" = i=1teE"

Since bL is increasing on [0, 1] and b}]J is decreasing on [0, 1], it follows that, for I =1,--- ,n,

P
(Ln (u/”) — 1 U i
b, = mm {Zb ( )} and b, —j_rgll}_r},q{i;bl] (n)}

According to (15) and (16), we define

4 p
L . L u
" = min inf b; >0and oY = mm inf b > 0.
=1, q{;te[ou it )} =" q{i;te[ol] i )}
It is clear to see that
bl > oL > 0and 8" > oU > 0forl =1, ,n. (190)

We also define the real-valued functions vl and oY) on [0,1] by

(Lm) 5 () ¢ —
U(L,n)(t):{ b, ", 1fteFl” forl=1,---,n

L) e =1

and . .
M . n
U(U,n)(t): bl , lftEFl forl=1,---,n
b UM if =1

Now we define the real numbers

k(L") = max {r]nee}ax {h%’n)(l) + ajL(l) _ L) } ,max {hfz?’n)(l) + a}’l(l) ACED }}

and

U = max {max {h(u’n) (1) +ak(1) - aL) } , max {h(L.I’") (1) 4+ a(1) — 2t }} ,
N U j nj

where we assume

(Ln) L1y oLm\ _ o — (Un) Uy _ ,Un) _
rjneapx{hn] (1) +aj(1) —a,; } 0= max{h (1) +a; (1) —a,; }forP @
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and

(Ln) Uy _ UM\ _ (Un) L 2L
1}2\;( {hn]. (1) +a7 (1) —ay, }— 0 —rjrée}\?({hnj (1) +a7(1) —a,, } for N = Q.

Then we define the real-valued functions p(&") and p(U") on [0,1] by

L,i’l . n
p(L,n)(t):{ 7'([( ), 1ft€Fl()forl:1,---,n

kL) ifr=1

and

Un . n
p(ll,n)(t) :{ 7Tl( ), lftGFl( )forlzll...ln

cUn) =1,

We also define the real-valued functions §() and §(Y) on [0,1] by

ptm) (1)

(L,n)
(L) gy PE(E)
f (t) D(U,n) (f)

r \" (U,n) _
o) (1) and {4 ()

According to Lemma 3, we can similarly obtain the following lemma.

Lemma10. Forl=1,--- ,n,j=1,--- ,qgandt € Fl(”),wehave

(L) L hl(,L’")(t) + a]L(t) - al(L ") forjepP
() Zbij<t) 2 Ln) u (Un)
- hy; (1) +a; (t) —a;; "/ forje N
and (u : (L
V() +ab(t) —a; " forjeN
FLm (1) be}l(t (LIn) ‘
£ (1) +ati () —a " for j € P
Fort=1andj=1,---,q, wealso have
D) Y Bh) 2 " (1) +af (1) =" for € P
= hfqﬁf’”)(l) + a]U(l) - ai(;[’”)for] eN
n (U,n) (Ln)
) P ) 4 ak(1) -l forje N
‘(1) (1) > h(l],In) . ! ) ..
= p (1) +ai(1) a,;" forje P

The sequences {f(L'” >, and {s(tn) > of real-valued functions are uniformly bounded.

Instead of defining the real-valued functions y(l ) yEH’n) (It - (V) (Vim) 5

'Y 'Y and Y in (88)-(92),
we define them as follows:

(I,n)(t):{ wl(l*ln + §Lm) (), ifteFl(”) forl=1,---,n

) fori=1,---,p; 191
Y w *In f(L” (1), ifr=1 } p ( )

(+ILn) | c(U,n) - (n) -1...
y(ll,n)(t) _ { wl(l*n y + f (t), ifteF " forl=1,---,n } forim1,--,p; (192)
w

ni ’ +f(U,n)(1), ift=1

(+IIIn) . (n) B
11, w;; , ifteF "/ forl=1,---,n .
]/](' n)(t) = { l(*m,n) i ! forj=1,---,q; (193)
w ift=1

nj 4



Mathematics 2019, 7, 569 67 of 105

(xIV,n) T: P(n)f =1, 1
() ] Py o HEES Horb =10 m forj=1,--- 0 194
i { w,{*_ﬂf}”), ift e WU {1} = E" ” = oy
Q20 (n)
)y ) W ifte Fforl=1,---,n-1 fori—=1. .- 195
y] () { wr{ﬂ/l,’r]z)’ ift e Fr(ln) U{l} _F ) ] 7 q ( )

The feasibility is presented below.
Proposition 9. The vector-valued function
y " () = (y (1), y I 1),y (1), y 1V (1), y 0 (1))
with component functions defined in (191)—(195) is a feasible solution of problem (DNSOP;,).

Proof. We are going to show that y(") satisfies all the constraints of problem (DNSOP,,). For j =
(

1,---,q, we define the real-valued functions gl(].u’n) on Fl(") forl=1,--- ,n—1and g(u ") E"n”) =
" U {1} by
4 P
u #I1,
gl] Z( 11] ”)) : ( ") _,_fUn ( )be}[(t) (196)
i=1 i=1

Using Lemma 10, we have

(197)
~a

L _ (Ln )f N
Un) gy — _p(Un) " un . aj (1) a); orje
8lj ®) I 1)+ Z U(t) (u ) forje P

Since 1/n is the length of each interval Fl("), fort € Fl(") and! =2,---,n,wesee that t — % € Fl(f)l.

We consider the following cases.

e Forl=2,--,n—1,j=1,--- ,qandt € F" ie, t—1 € F") we obtain

II n) (I1Ln) (V,n) (V,n) 1
Zb A0 =y =0+ (1 1)

P P
*IIn N «[1In *V,n *V,n

i=1 i=1
(by (192), (193) and (195))

P
- Zl bl(l] ’ *H " wl(;HLn) B wl(j*v,n) tw (*‘1/]71) + gl(]u 71)( t) (by (196))
alt™ + gt (1) forj € N (using the feasibility (183) for problem (ND,,))
a); tUm) 4 gl(] )(t) forj € P (using the feasibility (184) for problem (ND,))

L .
>{ aj(t)forjeN
] a

, (by (197)).
]u(t) forjeP }
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e Forl=1,j=1,---,qandt € Fl("),weobtain
p
u . (ILn) __(In) (V)
i; by (8) -y 7 (8) =y () —y; ()
p p
= Y b () -+ Y (1) U (1) — w1 — ™ by (192), (193) and (195))
i-1 i=1

u

p
_ Z b(ll n) w(*II,n) . w(*lll,n) (*V,n) + 81]' ) (t) (by (196))

1ij 1i 1j Wy

ay; " 4 ggj )(t) for j € P (using the feasibility (180) for problem (ND,,))

L .
S a]-(t)forjeN
| a

S { (]L "y g(u ) (t) for j € N (using the feasibility (179) for problem (ND,)) }
= (u,
{ ]u(t) forje P } (by (197))-

e Forl=mnj=1,---,gandt € PYE"),i. e., € P( )1,we obtain

L (ILn) (IILn) (V) 1

gsz () Y () —Y; () +V]' t— ”
p

- ;b}j wlt ) Zb (1) — w4 w0 oy (192), (193) and (195))
p
= Yol w4 o (1) (by (196)
i=1

S 1(1 "y gfl )(t) forj € N (using the feasibility (187) for problem (ND,))
N 7(1 " 4 & )(t) forj € P (using the feasibility (188) for problem (ND,,))

- ajL(t) forje N by (197
= a].u(t) forje P (by (197)).

e Forl=mn,j=1,---,qand t =1,itis clear to see that 1 —% S F,g”). We obtain

Z B (1) -y {11 (1) y](III,n)(l) Ly (1 B 1)

J n

I
N

S
C:

I
_

U 1) (*Iln)+zb )_w’(:;m,n)Jr n*v17) (by (192), (193) and (195))
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(*V,n)

Zbun . (*11n>_w’(;1u,n>+ w +g}<1] (1) (by (196))

i=1

(LI n) U,n)

- ( "y gi(iu ) (1) forje N (using the feasibility (187) for problem (ND,,))
=z "+ 8y (1) forj € P (using the feasibility (188) for problem (ND,,))

>

a].L(l)forjeN by (197
aju(l)forje p (by (197))

On the other hand, for/ = 1,--- ,n—1landj =1, --,q, we define the real-valued functions
gl(jL'n) on Fl(n) and g,%’n) on E_,(qn) by

4 4

i—1 i=1

Using Lemma 10, we have
L _ (Ln) f P
(L/”) F = —]’l(» + Ln b a]' (t) al orje 199
& (1) ) f E a].u(t)—al(u Jforje N (199)
We consider the following cases.

e Forl=2---,n-1,j=1,--- ,qandteFl("),i.e.,t—%EFl(f%,weobtain

111, 1v, 1v, 1
§§b O+ O+ 6 -y ”)(t—n)
4
:;biLj<t)' (*In +an Zb *IIIn)_i_wl(;kIV,n)_wl(ill\,/j,n)

(by (191), (193) and (194))

Zbl(Sn) wl(l*ln)+ (*Illn)+ (*IVn) w(*IVn)

+8ii" (1) (by (198))
1

v

(L,

(L'n) + gl(]L’n) (t) forj € P (using the feasibility (181) for problem (ND,))
aj; tn) 4 8ij )(t) forj € N (using the feasibility (182) for problem (ND,))

L .
a; (t) forje P

= { all(t) for j € N } (by (199)).

e Forl=1,j=1,---,qandt € Fl(n),weobtain

Zb S ORE ORI O
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|4
= Yok wl ) ¢ Zb (1) +w§j’”’”) +w V1) by (191), (193) and (194))
i=1
P
= Z} B w4 w1 IV 4 g5 (1) oy (198))
i=
- ug j "y g§ )(t) for j € P (using the feasibility (177) for problem (ND,,))
N aﬁl g glj )(t) for j € N (using the feasibility (178) for problem (ND,))
S ajL(t) forjeP by (199
- a]l.l(t) forje N (by (199))-
e Forl=mnj=1,---,gandt € F,E"),i. e., 6 Fr(l )1,we obtain
F 1
I, 111, 1v,
Y () -y (1) 4y () — V) (t—)
i=1 n
|4
_ Zibfj(t wltm 4 2 BE(1) -1 (8) + i — TV by (191), (193) and (194))
1=

p
Zl ’(IL]n) (*I n) +w (*III n) wi*[}/]n) +g£,] ( )(by (198))

> ,(1] " g(L n)(t) forje P (using the feasibility (185) for problem (ND,,))
fl " 4 gi(1 J )(t) forj € N (using the feasibility (186) for problem (ND,))

]L(t) forj e P by (199
]-u(t)forjeN (by (199)).

A\
——
[N

o Forl=mn,j=1,---,qand t =1,itis clear to see that 1 —% € F,S”). We obtain

1
3 eb0) -y 1)+ ) - (1- 1)
i=1
r
= Y bh(1) - wlt ”)+Zb (1) +wi " — w1 by (191), (193) and (194))
i=1

p
_ Zb(L,n) (*I n) +w (*III n) wil*li/]n) _"_gEl] ( ) (by (198))
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v

a

a%/n) + gflL-’") (1) forj e P (using the feasibility (185) for problem (ND;,))
()
nj T 8nj

(1) forj € N (using the feasibility (186) for problem (ND,,))

This completes the proof. [

k(1) forj € P

a
a]-u(l) forje N } (by (199)).
From (69), we also have
V(DNSOP,,) > V(NSOP,) > V(NSOP) > V(NP,) = V(ND,). (200)

Theorem 9. Given an optimal solution z*") of problem (NP,) and an optimal solution w'*™) of problem
(NDy,), we define

X = (el x4y and 0 ) = (347 1), y 1) (1), y 41 (1), y 1) (1), y V) (1)

according to (62) and (63) and (191)—(195), respectively. Then the following statements hold true.

(1) We have
limsup V(DNSOP,,) = limsup V(ND;,) (201)
n—oo n—oo
and
0 < V(DNSOP,) — V(ND,) < ¢,
where

(Ln)
w4 T ek ()a
li b(L'n) El(n) i
1

(Un)
& «11,n T
5 l(wl(l n) béU,m) . /_W ciu(t)dt] (202)

i 7E;

satisfying e}, — 0as n — oo. Moreover, there exist two convergent subsequences {V(DNSOP;;, ) }2> ;
and {V(NDy, ) }2> ; of {V(DNSOP,,) }5>_; and {V(NDy,)}3>_;, respectively, such that

lim V(DNSOP;, ) = lim V(ND,, ). (203)
k—o0 k—o0
(ii) (Asymptotic No Duality Gap). We have

V(NSOP) = lim sup V(DNSOP,,) = limsup V(NSOP,,) = limsup V(ND,,) = lim sup V(NP,,)

n—oo n— oo n—oco n—o00
and
V(NSOP) = lim V(DNSOPnk) = lim V(NSOPnk) = lim V(Nan) = lim V(NPnk)
k—oc0 k—o0 k—ro0 k—o0
and

0 < V(NSOP) — V(NP,) < €.
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Proof. To prove part (i), we have
0 < V(DNSOP,) — V(ND,,) (by (200))

V(DNSOP,,) — ffi (L”) (*1") ZZ Un _ (*Hn)

i=11=1 i=11=
n P

= V(DNSOP,) - }_ ) / b gl gy ZZ / (U)ol
I=1i=1 =1i=1

< ! (In Hn
—Zlfocz() dt+2/ I () de
k% (L) (L) 4 (Un) | CILn) o p
-2 ) ~(n) Cli wll 2 E w Cli wh ) ( y Proposition 9)
1

1=1i=1"E —1i=1
P n
W IR CIORE R *’”dt+2/ FL) (1) - ck(8)dt
i—11=1"E
ok u (Un) *Hn w,
+ZZ/E(H> (ci () — ! ) dt+2/ §Um) (1) . U (+)dt (using (191) and (192))
i=11=1"F
= ¢y, (204)
which implies
V(ND,) < V(DNSOP,) < V(ND,) + £. (205)
Now we have
(Ln) (L,n)
v n T "1 7w
0< /0 fEm(8) - cf (b)dt = IZ% /Ez(”) b(lL’”) : 2 — - ~Lr— " (using (190) and (37)
= | -
(L)
= iTL -t — 0asn — oo (using (189)) (206)
and
(U,n) (Un)
1 . n 7-L—l n 1 nl
0 5/0 Fm(8) - cff (1)dt = Z/Ew “Un) Z; ut
=175 b, =1
tn)
= fj y — 0as n — oo (using (189)) (207)

Therefore we conclude that €5, — 0 as n — co. Moreover the error ¢, can be rewritten as

NDn JVZZ/ wll*lndi’+22/ ) *lln)dt

=1i=1 11 1
n p nl(Lr”)
+22/—<n> (Tn dt+22/ el (t)dt,
I=1i=1"%" b~ —1i=1

which implies the expression (202). The remaining proof can follow the similar argument in the proof
of Theorem 3. This completes the proof. [J
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For the nonnegative problem NSOP, we can also use (106) to obtain the following error estimation

n p *I }’l) n—[(L/n) n-l(ur”) L
&p = — ‘|‘ Z Z [(wlz + max {b(L'n) , 7{](11,”) }) ./é(”) C; (t)dt‘|
l l

1=1i=1 1
n p (L,)’l) (U,Tl)
(*II,n) Ty T u
+ Z Z (wli + max {(L,n)’ (U”)}> ) /E(”) G (t)dtl ’ (208)
I=1i=1 b, b, 1
where nl(L’n) = nl(PN ) nl(u " = nl(NP ) b(L ") = b(PN’n> and b(un) b(NP’n) by assuming N; = @
fori=1,---,p. From (202) and (208), it is Clear to see that ¢;, < ¢, which means that we can have the

tighter bound of error estimation for the nonnegative problem NSOP. In other words, when all of the
fuzzy numbers in the constraints are assumed to be nonnegative, we shall calculate the tighter bound
g, presented in (202) instead of calculating the error bound ¢, presented in (208).

The remaining results for the nonnegative problem NSOP, including the existence of optimal

solutions can be similarly obtained. We omit the details here. We can also see that the real-valued

functions yl(I ), yl(” "), y](.m ”), y(lv M) and y](V’”) fori=1,---,pandj=1,---,q defined in (191)-(195)

have the simple forms that are clearly not the special case of the forms presented in (88)—(92). These
simple forms of real-valued functions can also save the computational resources.

7. Computational Procedure

In the sequel, we are going to present the computational procedure to obtain the error estimation
and the approximate solutions of problem SOP. It is clear to see that the approximate solutions will be
the step functions. According to Theorem 4, it is possible to obtain the appropriate step functions so
that the corresponding objective function value is close enough to the supremum V(SOP) when 7 is
taken to be sufficiently large. In other words, the computational procedure will obtain the e-optimal
solution of problem SOP by referring to Theorem 5.

In order to calculate the error ¢, between the approximate objective value and the optimal
objective value as shown in Theorem 3, we need to obtain nl(PN’n) and nl(NP’n). By referring to (72)—(75),
we need to solve

sup {hl(ij’")(t) + a]-L(t)} and sup {hl(]NP’n)(t) + aju(t)} forj € P. (209)
tePI(”> tePl(")
and
sup {hl(JNP'”)(t) —i—ajL(t)} and sup { (]PN’”)(t) +a]-u(t)} forje N. (210)
teFI(") teFZ( )
Forl=1,---,nandj=1,---,q, we define
PN m _ Z bll] ) *In + Z bh] ) *II ) 211)
{izjep} {i;jeN;}
d
an NPn) b (Ln) *In + b ) *Hn) 212
Z lij Z 11] ( )
{i:jeN;} {i:jepi}

Forj:1,~--,qandteFl(”)forlzl, ,n—1landt € F" U{l}—E(n for I = n, we define

h(PN n) Z b (*I n) Z b (*II n)
{ijep} {ijeN;}
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and ( )
v (NP,n) *I n) *II
hy; Y b -y b "
{1 JEN;} {i;jeP;}
Then, from (70) and (71), we see that the real-valued functions h( N1 and hl(jNP’") can be rewritten as
PN, ~(PN, PN, NP, ~(NP, NP,
rN (6 = BN 4 RPN () and BN (8) = BN 4+ RNV (1), (213)
Since the functions a* au bL and bu are continuous on E( ") foralli=1,---,pandj=1,---,q,

] 7
it follows that the functions hl( i ) + a and h(NP " 4 gl ;. are also continuous on the compact interval

E"l("). In other words, the supremum in (209) and (210) can be obtained as follows. For j € P, we have

sup [hl(]PN’”)(t) —i—a]-L(t)} = sup [hl(]PN’”)(t) —i—a]-L(t)} = max [hl(]PN’n)(t) —i—a]-L(t)} (214)
teF" teE™ tek)
and
sup [hl(]NP’")(t) +aju(t)] = sup {h,(]NPf”(t)H}’(t)} ~ max [hl(jNP")( )+au(t)] (215)
ter™ teE™ ek

For j € N, we have

sup {h(PN ")( )—i—au(t)} = sup [hl(PN " (£) + al( )} = max {hl(PN ")( )+ ai( )} (216)
) ! O e
teF, teE, €5
and
sup [hl(].Np’")(t) +a]L(t)} = sup [hl(jNP")( )+a (t )} = max [hl(]NP’")(t) Jrcl]L(lf)} . (217)
ter" teE™ teE]"

In order to further design the computational procedure, we need to assume that the real-valued
functions ajL, aju, biLj and bl.LjI are twice-differentiable on [0, 1] for the purpose of applying the Newton’s
method. For j € P, we define the real-valued functions

RPNE () = PN () + ab (1) and BT (1) = 1Y (1) + ol (1), (218)

For j € N, we define the real-valued functions

RNPE (1) = mNT () + ab () and RN (1) = 1N (1) el (1), (219)

From (214), we just need to solve the following simple type of optimization problem

j(PNLn)

’;Illﬁ); . l (1). (220)
We can see that the optimal solution is
. 1—1 1 d (PNL,n)
t* = ort* = ~or satisfying — pT (h (t)) ’t:t* =0.

According to (213), it follows that the optimal solution of problem (220) is

I-1

. i d (v(PNn) L =
p— ort* = = or satisfying — T, (h (t) +a; (t)>‘ =0

t=t*
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(PNL,n) jy(PN.n)

Let Z;; denote the set of all zeros of the real-valued function 4 (% ij (1) + ajL (t)) forje P,

(PNLn) .

where Z t4} is assumed to be a finite set. Then

max E(PNL’n)(t)

a
1
teEl(”) !
- -1\ - i
max hl(]pm,n) £, hl(]pNL,m ), max i h(]PNL ) t;k)}l " Zl(jPNL,n) L0 -
- o 221
max § " ) % } if N = @,
Let Z (]NPU M) denote the set of all zeros of the real-valued function 5 (hl(].NP’”) (t) + aju(t)) forje P.
Then we can similarly obtain
(NPU,n)
o) i i ®)
teE,
a7 (107 (). e 17 ) w0
- o 222
max { """ Z_Tl Ui % ' if " = .
LetZ (]NPL ") denote the set of all zeros of the real-valued function I (le(PN ) () + ajL (t)) forj € N.

Then we can similarly obtain

teE(”)
~(NPLn) (L =1\ z(NPLn) (] (NPLn) /% (NPL,n)
max hlj 0 'hlj . ,r_nl*laxm hl] (t5) ¢, fZl]. #Q o
o ~(NPLn) (L =1\ z(NPLn) (] . (NPLn)
max hlj - 'hlj ” , 1fle =@
Let Z (]PNU ") denote the set of all zeros of the real-valued function a (hl(]NP ) (t)+ aju(t)) forj e N.
Then we can similarly obtain
- (PNU,
max fiy™) (1)
teE|
max El(fNu’") l ; ! ,P_Ll(]«PNu’n) % , max hl(PNu’") () }, if Zl(jPNu’”) 0] o
= =L 22
~(PNUn) (1 =1\ z(pNun) (1 . (PNU,n)
max hlj . ’hlj m , 1fZl]. = Q.

Therefore, using (214), (215), (221) and (222), we can obtain the desired supremum (209), and
using (216), (217), (223) and (224), we can obtain the desired supremum (210).

g (216), ( p

Now we consider the following cases.

(PNLn) hl(.NPu'n), I_zl(NPL’n) and le(PNu’n) are linear functions of t on E"l(n). This

e Suppose that h
situation will happen when the fuzzy numbers are taken to be the triangular fuzzy numbers. We
also remark that the triangular fuzzy numbers are frequently used in the real problems. Now the

linear functions are assumed to be the following forms:

;‘ll(jPNLrn)(t) — hl(jPN’")(t) + a],L( )= tl(]PNL ") t—l—sl(ijL’") forje P

AP () = W (1) + all () = o T b 51T for j e P
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RNPE () = mNT (1) + ab () = o T b s N for je N
RN (1) = PN () all (1) = o N0 b sl PN for j e N

Using (214)—(217), we obtain

s, if e N =0
- (PNL (PNLn) | | (PNLn) (PNLn)
::;31() hl(j n)(t) = tlj ; Jrlsl] , f lj >0
I (PNLn) | — (PNLn) (PNLn)
Y -—+5,j , ft,j <0
(NPU,n) .. (NPUn)
5); , if ot =0
ax fNPU n)(t) tl(NPu,n) ! _|_51(NPLI,71) " tl(NPLI,n) 50
Sy b - ] n ] ! j
(n)
teE _
1 tl(NPU,n) -1 +51(NPU,n)/ ftl(Npu’") <0
j j j
sl(jNPL,n)’ y tl(]NPL,n) _0
_ l .
ax hl(jNPL,n)(t) _ tl(jI\JPL,n) ! +51(jNPL,n), " tl(NPL,n) >0
teE I —1
I tl(NPL,n) _ +51(NPL,n)’ . tl(NPL,n) <0
j j j
(PNU,n) . (PNUn)
5); , l if v =0
max N (0 = 4 e, i > 0
tek (eNUn) =1 (PNUn) (PNU,1)
Ij T + 5); , ify <0

=(PNLn) 7(NPUn) 7(NPLn)
hl]‘ n , i n , hl] n

e  Suppose that lj

and FLI(J.PNU’") are not the linear functions of ¢ on E"l(” .

76 of 105

(225)

(226)

(227)

(228)

)

In order to obtain the zero t* of %(EI(JPNM) (t) + a].L(t)), we can apply the Newton’s method to

generate a sequence {f,}° ; such that t, — t* as r — oco. The iteration is given by

d y (PN,n) )

—h: ")+ =ak(t)
b= dt i P T e P
) 2

d” 5 (PN ) a

dtzhlj (t) - T 3% () -

¥ (PN,n)

(229)

forr =0,1,2,- - -. The initial guess is (. Since the real-valued function %(hl ; (t) + a]-L(t)) may
have more than one zero, we need to apply the Newton’s method by taking as many as possible

for the initial guesses ty’s. The zeros of

d

dr \'lj dr \'lj dt \'li

can be similarly obtained.
The computational procedure is given below.

e  Step 1. Set the error tolerance € and the initial value of natural number n € N.

L@ +at0), L (RN +ak (1) and & (KNP (1) + (1)

e Step 2. Find the optimal objective value V(D,) and optimal solution w(*") of dual problem (D).

(NPLn)

e Step 3. Find the sets ZZ(JPNL’n), ZZ(JNPU’”), Z j and ZZ(JPNU’") of all zeros of the real-valued

functions & (h{"") (t) +ab (1)), & (N (1) +ald(¢), & (R (¢) +ak(t)) and & (i

lj lj lj

t(t)), respectively, by applying the Newton method given in (229).

as
]

(PN,n)

(1) +
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e Step 4. Evaluate the supremum (209) and (210) according to (214)—-(217) and (221)-(224),
respectively.

e  Step 5. Obtain the real numbers nl(PN'”) and nI(NP'n) according to (76) by using the supremum
obtained in step 4.

e  Step 6. Evaluate the error estimation ¢, according to (106). If ¢, < €, then go to step 7; otherwise,
consider one more subdivision by setting n <— n 4+ 1 and go to step 2.

e Step 7. Find the optimal solution z*") of primal problem (P,).

o Step 8. Set the step functions x(M = (x(L1), x(Un)) defined in (62) and (63), which will be the
approximate solution of problem SOP. The actual error between the optimal objective value
V(SOP) and the objective value at x(") is less than €, by Theorem 4, where the error tolerance € is
reached for this partition 7,,. This approximate solution x(") is an e-optimal solution by referring
to Theorem 5.

(Ln)

The above computational procedure obtains the real-valued functions x ] and x](. Um)
that can form the a-level closed intervals of a fuzzy number 37](”) forj=1,---,q. More precisely, the
a-level sets of 7"

]

on [0,1]

is given by

(), = [0 )] - ).

for w € [0,1]. According to the decomposition theorem in fuzzy sets theory, the membership function
)
i

Gn) of X; is given by
j

Ceon(r) = sup a-x ), (), (230)
j a€l0,1] ik

where x 4 denotes the indicator function of set A given by
(r) = 1 ifreA
A=Y 0 ifr ¢ A
According to Theorem 1, if X is an e-optimal solution of problem SOP, then X is called an

e-nondominated optimal solution of problem FOP. Since x(") = (x(I), x(U")) obtained in the above
computational procedure is an e-optimal solution of problem SOP, i.e., the vector

) = (7,57, 7Y,
of fuzzy numbers obtained from (230) is an e-optimal solution of problem SOP, it follows that X(*) is
an e-nondominated optimal solution of problem FOP. The numerical examples will be provided below
to demonstrate the e-nondominated optimal solution.

8. Numerical Examples

Now we shall present some numerical examples to demonstrate the usefulness of the numerical
technique proposed in this paper. We calculated the error ¢, by separately considering the bell-shaped
fuzzy numbers and triangular fuzzy numbers.
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8.1. Using the Bell-Shaped Fuzzy Numbers

We considered the bell-shaped fuzzy number a = (L, al, gok, geu U, R;) with the membership
functions defined by
Li(r) ifal <r< gl

E(r) = 1 if 3% <r <t
Y Ra(r) ifacY <r < a4
0 otherwise,

where L is a strictly increasing function define on 4L, 4°L') into [0, 1] and Rj is a strictly decreasing

function define on (#°Y,3"] into [0, 1]. This kind of fuzzy number is also called an LR-fuzzy number
(ref. Dubois and Prade [37]). If 3°L = 4°Y = 4, we simply write @ = (L, al,a, a4, Ry). If @ is assumed
to be a nonnegative fuzzy number, then 4" > 0. If 4 is assumed to be a nonpositive fuzzy number, then
at <.

Since Ly and Rj are strictly monotonic functions, it follows that their inverse functions exist and
are denoted by L Land R> !, respectively. Let

Lz(a%) = Bt and Rz(aY) = pY. (231)

We assume that the membership function ¢ is continuous. Then the functions L; and Rj are also
continuous satisfying
La(at) =1 = Ry(a™).

Then the a-level set is given by the following cases.

e Suppose that B¢ < Y. Then

at,av], if0 <o <ph
Go={ [L'@al],  ifpt<a<py
L;l(zx),Rail(oc)} , ifpU<a <l

For convenience, we define the real-valued functions L% and R on [0, 1] as follows:

at ifo<a<pl a4 ifo<a<py
Lia) =14 %7 =as dr:=1{ "~ Shs 232
a(@) {Lﬁl(a), ifpl<a<1 970 R (a), ifpY <a<l. (232)

We also see that
L = Li(a) and aY = R (a)

forallw € [0,1].
e Suppose that B¢ > Y. Then

[al, 4], if0 <o < py
i, = dL,Rgl(zx)} ) if pU < o < Bt
Lﬁ_l(zx),Rﬁ_l(oc)} , ifpl<a <.
It is clear to see that
ak = Li(x) and a5 = R%(a)
for all « € [0,1] as defined in (232).

In other words, either - < Y or - > BY, the end-points a% and aY/ always have the same forms.
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Assume that all of the fuzzy numbers in the fuzzy linear programming problem FLP are taken to
be the bell-shaped fuzzy numbers given by

~ o[, wol wolU U
aj = (La].,aj,aj S, A7 ) forj=1,---,9

Ei: (Lcr(\le/f?Lrézoul g RN) fori:1,~~~ P
Eij:( LB Bt Bed, B R; )forzfl Smandj=1,---,q.

Then we have the following real-valued functions defined on [0, 1]:

ai(t) = L; () and atl(t) = R (1) (233)

ck(t) = L () and ¢f'(t) = RE(#) (234)

bi(t) = Ly (t) and by (t) = RE (t). (235)
ij byj

Forl=1,---,n, from (81) and (82), we see that

(PNn) . . (l—l) . (l)
b = min L — )+ R: [ Z 236
l f"l""'q{{i:fzepi} KA {i:jg\li} bi \n (2%)

bl(NP,n):‘:rni.r.l Y L%.,(l >+ Y R () ' (237)
=leA | gijengy {ijeP;} bij

From (42)—(44), we have

(Ln) _ 5« (11 WUn) _ o (1

aj; Lﬁj ( . ) and aj; 8 fRE], (n
L, * -1 u, * l

o =L <n> and e = R <n>

(Ln) « (1 Un) s (11
b _Lz](l’l) andbll] —R»Eij ( . (238)

and

lij b n

In order to evaluate 7T(P ") and H(NP’") presented in (76), we need to solve (214)-(217). From (213),
1 1
we are going to calculate

~ n l x] n) l - 1 *II }’l
hl@N' ) = Z Lt () ~wl(l. 4 Z R: (> . (using (238))
J o SN (ijengy T\

~(NPn) _ « (1 (+I,n) « (1—1 (+I1n)
hy = Z LEL';' <n> o Z Rzij( n ) Vi '
JEN; {i;jeP;}

{i;jeN;}
f:}fN'”)(t):— YL w™— Y RE (1w (using (235))
{ijery {ijeNy
0= ¥ Ll LR 0w,
(ijeN;y {i:jep;} l]
Using (218), (219) and (213), we also have
RPNV () = 1PN () 4 ab () = RPN 4 RV (6) 4 1 (1) forj € P (239)
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RNPU (1) = mNT () + alt () = RN+ RN () + R3 (1) for j € P (240)
RNPE (1) = mNT () + ab () = RN+ RN () + Ly () forj € N (241)
RPN (1) = BTN (1) + 0l (1) = BTN 4 BTN (6 + R (1) for € N (242)

Therefore, from (72)—(75), we obtain

nl(PNL,n) — max{ L% <l_1> + max le(fNL'”)(t) (243)
jep T\ n teE™
1
7_[I(PNll,n) = max —R%, (l) + max ﬁl(jPNu/”)(t) (244)
JEN I\n teE,(”)
-1 -
nl(NPL,n) = max{ —L¢ () + max hl(]NPLf”)(t) (245)
JEN / n teE™
1
m(NPu'n) = max { —R% <l> +max EZ('NPu,n)O) ’ (246)
jep NG teEI(")

which can be calculated according to (229).
From (106) and (234), the error ¢, between the approximate objective value and the optimal
objective value is given by

nop (sLn) n(PN,n) n(NP,n) 1
en=—V(Du)+ ) ) lei g —l—max{ém\m),él\[M}) '/1;1 L;i(t)dt]

I=1i=1 b, b,
n p (PN,n) (NP,n) 1
(ILn) T T TR
+3) (wli + max {(PN) L }) . /,;1 R: (t)dt] , (247)
[=1i=1 bl bl n
where
7Tl(PN,n) — max {n_l(PNL,n)I nl(PNU,n)} and nl(NP,n) — max {nl(NPL,n), nl(NPLI,n)} .

Next we provide a numerical example that assumes each fuzzy number to be the bell-shaped
fuzzy number.

Example 1. We are gong to solve the following fuzzy linear programming problem
max en)e(len)e(50x) e (-307
subjectto (10%) @ (20%) @ Z@a@; @ Efl ®X) <6

20% )@ (30xn)a —N1®373) @ (T®f4 <12
10%)® (10%)® T®5E4) <4
X1, Xy, X3, X4 are nonnegative fuzzy numbers.

The bell-shaped fuzzy number a is taken to be the form of
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where the exponential function e*~% is defined on [i*, d] and the exponential function e~ is defined on [d,3Y].

Then, from (231), we have
L_ s LU

Bl = e T and pU = -1

According to (232), we have

oL L0 <t < pit—it
L =3 " l.fovr f=e (248)
d+1Int, ffet "<t <1
and "
U H < < Pl
Ripy =4 v dOsise (249)
i—Int, ife”" <t <1
The bell-shaped fuzzy numbers in this example are taken as follows:
1=(e1,081,12,¢7), = (€¥72,1.5,2,2.5,¢>77), 3=(e¥3,23,4,677)
4= (434,57, (e¥75,4,5,6,657%), 6= (¢v7%,4,6,8,¢7%)

12 = (¢¥712,9,12,15,¢127%), 1 (et1,-12,—1,-08,e717%), —3= (e —4,-3,-2,¢737%).

Therefore the fuzzy data are given by

a1:2, 52—1, 53:5, 54:*3
and
Gi=6 0=12, &G=4
and L o
biy by b1z by 12 4 -1
byy by by by |=|2 3 -1 1
by by bz by 10 1 1

We also write

~ x—d; <L ¢ <U a —X

aj (e 1, a5, dj, dg et )for]—1234
G = (exfcui,c“iL,c“i, U et ii") fori=1,2,3

by = (e, Bl by, B, &) fori =1,2,3.and j = 1,2,3,4,

Then, regarding a;, we have P = {1,2,3} and N = {4}. Regarding El-]-, we also have

Py ={1,2,3} and N; = {4}
P, = {1,2,4} and N, = {3}
P ={1,2,3,4} and N3 = @.

It is clear to see that "N = 0.6 and NP = 0.8 in (17) and (18), respectively. From (236) and (237),
we have

(PNn) . L (1—1 I-1 I-1 Lf1—1 L (1—1

o = min {1 (50 ) s (50 ) e (50) s (50 +s (50
L(1—1 L(1—1 (1N L (1-1 L(1—1 . (1
L <n> Tl <n> TR (n) = <n> T <n> TR (n)}



Mathematics 2019, 7, 569 82 of 105

and
(NPn) . 1 e e e e
bl = mln{RT (1’1) +R§ (Tl) +RT (}’l ’RE n +R§ E ,
v v L (1=1\ (1 v L (11
&) ) e (50) 8 G) o () s (50))

From (239) and (242), we have

RNEM (1) = RPN 4 (PN ”>(t) + L (1)
I

3
=ZL'Z<1<n>' i ZL* w4 L (1)
i=1

n

-0, 8wl(*1") ~1. Sw(*“') 0. 8w§;‘1”) +15, if0<t<e 05
—08w " — 2+ 1Int) - wl — 08w 424 1Int, if0 < e 05 <t <02
- wl(fl B - Zwl(;d’”) — l(*l "o ife 02 <t<1
+Int- ( wl(;dn) —wgm) — (*In) +1)
and
AN (1) = RN RPN () 4 L (1)
:iLi ( ) (+Ln) iL* w*ln)+Li(t)
o e i—1 i i -
= [F (l) . *“1 +L~ <l> w(*“l)
2\n n
~15w5 " — 2w 108, ifo<t<el
—15wl(1*1”) (3+Int) - wl(;I”)—i—OB ifo<el<t<e0d
+{ —(+Int) - wi™ - @+Int)-w" +08, if0<e 05 <t <02
2wl 3w 41 ife02<t<1
+Int- ( wl(i”n) — wl(z*l’n) + 1)
and

*1, * l x1, -1 11,
)'”’1(1 ”)“533 (n) ( n)“%a( n >~w,(2 §
)

— L (1) o™ =1z (5)-w™ =R (5wl L (1)

3 bas
« 1 (xL,n) e (*I n) % -1 (*II,n)
= LZ (n) .wll +L‘i (}’l —|—R . -wlZ
—3wi " — 08w 1 08wl + 4, ifo<t<el
—(d+Int)-w " —0.8w (*’”) +08wi"" 454 Int, if0< el <t <02
_4w(*l n) wl(;ln) +w (*II n) +5 ife*O'z <t<1

—I—lnt( ) gl (*””)+1)
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and

B () = R RN () R ()

e (] (+In) | 1+ (1 (+In) « (1—1 (+IIn)
o L524 (n) @i + Lb34 n "Wis + Rbm n %

* (xIn) * (xIn) * (*H n) *
—re (0wl - (6wl - Re () w4 R (1)
« 1 (xIn) « 1 (xI,n) % I-1 (xII,n)
= LT <n> . wlZ + LT (n> wl3 + R:/l T . wll
—0.8wi"" — 08w "™ +0.8w( " 2, if0<t<e
. —0.8wi"™ — 08w 408w 3 —Int,  if0<e ! <t <02
_w(*l,n) . (*I n) + (*II n) _3 l:f€70'2 <t<1

12
+Int- ( wl(;I") — wl(;ln) + wl(fn’") — 1)

From (240) and (241), we also have

<l—1)' *Hn ZR“ (*IIn)+R*()

) *Iln) —|—R~ (l 1) (*Iln) +R* (l - 1) .wl(;ll,n)
n n

| \
/\ W

—1.2w§1*”'”) 25w — 1205 425, if0<t<e 05
L) (1L _ (2 lnt) w1205 42 —Int, if0 < e 05 <t <02
l(l*II n 2wl(£kll,n) (*H n) +2 ife,o.z <t<1

+int- (w1 ol 4w - 1)

and

. (1—1 (*Hn *IIn) X
b <n ) ZR~ ' + R, (1)

R

i=1

-1 (*11 n) -1 (+ILn)

e () ks (1)
—25w! M — 40 l(;””)+12 ifo<t<el
25wl(*H") (3 —Int) - wl(;lln)—i—lZ ifo<el<t<e 0

Ty @Iy }{‘”I”I) —B—Int)- w412, if0<e 05 <t <02

. | ife 02 <t<1

«ll +I1,
+Int- (wl(l ) +wl(2 " _ 1)
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and
RSP (1) = R 4 BN () 4 R (1)
s (11 (+I1n) « [(1—1 («ILn) | 1+ (1 (xLn)
= ng13 (n) Wy +RE33 (n) Wy + LE23 . - Wiy
% *11, % 11, % 1 *
—Rs (-l Ry (0w~ Ly ()0 4+ R ()
-1 * 1 * *
=R (l : ) G 4 R (l . ) G 4 e (i) wfy™
—50! 1 — 12w 410wl t6, ifO<t<e!
—(4—Int)-w " — 120 (;‘””) + 1205 45 -Int, f0<el <t<e 02
— 4T gl (I 5 ife 02 <t <1
+int- (wl(ikn ) + wl(;H M) w](;l,n) . 1)
and

Ry P (1) = By P 4 BT () 4 L (1)

o * l - ]. (*]I,n) * l - 1 (*II n) l (*I,I’l)
_R§24< n )lez +R§34< n ) +LE14 E "n

% (xIIn) % (xIIn) * (*I n) *
=Ry (5w =Ry (8)-w T = Ly () w7+ L (8)

:R§ (1—1) (*Hn) +R~ (l—l) (*Hn) e (l) -wl(l*l’”)
n n

—1.203"" — 1205 41200 — 4, ifo<t<el
L) wi™ — 12w 41, 2w(*1”) 3+Int, if0<e ! <t<e 02
77]{)[(;11,11) . wl(;II,n) + w(*l n) 3 if€_0'2 ctel

+1int- (wl(;H ) + wl(;ll,n) wl(ikl ) + 1)

Now we are going to calculate

max hl(fNu "(t), max BNPU (1)

max iPNEM (1),
teE™ teE!

I
g(n)
teE,”

n’n

for j = 1,2,3. Let us recall that E<”> [7 1}

(PNL,n)

o T find the maximum of h on E_l(n), let

i = 08wl — 1.50

l * * * *
w" =In— - (1-wj; I"”) — 08w — 201 0.8l 42

ml(l,n) —In ( ) (1 . (*I n)) _ 08w (*I n) 2w(*l,n) 0.8w (*In) +2

(*I n) (xI,n)

O.8wl3 T +15

12
ml(;l n _ In Z_Tl . (1 _ wl(;l,n)> _ 0.8w (*I 1) 2w§;1,n) B 0.8w(*1’n) o
ml(l,n) —In (efo.z) (1 - wl(;l,n)> 08w (*1 n) zwl(z*l,n) 0.8 (*[n) s
o6 — i)~ 2afg) a2

(7m) (xI,n) (*I n) (xIn)
Wy = wy T —wp T —wy A+ L
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In order to simplify the expressions for calculating the maximum on E l("), we define the parametric function

on El(") as follows. Given any fixed real numbers ay,ay,as, a4, as, ag, a7, w* that are regarded as the
parameters, for sufficiently large n satisfying % < 1—e7%2, we define a parametric function

hylay, az, a3, a4, as, ag, a7, w*](t) : E,(n) - R

by
hl [all az,as,a4,4as5,406,47, W*]<t)
ai, Zf% S 3705
max {ay,a}, zfl%1 <e 05 < % <e 02 <1
max {a1,a3}, zfl‘T1 < e 05 < % <e 02 x> 1
a», zfe’o'5<l_71<%§e’02,w*§1
ay, ife’05<1771<£§e’0‘2,w*>1
_ max{a5 a6+(lni)-a7} ife 05 <« Bl <702 < L g < 1,4, >0
pu— V4 n A n i n/ _— 4 —
max {as, a6 +1In(e702) -a7}, ife 0 < 1771 <e 02 < %, w* <1,a; <0
I e 05 _ 1-1 - ,—02 _ | .«
max{a4,u6+(lnz)-a7}, ife <= <e < w'>1a>0
max {ay, a6 +In(e702) -a7}, ife 0 < I’Tl <e 02 < %, w*>1,a; <0
a6+ (In ;) - a7, ife 02 < 1 a; >0
a6+ (In=1) - az, ife 02 < L1 g, <0
Then

Z(PNLn) 1 [ ! («In) | 1 (] («In) | 14 (1 (+1,n)
a0 = () e () o ()
1

5 (3,n) (4n) . (5n) (6,n) . (7n) (*I,n)} (t)

(Ln) __(2n)
+ {“’ R ) AL AL A7

o To find the maximum of l_lg NEM) o El(n), let

i = —1.500" — 2wl 408

2, I, I,
2" = — 150" — 3w 108

ml(23’") =—In (6_0'5) . (wl(fl’”) + wl(;l’n)) — wl(fl’") — ngI’”) + 0.8

mg’") = lné . (wl(fl’") + wl(;I’”)) — wl(fl’") — 3wl(;I’n) +0.8
(5n) I-1 (+I,n) (xLn) (xI,n) (+I,n)
o, = — In — (wll +w), ) —wy — 3w, +0.8

ml(26’") =—In (6_0'2) : (wl(fl’") + wl(;l’n)) — wl(i”’”) — 3wl(;m) +0.8

(7n) (xIn) (xIn)

W, = —2w11 — 3w12 +1
8n) (xI,n) (xI,n)
w," = —wy —wp, + 1.

Given any fixed real numbers a1, ay, a3, as, as, as, az, ag, wy, wy that are regarded as the parameters, for
sufficiently large n satisfying % < 1 —e792, we define a parametric function

=1
hz[alIQZI as,aq,as,4qe6,0a7, HSIwT/ w;](t) : El( ) — R



Mathematics 2019, 7, 569 86 of 105

by
hy[aq, a2, a3, a4, as, ae, az, ag, wi, w5 (t)
ay, zf% <el
max {ay,a; — ln(e_l)wﬁ} , zfl*T1 <elc % <e 05wy >0
max{al,az—(ln%)wi}, zfl_Tlge’1<%§e’05 w; <0
a2—(ln—)w2, ifert <L < L <e705 55 >0
— (In Lyws, ifert <L < L <e705 55 <0

max a2—(1n—)w§,a3 , 1 l%ge’o'5<%§e 02,w220,wf+w§20
max { a; — (In %)wé,all , zfl_T1 <e 05 <« % <e 02wl >0 wl+w; <0
max {ay — In(e"%%)w}, a3}, ifI*T1 <e 05 <« % <e 02 wh <0, wi+ws >0

=4 max{a —In(e")ws,as}, ifL <e 0 <L <e02 w5 <0, wf+wh <0
as, ife 05 < Z_Tl < % <e 02 wi +w; >0
ay, ife 05 < 1 < % <e 02 wi+w; <0
max {a5,a7 + (h’l%)ﬂg} , ife 0% < Bl < o702 < Lo g qps > 0,05 >0
max {as,a7 +In(e7*?)ag}, ife 0 < I’Tl <e 02 < %, w4+ w; >0,a3 <0
max {a6,a7 + (ln%)ag} , ife 95 < Z_Tl <e 02 < %, wi +wj <0,a3 >0
max {ae, a7 +In(e "?)ag}, ife 0 < Z_Tl <e 02 < %, w4+ w; <0,a3 <0
ay + (ln%)ag, ife 02 < 1*71, ag >0
a7 + (In=1)ag, ife 02 < =1 g9 < 0.

Then

= (PN,n) e (*In) l) (+,n)
h =1L~ L (=)
tr:Ee}X) ? ) 2(”> * <” Ui

1n 4n 5n 7n *In *In
+hy [“’l(z )ml(z )ml(z )ml(z )ml(z )ml(Z )’ml(z )’ml(z )wl(l )wl(z )} (t)

o To find the maximum offll(éjNL’") on E"l("), let

ml(; m _ s (*In) (*H n)
mz(gzn) lnl (1_ (*In)>_4 (+Ln) _ o gop (*In)+08 (*Iln)+5
w3 —1In (efl) (1wl ™) — 4wy — 08w} + 08wy " 4+ 5
w2 :lnl_71~ (1—w§1*1'">) — 4w — 08w "™ + 08wl 45
i) =In (e702) - (1— ™) — 4w - osw,(*’ " 408w 45

(6n)__4 (*In)_ (*In)+ (*Hn)+5

(*I 1)

—0.8w +0.8w +4

10,5’
7m) (*I n) (xIn) (*II,n)
;" = Wy —w Y w7+ L

Given any fixed real numbers a1, a3,a3, a4, as, ag, a7, w* that are regarded as the parameters, for sufficiently
large n satisfying + < 1 — e~92, we define a parametric function

h3la1,a2,a3,a4,a5,a6, a7, w*](t) : El(n) —-R
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by
h3 [al/a2/ as,aq,as, e, a7, W*](t)
ai, lf% S eil
max {ay,a,}, ifl%ge‘ <%§e‘02,w*§1
max {a1,a3}, 1fl_71 <elc % <e 02 x> 1
a», ife’1<l_71<%§e’02,w*§1
ay, ife’1 < 1771 < % <e 02 > 1
- max{a5,a6+(ln1)-a7} ife ! < 1_71 <e 02 < %,w* <1l,a;,>0

max {as, a6 +1In(e702) -a7}, ife? <l*71§e*0'2<%,w*§1,a7<0
max {a4,a6 +(Inl) -a7} ifel <l <e 02l g >14,>0
max{a4,a6+1n )-az}, ife? <l*71§e*0'2<£,w*>1,a7<0
as+ (In L) - ay, ife 02 <=1 g, >0
as+ (In=1) - az, ife 02 < 1 g, <0

Then

ma 0 = 1 (5) i () b R () el

teEf")

1n 3,n 5n 6,n 7n *In
+hs {ml(s )ml(S )“’1(3 )’ml(3 )ml(3 )ml(3 )ml(3 )wl(l )} (£)

(PNU,n)

o Tofind the maximum of hy, on El("), let

mlli " _ 08w (*In) 0.8 (*In) 4 0.8w (*Hn) s
ml(z, " _ _08. wl(;m) 0. Swl(*ln) 4o 8wl(;‘”") _3
o) = e g+l s
ml(;; ) _wl(;dn) B wl(;ln) W (*n n_q

Given any fixed real numbers ay,az,a3,a4 that are regarded as the parameters, for sufficiently large n
satisfying % < 1 —e792, we define a parametric function

hylay,az,a3,a4](t) : E_l(n) — R

by
hylay, a, a3, a4)(t)

ai, if% <e!
max {a,a, —In(e" 1)}, zfl_T1 <elc % < e 02
az—lnl1 ife’1<1771<%§ —02

— ) max az—lnl_Tl,a3+(ln%)~a4}, ife_1<l_71§e < L g, >0
max < a, — In 1*71,013 +1In(e02) -a4} , 1fe‘1 < ’*71 <e 02 < ﬁ, as <0
a3+ (In 1) - ay, ife 02 <1 g, >0
a3+ (In =1y - ay, ife 02 <21 g, <0
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Then
max hl(fNu ")(t) = L% l -wl(;l’") + L% i (*1 1) + R* -1 .wl(rﬂr")
tEE( ") n n n

[l il " i ()

(NPUn

o Tofind the maximum ofhll ) on E,("), let

ml(ll, ) — 12w (*Hn) 25w (*II n) 1.2w (*Hn) +25

m1(12, n) —In (6_0'5> ) (wl(;H,n) B 1) 12w (*II n) 2wl(;ll,n) 12w (*II n) +2

ml(is,n) _ lnl . (w(*ll,n) B 1) 12w (*Iln) oG oo (*11 I
n

12 12
(4n) . 1—1 (+I1,n) (*Hn) (+I1,n) (*II 1)
wi" = n— - (w " —1) — 120" — 20" — 120" 42
(5n) —02 (*IL,n) (*II 1) (xIIn) (*II 1)
i = (e02) - (wl " 1) = 120[ 1 201 — 1201 42
(6n) (xIIn) (xIIn) (*II n)
W, = —wy — 2w, +2
(7m) _ _ (xILn) (*I1,n) (*II,n)
Wy =wy s wy T twy — L

Given any fixed real numbers a1, ay, a3, a4, as, ag, a7, w* that are regarded as the parameters, for sufficiently
large n satisfying % < 1—e792, we define a parametric function

h5 [all az,as,a4,4as5,406,47, W*]<t) : El(n) — R

by
hsla1, a,a3,a4,a5,a6,a7,w"|(t)
a, Zf% < 6_05
max {ay,a,}, zfl% < e 05 < % <e 02 p* <1
max {ay, a3}, zfl% <e 05 < % <e 02 w* >1
a, ife*0'5 < 1771 < % < 670.2, w* <1
as, ife_0'5 < 1*71 < % <e 02w >1
— max{a4,a6+(lni)~a7} zj‘e*0'5<l*71§e*02<£,w* <1,a;,>0

max {a4, a¢ + In(e a7} ife_o'5 < 1*71 <e 02 < %, w*<1,a;, <0
max {a5,u6 + (lnf) ~a7} z'fe’O'S < lle <e 02 < %, w*>1,a;,>0
max{a5,a6+ln )-az}, ife 05 < I*Tl <e 02 < %,w* >1,a7; <0
as+ (In 1) - ay, ife 02 < 1 g, >0
as+ (In=1) - az, ife 02 < =1 g, <0

Then

M *_1 *x[I,n -1 *11,n 1 *IIn
ma ) = (1)l R (1) el ()

teE™

s ol ol
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(NPUn

o To find the maximum of hl2 ) on E,("), let

*11,n) (*II n)

w0 = —2 50— 4ol 0

ml(g_, ) — 25w (*II n) 3w (*Hn) +12

ml(gn) lni-( (*Hn)+ (*Hn))_z L s (*Hn)_i_l‘z
n

ml(;L,n) —In <670,5> (wl(l*ll ) + wl(z*ll,n)) . 2wl(1*11,n) 3w (*H n) +12

(51) _ 1 -1 ( (*Hn)_"_ (*Hn)) _zwl(l*n,n)_3 (*Iln)+12

Y 7

ml(zs,n) —In (efoz) (wz(fn ) n wl(z*n,n)) _ow (*H n) 3w (*11 1) 112
t.01(27 ) 2wl(1*11,n) 3w (*H " 41

ml(;s,n) _ wl(fn "o wl(;n,n) 1

Given any fixed real numbers ay,a»,a3, a4, as, a, a7, ag, Wy, w5 that are regarded as the parameters, for
sufficiently large n satisfying 1 < 1 — e=%2, we define a parametric function

=(1n
hé[ﬂl,ﬂz, as,aq,as,4qe6,4a7, QS,ZUT, w;](t) : El( ) —-R

by
h6 [al/ az,as,a4,4as,4ae,a7,4s, wT/ w;} (t)

ai, %f% S 871
max{m,az—i—(ln%)w;}, zfl—T1 <el< % < e 05, w} >0
max {al,laz +In(e Hws}, lfl% < ?711 < é <e 05wy <0
o2 + (In s, ABSITRE LA b
ay + (In == )w;, fferl <= <5 <e?wy <0
max {a; + In(e"%°)w}, a3}, zfl*T1 <e 05 <« % <e 02wy >0 wi+ws >0
max {a; + 1n(e‘0'5)w§,a4} , zfl*T1 <e 05 < % <e 02 wy; >0, wy +w; <0
max § a, + (In l‘—l)wi,ag, , zfl_T1 <e 05 < % <e 02wl <0, wf+w;>0

={ max{a,+ (In’ 1)w2,a4 , i Z_Tlge_05<%§e_0'2,w’2*<O,wi‘—|—w§<0
as, zfe*05 < I_Tl < % < e 02 wi +w; >0
as, ife 0% < L« L <702 gy 43 <0
max { ag, a7 + (In L)a ife’o'5<l_—l<e’0'2<iw +wi; >0,a3 >0

6,47 n/48 (/s o= 1 2 , U8 =
max {ae,a7 +In(e702)ag}, ife 0% < I’Tl <e 02 < i ,wi +wy >0,a3 <0
max{a5,a7+ (ln%)ag , ife 05 < I_Tl <e 02 < 1 ,wy +wy <0,a3 >0
max {as, a7 +In(e 02)ag}, ife 0% < Bl <702 < i ,wi +wy <0,a3 <0
a7 + (In L)ag, ife 02 < =l gg >0
a7 + (In I_Tl)ag, ife 02 < I_Tl, ag < 0.
Then

ma B 0) = R () )k (5) s
teE™ n "

3n 5n 7n «I1n «I1n
+he [ml(z & ml(z Y ml(z )'ml(z Y ml(z : ml(2 Y ml(z : ml(z Y wl(l : wl(z )} (t)
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(NPUn

o To find the maximum of hl3 ) on E,("), let

w3 = 51 1200 4 100 4 6

w2 = In (6—1) _ (wz(f”’") B 1) _4wl(1*H,n) 120 4 120G 45
ml(g ) ln% . (wl(ikll,n) . 1) 4w (*11 n) 12w (*H n) n Lng;/,l) +5

ml(g' ) —In -1 ) (w(*H,n) . 1) 4wl(*ll 1) 1 zw(*ll n) +1. 2w(*1 n) +5
n

11 12
w2 = In (e““) : (wl(f”’”) - 1) — 40l 1200 12000 45
ml(g ) — 4w (*H n) wl(;ll,n) +w (*I n) +5
(7m) (*Il,n) (xI1n) (*I, n)
Wy =y Tty —wp T — L

Given any fixed real numbers a1, az,az, as, as, ae, a7, w* that are regarded as the parameters, for sufficiently
large n satisfying % < 1—e792, we define a parametric function

h7[ﬂ1, az,as,aq,4as,a6,47, w*](t) : E_[(n) —+ R

by
h7[a1,az,a3,a4,a5,a6,a7,w*](t)

a1, if% <el

max {a ifIEl < o7l o L < o702 % <
1,02}, for<e <;<ew <1

max {ay,a3}, ifl%ge_1<%§e_02,w*>l

g, ife ! < 1_71 < % <e 02 p* <1

as, ife’1<l_71<%§e’02,w*>1

1 o —1 -1 -0.2 1 *

— { maxqay, a6+ (Iny )~a7 ife" <=~ <e < w <1la;>0
max {ay, a6 +1In(e702) -a7}, ife ! < 1_71 <e 02 < % w*<1,a;, <0
max{a5,a6+ (lnf) -a7} iferl <l <e 02 <Ly >14,>0
max{a5,a6 +1In(e702) -ay}, ifel < 1 <« p=02 %, w*>1,a;, <0
ag+ (In1)-ay, ife 02 <=1 g, >0
a6+(lnl*71)~a7, ife 02 < =14, <.

Then

max hl(gl,vpun)(t) =R} <l_1> (*Hn>+R* (l_1> (*”n)—i-L* <l> 'wz(;m)
teE™ n n

1, 2, 3, 4, 5, 6, 7, +I1,
+hy [m1(3 n),ml(3 n)'ml(a n)fml(s n)'ml(a n)'ml(3 n)'ml(a n)’wl(l n)} (t)

(NPL,n)

o Tofind the maximum of h), A on E"l("), let

(*I n)

w1 = 12051 120" 4120 — 4

m1(4, ) _ 12w (*Iln) 12w (*Hn) 12w (*In) _3
ml(i ) _ wl(z*ll,n) . (*II n) +w (*I n) _3

4n) _ _ (xILn) (*II n) (*I n)
" =w, +w;, —w; "+ L
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Given any fixed real numbers ay,ap,a3, as that are regarded as the parameters, for sufficiently large n
satisfying % < 1— e792, we define a parametric function

hglay,az,a3,a4](t) : E_l(n) SR

by
hgla1, az, a3, a4)(t)
a1, lf% <el
max{al,az—i-ln%}, 1]”‘71 <e ! <%§e’0'2
a+Ini, ffel < 51 < L <02
= { max {az +1In(e7%?),a3 + (In 1) -a4} , dfet<BEl<e 02l g, >0

max {ay +In(e7%2),a3 +In(e702) - ay}, ifel < 1*71 <e 02 < %, a; <0
a3+ (InL)-ay, ife 02 <L g >0
as + (In 1_71) - ay, ife 02 < Z_Tl, ag < 0.

Then

Z(NPLn) /s (1—1 (+I1,n) (11 («ILn) | 7+ (1 (xI,n)
trenEa(Z() hl4 (t) - RT ( n > F Wy + RT (71 T Wi + L:«l ; “ Wy
1

o ol

From (243)—(246), we obtain

nl(PNL’") = max —L% (l — 1) + max El(fNL’n) (t),—Lx <Z ;_1 1) + max P_zl(fNL’n)(t),

> teE”l(”)
ﬂl(PNu/") = fR*Aé (l) + max hl(fNu’”)(t)
IR teE,(”)
JNPE = (l ) + max AP (1)
teEl(")
Z(NPU/") max { —R3 () + max hl(fjpu’n)(t), —Rj (l> + max hl(é\lpu’n)(t)
teEl(") n teEl(")
~R: (l) + max AN (1)
n teEl(”)
Then

n_l(PN,n) — max {n_l(PNL,n)’n_l(PNU,n)} and n_l(NP,n) — max {n_l(NPL,n),nl(NPu,n)}‘
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We can calculate the error estimation €, according to (247) in which the following integrals should be
cvaluated using (248) and (249). Let c& = ¢/~ and U = ¢4, Then

1
[ ) [
ﬁ,l CiLdt/ IJ(OSESCZL
% * ciLuL % 5 l_1 L 1
/I;ngi(t)dt: [71cidt+/& @ +nnd, if—— <<
n ] ] -1
JARCEREDLD <1<
L o
e S (i —a)+ k(g o), St el <
1 ! L 1-1
I - - - < <
" |:1+(l 1)-In _1+1r1n 1], if b < — <1
and
U l u
/l;ci at, fos —<gq
g ! " 1 l
ﬂl & (t)dt = /,;1 eHdt + L (@ —Int)de, if <M<l
n ; | -1
/I;l(él—lnt)dt, lfclu§7<1
L o
E.Clu, ZfOS*SC}I
o l o l_l 5 o Z l . l_l
= ci-n—ciu~n+clu-(lncﬁl—1+ciu—ci)+n-(1—lnn), if <clu<—
! ! l -1
oG =1)1 —In—+1 if U < <1
n {CZ (=1 R I g }’ fei < n o=
We denote by

V(SOP,) = Z/l ak(t) -\ (1) dt + i/lau(t) U (g
n o j = ] j
N L T8 ) [T .
=) Zzl].’ ~ﬁ71 L: (t)dt+) Zzl]. " /171 RZ (t)dt (using (233))
j=11=1 = j=1i=1 S
the approximate optimal objective value of problem SOP. Theorems 3 and 4 say that
0 < V(SOP) — V(SOP,) < e,

and
0 < V(SOP,) — V(P,) < V(SOP) — V(P,) < ¢,.

In the following Table 1, we present the error estimation e, for the different values of n. We also calculate
the relative error of e, with respect to V (Py,) given by €5 = €,/ V (Py).



Mathematics 2019, 7, 569 93 of 105

Table 1. Numerical results.

n &n V(P,) V(SOP,) &

10 12.8321 18.0617 18.2663 0.7104603
100 1.3985  18.5838 18.6047  0.0752535
500  0.2632  18.6290 18.6332 0.0126818

1000  0.1394  18.6351 18.6372 0.0074799
1500 0.0892  18.6362 18.6376 0.0047858
2000  0.0653  18.6377 18.6387  0.0030207
3000 0.0427  18.6385 18.6392 0.0022929

Suppose that the decision-maker can tolerate the relative error e;, = 0.005. Then we see that n = 1500 is
sufficient to achieve this relative error €.

The &,-optimal solution of problem SOP can be obtained according to Theorem 5, and the e,-nondominated
optimal solution of fuzzy linear programming problem FOP can be obtained according to Theorem 1. The figures
of the e,-optimal solutions for n = 50 and n = 100 are shown in appendix where the membership functions
of Xp and %4 are zero functions. We also remark that the left parts of the membership functions of %1 and X3

are ng’") and xéL’"), respectively, and the right parts of the membership functions of %1 and %3 are xgu’") and
(Un)

x5 ", respectively.
Suppose that each quantity in the original fuzzy linear programming problem is assumed to be a real
number; that is, we consider the following linear programming problem

max 2x1 + xp + 5x3 — 3x4

subject to  x1 +2xp +4x3 —x4 <6
2x1 4+ 3xp —x3 + x4 <12
X1 +x3+x4<4
X1,X2,Xx3,%4 € R4

Then the optimal solution is (x1,x3,x3,x4) = (10/3,0,2/3,0) that is compatible with the fuzzy solution
presented in the Appendix A.

8.2. Using the Triangular Fuzzy Numbers

We consider the triangular fuzzy number @ = (i%,d4,d") with the membership functions
defined by
5L
r—a Py o
7 ifal <r<u
au— a
ar)=<¢ a" —-r .. .
a(r) — ifa<r<at
ad —a
0 otherwise.

Then the a-level set is given by
iy = {(1—1;() b aa,(1-a) ~1ﬁu+zx~ﬁ};

that is,

iy =(1-a) d"+a-danday = (1-a) ' +a-a

Assume that all of the fuzzy numbers in the fuzzy linear programming problem FLP are taken to
be the triangular fuzzy numbers given by

q gL 5. 5U = sL s U 7 YLy pU
aj = (a]-,a]-,a]- ), ¢ = (ci ,Ci, € ) and bl-]- = (bi]-, bl-j, bij)
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fori=1,--- ,nandj=1,---,q. Then, according to the previous notations, we have the following
real-valued functions defined on [0, 1]:

af(t) = (1—t)-d; +t-djand af! (t) = (1= t) - a4 +t-4j; (250)
ctty=@1—t)-ct+t-GandcH(t) = (1—t)- M +t-¢; (251)
bi(t) = (1—#) - bl +t- by and b (1) = (1 — ) - B + ¢ - by, (252)

Forl=1,---,n, from (81) and (82), we see that

(PNm) _ 1 . B _ b,
b = in_ { n—I1+1)- ) b +(1-1) Z bij
{i:jep} {ijep;}

Hm=0)- Y, B+l ) by (253)
{ZJGN} {ijeN;}

and

1 y
bl(NP'”):n-,mg_lq{n—lJrl Y obh+a-1- ¥ by
' (N} (5N}

+m—=0)- Y b+l Y Ei,-}. (254)

{i:jep;} {i:jepi}

l 1
Cl(iu’n) = Cll'l (1’1) = n [(Tl - l) ’ 5}[ +1 Ez}
l 1 o y
bl%") = b} (n> = [(n —1) - BE+1 bi]«] (255)
plum _pu (121 _ 1 1 BY + (1 b
TE T —;'[(”— +1)'ij+(_1)'i]}* (256)
(PN,n) (NP,n) .
In order to evaluate 7, and 7; presented in (76), we need to solve (214)-(217). From (213),
we need to calculate
PN - (*I *II )
" Z blz; Wy " + 2 bll] ’ !
{1 jel;} {i;jeN;}
1 v . sln) | 1 +1,
= ) (n—l)~biL]-+l-bij}-wl(i ”)+E~ ) {(n—l—i—l) +(-1)-b } wl(l. ")
{i:jeP;} {i:jeN;}

(using (255) and (256))
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and
~(NP, L, (*I, u, *II
hl(j Y= 2 bl(ZJn) wll n)+ Z b( " ")
{i:jeN;} {:jep;}
1 9 *I, 5 o *I1,
-2 T [(n—l)-b£j+z-bij] ‘! ”>+n y [(n—z+1).bg?+(l—1).bij] LT,
{ijeN;} {ijep;}
and
¥y(PNn *I n) *H n
BN == ¥ bk - ¥ b )
{ijep;} {ijeN;}
=— ) [(1 —1) EZL] +t- 131-]} -wl(l.*l'n) - Y |a-» EIL]I +t- Eij} ~wll*Hn (using (252))
{rjen} {i:jEN;}
Z b wl*ln . Z b (*Iln)
{i;jep;} Z {i;jeN;}
pr | T (By) e L (B b)) 257)
{i;jep;} {i;jeN;}
and
Ijll(NPn Z b *In Z b (*Iln)
! {1 JEN;} {i;jeP;}
b *In b *II i’l
)y Y
{z jEN;} {i:jeP;}
vt | T (-by) ™ (B by) @s8)
{i;jeN;} {i;jeP;}
Using (250), (213), (218) and (219), we also have
RNED (6 = BN (6 + ab () = RPN RPN (8 + b (“j fﬁ]-L) forje P
) = B 6 4 afl (6 = P RN (1) a4t (5 - alT) forj e P
Z(JNPL”)( ) = h(NP")( t) +ak(t) = h(NP”) —i—hl(]NP’”)(t) +ab+t (a] —zz]L) forje N
‘l(]?’N””)(t) — h}fN”)( )+ all (1) = h‘PN’” +h(PN”)( B+t (ﬁj —Ez}l) forj e N.
From (257) and (258), we see that h(PNL ") EI(JNPU’"), EZ(J.NPL’") and l_il(].PNu’") are linear functions of ¢
given by
le(ijL’")(t) = hl(jPN’")(t) + ajL( ) = tl(]PNL ) t—i—sl(PNL ) forje P
Z(JNPL n)< b — hl(NP,n)( )+a (f) = tl(]NPL 1) t+51(]NPL ) forje N
}-ll(]PNU,n)( ) = h(PNn)( )Jraju( ) = tl(]PNUn) - l(]PNUn) forj € N,
where
g = Y (B -by) e Y (B < by) o g —alforje P (259)

{i;jep;} {i:jeN;}



Mathematics 2019, 7, 569

96 of 105

NPU, sy «I, - - *I1, VN .
g = BE—by) o™+ Y (B —By) o™ +a—alforje P (260)
{i;jeN;} {i;jeP;}
NPL, T I, *11 . .
gt =y (B by) e+ Y )™ g - akforje N (61)
{IZjENj} {ZJEP,}
PNU, T «I, - - «I1, . .
g = (B =by) e Y (B = by) o —al forje N 262)
{itjGPi} {IJENI}
and
(PNL n) PNn *In *Hn vL
s Z b . — Z b ; L
] (P, (fen} K
i Sy «I, I-1 vy *11 v .
= - b,»j—biL])-wl(i " —- ¥ b,,—b}j’) VI b forje P (263)
{i:jep;} {ijeN;}
(NPU,n) NP n) *I M) (I1,n) sU
Sy - X b - X b wl '
! {i:jeN;} {i:jeP;} l ]
i o o I -1 v v wI1 N .
=y (B-8)-w) ”)+T- Y (BB w vl forje P (264
{i:jieN;} {i:jeP;}
NPL, ! Ly <, -1 vy «I1, y .
51(1 Y= n (bii - sz]) wl(i "+ o Y (bij - bg) -wl(i " 4 iiforj e N (265)
{i:jeN;} {:jepi}
(PNUn) _ ! A yL (s1m) , =1 v 2U (*11 ), U
5lj " —E Z (b,’j—bij)-wli " + " : Z b,]—bl]) : " +ﬂ fOI']EN (266)
{i;jeP;} {i;jeN;}
Therefore, from (72)—(75), we obtain
nl(PNL,n) = max { — (L n) + max hl(]PNL n)( )
jeP tEE< 1)
y PNL,
—r]xlealjx{—n [(n—l+1) a]L+(l—1) ] +Esa<x)h( n)(t)} (267)
nl(NPu’”) = max —al( ") 4 max hl(]NPu ")(t)
jep teE,("
. 1 Ly sU (NPU,n)
= 1}2}{ - [(n I)-dj +1- } + t??ji() hy; (t)} , (268)
(NPL,n) (L,n) = (NPL,n)
T =max{ —a,;”’ + max h;; t
! jeN { Ij it Ij ( )}
y NPL,
= { =04 0] s ”><f>} )



Mathematics 2019, 7, 569 97 of 105

nl(PNu’") = max {al(]u " 4+ max h(]PNU ”)(t)}

jEN tGE( n)
_ L et (PNUm)
= 1‘]1;%\?( { - [(7’[ D-a-+1- 61]} +tl’é’1Ea(X) hl] (f)} , (270)

which can be calculated according to (225)-(228). Then nl(PN’n) and nl(NP’n) can be obtained from (76).

From (106) and (251), the error ¢, between the approximate objective value and the optimal
objective value is given by

nop nl(PN,n) nl(NP,n) % .
&y = 7V(Dn)+zz [(wll +max{ (PNn) ' (NP,n) }) /,_71 ((171’) '51' +tél> dt‘|
I=1i=1 b, b, 7
(eILn) 7_[I(PN,n) 7_L_I(NP,n) 1 u
(wlz + max{ b(PN,n) , b(NP,n) }) . /1;1 ((1 —t)-¢ +t- Ci) dt]
! ! "

nop (PN,n) (NP n) oL
- (+Ln) ) AT G O A VA S
= —V(Dn) +1;z; szz —i—max{ o PN 1( ) }) ( P (Cl Cl) 2n2

]
(PN,n) (NP,n) U
(+I1,n) T T Ci « ) 2-1
(wli +max{ (PN " (NP 1) }) ' <;l1 * (Ci ~ ) 2n2 '
I I

Now suppose that we consider the nonnegative constraints. By referring to (208), the error ¢, is
given by

nop b (Un) oL 21 -1
en = —V(Dy) +ZZ{ 21 [(wl(l L) +max{ bEL )’ bEu,n) }) ' (711 + (Ei - EIL) Cn2 )]
=11=

1 !
(L n) L (Un) <U
11, C; .. 2l —1
(wl(i " +max{ b(L K éu,n) }) : <;1 + (Ci — clu> e )] . (271)
b,

However, from (202), the tighter error bound ¢, is given by

n P N (e 201
S;)l = _V(Dn) + 2 2 [(w;l Iﬂ’l) + béLrn) ) : <]’ll + (51 - EZL) . W

1

(Um) U
(«ILn) | 7Y G . o) 2-1
(w“ ubwm)'(W(Ci—Cf)‘zrﬂ ' @72)
1

where

(L) 1 . d .

b =5 - min (n=1+1)- Y} b+ (-1)- ) by (273)
and

(274)

AN
<
=
\
S
T
~B8
i5
-
—N—
—~
=
|
=
+
HM‘G
H/—/

are obtained from (253) and (254), respectively, by taking N; = @ fori=1,---,p, and

1
nl(L’”) = -m?).(q {_n' {(n —I14+1)-ay+(1-1)- a]} +tm;1(x) hl(] )( )} (275)
4 S
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and

u, 1 w o (U,
1

are obtained from (267) and (268), respectively, by taking N = N; = @ fori =1,--- , p. More precisely,

we have

(L) and AU (1) = (U g 4 (UM

Ry () =" 45 I = I

lj lj

forj=1,---,q, where tl(jL'n), tl(]-u'n), ﬁl(jL’n) and 51(].u’n) are obtained from (259), (260), (263) and (264),
respectively, by taking N; = @ fori =1, - -, p, which are given by

p
(Ln) YL v (xIn) o <L
Yj *2<bij—bij>'wzi +aj—a; (277)
i=
7o ¥ *
49 (B —5,) -
i
(L) _ LN (g LY ol 57
5 —E';(if*ff)'“’u 4 @79)
i=
um _ =1 oy pu LI

i=1

(L)

sl(jL’n), if v = 0
_ l
max fff" (1) = g s, >0 (281)
teE" _
: t,(f'“ Nt +5§]?'”), if tl(fm <0
and
51(]u’n), if tl(].u’") =0
_ l .
max ) = b s, > 0 (282)
teE" I—1
(U,n) (Un) .. (Un)
Y ——l—slj , lftl]- < 0.

Next we provide a numerical example that assumes each fuzzy number to be nonnegative.

Example 2. We consider a problem of allocating three resources to the annual production of three commodities by
a manufacturing firm. The amounts of the three products to be produced are denoted by x1, x2, x3. The objective
function reflects the dollars contribution to profit of these products. We also assume that the data cannot be
known or measured precisely. Therefore the problem is formulated as a fuzzy linear programming problem with
fuzzy decision variables as shown below:

max 1~0®5€1) @ (1~5®5€z) @ ('5@3?3)
subjectto (2®Xx1) @ (1® Xy ) = 6000
3% )@ (30%) @ (19x;) <9000
195 )e (205 @E§®f3§<4foﬁo

X1, X2, X3 are nonnegative fuzzy numbers,
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where the triangular fuzzy numbers are taken as follows:

b

and

= (0.75,1,1.25),
5= (4,5,6),
4000 = (3900, 4000, 4100),

Therefore we have

= (15,2,2.5),
10 = (8,10,12),

6000 = (5850, 6000, 6150),

Ell 512 ,513 blLl’bll’b%Il blLZ’blz’bluZ
by by by | = b, b1, BY bL,, by, b
b31 b32 b33 L E%l/ 531/ Egl'll E§2/ 1332/ E:lgé
(2 10 (15,2,2.5)

=33 1|=| (253,35)

122 (0.75,1,1.25)

3=(25,3,35)

15 = (13,15,17)

9000 = (8800, 9000, 9200).

553/ El?)r I;%
bé?,/ b23/ b%
b§3/ b33/ bl313,

(0.75,1,1.25)  (0,0,0)
(2.5,3,35)  (0.75,1,1.25)
(15,2,25)  (1.5,2,25)

99 of 105

Since each fuzzy number is nonnegative, it follows that the index sets N = N; = @ fori = 1,2,3.

We are going to calculate the tighter error bound €, using (272). From (273) and (274), we have

(L,n)
!

- min < (n—141)
=1, 4

[225(n—1+1) +3(I

IR, IRk, I

U,n)
. mln

=1

S|P3 I

-min{4.75(n — 1 +1) +

p

L

=1 =1

—1
—1)] =225+075- IT

p

)

i=1

{nl Zb

I

-min {7.25(n —1) +61,7.25(n — 1) +61,3.75(n — 1) + 31}

[B75(n = 1) +31] =375~ 075 _.

6(1—1),475(n—1+1)+6(1—1),225(n —1+1) +3(1 —1)}
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From (277)—(280), we have

th = —05w" — 05w — 0.250" 4 2
I, I, I,
th = —0.250; " — 0503 — 05wl 42
L *I, 1,
th = —0.25w5"" — 050" +1
and
o = 0505 " 05wl 1025w 2
e = 02500 4050 405w —2
o = 025w + 05w — 1
and
I
sh=—- (0.5w§1*1'”) +05wi"™ + 0.25w§;‘"”)) +8
I
sk = . (0.25wl(1*1’") + 0.5wl(§1’”) + O.Swgl'”)) +13
! I I
L , ,
s = - (0250, + 050 "™) +4
and
1-1 11 11 11
u , , ,
sff = — - (05w + 05w + 025w ) 412
1-1
u 11, *11, 11,
sff = —— - (025w """ + 05w + 05w ) +17
1-1
u __ (xI1n) «[1,n)
ST (0-251012 + 0.5wl(3 ) + 6.
According to (275) and (276), we have
ﬂl(L’") = max {— (8—|—2 : ll) + max ﬁl(lL’”)(t),— (13+2 . ll) + max i,
n =(n) n
teE}
- (4+ - 1) + max I_al(;’")(t)
n teEl(")
and

n

ﬂ,(u’") = max {— (12 -2 l) + max ﬁl(lu’")(t),— (17— 2- l) + max h

teEl(”)

E(n) n
tek

— (6 — l) + max ﬁl(él’”)(t) ,
n teE,(”>

100 of 105

(283)
(284)
(285)

(286)
(287)
(288)

(289)
(290)

(291)

(292)
(293)

(294)
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which can be calculated according to (281) and (282). According to (272) and (271), the error bound e, and

tighter error bound &5, are given by
(L) (tm) 5850 50 211
(Ln) bl(U,") n 2n?

(wl(fl’") -+ max { .
l
L,n) nl(ll,n)
Ln)’  (Un) }) '

+ (wgl’”) + max{ (
(L,n) (Un)
(L) L (3900 211
+ <w13 +max{ (L;n)” bl(ll,n) }) ( n +100 212
6150 21 —1
DICE

!

n
en=—V(Dn)+ Y,
1=1

=

8800 21 -1
n 2n?

=2
——

=2
—

N

=)

1
(Ln) (Ln) _(Un)

(wl(l*n’n) + max {T[l ,max { di , i
(L,n) E’(L,n) u,n)
1

(Un)
(+ILn) | T 9200 21 —1
+ (wlz + U,n)> . ( . —200 - 72

(Ln) (U,n)
(xIIn) T T ) 4100 _ ) 21 —1
+ (wl3 —i—max{ bl(L’") gnom }) < , 100 -2 )|

and

=1 b~
(Ln)
+<wlz + h}“”) ( = 4200 =

(Un)
L «I1 T 6150 21 -1
+) ( n fu@) ( . —150'an>
=1 b,
(Un)
(«ILn) | 7T ) 9200 . 21 -1
+ <w12 + bl(u")> < . 200 S
(Un)
(+ILn) , 7T 4100 21 -1
1

It is clear to see that €}, < &y,.
In this example, although we consider the fuzzy decision variables %; for j = 1,2, 3, we occasionally obtain

the crisp optimal solution, which means

x](,L'")(t) — x](u’”)(t) = x](.n) forall t € [0,1]

are constant functions with the corresponding constants x](") forj=1,2,3.
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The approximate optimal objective value of problem SOP is give by

V(SOP,) Z/ (i dt+2/ ™ (t)dt

== " == ;
(using (250))
N K Lo g —al
= S - . j B
_];1122121]' l” t =5 (21 -1) dt+]leZZI /l,,l T o (21 1)] dt

Theorems 3 and 4 say that
0 < V(SOP) — V(SOP,) < ¢,

and
0 < V(SOP,) — V(P,) < V(SOP) — V(P,) < ¢,.

In the following Table 2, we present the error estimation €5, for the different values of n and the approximate
crisp solution x]("). We also calculate the relative error of €5, with respect to V(Py,) given by €5 = €5,/ V (Py).

Note that xén) = 0 is not presented in the following Table 2.

Table 2. Numerical results.

n £ v(P,) V(SOP,) eo* xgn) xgn)

10 14819 60,962 61,435 0.2430910 2031.746 670.635
100 14733 62,078 62,126 0.0237328 2060.317  674.206
500 29452 62,177 62,187 0.0047369  2062.857 674.524
1000 14725 62,190 62,195 0.0023678 2063.175 674.563
2000 73.626 62,196 62,199 0.0011838 2063.333 674.583
3000 49.083 62,198 62,200 0.0007891  2063.386 674.590

Suppose that the decision-maker can tolerate the relative error €5 = 0.005. Then we see that n = 500 is
sufficient to achieve this relative error €5

Suppose that each quantity in the original fuzzy linear programming problem is assumed to be a real
number; that is, we consider the following linear programming problem

max 10x1 + 15x7 + 5x3
subject to 2x1 + xp < 6000
3x1 + 3x2 + x3+ < 9000
X1 + 2xy 4+ 2x3 < 4000
X1,X2,X3 € R+.

Then the optimal solution is (x1,x3,x3) = (2000,1000,0) that is compatible with the solution
presented above.

9. Conclusions

The fuzzy linear programming problems with fuzzy decision variables has been formulated in
this paper based on the general type of bell-shaped membership functions rather than the triangular
type of membership functions. In order to solve this difficult problem, it must be transformed into a
scalar optimization problem in which the solution concepts and some related properties have been
studied. We have also introduced a discretized problem of the transformed scalar optimization
problem by equally dividing the unit interval [0, 1] into subintervals with equal lengths. In order
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to design the computational procedure, the dual problem of this discretized problem has also been
formulated. The important issue is to derive an analytic formula of the error bound, which is presented
in Theorem 3. On the other hand, the existence of optimal solutions has also been studied.

In this paper, we use MATLAB on PC to obtain the numerical results. Since the discretized
problem is a large scale linear programming problem, it means that the “out of memory” error will
frequently occur when the computational procedure is implemented on PC. There are many ways to
overcome this situation.

o  The simple way is to implement the computational procedure in super computer. Then we can
satisfy error estimation.

e  Since the large scale linear programming problem contains the sparse matrix, it is possible to
design a computational procedure that can just handle the nonzero data. This can save the memory
without storing the zero data in the sparse matrix. The numerical optimization involving the
sparse matrix has already been studied. The readers may use the existing technique for handling
the sparse matrix to improve the computational procedure proposed in this paper.

o  The error estimation ¢, and ¢;, derived in this paper may not be the better error estimation. This
paper just provides a computational procedure which shows the research direction of deriving
the error estimation. There may exist some other computational procedures that can improve
the error estimation. In this case, we can achieve the satisfied relative error without running the
large n in the computer, which definitely can save the memory for avoiding out of memory. For
example, for the problems with nonnegative constraints, from which we have derived tighter
bounds of error estimation ¢j, that are smaller than the usual error estimation ¢, for the general
problems. Therefore, the readers who are interested in this topic may try to improve the error
estimation; that is to say, to obtain a tighter bound of error estimation that can be presented as an
analytic formula.

Problems in operations research can be studied under fuzzy environment when the data involves
fuzziness. In the future research, we can solve the problems that are formulated with consideration of
fuzzy decision variables by using the methodology proposed in this paper. As we described before,
the existing articles always consider the triangular type of fuzzy decision variables. In this paper, the
general bell-shaped type of fuzzy decision variables have been taken into account, which covers the
special triangular type of fuzzy decision variables.

Funding: This research received no external funding
Conflicts of Interest: The author declares no conflict of interest.
Appendix A
We present the approximate optimal solutions in the following figures.

Approximate Optimal Solution for n=50

09r 4

081 4

0.7r 4

0.6 q

membership function of xt—>
0.5F 1
041 1
0.3F 1
«—membership function of x3

0.2F 1
0.1 f 7

0 . . . . .

0.5 1 1.5 2 25 3 3.5

Figure Al. Approximate optimal solution for n = 50.
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Approximate Optimal Solution for n=100

0.9 b
0.8 b
07r membership function of x1/r b
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Figure A2. Approximate optimal solution for n = 100.
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