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Abstract: In this article, an inverse problem with regards to the Laplace equation with
non-homogeneous Neumann boundary conditions in a three-dimensional case is investigated. To deal
with this problem, a regularization method (mollification method) with the bivariate de la Vallée
Poussin kernel is proposed. Stable estimates are obtained under a priori bound assumptions and
an appropriate choice of the regularization parameter. The error estimates indicate that the solution of
the approximation continuously depends on the noisy data. Two experiments are presented, in order
to validate the proposed method in terms of accuracy, convergence, stability, and efficiency.
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1. Introduction

The inverse problem of the Laplace equation appears in many engineering and physical areas,
such as geophysics, cardiology, seismology, and so on [1-3]. It has been widely recognized that the
inverse problem for the Laplace equation has a central position in all Cauchy problems of elliptic
partial differential equations. The inverse problem of the Laplace equation is seriously ill-posed,
where a tiny deviation in the data can cause a large error in the solution [4]. It is difficult to develop
numerical solutions with conventional methods. Some different methods have been researched, such as
the quasi-reversibility [5], Tikhonov regularization [6], wavelet [7], conjugate gradient [8], central
difference [9], Fourier regularization [10], and mollification [11-13] methods.

The main procedure of the mollification method is using the kernel function to construct
a mollification operator by convolution with the measurement data. Manselli, Miller [14],
and Murio [15,16] constructed mollification operators by using the Weierstrass kernel to solve
some inverse heat conduction problems (IHCP). There have been reports on using the Gaussian
kernel to solve the Cauchy problem of elliptic equations [17-21]. Hao [22-24] adopted the
Dirichlet kernel and de la Vallée Poussin kernel to solve some kinds of two-dimensional equations;
including the two-dimensional Laplace equation. However, the three-dimensional case was not
considered, Moreover, the analysis method used for error estimate was does not generalize to the
three-dimensional case well.

Our primary interest is to solve the inverse problem of the three-dimensional Laplace equation
with non-homogeneous Neumann boundary conditions. In order to guarantee solvability for the
inverse problem provided, a regularization method using the bivariate de la Vallée Poussin kernel
is presented.
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This paper is organized as follows: In Section 2, the mathematical problem for the
three-dimensional Laplace equation and its ill-posedness are illustrated. In Section 3, we introduce the
bivariate de la Vallée Poussin kernel and its properties, following which our mollification regularization
method is proposed. In Section 4, some stability estimate results are given, in the interior 0 < z < d
and at the boundary z = d, under a priori assumptions. The numerical aspect of our proposed method
is showed in Section 5. Concluding remarks are given in Section 6.

2. Mathematical Problem and the I11-Posedness Analysis

We give thought to the following inverse problem of the three-dimensional Laplace equation with
non-homogeneous Neumann boundary conditions:

Au(x,y,z) =0, (x,y) ER?, 0<z<d,
u(x,y,0) = g(x,y), (vy) € R, )
uz(x,y,0) = h(x,y), (x,y) € R?,
where A = aa—xzz + % + % is three-dimensional Laplace operator; and g(x,y), h(x,y) are given vectors
in L?(R?). The solution u(x,y,z) will be determined by the noisy data g°(x,y) and h’(x, y) in L?(IR?)
that satisfy:
18 — &Iz + I1h — [l r2me) <6, @

were 6 > 0 denotes the error level, and || - || 2(g2) denotes the L2~ norm [1].
Note that the solution of the problem (1) is the sum u = 1 + u3 of the solutions for the following
two problems:

Aui(x,y,z) =0, (x,y) €R?, 0<z<d,
ui(x,y,0) = g(x,y), (x,y) € R?, ®)
(u1)2(x,,0) =0, (x,y) € R?,

and

Auy(x,y,z) =0, (x,y) € R?2, 0<z<d,
uy(x,v,0) =0, (x,y) € R?, 4)
(u2)2(x,y,0) = h(x,y), (x,y) € R

Therefore, in order to simplify the process of the Cauchy problem (1), we only need to solve
problems (3) and (4), respectively.
For ¢ € L2(IR?), the Fourier transform for a variable r = (x,y) € R? is defined by

1 .
~ —igr
P& z) = o /]RZ e " Tp(r,z)dr,

where ¢ = (w,7) € R?and & - r = wx + 77y.
The inverse Fourier transform for a variable & = (w,7) € R? is defined by

1 iEx A
g z) = /RZ ¢TP(E, 2)dg.
The Parseval equality [16] is as follows:

ol ey = 9l ®2)- ©)
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Adopting the Fourier transform for the variable r = (x,y) € R? to problems (3) and (4), we obtain

@zz = (w?+n?)iy, (w, ) €R%,0<z < d,

)
(1) (w,,0) = g(w, ), (w,1) € R?, )
(ul)z(wr 1, 0) =0, (wr 77) S RZ’

and

(it2),. = (wW? + y?)ita, (w, ) €R%L0<z<d,
() (w,1,0) =0, (w,n) €ER?, @)
(12),(w,7,0) = h(w, 1), (w,n) € R,

The solution of problem (6) is

i (w,1,2) = §(w, 1) cosh(zy/w? + 7). ®)

1 .
1 (v,9,2) = 53— [ (w,n) cosh(zy/w? + 1) 7.

The solution of problem (7) is

sinh(z\/w? + 1?2) 9

p(w,n,z) = fz(w,;y)

ua(x,y,2) =

. i 21 12) .
1 / e, ) sinh(z\/w? + 7 )e’é'rdg.
271 Jr2 /w? + 172
sinh(z4/w?+12) . . .
Note that cosh(zy/w? 4+ #2) and v are unbounded with respect to the variable (w, 77);
a small perturbation in the measured data g(w, 7) and h(w, 17) may result in a huge deviation in the
solution u1(x,y,z) and uy(x,y, z). Therefore, the problems (3) and (4) are severely ill-posed.

3. Mollification Method and Regularization Solution

3.1. Mollification Operator

The bivariate de la Vallée Poussin kernel [22] function is defined by:

(cos(ax) — cos(2ax))(cos(ay) — cos(2ay))

Va(x,y) = 2222

(v >0),

where a > 0 is called the mollification radius (or mollification parameter). V,(x,y) has the following
properties [22]:

(1) Vu(z) is an entire function of exponential type of degree a belong to L7 (R?) (1 < p < );
) % Jr2 Va(x,y)dxdy = 1;

(B3)  z Jpe [Valdxdy <12 (« > 1);and

(4) V, is the Fourier transform of V,(x,y), satisfying:

2 .
“Valw, ) =1, (@,1) € Ba, Ay = {|w| < [y < a},

where
Vi(w, 1) = v(w)v(y)
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and

= 1, |w|<a,
v(w):”E 2-9, a<|w|<L2a,

0, 2a<|w|,

- 1, |nl<a,
v(n) = 5 2—1 a<|y| <2,
0, 2a<|yl.

For any function D, € L'(R?) and f € LP(R?),1 < p < oo, we define two-dimensional
convolution [22] by

(Dux f)y) = [ [ Dy f (e =y =)'y
It is well-known that [22]
(D f)(w, ) = 27D (w, ) f (w, 1) (10)

and
IDa * fllr 2y < |1 Dall w2yl fll L m2)- (11)

We define the mollification operator T, by T, : R?2 — R?

(Tg)(5y) = 5 (Ve =€) (5.9), (Th)(5y) = — (Ve 1) ()

From (10), we have

(Tug?) (1) = 2 Valewo, )8 (w,7), (Ta0) (w,7) = = Vo, ) o, 7).

3.2. Regularization Approximation Solution

Instead of solving the problems (3) and (4) with the data ¢°(x,y) and h°(x,y), we attempt
to re-construct the noisy data ¢°(x,y) and h’(x,y) by (T.g’)(x,y) and (T,h%)(x,y), respectively.
We obtain the problems, with the re-constructed data, as follows:

(Ml)%? + (ul);'yé + (M1)§£§ =0, (xyz)eqQ,
uf?(x,y,0) = (Tug') (x,y), (x,y) € R?, (12)
(11)°(x,,0) =0, (x,y) € R?,

and
(u2) % + (w2)i) + ()% =0, (x,,2) €Q,
ug"s(x, y,0) =0, (x,y)€R? (13)

(u2)8°(x,y,0) = (Th)(x,y), (x,y) € R2
The solution for problem (12) is

ﬁlfﬁ(w, n,z) = (TDCAgJ) (w,n) cosh(z\/m),

or

1 .
Ut (x,y,2) = 7 /]RZ (Tag?)(w, ) cosh(zy/w? + n?)dwdn.
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The solution to problem (13) is

N 3 2 2
15 (w,1,2) = (T (w,1) ‘“hyr —— ),

0

or

1 N sinh(x+/w? + 12
s [ o D

According to (11) and the properties (2) and (3) of the kernel V,,, we have the following conclusion:

dwdy.

Remark 1. If ||g — 85HL2(R2) <dand|h— h(SHLZ(RZ) < & hold, then
ITeg’ — gllr2rz) < 126, || Tuh® — h|p2gey < 126.

4. Parameter Selection and Error Estimates

Lemma 1. For z € (0,d], the following inequalities hold
(1) cosh(zy/w? %) < 9o ([d-2)\ /i
cosh(dy/w2+752) — ,
2) cosh(zy/w? + y2) < VP,
3) sinh(Z\/W) < ef(dfz)\/ml and

sinh(dy/w2+42) —
(4) SMEVEHE) - goay/wiep?

Ve

Proof. Inequalities (1) and (2) are easy to obtain. From the inequalities

sinh(zy/w? + 42) VO ] e 2zVwldy?

sinh(d\/@? + 2) V@R 1 _ p-2dy /4
2V @O +2
< -
= AWt

and the Taylor expansion

sinh(zy/w? +12) _ i (Va2 + yg2)2nz2n
N = 201 1)
(o f VR
=0 (2n)!

= dcosh(z\/w? + 42),

we can arrive at (3) and (4). O

In the next content, we give stability convergence estimates between the exact solution for
problems (3) and (4) and the regularization approximate solution of problems (12) and (13)in0 < z < d
and at the boundary z = d, respectively. Convergence estimates will be obtained when we choose
a suitable regularization parameter «.

4.1. Error Estimates in the Interior

The convergence estimates for the proposed regularization method, in the case of 0 < z < d,
will be given in this section, and we obtain the approximation results as following:
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Theorem 1. Let uq(x,y,z) and u’i"‘s(x, y,z) be the exact solution and the approximation solution for
problem (1) with the exact input data g(x,y) and mollified data, respectively. Assume the a priori bounds

|1 (-, )l j2(r2y < Eand [|g — g l12(m2) < 0 hold. We have the following estimate:

(g2) < 118Ee™ (720 4 365¢%%

(|1

If a is selected as
we have

||u1 - MT'(S”LZ(RZ) < 118E(3d+2)/4d 5(d~z)/4d + 36Ez/d5172/d,

where E is a finite positive constant.

Proof. From Parseval’s equality (5) and the properties of double integrals, we have

o =5 ey = it = 057 72 ) = z / — a3 Pdewdy
- Z [, Vi P+ Y / i
k=17
EZZ sup|A w, )2+ Z / — (T.g%))B(w, 1) [Pdwdy.
k=17

Here, R? = U Dy (see Figure 1)

D13 | D12 DT]] D1o| D9
> Fo¥3
r2er

D14 | D23 D2 D21| DS
1
|
>

—Bis st — BB Looer 7w

-da -¢x I o 20

]—a
T

D16 | D17 D18 D19 | De
1-2ax

D1 D2 Db D4 | Ds
|

Figure 1. For every D (k=1,2,---,25)

and

cosh(z/w? + 12)
Alw,n) = , B(w,n) = cosh(z\/w? +12), .1 € R).

(14)

(15)

(16)
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Furthermore,
25 R )
[, 1@ = (Ti%))B(ao, ) Peodty =
k=17""k
[ 1@= =@ =DgBw,nPdody+ [ 1(g- 2= 1)g")Blw,n)Pdody+
D17 14 o Dlg e
5 ok UAYY 2 / 5 W, 56 2
—(2-2)2-1)8)B(w,n)Pdwd —(2—2)8°)B(w,n)Pdwd
/le(g (2= )@= E)Blwm)Fdwdy + | (&= (2= 0)8)Blw,n)Pdeodi+
5 w AV 2 / 5 /YY) 2
—(2-2)(2-1)8)B(w,n)Pdwd — (2 )¢")B(w, y)|*dwd
/Dnl(g (2= )@ =)&) Bwn)Fdwdy + [ (= (2=2)8")Blw,n)[Fdewdy+
5 w UAYY 2 / 5 W 56 2
— (2= )2~ )8)B(w,n)Pdwd —(2—2)8°)B(w,n)Pdwd
/Dzsl(g (2= )@ =)&) Bwn)Fdwdy + | (8= (2= 2)8")Blew, ) Pdeod+

[ 1@ =8B, n)Pdwdn.
Dos

It is easy to verify that 9 < (2 — £)(2— 1) < 16, (w,7) € Dy7,
Dyy = (—2a, —a) x (—2a, —a).

From Minkowski’s inequality, we have

A w N\ A
(), 168~~~ Dg"Blw,) Pdwdy)?

A w A
= lg- 2= 2= DghBw nlep,)
< 118B(, )l 2(p,y) + 16118 = &+ DB, Dl 20y

< 17(1§B(w, 1)l 2(pyy) +1601(&° — &)B(w, 1)l 2Dy
< 17Esup |A(w,n)| + 164 sup |B(w, 17)|.

D17 Dy7
Using a similar analysis, we can obtain the integral estimates of the other Dy (k = 18, - - - ,24).
Utilizing the inequality VA + B+ C < VA++VB++/C (A>0,B>0,C>0) wehave

6 e
Jur — uy” |2 (mey = lld1 — 47| 12(m2)

16 25 R
<EY suplA(w, )+ ) ([ 18— (Tig")B(w,n) Pdeody) /2
k=1 D k=17 7Dk

According to (1) and (2) of Lemma 1, we obtain

oy — 15| 2 g2y < 2F (4e~2V2d-2)a | g, VE(d-2) | g,-2(d-2)ay |

(34Ee~(@-2)V2x | 16502V 220) | (10Ee~(d-2)% 4 450V5%) 4 (10Ee (1-2)V20 4 4502V 220 )
(4Fe (@20 4 geV3a) o (4Fe~ (@22 4 5e2V220) 4 (4= (d-2)a 4 5pV/520) 1
(10Ee~(-2)V28 | 4502V220y 4 (10~ (d-2) | ggeV/5200) 4 5oV 220

< 118Ee (-2 4 365¢2V2¢

< 118Ee(4-2)a | 3656428

Taking parameter « to be a = ; In(E/J), we arrive at (16). [

Similarly, the error estimate for problem (4) can be obtained in the following way.
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Theorem 2. Let uy(x,y,z) and u”z"‘s(x, Y, z) be the exact solution and approximation solution for problem (4)
with the exact input data h(x,y) and mollified data, respectively. Assume that the a priori bounds
[u2(+, -, )| 2(m2y < E and [[h — h5|\Lz(Rz) < & hold, we have

Uy — u%P|| ;2 pay < 59Ee™ (472 4 364564 (17)
[ 2 2w
If a is chosen as in (15), then we have

||M2 _ ug,JHLZ(RZ) < 59E(3d+z)/4d5(d72)/4d + 36dEz/ds1-2/4 (18)

As for our problem (1), combining the results of Theorems 1 and 2 and the Minkowski inequality,
we have the error estimate, as follows:

Theorem 3. Let u(x,y,z) and u®°(x,y,z) be the exact solution and regular solution for problem (1). Assume
that condition (2) and max{||lu1 (-, -, d)|[;2(2), [u2(", -, )|l 22y } < E hold. Then, we have

e —

12(m2) < 177Ee™@72% 4 36(d 4 1)de**". (19)
If a is chosen as in (15), then we have
[ — u? || 22y < 177EGTT2)/405(@=2)/4d 1 36(4 4 1) E=/ 451 2/4, (20)

4.2. Error Estimates at the Boundary

The estimates (14), (17), and (19) give no information about the error estimates at z = d, as the
constraints [|uy (-, -, d)|[;2(r2) < E and [[uz(, -, d)[|;2(r2) < E are too weak for this purpose. Therefore,
to ensure stability of the solution u;(x,y,z), us(x,y,z) at z = d, we need the Sobolev space H” (Rz)

(p>0)[1],
HP(R?) = {@(x,y) € L*(R?) : |||l gr(ge) < o0},

where || - ||y (r2) is defined by
loC, )l g2y = (1 + @ +72)P2p(w, 1, d) | 2 (g2
If p = 0, then H = L2(R?).

Theorem 4. Let ui(x,y,d) and u‘i"é(x, y,d) be the exact and regularization solutions, respectively, of problem
(3) at z = d. Suppose that the a priori bounds |[uy (-, -, d)|| grw2) < Ep (p > 0) and || g — g‘5||Lz(Rz) < J hold.
Then, we have the following inequality

59E
(o) — 132 () | 22y < W + 366¢*%, 1)

If the regqular parameter  is selected as

1
&= oIn(Ey/9), (22)
then we have y
[ur (o d) = uf? (- d) | 2(re) < 59E,,(m)f7 +36E,/26'/2, (23)

where Ey, is a positive constant only depending on p.
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Proof. From Parseval’s equality (5), we have
lr (- d) = g (s @) 12 gay = Ml oy d) = 022y ) o2

25
= 8 [ ) = ) Pty
k
_ Z//D .-, d)|Pdeody + Z // d) —i1y% (-, -, d) Pdewdy,
k

k=17

where Dy (k=1,2,---,25) are same as in Theorem 1. Let

1
(14 w? +y2)r/2

R(w,n) = (w,n €R).

Using the properties of the double integral, and the inequality A+ B+ C < VA + B +
VC (A >0,B>0,C>0),wehave

1 (- d) = uy (-, d) ]2 g

25
// — il (, -, d) Pdewdy) 2.

<E25up|Rw77 I+ )
k=1 Dy k=17

Using a similar method as in Theorem 1 and the monotonicity of the function R(w, 77), we obtain

59E,
||u1(~, Y d) uliél5( 7 'rd)”LZ(RZ) < m + 365€4da

If we chose x as & = 8171 In(E,/5) and utilize inequality 1+ a? > a?, then (23) can be obtained. [

Similar to Theorem 4, the error estimate for problem (4) can be obtained as follows.

Theorem 5. Let uy(x,y,d) and ug'é(x, y,d) be the exact and reqularization solutions, respectively, for problem
(4) at z = d. Suppose that the a priori bounds ||uz(-, -, d)|| gpr2) < Ep and [|h — h‘SHLz(Rz) < 6 hold. Then,
we have the following inequality

59E
HUZ(-,-,d) —ug‘s( /'/d)HLZ(]RZ W+36d5e4da‘ (24)
If the regularization parameter o is chosen as in (22), then
g (-, d) — u® (-, -, d) || 2(g2) < 59E (87d>p+36d,51/251/z (25)
T 2 VAR PMIn(E, /0) poo

Thus, as for problem (1), using the results of Theorems 4 and 5 and the Minkowski inequality, we
have the stable error estimate, as follows:

Theorem 6. Let u(x,y,d) and u®°(x,y,d) be the exact and reqularization solutions, respectively, for problem
(1) at z = d. Suppose that condition (2) and max{||u1 (-, -, )| g (m2), [[12(-, - d) | e w2y } < Ep (p > 0) hold.
We have the convergence estimate, as follows:

118E,

W + 36(d + 1)5€4d“. (26)

ey d) = u (o, d)| 2 g2y <
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If the regularization parameter w is selected as in (22), then

8d

5
[, d) —u® (-, d) || 2 (m2) < 118EP(W

1/251/2
)P +36(d+1)E,/ 6"/~ (27)
Remark 2. In this part, we consider the stable error estimates in the cases 0 < z < d and z = d, respectively.
In the interior, 0 < z < d, the a priori bound for ||u(-,-,d)||2r2) is sufficient, and the convergence
estimate converges quickly to zero as 6 — 0. However, for the case z = d, although a stronger a priori

bound for |[u(-, -, d)| prw2y (p > 0) is imposed, the error estimate is only of logarithmic type, with order
(In(E,/46))~7 (p > 0).

5. Numerical Examples

We performed two numerical examples to verify the accuracy and stability of our proposed
method. Our tests were carried out in the MATLAB R2014b software.

In the numerical examples, we selected the discrete interval tobe D = [—6 — 7,6 + 7] X [—6 —
9,6+ 7] (v =1 x 1073) and the measurement data ¢’ (x,y) was obtained as the following

(/)‘s(x,y) = ¢ + e(2randn(size($)) — 1),

where
12(i —1 12(j—-1) ..
¢ = (p(xi,yj))NxN, Xi = _6+T\(I_1 ), yj=—6+ Z\<I]—1 ), ij=1,2-,N.
The error level ¢ is given by
5 N N
o= 1¢—¢°llzp) = o(xi,y;) — ¢ (xi1, )%
i=1j=1

In the following numerical implementations, we need to take the two-dimensional discrete Fourier
transform of the data vector ¢ (x,y) and the two-dimensional discrete inverse Fourier transform.
We take d = 1, N = 15, and fix the reconstructed position z = 0.3. The a priori mollification parameter
a was determined by (15) and (22), where [|¢(-, -, d)|;2(py = E and [¢(-, -, d) | o D) = E,. We define
the relative error between the exact solution u and its approximate solution u%* a

lu — w2 (p

1l 2(p)

rel(u) =

Example 1. We chose the function g(x,y) = xye > V" as the exact data for problem (3).

36 36

Example 2. We chose the function h(x,y) = e 3+2 367 gs the exact data for problem (4).

We use different perturbation noise levels at the boundary z = 1 with p = 0.5 and p = 3,
respectively, in Tables 1 and 2. Note that the results for the relative error rel(u) at z = 1 depended on
the error level, J, and p.

Figures 2 and 3 show the re-constructed solution and exact solution of Example 1, corresponding
to noise levels of 6 = 1 x 1079 and 6 = 2 x 1078, with z = 0.3 and z = 1, respectively. Figure 4 shows
the corresponding error between (a) and (b) in Figures 2 and 3.

Figures 5 and 6 show the regularization solution and exact solution of Example 2, corresponding
to noise levels of § = 1 x 10712 and 6 = 2 x 1078 with z = 0.3 and z = 1, respectively. Figure 7 shows
the corresponding error between (a) and (b) in Figures 5 and 6.
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In the two examples, we note that the methods which we adopted are stable and effective.

Table 1. Example 1: Relative Erroratz =1, p =0.5and p = 3.

p  ErrorLevel § Regular Parameter «  Relative Error rel(u)

0.5 1x10°8 5.3392 0.2764
0.5 1x10°° 5.9148 0.0955
3 1x 1077 5.8034 0.1363
3 1x 108 6.3790 0.0777

Table 2. Example 2: Relative Erroratz =1, p =0.5and p = 3.

p  ErrorLevel § Regular Parameter « Relative Error rel(u)

0.5 1x 108 5.4041 0.2404
0.5 1x107° 5.9798 0.0509
3 1x10°° 5.2927 0.2684
3 1x 1077 10.6332 0.0905

Exact solution Regularization approximation solution

(a) (b)
Figure 2. Example 1: § =1 x 10719, z = 0.3: (a) Exact solution, and (b) approximation solution.

Exact solution Regularization approximation solution

(a) (b)
Figure 3. Example 1: For § = 2 x 1078, z = 1: (a) Exact solution, and (b) approximation solution.

Error surf Error surf

(a) (b)
Figure 4. Example 1: (a) The error between (a) and (b) in Figure 2, and (b) the error between (a) and (b)
in Figure 3.
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Exact solution Regularization approximation solution

(a) (b)
Figure 5. Example 2: 6 =1 x 10~19, z = 0.3: (a) Exact solution, and (b) approximation solution.

Exact solution Regularization approximation solution

(a) (b)
Figure 6. Example 2: For 6 = 2 x 10~8, z = 1: (a) Exact solution, and (b) approximation solution.

Error surf Error surf

(a) (b)

Figure 7. Example 2: (a) The error between (a) and (b) in Figure 5, and (b) the error between (a) and (b)
in Figure 6.

6. Conclusions

In this article, we use a regularization method to solve two Cauchy problems for the
three-dimensional Laplace equation. Stable approximate estimates are obtained under a priori bound
assumptions and an appropriate choice of the regular parameter. Two numerical examples are
investigated to verify the stability of our presented method.

We consider stability error estimates in the cases 0 < z < d and z = d, respectively. In the
interior, 0 < z < d, the convergence estimate is O(6*) (A > 0), which quickly converges to zero
as 6 — 07. However, at the boundary, z = d, the error estimate is of logarithmic type with order
(In(E,/6))~7 (p > 0). In future work, we hope to find a new a priori assumption method, in order to
obtain an error estimation which achieves better results.
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